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ABSTRACT. The 3D incompressible Euler equations in a bounded domain are most often
supplemented with impermeable boundary conditions, which constrain the fluid to neither
enter nor leave the domain. We establish well-posedness with inflow, outflow of velocity when
either the full value of the velocity is specified on inflow, or only the normal component is
specified along with the vorticity (and an additional constraint). We derive compatibility
conditions to obtain regularity in in a Holder space with prescribed arbitrary index, and
allow multiply connected domains. Our results apply as well to impermeable boundaries,
establishing higher regularity of solutions in Holder spaces.
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PART I: OVERVIEW

1. INTRODUCTION

Let © be a bounded domain in R3, possibly multiply connected, having a boundary that is
at least C? regular. We define n to be the outward unit normal vector to the boundary,
I := 91, and follow the convention that for any vector field v,

v i=v-n, v':i=v"n, v’ :=v-v"onl. (1.1)

Fixing T' > 0, the Euler equations on @ := (0,7T") x Q can be written,

ou+u-Vu+Vp=f inQ,
divua=20 in Q, (1.2)
u(0) =ug on €.

Here, u is the velocity field of a constant-density incompressible fluid, p its scalar pressure, f
the divergence-free external force tangential to the boundary, and ug the initial velocity.

To complete the system of equations in (1.2) we impose inflow, outflow boundary conditions
in the spirit of [2]. We partition the boundary I' into three portions, I'y, I'_, and T,
corresponding to inflow, outflow, and impermeability, respectively. Each portion consists of
a finite number of components (with I'g = ) or I'y = I" allowed—see Remark 13.1). We fix a
vector field U on [0,7] x © and assume that

U*<0onTy, U*>0onl_, U™ =0onTIYy. (1.3)
We then define inflow, outflow boundary conditions as

{u" =U" onl0,T] xT,

14
u=0U on [0,7] x I'y. (1.4)

We also impose on U the constraint that fF+ un =— fr, U™, required to allow divu = 0.
We choose to impose inflow, outflow boundary conditions in terms of a vector field U
defined on all of €} because it will be productive for us to view U as a background flow as
done in [9,28,32]. We will also choose U to be divergence-free as, shown can be done in [9],
as this will be convenient, though not strictly necessary.
Defining the vorticity,

w = curlu,
applying curl to both sides of (1.2); yields the vorticity equation,
Ow+u-Vw—w-Vu=g:=curlf. (1.5)

It follows from (1.5) that the vorticity is transported and stretched (pushedforward) by the
flow map for u (when g = 0).

In particular, the vorticity is brought into the domain from the inflow boundary, making
inflow, outflow substantially more difficult to treat than impermeable boundaries: the mech-
anism for generating vorticity on the inflow boundary must be understood and controlled.
This is a key reason for using Holder spaces, as there is no loss of regularity of the trace of
the vorticity on the boundary over that in the domain.

Higher regularity solutions for inflow, outflow boundary conditions are employed, for in-
stance, in Prandtl-type boundary layer expansions (such as [9,32] and work in progress of
the authors). The validity of such expansions for inflow, outflow boundary conditions results
from a stability mechanism of injection, suction in boundary layers. These applications were
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the original motivation for this work: because of this, in Appendix C we give the explicit
form of the compatibility conditions for those works.
The system of equations we study, then, are (1.2) with (1.4):

(Ou+u-Vu+Vp=Ff inQ,

diva =0 in Q,

u(0) =ug on €, (1.6)
u =U" on [0,7] x T,

(u=U on [0,7T] x I'y.

We can state the main result of this paper informally as follows, where throughout, we
fix a € (0,1):

Theorem (Informal statement of main result). Assume that for some integer N > 0, ug
is a divergence-free vector field in the classical Hélder space CNtL2(Q), satisfies (1.4), and
satisfies a compatibility condition to be described below. There is a T > 0 such that there
exists a unique solution to (1.6) with curlu(t) € CN*(Q) for all t € [0,T).

We state our main result rigorously in Theorem 1.2, but to do so, we must define the
function spaces in which we will work, determine proper conditions on the forcing, and
determine the required compatibility conditions. It will be helpful, however, to first explain
how the boundary conditions in (1.6)45 arise.

Possible boundary conditions. Being motivational, we will argue somewhat heuristically.
Some of what we observe will echo observations in [27]—in particular, the comments on an
“open boundary” in Section 2 of [27] on the linearized compressible Euler equations and in
Section 3 of [27] on the linearized incompressible Euler equations.

By taking the divergence of (1.2)1, the pressure can be recovered from the velocity field by

{Ap = —Vu- (Vu)? in ,

1.7
Vp-n=0u-n—(u-Vu)-n onl. (L.7)

But also, starting from the Gromeka-Lamb form of the Euler equations, one can easily show
(see Proposition 3.1) that any (u,p) that satisfies (1.2) must satisfy, on I, the identity,

1L
uwT = [—atuT - Vr (p + ;|u]2) + f} +curlpu™u”, w™ = curlpu”. (1.8)
Here, vt = n x v is the tangential vector field v on T rotated 90 degrees counterclockwise
around the normal vector n when viewed from outside 2, Vr is the tangential derivative,
and curlp is the curl operator on the boundary. (Appendix B gives details.)

If we impose impermeable boundary conditions, 4™ = 0 on I', then the vorticity term
disappears in (1.8) and there is no constraint on the vorticity. But on portions of the boundary
where u-n does not vanish, (1.8) gives a relation among w, Vrp, u-n, and u” on the boundary.
At the same time, (1.7) gives a (global) relation between u - n (via its time derivative) and
p. At the risk of oversimplifying, together, (1.7) and (1.8) give two relations among four
quantities, so we must have an independent means of determining two of them so as to
obtain the value of the other two.

To better understand the consequences of (1.8), we turn to the vorticity equation, (1.5).
For impermeable boundary conditions, one can express a Lagrangian solution to the vorticity
equation by introducing the flow map, n(t1,t2;x), for u. This flow map gives the position
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that a particle at x € Q at time ¢; will be as it moves, forward or backward, along the flow
line to time t3. Given the flow map, w(t, x) := Vn(0,¢;n(t,0; x))wo(n(t,0;x)) is a Lagrangian
solution. (In 2D, it would be w(t,x) := wo(n(t,0;x)).) This works, because n maps any point
in Q to another point in Q, so one can always evaluate wq(n(t, 0;x)).

At points on the boundary at which u-n < 0, however, the flow lines enter the domain, and
we must have a way of determining, or generating, the vorticity so that it can be transported
into the domain. From (1.8), we have at such inflow points,

1

1 1 1

wT = — [—OtuT —Vr <p + |u|2> + f} + —curlpu”u’,
Uu 2 umn

(1.9)
w™ = curlpu”.

There is, however, another constraint: As vorticity is generated on the boundary and
pushed forward into the domain, the resulting vorticity must lie in the range of the curl; that
is, the vector field that results must actually itself be the vorticity of some divergence-free
vector field. In 2D, this is automatic, because vorticity is simply a scalar field. But in 3D,
vorticity is in the range of the curl only if it is divergence-free and has vanishing fluxes across
each boundary component.

Taking the divergence of (1.5) leads, after some calculation, to the conclusion that 9; divw+
u - Vdivw = 0; that is, the divergence of the vorticity is transported by the flow. Since
divwg = divcurl ug = 0, we need only show that divw = 0 at inflow points on the boundary.
But another calculation gives that on T',

u"divw =g -n — dw - n — divp[w"u” —u"w],
where divp is the divergence operator on the boundary (see Appendix B). This leads to the
constraint,

T Tl-g-n=0 (1.10)

Ow - n + divpjw"u’ —u"w
at inflow points. These calculations are all formal, but are worked out rigorously in detail in
Section 6 of [11].

Insuring that (1.10) holds at inflow points is an issue that must be addressed regardless
of the manner in which vorticity is generated on the boundary. (Dealing with the external
fluxes vanishing is relatively straightforward, and is also treated in Section 6 of [11].)

Now, without prescribing at least the sign of u - n on the boundary, we would have to
determine the regions of inflow dynamically. To avoid this considerable difficulty, we impose
Dirichlet conditions for u-n on all of I'. It remains to select a second condition that allows
the constraints in (1.7) and (1.8) to be met. Using the value of u” at inflow points as the
second condition leads to (1.6)45.

It is not obvious, but specifying the full velocity field at inflow points on the boundary and
generating the vorticity at inflow points via (1.9) automatically gives (1.10), as we show in
Proposition 3.3. Hence, (1.10) does represent an additional constraint.

Another possibility, which we also treat in Theorem 1.4, is to specify the value of u-n and,
at inflow points, the value of w—so-called vorticity boundary conditions. This, however, does
not lead to the constraint in (1.10) being automatically satisfied; rather, we must impose a
restriction on our choice of w. It is not clear how to do this in greatest generality, but by
requiring that the prescribed vorticity be tangential to the inflow boundary, we obtain well-
posedness nearly for free from the technology we develop to handle inflow, outflow boundary
conditions.
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(One could also choose to use an independent relation between w and u” for the second
condition. This was done by Chemetov and Antontsev [7] for 2D weak solutions in vorticity
form, without uniqueness, for Navier friction boundary conditions.)

Once we have points on the boundary at which u-n < 0, we must have other points at
which u-n > 0 else the fluid could not be incompressible. Hence, we must have 0 = fF un=
fQ divu. Reflecting upon (1.9), it would be very difficult to handle u-n vanishing at a point
or, even worse, changing sign, especially to obtain classical solutions with higher regularity,
which is our intent. To avoid this, each boundary component must have u-n strictly negative
(inflow), strictly positive (outflow), or vanish identically. If a component has inflow, then at
least one other component must have outflow.

Contrast with the analytic setting. Motivated in part by the results in [11], the authors
of [18] have recently established well-posedness of the Euler equations with inflow and outflow
in the analytic category. More precisely, they show existence and uniqueness of solutions in
certain spaces of functions that are analytic in the tangential direction near the boundary
and otherwise belong to a Sobolev space with sufficiently high index of regularity.

By working with analytic norms they can absorb the loss of a derivative at the boundary
in the weak formulation of the Euler equation, this loss arising from the non-homogeneous
inflow and outflow boundary conditions. Because of this, they can employ a sequence of
approximating solutions based on velocity and pressure with no need to treat the behavior
of the vorticity. This also allows them to directly recover the pressure from the velocity in
their analytic spaces. As a consequence, they need to prescribe only the normal component
of the velocity at the boundary: in their setting, no compatibility conditions are necessary,
as the relation in (1.9), while it must hold, never enters into the analysis.

At the same time, working with Sobolev norms they can derive suitable a priori estimates
by higher energy estimates. Then, the unique solution is obtained directly from the velocity-
pressure formulation of the Euler equations via a Picard iteration.

By contrast, we use the transport of vorticity to establish existence as in [2], bypassing the
loss of derivative at the boundary. The vorticity generated at the inflow boundary, however,
requires both knowledge of the pressure and of the tangential component of the velocity field,
as we can see in (1.9). Hence, we must impose an additional constraint, satisfied by imposing
full inflow boundary conditions as well as compatibility conditions among the data.

Function spaces. Returning to stating our main result rigorously, we define the function
spaces for our solutions. For any N > 0 we define the affine spaces,
CNtLa(Q) i= fu e ONT(Q): divu=0,u-n = U™(0) on I'},
sh+La . — fu e CM(Q): curlu € CNYQ), 9N Tlu e L>([0,T]; C*(Q)), A1)
divu=0,u-n=0U"on [0,T] xI'},
[ullgv+1a = |[ullona(g) + leurlullonag) + 1107 THall L o.177,c00)) -

Although these spaces depend on U, for notational simplicity, we drop the U, as it is fixed.
We also define

H:={ucl?Q)? divu=0,u-n=00onT} = Hy® H,, (1.12)
where

H.:={veH:culv=0}, Hy:=HI . (1.13)
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Let Py, be the projection operator from H to H.. We call Py, u the harmonic component
of u.

We define the boundary values (via U) and the forcing f for all time on Q~ = [0, 00) X §2).
We will prove existence only for short time.

Definition 1.1. We say that the data has reqularity N for an integer N > 0 if
[ is CNT2e f e CNTLY(Qu) N C([0,00); Ho);

U € ON*29(Qy.), divU = 0, and (1.3) holds;

Upin = min{|U™(¢,x)|: (¢,x) € [0,00) x [} > 0;

up € CHTHQ), uT =UT on T,

We assumed that U has one more derivative than u, as explained in Remark 3.2.

Compatibility conditions. The vorticity generated at the inflow boundary is carried by the
flow into the interior; at the same time, the flow pushes the initial vorticity forward in time.
The interaction between these two sources of vorticity may potentially lead to a singularity.
The main thrust of this work is to show that it is possible to avoid such singularities, at least
for short time, by imposing suitable conditions on the data. We refer to these conditions as
compatibility conditions, satisfying two primary principles:
(1) They depend only upon the initial data, U, and f.
(2) They are compatible with being a solution to (1.6); that is, a solution to (1.6) could,
in principle, satisfy them.
The conditions we develop will ensure regularity of the solution for short time. It remains an
open question whether a regular solution persists for all time even in 2D.
Given u with data regularity N for some N > 0, we define the N** compatibility condition,

cond_; :uj =UJ on Iy,

~ 1.14
condy : condy_; and 8{V+1UT|t:0 = vaﬂug onI,. ( )

For integers n > 0, we define (i"uo inductively by setting 5?u0 = ug, while for n > 1, we take
the time derivative of 97" 'u at time zero and replace each instance of d;u in the resulting
expression by —ug - Vug — Vp® + £(0). Here, p® is the value the pressure would have at time
zero if u actually solved (1.6); that is, p® is the solution to the system in (1.7) at time zero:

{Apo = —div(up - Vup) in Q,

1.15
Vp'-n=-0,U"0) —up-Vug onT. ( )

(see (1.15)). We give a more complete account of the compatibility conditions in Section 4.
For N =0, (1.14) is the compatibility condition in (1.10), (1.11) of Chapter 4 of [2]:

condg : ;U7 |s—g = [ug - Vug — Vp° + £(0)]” on T
Main result. We can now rigorously state the main result of this paper as follows:

Theorem 1.2. Assume the data has regularity N for some integer N = 0 as in Definition 1.1
and satisfies condy of (1.14). There is a T > 0 such that there exists a solution (u,p) to
(1.6) with u € SNt and Vp in L>®([0,T]; CN¥(Q)), which is unique up to an additive
constant for the pressure. If N > 1, Vp is also in CN~1%(Q).

Remark 1.3. It follows from the proof of Theorem 1.2 that T is bounded below by a con-
tinuous, increasing function of norms of (U™)™', U, f, and ug in the spaces appearing in
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Definition 1.1. The explicit form of the estimate is, however, involved and may not be op-
timal. It also follows from the proof that the higher regqularity of U and so u on the inflow
boundary leads to higher time regularity of the pressure near the inflow boundary that need
not, however, extend through the whole domain.

Vorticity boundary condition. We also consider solutions (u, p,z) to the Euler equations
with vorticity boundary conditions, where the value of the vorticity on the inflow boundary
is given by a function H on [0,7] x I';:

ou+u-Vu+Vp=£f+z inQ,

diva =0 in Q,

u(0) =up on €, (1.16)
u™ =U" on [0,7] x T,

curlu=H on [0,T] x I';.

Here, z € H. is an harmonic vector field.

As stated, this system is not yet complete, as we must have a means of determining the
harmonic component Py, of u. We can do this either (1) directly, by setting Py, u = u.
for some harmonic vector field u. and letting z be obtained as part of the solution or (2)
indirectly, by prescribing the value of z and obtaining Py, u as part of the solution. In
Theorem 1.4 we choose (1), as it allows for the uniqueness of solutions.

Theorem 1.4. Fiz u, € CVNT52(Q) N C([0,T); H.). Assume that the data has regularity N
for some integer N > 0 as in Definition 1.1, that condy holds, and that u.(0) = Py, Pruy.
Also assume that H € C™{N:1ba ([0, T) x T'y) and

H™ =0, divp[U"HT]+curlf -n =0 on[0,T]x 'y. (1.17)

There is a T > 0 such that there exists a solution (u,p,z) in SN x L°([0, T]; ON(Q)) x
(CN+L(@Q)n C([0,T); He) to (1.16) supplemented with the condition that

Pr.u=u, on [0,t] x Q.

If N > 1, Vp is also in L>=([0,T]; CN%(Q)) and the solution is unique up to an additive
constant for the pressure. In addition, z(0) = 0.

The condition in Remark 2.4 reflects the constraint in (1.10).

Approaches to well-posedness of Euler equations. There are many proofs of well-
posedness of the Euler equations taking different approaches. Most such proofs in Holder
spaces in a 3D domain with boundary, including this paper, and many in the whole space
or a periodic domain, follow in the tradition of McGrath [23,24] and Kato [13], in which
the solution is obtained as a fixed point of an operator A derived from a linearization of the
Euler equations, employing Schauder’s fixed point theorem. A notable exception is [3], which
establishes well-posedness in CV12(Q) for impermeable boundary conditions (finite time
for 3D) using a more direct iteration scheme, obtaining a contraction mapping.

For inflow, outflow boundary conditions, the Schauder’s fixed point theorem approach was
taken in Chapter 4 of [2], which establishes Theorem 1.2 for N = 0 and simply connected
domains. The operator A is derived from a linearization of the vorticity equation (1.5)
with prescribed values on the inflow boundary (see Definition 3.6). This leads to linear
compatibility conditions based on vorticity, whereas the nonlinear boundary conditions are
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based on the velocity. In fact, one challenge is to ensure that the nonlinear compatibility
conditions at the level of the velocity imply the linear ones at the level of the vorticity.

To handle inflow, outflow boundary conditions, the authors of [2] make many adaptations
to the Kato-McGrath approach, but we would identify their two key innovations as the
following;:

e They obtain estimates on the operator A under the simple linear compatibility condi-
tion that on the inflow boundary, the vorticity matches the prescribed inflow vorticity
at time zero (akin to the Rankine-Hugoniot condition).

e They show how to achieve the needed regularity of the inflow vorticity from the
pressure.

What is novel in our approach. For N > 1, several complications arise. We can still
use the same operator A as in [2], but now the linear compatibility conditions becomes more
involved (see (2.2) and (2.3)). This linear issue was resolved in [11], but deriving and relating
the nonlinear compatibility conditions to the linear ones remained a significant challenge,
which we address here. (In Remark 8.5, we say a few words about the analysis in [11], after
we have introduced a number of the constructs involved.)

Moreover, while for NV = 0, the linear compatibility condition implies the nonlinear com-
patibility condition, this is no longer the case for N > 1. To address this, we must restrict
the domain of the operator A by imposing an additional condition on the time derivative of
the initial velocity (as in (3.8)) and show that, in fact, the resulting domain is nonempty.

The estimates on the operator A that result become much more complex for the higher
regularity we treat here. This is in contrast to proving existence in the full space or a periodic
domain, where one can bootstrap as in Section 4.4 of [19], which takes advantage of the simple
form of Biot-Savart kernel for the full space. And in 2D, where the vorticity equation has no
stretching term, one can bootstrap as Marchioro and Pulvirenti do in [22] (which originates
in their earlier text [21]). Instead, we must obtain existence directly in the higher-regularity
spaces: the resulting estimates are therefore much more intricate than the N = 0 case.

Other Prior work. In addition to [2], we also drew ideas from [17], which proves well-
posedness of the 3D Euler equations for impermeable boundary conditions in Holder spaces
(the equivalent of our N = 0 regularity). We mention also the work of Petcu [28], who
presents a version of the argument in Chapter 4 of [2], specializing it to a 3D channel with a
constant U, which simplifies and makes clearer some of the arguments in [2].

Section 1.4 of [20] contains an extensive survey of results, both 2D and 3D, related to the
problem we are studying here. We also mention the 2D work of Boyer and Fabrie [4,5] and
the recent works [6, 26].

Vorticity boundary conditions were studied in 2D by Yudovich in [12]. We refer in addition
to the historical comments in Section 1.4 of [20] concerning partial results in 3D.

Finally, we mention the works [14,33], which give well-posedness of solutions to the Euler
equations with impermeable boundaries in Sobolev spaces.

Structure of this paper. This paper consists of three parts, along with three appendices.

In Part I, following this introduction, we begin in Section 2 by summarizing results from [11]
on the linearization of (1.6), a key tool at the heart of all of our arguments. In Section 3 we
detail how vorticity is generated on the inflow boundary and then define the operator A. In
Section 4, we explore in-depth the nonlinear compatibility conditions condy as they apply to
(1.6) and their counterparts for the linearized equations. We then give the proof of our main
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result, Theorem 1.2, in Section 5. This proof relies upon three propositions, Propositions 5.3
to 5.5: the rest of the paper is devoted to proving these propositions.

In Part II, we develop some properties related to the function space SNt1® then present
identities and estimates on the flow map, on the vorticity generated on the boundary, and on
the pressure.

In Part III, we use results primarily from the second part to prove Proposition 5.3, then
leverage it to obtain Proposition 5.4. We also give the proof of Proposition 5.5. In the final
section of this part, we describe how Theorem 1.4 follows from the estimates obtained in Part
II.

Appendix A contains a number of estimates in Holder spaces, some very standard, some
specific to this paper. In Appendix B we construct a convenient coordinate system in an
e-neighborhood of I';.. We use this system to develop properties of the operators Vr, divr,
and curlp we use in the body of the paper. This allows us to treat the various calculations on
the boundary in a coordinate-free manner, which makes the calculations more transparent.
Finally, in Appendix C, we discuss the compatibility conditions in the special case in which
UT =0 and U™ is constant along I'y (as occurs in [9,32]).

We have structured this paper so as to allow the reader to grasp the overall structure of the
proof of Theorem 1.2 without it being obscured by the many technical details. It is possible
to read only Part I and get the gist of the proof. A more in-depth reading would involve at
least examining the key pressure estimates in Section 10 and a reading of [11], to understand
how the linear compatibility conditions arise.

On notation. Our notation, while fairly standard, has a few subtleties. If M is a matrix,
M refers to the entry in row i of M, column n; v refers to the ith entry in the vector v, which
we always treat as a column vector for purposes of multiplication. If M and N are matrices
of the same dimensions then M - N := M} N: where here, and elsewhere, we use implicit
sum notation. If u and v are vectors then the matrix u® v has components [u® v]i, = u‘v™.

We define the divergence of a matrix row-by-row, so div M is the column vector with
components [div M]* = 9;M}. Hence, [diviu ® v]]’ = div[u ® v]’ = 9y(u'v’), where 9y is the
derivative with respect to the ¢** spatial variable. The notation V means the gradient with
respect to the spatial variables only; by D we mean the gradient with respect to all variables,
time and space. When applied to the flow map 7(t1, t2, x), we write 0y, 71, O, to mean the
derivative with respect to the first, second time variable. Finally, for vector fields u and v,
we will interchangeably write u- Vv and Vv u, as they both are vectors with i component
w00

For any tangent vector field v on I', vt = n x v is the tangent vector field v on I rotated
90 degrees counterclockwise around the normal vector n when viewed from outside 2. We
write the gradient, divergence, and curl operators on the boundary as Vr, divr, and curlr,
as defined in Appendix B.

When we write that a function is in a Holder space C**(U) (defined in Section 7) we
mean not just that it has the given regularity but that its norm is finite. Since a function in
C*e(U) extends uniquely to a function in C*(U), this will rarely have an impact.
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2. THE LINEARIZED PROBLEM

The linearized Euler equations corresponding to the vorticity form of (1.6); are

ow+u-Vwo—w-Vu=g inQ,
w=H on [0,7] xI'y, (2.1)
w(0) =wy on Q.

Here, H is given on [0,7] x 'y, @y is given on 2, u and g are given on @, and (2.1) is to be
solved for w. In application, we will set @y = wq := curlu(0), though then @(t) # curlu(¢)
in general for ¢ > 0.

We employ the following three types of solution to (2.1):

(1) Classical Eulerian or simply classical solutions to (2.1), by which we mean that (2.1);
holds pointwise, and each term is continuous on Q.

(2) Weak Eulerian solutions, defined as follows:

Definition 2.1. We say that w € C(Q) is a weak (Eulerian) solution to (2.1) if
w=H on [0,T] x T'y pointwise, @(0) = @y, and Ojw +div(w®u) —w-Vu=g in
D(@Q).

Note that w has sufficient time and boundary regularity that we do not need to enforce
the initial and boundary conditions weakly. Also, @ ® u is a regular distribution, so
div(w ® u) is a distribution even for N = 0.

(3) Lagrangian solutions, are obtained by pushing forward the vorticity by the flow map,
including the vorticity generated on the inflow boundary. Because we must first
introduce some concepts related to this inflow, we defer to Definition 8.4.

To allow C™V% solutions to (2.1), we must impose linear compatibility condition, lincond,
defined for N =0,1,..., as follows:

lincondp : H(0) = wg on I'y,

lincond; : lincondy and 0;H|i—o = wp - Vug — ug - Vwo + g(0) on T'y, (22)

where ug := u(0). In lincond;, we formally replaced 0;w(0) with the value it would have
were w an actual classical solution to (2.1) at time zero. Continuing this process inductively

on higher derivatives defines a formal operator 0} (see Definition 4.1 for the details). Then
we set, for all N > 2,

lincondy : lincondy_; and ONH|—o = 5,{ng on ;. (2.3)

Theorem 2.2 ( [11]). Assume that the data has reqularity N for some N > 0 and that
g = curlf,

ue SN—}—Loc’

H ¢ omaxiNiha((0, 7] x T'y),

lincondy holds,

wq is in the range of the curl, by which we mean that wo € curl(H(Q)3),
The following condition on H holds on (0,T] x I'y:

O H™ + divp[H™u™ —U™H"] —g-n =0. (2.4)

There exists a solution @ to (2.1) in CN*(Q), such that @(t) is in the range of the curl for
all t € [0,T]. When N > 1, the solution is classical Eulerian and unique. When N = 0, the
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solution is Lagrangian and is also the unique weak Eulerian solution as in Definition 2.1 for
which w(t) is in the range of the curl for all t € [0,T].

Moreover, there exists a unique v € SVNTH with curlv = @ and v(0) = ug, and a unique
mean-zero pressure field T with Vr in L>=([0, T); CN%(Q)) and, if N > 1, also in CN~12(Q),
satisfying

ov+u-Vv—u- (VW) =9v+u-Q=-Vr+f, (2.5)

where the antisymmetric matriz Q@ = Vv—(Vv)?, whose nonzero components form the vector
w.

Remark 2.3. In [11], the stronger condition that u € CNTL(Q) was assumed, but u €
SN+La suffices. This is because for the linearized problem it is only the regularity of the flow
map for u that is needed, and as we will see in Section 8, u € SNTL is sufficient. It was
concluded in [11] that v € CNTL(Q), but the argument there only gives v € SNTLY (see
Corollary 11./). Also, [11] states the requirement that g have, in effect, one more derivative
of reqularity in space than in time, but in fact does not use that additional reqularity. Hence,
we need only assume that g € CN(Q), which follows from Definition 1.1.

Remark 2.4. The condition in (2.4) is the linear analog of (1.10), required to insure that
W(t) lies in the range of the curl. As applied to the solution of the linearized problem given by
Theorem 2.2, (2.4) is a condition on the data, not on the solution, since u is given. Applied
to the fully nonlinear problem with H = curlu, however, the appearance of u” in (2.4) makes
(2.4) a condition on the solution. FEliminating the term involving u™ by requiring that the
normal component of the vorticity on inflow vanish gives (1.17), which is a condition on the
data: ug, f, U, and H.

In what follows, we will use w as a Lagrangian solution, but we will need to estimate
v, which is obtained from the Eulerian solution. Hence, it is crucial that Eulerian and
Lagrangian solutions agree.

3. VORTICITY ON INFLOW, AND THE OPERATOR A

At the end of this section, we will use a solution to (2.1) to define an operator A whose fixed
point is a solution to the fully nonlinear Euler equations, (1.6). To do this, we first show
in Proposition 3.1 how vorticity is generated on the inflow boundary if (u,p) is a classical
solution to (1.6).

Proposition 3.1. Assume that (u,p) satisfies (1.6)1 in a classical sense and let w := curlu.
Then on [0,T] x T,

1 1
uwT = [—&guT —Vr (p + 2|u]2> + f} + (curlp uT) u”, W™ = curlpu”.

Here, Vr is the tangential derivative, and curlp is the curl operator on the boundary. (See
Appendiz B.)

Proof. As on p. 155 of [2], we start with the Gromeka-Lamb form of the Euler equations,
1
8tu+V<p+2|u]2>—u><w—f:O. (3.1)
The equivalence of (3.1) and (1.6); follows from the identity,

1
u-Vu=-uxw+ iwu]?, (3.2)
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which holds as long as w = curlu.
From Lemma B.2

" =u

[u X w

so restricting (3.1) to [0,7] x 'y, we have
1
o™ + Vrp (p + 2]u\2> —u"WTt W uT]t - T =0.

Hence, since (v+)* = —v for any tangent vector v,

L
1
uwT = [—&guT -Vr <p—|— 2|u]2> + fﬂ +w™uT.

The proof is completed by observing that w™ = curlpu” by (B.2). O

We see from Proposition 3.1 that for a solution to (1.6)1.4 with w := curlu, we have
w=WJu,p|on [0,T] x 'y, (3.3)
where, using that u” = U" # 0 on 'y, W/|u, p] is defined on [0,7] x T'y by
WTu,p| = L [—8tu7- —Vr <p + 1]u]2> + fT] . + = curlpu”u’,
un 2 un (3.4)
W"[u,p| := curlpu”.
Now let u be any element of SN*+1% not necessarily a solution of (1.6). We seek to define

a function H in CN%([0,T] x I'y) as a modification of the expression for W[u, p] in such a
way that when the data has regularity IV, at least the following two properties hold:

(P1) H at time zero can be defined in terms of ug, f, and U only.
(P2) If (u,p) solves (1.6)1.4 and the vorticity w = curlu satisfies w = H on [0,7] x '}
then (u,p) satisfies (1.6)5 as well—and so solves (1.6).

We define the function H for all N > 0 as done in [2] for N = 0. First construct a
“regularized pressure” p, from u as the unique mean-zero solution to

Ap, = —div(u- Vu) in Q,
{Vpr ‘m=—8U" — N[ on[0,T] xT, (3:5)
where
_f-vu)n on [0,7] x (I UTy),
Nluf:= {(u -Vu) - n +divp(U™(u” —UT)) on [0,T] x ;. (3:6)

Though not so evident here, using N[u] in place of (u- Vu) - n regularizes the pressure, as
we will explain in Section 9. But it is clear from its definition that if u satisfies (1.6)s, that
is, u” = U7 on I'y, then N[u] = (u-Vu)-n on [0,7] x T, so that Vp, = Vp on Q, where
p, given by the system (1.7), is the “true pressure.”

Finally, define H on [0,7] x 'y by replacing u” with U7 in all terms in the expression

for Wu, p] having a derivative on u”. This gives

1
T .

H™ :=curlp U7,

1 Lo
-9, uT — .+ —|U|? £7 — curlp UTu™
[(?t Vr <p +2| |>+ ] + g cutln U, (3.7)
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and we see that property (P1) of H holds. We will show property (P2) in Proposition 5.5.

Remark 3.2. Because we assumed that U has higher regularity than u, the function H
has one more deriwative than Wu,p| in (3.4). This higher regularity will be needed to
obtain estimates on p, in Section 10; it is needed as well to solve the linearized problem in
Theorem 2.2, though only for N = 0.

The next proposition shows that our choice of H does, in fact, satisfy the constraint in
(2.4) that is necessary to ensure curlu = w.

Proposition 3.3. Assume that the data has reqularity 0 as in Definition 1.1. For u € S,
the condition in (2.]) is satisfied on (0,T] x I';.

Proof. From (3.7) and using that curlp UT = H™ we have
1 i
UMHT — H™u™ = {—BtUT —Vr (pr + 2]U]2> + fT] .

By (B.2), divp v = — divp((vt)*) = curlp v for any tangent vector v. Hence,
O H"+divp[H™uT —U™H"| —g-n = 0H"™ + cuwrlr[(H™u” —U"HT)'| —g - n
=0,curlp UT — 9, curlr UT + g - n—g-n=0,

where curlp f7 = (curlf) - m = g - n by (B.2). This gives (2.4). O

The operator A. Our proof of Theorem 1.2 in Section 5 will involve establishing the exis-
tence of a fixed point of an operator, which we denote A. We first define its domain:

Definition 3.4 (Domain of A). Assume that the data has regularity N as in Definition 1.1
and fiz ug € CX Q) satisfying condy. Define

Dompy(A) := {u € SNT1%: u(0) = ug, 8Muli—o = &'ug on Q, 0 < n < N}, (3.8)
where 51?110’ which appears in condy of (1.14), will be defined in detail in Definition j.1.

Remark 3.5. The condition in Domy(A) that 97u(0) = 0'ug on Q for all1 < n < N arises
from the need to show that the nonlinear compatibility conditions imply the linear compatibility
conditions for velocities in Domy (A)—as we will show in Proposition /J.6.

Definition 3.6 (Operator A). Assume that the data has regularity N as in Definition 1.1
and fix ug € C’CJ,VH’O‘(Q) satisfying condy. Let u € Dompy(A) and define H as in (3.7). Let
w € CNY(Q) be the unique solution to (2.1) with @y = wo = curlug given by Theorem 2.2
(see Remark 3.7), with v, 7 the corresponding velocity field v € SN+Le and pressure m with
curl v = w satisfying (2.5). Define

Au =, (3.9)
and define also

Au := curl Au = w. (3.10)

Remark 3.7. In Definition 3.6, we use that lincondy is satisfied for any u € Dompy(A)
as in Remark 3.5, and that (2.4) is satisfied by Proposition 3.3. This allows us to apply
Theorem 2.2 to obtain w, v, and 7 in the given spaces.
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4. COMPATIBILITY CONDITIONS
If (u,p) is a classical solution to (1.6)1.4 and w := curlu, then, of course,
Ow(0) = wo - Vug — ug - Vwy + g(0), (4.1)
9u(0) = —ug - Vug — Vp(0) + £(0),

where g := curlf. This simple observation is behind both condy of (1.14) and lincondy of
(2.3), which are based upon applying 9;, n times, each time replacing d;u or dyw at time zero
with the relation in (4.1), thereby replacing all time derivatives with spatial derivatives. This
produces expressions, @"uo and @"wo, which are equal to 9f'u|;—¢ and 0"w|;—o, respectively,
for any actual solution to the Euler equations having sufficient regularity.

We make this process of constructing 0;'ug and 0]'wq precise in Definition 4.1. We stress
that in this definition, we assume of u only that it lies in SN+ with u(0) = uy.

Definition 4.1. Assume that the data has reqularity N > 0 as in Definition 1.1 and let
u € SNHLa with u(0) = ug. In accord with (4.1), we define
dag := —ug - Vug — Vp° + £(0), Owo = —ug - Vwg + wp - Vug + g(0),
where p° satisfies (1.15). We then define (recall that g := curl f)
Gfug == —0y(ug - Vug) — VOrp° + 90, (4.2)
é?wo = —515110 -Vwy —ug - Vgtwo + awo -Vug + wy - Vgtuo + 0181=0, '

where
5t(uo -Vug) = 575110 -Vug +ug - Vgtuo, (4.3)
and define 5tp0 to be the unique mean-zero solution to (see Remark /.2, below)
{Aé)}po = —div &(uo . Vu0)~ mn €,
Vo -mn = —02Um|4—o — 0;(ug - Vug) -m on T.
We note that
0fug = —(—uo-Vug — Vp” + £(0)) - Vg — ug - V(—up - Vug — Vp° +£(0))
- Vgtpo + Of|i—o.
For 5?, we repeat this process inductively, up to order N +1 for 57511 and order N for 575(.00.

Remark 4.2. In the inductive extension of ('i”po in Definition /.1, 5{‘1)0 is the unique mean-
zero solution to

(4.4)

AGPpPY = — div 9P (ug - Vug) in Q,
vorp? - mn = —8ZL+1Un|t:0 — 0 (up-Vug)-n onT.

Then

/ [8ZLU"(0) + 0(ug - Vug) n} = / div 9" (ug - Vuy),
r Q

since divU = 0. Hence, (4.4) is solvable. Also, from the manner in which 5?170 was defined,
Ofug -n = 90;U™0) onT.



EULER WITH INFLOW, OUTFLOW AND VORTICITY 15

In Definition 4.1, 5{1 does not represent a derivative. Rather, it is a shorthand notation to
properly account for the combinatorial nature of lincondy and condy.
Proposition 4.3 shows that, in effect, 9;* curlu = curl 9j'u.

Proposition 4.3. Let u and 5{1 be as in Definition 4.1. Then

divgqu:O forall0<n < N+1,

~ ~ (4.5)
Ofwo = curl 0f'ug  for all 0 < n < N.

Proof. We constructed the pressure p® in Definition 4.1 so that divOdfuy = 0. Then, for
n =1, (4.5)3 follows from the identity, curl(ug - Vug + Vp°) = ug - Vwg — wp - Vug.

For n = 2, we will use two vector identities that hold for vector fields a,b € C?(Q) and
follow from direct calculation:

a- (Vb)Y +b-(Va)l =V(a-b), (46)
curl(a- Vb +b- (Va)') =a-Vcurlb — curla- Vb (if diva = 0). '
Then,
53(»0 = —dyug - Vwo — ug - V curl(Gpug) + curl(gtuo) - Vug + wp - Vg + g(0)
= curl(gtuo) -Vug —ug -V curl(gtuo) + wo - Vg — O - Vwg + g(0)
= — curl(Bpug - Vug + dyug - (Vug)T) — curl(ug - Vayug + ug - (Vug)") + g(0)
= curl(—dug - Vug — ug - Vaug + 0,£(0)) — curl(dug - (Vug)” + g - (VOrug)T)
= curl(—dyug - Vug — ug - Varug — Vop° + 8,£(0)) = curlgfuo.

The first equality is (4.2)2, the second equality is a rearrangement of it. The third equality
used (4.6)2, the fourth equality rearranges terms. The fifth equality uses (4.6)2 and curl V =
0. The final equality uses (4.6);.

Equality in (4.5)2 follows inductively for higher values of n. O

For the linearized problem in (2.1), u is given, so lincondy is a condition on the data, H,
along with the forcing g. For the nonlinear problem in (1.6), however, H must be generated
on the inflow boundary from the solution itself. This means that our nonlinear compati-
bility condition condy must be such that the function H given by (3.7) satisfies the linear
compatibility condition lincondy. We begin with the N = 0 case.

Using Lemma B.2 along with curlr U” = H™, on all of [0,7] x I'y, we have

1
—[[uxH]T]* =U"HT — H™u" = [—@UT —Vr <pr - ;\UP) + fT] ,
S0,

1
[ux H|T =9, U7 +Vr (pr + 2]U2> —f7

1 1
=9, UT +Vr (pr + 2|u|2> —f7 + 3 Vr (JUP = JuP).
Then using the vector identity in (3.2),

1
Vr (pr + 2|u\2> —fT =[u-Vu+Vp, — f]7 + [ux w]7. (4.8)
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Att=0,p. =p°so [u-Vu+ Vp, — |7 = —5tug', and on ',
~ 1
fux BTy = QU | — Bud + SV (VO ~ uf?) + [wo x w7 (49)

Proposition 4.4. Assume the data has reqularity 0, u € SY®, and condg in (1.14) holds.
Then lincondg in (2.3) holds.

Proof. All the calculations in this proof apply at time zero on I';.

We have 9,UT — d;ul = 0 by condy. Since also u(0) = U(0) on I'y, we know that
Vr|U]2 = Vr|ul?, and (4.9) reduces to [U x H]T = [U x w]T, or,

[Ux (H-w)]™ =0.
Also from (3.7)g, H™ = curlp UT = curlp u” = w™. Then, since H™ = w™ and only (H—w)”
contributes to n x (H—w), we can apply the vector identity, Ax (BxC) = (A-C)B—(A-B)C
to give
0=nx[Ux (H-w)]" =nx[Ux (H-w)
=n- H-w))U-[n - UH-w)=-U"H-w).

Since U™ never vanishes on I'y, we conclude that H = w on {0} x I';, meaning that lincondg
is satisfied. 0

If u e SN*tLe for N > 1, however, condy =~ lincondy unless we restrict u to the
subspace Dompy (A) of V1, To show this, we will find it convenient to extend our definition
of the 5,? “operator” to apply to all of [0, T] x © by replacing p° with p, in Definition 4.1 and
not restricting the calculations to ¢ = 0. Since p,|i—o = p°, the definitions of 575110 and é;wo
are unchanged in the sense that

iag = dyuli—o, Bwo = Owli—o,

where we have used the same symbol 5t for both versions of the “operator.” We then define

du=—(—uVu—Vp, +f) - Vu—u-V(—u-Vu— Vp, +£) — Vo,p, + O,f (4.10)
on [0,T] x Q, where

{A@m = —divoy(u- VB) in Q,
Vow, -n=—-0U" —N[u] on[0,T]xT,

with
@(u~Vu)-n N on [0,7] x (T—-UTy),
y(u-Vu) - n + divp(U™(0u™ — 9,UT)) on [0,T] x T

5,5N[u] = {

Then @"u is defined inductively for all n > 2, and 5tnw is defined similarly. An additional
assumption on u is required, however, to have the two definitions of J{u at time zero to agree
for n > 2, as we see in Proposition 4.5.

Proposition 4.5. Assume that the data has regularity N > 0, condy holds, and Opuli—¢ =
dug on Q. Then
(1) Olprli=0 = O7p° on Q for all0 < n < N;
<N

(2) OMuly—o = ug on Q for all 0 < n +1;
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(8) 0.0a|i—0 = 3?+1u0 on Q for all0 <n < N.

Proof. By condy, we have 9"UT = §"u” on I'y, so 9"N[u] = 8"(u - Vu) and hence
N[‘pr|t _o = 0rp. This gives (1) and then (2) follows directly from (1). For (3), observe
that 5‘"u fully expanded (as in (4.10) for n = 2) contains no time dervatives of u. Using the
product rule to obtain 8t8t u|;—o and using that dyuli—g = ﬁtuo we obtain, using also (1), the
same expression as 82”1 up. O

Proposition 4.6. Assume that the data has regularity N > 0, condy holds, and u €
Domp(A). Then lincondy in (2.3) holds.

Proof. Let N = 1. With our extended definition of (i, (4.8) holds beyond time zero; that is,
~ 1
[ux H|T =907 —gu” + 5 Vr (U = [uf?) + [u x w]™ on

on all of [0,7] x 'y (this does not require any compatibility conditions). Differentiating both
sides in time gives

= 1
[0 < H]T + [u x 9H|T = 0,U7 — 9,0u” + 5 V10, (U — [uf?) (4.11)

+ [81511 X L«J]T + [u X Otw]T

on [0,7] x T'y.. We know from Proposition 4.4 that if condg holds then H = w on {0} x 'y,
so two terms above cancel, leaving, at time zero,

[ux 8H|T = |8,UT — ,0,ul + %Vp@t (JUP = [u]*)| + [u x gw]™ on {0} x T'y. (4.12)

From Proposition 4.3, 5,:(.00 :~curl 5tu0~: curl 9pu(0) = 0 curlu(0) = Jw(0), and from
Proposition 4.5 we know that 0,0,ul—¢ = 8t2u0. Also,

O (JUI* = |u?) |t=0 = 2(U - U — u- 9pu)|s=0 = 2(U(0) - ;U4 — U(0) - dyug)

(4.13)
=2(U-9,U - U-8,U)|s—o =0,

where we used that u € Domy(A) in the second equality and cond; with dug - n = 9,U™(0)
on I' as in Remark 4.2 in the third equality.
Thus, the term in the brackets in (4.12) vanishes because of cond;, and we are left with

[u x 9Hlio]™ = [ug x Gwo]™ on T'y.

Also, 0;H™|i—¢ = curlp 6tUT|t:0 = curlp 5tu(7)- = (iwg, so arguing as in the proof of Propo-
sition 4.4, we see that ;H|;—¢ = 5tw0, which is lincond;.
The result for N > 2 follows inductively, where we note that, as in (4.13), showing that
N (U2 = [ul?) |s=0 = 0 uses that dfuf;—g = drug on Iy for all 0 < n < N, since u €
DOmN(A). ]

Remark 4.7. In the proof of Proposition 4.6, we only required of u that u(0) = ug satisfy
condy, Opuli—g = dpug on Q (because we applied Proposition J.5), and Ofu—g = Ofug on
I'y. The full conditions on Dompy(A) will be required shortly, however, in Proposition 5.1.
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5. PROOF OF WELL-POSEDNESS WITH INFLOW, OUTFLOW

In this section, we present the three key propositions on which the proof of Theorem 1.2
relies, then give the proof of Theorem 1.2 itself.

Proposition 5.1. A maps Dompy(A) to itself.

Proof. Let u € Domp(A) and let v = Au. Theorem 2.2 shows that v € SV*1@ and
v(0) = uyg, so it remains only to show that 9]'v|;—o = 9j'ug for 1 < n < N.
Suppose N = 1. Then since v(0) = u(0), (2.5) gives

Orv]i=o = —ug - Vug + up - (Vug)” — Vr(0) + £(0).
But ug - (Vug)? = (1/2)V|ug|?, so we have
8tV’t:[) =—ug-Vuy—Vr+ f(O)

for some “pressure” r. But r is recovered in the same manner as p, which is the same as p;
at time zero. We see, then, that dyv|,—o = dyup.
For N = 2, a time derivative of (2.5) yields,

OV 4+ o -Vv+u-Vov — [Ou- (Vv)T +u- (Vov)T] = =V + 0,f.
From the N =1 result, dyuli—¢ = Oy V|i=0 = 5tuo and we have
O?vi—o + Opug - Vug + ug - Vaug — [Grug - (Vug)” + ug - (VOug)T] = —=Vdr|imo + 0:f|1—0.
By (4.6)1, dyuy - (Vug)? + g - (Vgtuo)T is a gradient, so we see, also using (4.3), that
O?vli—o + 9y (ug - Vug) = Vg + 0,f|1—0
for some ¢. But from (4.2),
5t2uo + 5t(uo -Vug) = Vgtpo + O¢f|¢=0.

Hence, w := 9?v|i—og — 5,52u0 is a gradient in the space H, since divw = 0 with w-n =0 on
T; hence, w = 0, giving 82v|,—o = d2uy.

The result for N > 2 follows inductively. We note that because it involves differentiating
in time (2.5) N —1 times, it requires that 9/'u|;,—o = 5{’u0 on Q for all 1 <n < N, so the full
condition on u in Domy(A) is required. O

We will also show in Lemma 7.9 that Domy(A) is a nonempty, convex subset of SN+,

We will apply Schauder’s fixed point theorem to obtain the existence of a fixed point of
A, but this requires that A be continuous. Results in [11] would give that A is bounded as
a map from Domy(A) to Domy(A) in the S¥+19 norm, as long as we can obtain sufficient
control of the pressure so as to control H. But A, which is nonlinear, need not be continuous
from SNt to itself. To ensure continuity, we need to work with a weaker topology, which
we introduce next.

Definition 5.2. Fizing 5 € (0, ], we define the (affine) space SNHLE 1o be all vector fields
in SNtLe endowed with the norm,

[ullgnsre = llullonsg) + llewlullens(g)-
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We note that SNT1L8 is a locally convex topological affine space. Because CNV:*(Q) is
compactly embedded in CN:8 (Q) for B < «, we see that SN+La g compactly embedded
in SNTLE for B < a. Like SN*The which is also an affine space, we will often apply the
SN+L8 norm to the difference of two elements in SN+18 , even though that difference does
not lie in the space. In particular, we do this in Proposition 5.4. Finally, observe that
[ullgn+ra = [allgnsra + 107l Lo qory00q)) -

In outline, our proof of Theorem 1.2 is as follows: We show that A maps a nonempty
convex set K C Domy(A) into itself (an A-invariant set), that K is compact in the SN+1
norm, and that A is continuous on K in the SN+LE porm. Applying Schauder’s fixed point
theorem gives the existence of a fixed point. We show a posteriori that the full inflow, outflow
boundary conditions in (1.6)45 are satisfied, and, finally, prove uniqueness.

These steps are detailed in Propositions 5.3 to 5.5, followed by the proof itself. To stream-
line the presentation, we defer the proofs of these technical propositions to later sections.

Proposition 5.3. For all M larger than a value that depends only upon the data, there exists
T > 0 for which the set

K =Ky7:={ue€Dompy(A): |ul|gn+ia < M} (5.1)

is invariant under A. That is, u € Dompn(A) with ||ul|gv+1,a < M implies that Au €
Dompy (A) with ||Au||gn+1,e < M.

Proof. Given in Section 11. We note here only that I depends on T because each u €
Domy (A) is defined on @ = Q7. When M and T are fixed, we will generally refer to the set

simply as K. ]
Proposition 5.4. With K as in (5.1), for any B € (0,«), A: K — K is continuous in the
SNHLE norm.

Proof. Given in Section 12. O

Proposition 5.5. Assume that (u, Vp,) € S x C*(Q) and (u,p,) solves (1.6)1.4 (with p,
in place of p) and that curlu = H on [0,T] x T'y, with H given in (3.7). Then (1.6)5 also
holds.

Proof. Given in Section 13. O

Proof of well-posedness. Theorem 1.2 we now see is a consequence of Propositions 5.3
to 5.5:

Proof of Theorem 1.2. Let M > 0 depending on the initial data, 7' > 0, and K = Ky 7
be given by Proposition 5.3.

Choose any 8 € (0,a). Because CV:® is compactly embedded in CV#, and also using
Lemma 7.9, below, we see that K is a nonempty convex compact subset of SN+1,8 , and
A: K — K by Proposition 5.3. By Proposition 5.4, A is continuous as a map from K to K in
the SN+L8 norm, and so has a fixed point u by Schauder’s Fixed Point Theorem. It follows
that Au = u with u € SN*18. Since u € Domy (A) it follows that, in fact, u € SN*+Le,

Since v := Au = u, Theorem 2.2 implies that d;u + u- Vu + Vp = f for some pressure
p. Hence, (u,p) is a solution to (1.6);4. But since u = Au, we have w := curlu = H on
[0,T] x T';.. Thus, Proposition 5.5 gives that (1.6)5 holds, so (u,p) is a solution to (1.6).

To prove uniqueness, let (uy,p1), (ug,p2) be two solutions to (1.6) with the same initial
velocity in C1® (so we prove uniqueness for N = 0 and it then follows for all N > 0). Letting
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W = uj — ug, subtracting (1.6); for (ug,p2) from (1.6); for (uy,p1),
ow +u; - Vw +w - Vug + V(p; — p2) = 0.
Multiplying by w and integrating over €2, we obtain
1d 1 1
s W12 == [ (Vs w5 [ Vlwl < Ve ) [l = 5 [ i Viw

But,

~ [ VP == [ mw = [ nw <o,
Q N T

sincew=0onI';, u;-n=0o0nTy and u;-n >0 on I'_. Hence,
d
dt
and we conclude that w = 0 by Gronwall’s Lemma, giving the uniqueness in Theorem 1.2. [

1wl < 2| V| = (o) W,

When I'yg = I'—that is, when classical impermeable boundary conditions are imposed on
the entire boundary—Theorem 1.2 gives well-posedness of the 3D Euler equations in SN+1e
for any N > 0. The proof simplifies in this case, as we discuss briefly in Remark 13.1.

PART II: PRELIMINARY ESTIMATES

Organization of Part II. We introduce in Section 6 some conventions that we will use
throughout the remainder of this paper to streamline the presentation. In Section 7 we
develop some properties related to the function space S5 and in Section 8 derive some
properties of the flow map. We describe the generation of vorticity on the boundary in
Section 9, and obtain critical estimates on the pressure in Section 10.

6. SOME CONVENTIONS

Constants. To simplify notation, we write M as a universal but unspecified bound on
|lul|gn+1,a. Thus, we assume that

|lul|gn+1,0 < M for some M > 1 (6.1)
in what follows. (Having M > 1 simplifies the form of some estimates.)
Definition 6.1. We define the following three types of positive “constant”:
co = Co(HuoHcgﬂ,a(Q), Un:ilna [Ullen+2.0(Qu)s leurl fllonago)),

cx = cx(co, M),

en = en(co, M, T),
where Upin 18 as in Definition 1.1. Fach of cg, cx, and cy are continuous, increasing
functions of each of their arguments, and each appearance of cy, cx, and cn may have

different values, even within the same expression. Moreover, we require of car that for all
M >0,

en(eo, M, 0) = cp. (6.2)
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The property in (6.2) is critical in establishing the existence of an invariant set for the
operator A in the proof of Proposition 5.3 in Section 11. All the necessary quantities will be
bounded by a cn constant, and all those bounds ultimately derive from the key bound on
|ul[¢nv.a(g) in Proposition 7.5 for u € Domy(A), which we establish in the next section.

In the process of obtaining constants cg, cx, or ¢y it will be clear that they increase with
their arguments. It is sometimes clearer to write the expression for a constant cp more
explicitly; typical examples are ¢y + cxT® and eMT.

Because we imposed the restrictions on U and f in Definition 1.1 for all time, a ¢y constant
has no dependence on T'.

Remark 6.2. Many of our estimates contain factors of the form C1T + CoT + C3T°3,
0 < e < ey < ey, where C1, Co, and C3 may depend upon the norms of the data or the
solution, but have no explicit dependence on time. To simplify matters, we will assume that
T < Ty for some fized but arbitrarily large Ty > 0. Then

CiT + CoT? + C3T% < C1T + CoT T2 + C3T T~ < C'T,
C' = (1+T5> + T ) max{Cy, Ca, Cs}.
Hence, in the final forms of estimates, we will only keep the lowest exponents of T and,

similarly, of |t1 — to| for t1,t2 € [0,T].

7. FUNCTION SPACES AND THE BIOT-SAVART LAW

In this section we give some basic properties of Holder spaces that we will use throughout
most of this paper and summarize those properties of the Biot-Savart law that we will need.
We use these properties to establish the key estimate on velocity fields in Proposition 7.5,
and then to prove Lemma 7.9, showing that Dompy(A) is nonempty and convex.

Holder spaces. Let k > 0 be an integer and U be an open subset U of R%, d > 1. We define
C*(U) to be the space of all k-times continuously differentiable functions with the norm

[fllerwy = Z D7 fl| oo ()
IvI<k
Letting r € (0,1) we define the Holder space, C*"(U), to be the space of all f € C*(U) for
which
Il = 1 loswy + S Fllenqr < o0,
IvI=k
l9(x) — 9(y)|
I9ll¢r () = sup ————=.
o) x£yeU |.CL‘ - y|r

(7.1)

Now consider a time-space domain of the form @ = [0,7] x Q. For any f continuous on @
and r € (0, 1], define

Hf”CtT(Q) = ||f”C’T([07T];L<>°(Q)) = i‘ég”f(‘ax)”(jr([oﬂ)a

f o = ) oo .Or - Sup ) t;’ 1 .
|| ||Cz(Q) || ||l ([O,ILC (SZ)) . [ ) ]|| ( )HC (SZ)

Lemma 7.1. For any integer k >0 and r € (0,1),
HfHC’N(Q) + ||f||c‘g(Q) + HfHC‘Z(Q)

is equivalent to the C™V'"(Q) norm.
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Biot-Savart law. We need a few facts from [11] related to the Biot-Savart law, which we
present now. We use the spaces H, H,., and Hyp of (1.12) and (1.13).

Lemma 7.2. Assume that T' is C™%-regular and let X be any function space contained in
C™2(Q)3. For any v € H, |Pp,v|x < C(X)||v|a.

Lemma 7.3. Ifu € H with curlu =0 and Pgu = 0 then u = 0.

For any w in the range of the curl, curl(H'(2)3), there exists a unique u = K[w] €
Ho N HY(Q)3 for which curlu = w. The operator K, which recovers the unique divergence-
free vector field in Hy having a given curl, encodes the Biot-Savart law.

There exists a vector field V as regular as U with divyV =0, curlV =0, and V - n =U"
on [0,7] x I'. We define

Kyn|w] = K[w] + V. (7.3)
Lemma 7.4. Assume U € SNTLa  Let w be a divergence-free vector field on Q having

vanishing external fluzes. Let u. € H. and set u = Kyn|w| 4+ u.. For allt € [0,T] and all
integers k with 0 < k < N,

) lwrsraey < Cleo@llweaiay + IO s o) + 11600 lwringay,
()10 gy < Clo®)lomarey + [T lowsag + [ue@llorsio)

for allp € (1,00), whenever the norms on the right-hand side are finite. In each case, U can
be replaced by V and the final term can be replaced by Cllu||g.

Proof. For the two inequalities see, for instance, [11]. Lemma 7.2 allows us to replace each
of the final terms by C||u||g. O

A key property of SN*T1:2 The purpose of this subsection is to prove the following:

Proposition 7.5. Assume that u € SNTL*, Then
N
. .
[ull o) < CY ldFulimollon-sa@y) + C [l svsra + Ul gv1a] max{T*, T~}
j=0
Moreover, if u € Dompy(A) then
||UH0N,04(Q) < co +Cx max{Ta, Tlia} < CN,
where ¢y, cx, and cnr are as in Definition 6.1.
To prove Proposition 7.5, we will make use of the following space:

Definition 7.6. For an integer k > 0 and o € (0,1), define the space,
REe = {f € CFHQ) : 0] f € L®([0,T]; C*72(Q)),0 < j <k},

k
| £l gro = ZHQ{fHLOO([O,T];Ck—J'va(Q))'

=0
We allow R to apply to scalar-, vector-, or matriz-valued functions.

Lemma 7.7. Let f € R*, k> 1. Then

k—1
1 ge-re < YN0 Flimollcr-1-sa () + |1 fll gra T
=0
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Proof. Let j be an integer with 0 < j < k — 1. Because
) ) t
A f(t,x) = 0 f(t,x)|i=o +/ T f(s,x) ds,
0

we have

10! DP £1| oo (o, 77:00-1-30(02)) < 107 DP Flioll on-1-.a () + 1107 T DP £l oo 0.7,y T

Summing over j from 0 to k — 1 gives the result. O
Lemma 7.8. If f € R®® for k > 1 then f € C¥~5%(Q) with
k—1
1 Fller-1aiq) < D_NI0] flizollon-1-50() + 4lLf |l gpo max{T'~*, T}. (7.4)
j=0

Proof. First suppose that k = 1. Since d;f € L*([0,T]; C*(Q2)) and f(t,-) € C(Q) for all
t € [0,T], we have that for all (¢,x) € [0,T] x €,

¢
(6.3 = £0.%) + [ 0.7, )ds.
0
Then for all ¢1,ty € [0,T] and z1, 22 € Q,
| f(t1,x1) — f(t2,x2)| < [f(t1,x1) — f(t1,x2)| + | f(t1,%x2) — f(t2, x2)]
< s ) galxr = %2 + (|00 f (| oo (jo,17,000)) [T — T2

Dividing both sides by |[(t1,x1) — (t2,%2)|%, which we note is greater than both |x; — xa|®
and [t; — 2, we see that, in fact, f € C*(Q) with || f|lca(q) < [ fll 1o

Moreover, we can estimate the term |f(¢1,x1) — f(t1,%2)| in two other ways. First, because
f € L*([0,T); C1¥(Q)), we have

(7.5)

|f(t1,x1) — f(t1,x2)| < a1 == || fl| Lo o, 17:0m0 () X1 — X2
Second, we have
|f(7f,X1) - f(t,X2)| =

< ag = 2|0 f| Lo (o, 1)) T

t t
| ostsxyds — [ o.f(s.x2)ds
0 0

Hence,
[t x1) = (&, x2)| = |f(t,%x1) = f(t,%2)[[f(t,x1) = f(t,%2)|' ™ < afay™®
< HfH%OO([O,T];Cl’a(Q)21_aHatf‘|1L;ooz[()7T]><Q)|X1 —xo[0T' 7
< 2| fllgralxr — %o T
Then, as in (7.5), and using that |t; — to| < [t1 — to| YT,
|f(t1,x1) = (b2, %2)] < 2| fllgrelxt = 2| T + 00 f || oo (o300 |t1 — 2| T

Dividing both sides by |(t1,x1)— (t2, X2)|* and taking the supremum over all (t1,x1) # (t2,X2)
yields

Hf”ca < 3||f”Rl,aT1_a.
Also, for any (t,x) € Q,
|f(Ex)| < [£0,x)] +[f(E,x) — £(0,x)] < [£(0,%)] + [|0cf || oo (0, 77:0(2)) [t
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SO

1 £l oo 0,71 02) < I1F(0) | zoo () + 1061 Loo (0,750 () T

Combined, these estimates yield (7.4) for k = 1.
The result for k& > 1 follows from applying the above argument to D?f for any |8| = k,
and controlling all the lower-order derivatives via Lemma 7.7. U

Proof of Proposition 7.5. First we prove that u € RV with

[l grv+1a < Clluflsysra + [[Ullgv+ra. (7.6)
We have,

#u = Kyn[w] + & u, = Kyn[dlw] + & u,,
so by Lemma 7.4, for j < N and all ¢t € [0, 77,
[8fu(®)lox 15y < ClOf (1) - (@) + U@ ow-1-sm(c + ClFu () 1
< Cllwllenva(g) + Cllullen.agy + [[UE) |on.eg)
< Cllul[gn+a + U@ [orva ()

where we used Lemma 7.2. For j = N + 1, the L*([0,T]; C*(€2)) norm is included as part of
both the RVN*1 and SN+ norms, and we see that (7.6) follows.
From Lemma 7.8 and (7.6), then,

N
[ullevaggy < Y _l0)uli—ollen-sa(q) + 4lull gri.e max{T"~* T},
=0

=

< Do uli—ollon-saq) + C llullgyera + Ul gvera] max{T* T},
=0

giving the first bound on [[ul|cn.a(g)- If u € Domy(A), then

N N
D_llotule—ollox—ieo) = D19/ uollow—sam) = co
j=0 =0

giving the second bound on [Jul[cn.e(g)- O

We now have the tools needed to prove Lemma 7.9:
Lemma 7.9. Assuming condy holds, Domy (A) is a nonempty, convex subset of S™NTH,

Proof. We first show that DomN(A) is convex. Let a,b € [0,1] with a +b =1, let v, w be
in Domy(A), and let u = av + bw. Then u(0) = aug + buyg = ug, and so also condy is
satisfied. Similarly, 0f'u|i—o = a0} V|i=0 + bOFW|i=g = a@ ug +b8 uy = 8"u0 It follows that
Domp (A) is convex.

To show that Domp(A) is nonempty, let wp := curlug and define

N yn
w(t) == wp + Z ﬁﬁfwo,
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so that for all 0 < n < N, 9w(0) = dMwp. Because w(t) is in the range of the curl for all
t € [0,T] by Proposition 4.3, we can define

N n N
u(t) = Kynlw] + > PO},
n=0
which we note lies in S¥*1¢. Then u(0) and ug have the same curl and same harmonic
component, and u(0) —ug € H, so u(0) = uy by Lemma 7.3. Moreover, for 1 <n < N,

curl 97u(0) = 9fw(0) = 5?:.00 = curl 5Z‘u0

by Proposition 4.3. Also, Py, 0Mu(0) = Py dfug. That is, 9u(0) and d/'up have the same
curl and same harmonic component, while d/u(0) - n = 0f'up - n on I'. Hence, it follows

from Lemma 7.3 that 9'u(0) = 9/'up, and we see that u € Domy(A), demonstrating that
Dompy (A) is nonempty. O

8. FLOW MAP ESTIMATES

The pushforward of the initial vorticity by the flow map meets, along a hypersurface S in
Q, the pushforward of the vorticity generated on the inflow boundary. This requires some
analysis at the level of the flow map. For the most part, the analysis in [11], which we
summarize here, suffices. The coarse bounds developed on the flow map in [11], however,
would only be sufficient for us to obtain small data existence of solutions: for the short time
result for general data that we desire, we will require more explicit and refined bounds, which
we develop in Lemma 8.2.

We assume throughout this section that U € CN+24(Q),u € SN*+1 for some N > 0. As
in [11], we extend u to be defined on all of R x R? using an extension operator like that in
Theorem 5, chapter VI of [29]. This extension need not be divergence-free, and is used only
as a matter of convenience in stating results; it is only the value of u on @Q that ultimately
concerns us.

We define 7: R x R x R?® — R3 to be the unique flow map for u, so that 9y,1(t1,t2;%x) =
u(ta, n(t1,t2;x)). Then n(ty,te; x) is the position that a particle starting at time ¢ at position
x € R? will be at time ¢, as it moves under the action of the velocity field u.

For any (t,x) € Q let

e ~(t,x) be the point on I'y at which the flow line through z at time ¢ intersects I'y;
e 7(t,x) be the time at which that intersection occurs.

For our purposes, we can leave 7 and ~ undefined if the flow line never intersects with I";.
Remark 8.1. We will often drop the (t,x) arguments on T and v for brevity.
We define the hypersurface,
S:={(t,x) € Q: 7(t,x) =0},
which is nonempty since it contains at least I'; x {0}, and the open sets Uy C @,
U_ :={(t,x) € Q: (t,x) ¢ domain of 7,~v},
Us = {(t,x) € Q: 7(t,x) > 0}.

Then S is of class CN+1@ as a hypersurface in Q and S(t) := {x € Q: (¢,x) € S} is of class
CN*+La a5 a surface in ().
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The estimates on the flow map in Lemma 8.2 are more explicit than in [11], where we
required only coarse estimates. We note that n has one more derivative in both time variables

than has u, which we can see in the explicit estimates.
Lemma 8.2. The flow map n € CNTL([0,T]? x R3). Define u: Uy — [0,T] x 'y by
u(t, %) = (r(t %), 7 (£, %))
and let M := |[u||g1.a. The functions 7, v, u lie in CNTL(U .\ {0} x 'y). Moreover,
100, (1, t2; %) || Lge < [[ullpoo(@)h(te, t2),
IVn(t1, t2; %) Lge < h(ty,t2),
V00, 23 %)l () < IVl zoe () R0, T,

(8.1)
19000, 233 g gy < h(0. T+ / [Vu(s) | ds
I77(0,T;%) | ¢ ) < (1420)MT prpl—a
where
[2)
h(t1,ta) := exp / [Vu(s)|| e ds| < eMT.
t1
Also,
1Dl e 07y < CUin 1+ [0l e 120, T), (8.2)

where Unin 18 as in Definition 1.1.
More generally, for any N = 0, defining exp™ to be exp composed with itself n times,

107 n(te, s X) | oo (0,712 x0) < Cllullon gy exp™ T (MT),
VNt ta; %) || oo (o 172 x00) < exp™ TH(MT),
IV 10(0, 825 %) | g () < NV poo () exp™ H(MT) T,
2

VY000, t2; %) | ¢ ) < eXpN+1(CMT)/ IV u(s)]| e ds
x 0
HVN+177(07T;X)HCOA(Q) < eXpN+1(CMT)MT1_a,
(N+1
||DN+1,U||L°°(U+) < CO[1+ H HC + )]eXpN+1(MT)'

Proof. We will apply Lemma A.2 multiple times without explicit reference.
Taking the gradient of the integral expression in (3.1) of [11],
1)
Vn(ty,to;x) =1+ Vu(s,n(t1, s;x))Vn(ty, s;x) ds. (8.4)
t1
Thus,

to
[Vu(s)|| Lo [[Vn(ts, s;x)|| g ds|.

[Vn(t1,t2;%)|lLe < 1+

t1

Gronwall’s Lemma, applied with fixed t1, gives (8.1)2. Lemma 3.1 of [11] gives O, n(t1,t2; x) =
—u(ty,x) - Vn(ty,t2;x), from which (8.1); follows.
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It also follows from (8.4) that

IVl oo ) IVl = ()
||V7](0’ % X)HC(Q)?2 < tSl;ét’ ’t2 — ¢ |o<
2

< IVl g () h(0, T)T',

|ta — 85

giving (8.1)3.
Returning once more to (8.4),

t2
an(tlat%x)”cg < Hvu(san(ths;x))vn(tlvs;x)”C‘g ds
0
But, using Lemma A.1,
IVu(s, n(ty, s;x))Vn(ts, ;%) || ¢a
< [[Vua(s, n(ty, s:%))l e IV0(ts, ;%) [ 25 4+ [Vals, n(t, s:%)) [ g [[Vn(ty, s:%) || o
IVa(s)ll e lIn(tr, 83 %) Zip, [Vt 55 %) | Lge + IV u(s) [ [ Vn(ty, 5:%) | o

<
<IVu(s)llgahi(ty, s)** + [Vu(s) | oo [ Vit %)l g

SO
IVn(0,t2; %) | o

to to
< [T 190,57 s+ [ 1960y 970,559 s

to to
<1002 [ IVl gn dst [T 0y 19900, 30 d

Applying Gronwall’s Lemma gives
t2

[90(0, 2 %), < [ 0,22 [ vu(s >||¢ads] exp [ IVa(s) <o
= h(0, £2) 2 / IV (sl ds

which is (8.1)4.
From Lemma 3.5 of [11],

O = U™y~ oun(t, 75%) - nly), Vr=-U(7,7)"(Vn(t,7:x)) n(v),

8.5
at'Y = 8151 77(75’ 75 X) + 8{7’11(7’, 7)7 Vv = u(Ta '7) Q@ VT + Vn(tv 735 X)' ( )
We use these expressions to calculate,
107l Loy < C mm||at177||L°° CUmzln”uHLOO(Q)h(OvT)7

Upinlllall oo @) + 1[0 ) )1 (0, T),
[l e (@) IV 7l + V0l oo (@) < [1 4 CUL, lull L (@))h(0, T).

Summing these estimates gives the bound on Dy = (O, V).
The bounds for higher N follow from inductive extension of these arguments. O

<

10yl < C mmllatm\lmo +Hu||Lo<> HatTHLoo
<C
<

Ve
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Remark 8.3. The exact bounds in Lemma 8.2 are not so important, but it is important
that M only appear in the exponentials. Because of that and Proposition 7.5, we see that for
u € Domy(A), each of the bounds in (8.1) through (8.3) is of the form ¢y of Definition 6.1.
Similarly, T and v can be bounded in C™N(UL) by cp.

We are now in a position to give the definition of a Lagrangian solution to (2.1), as it
appears in [11]. For this purpose, define

Yo = Yo(t, x) :=n(t,0;x). (8.6)
As with 7 and « (see Remark 8.1) we will often drop the (¢,x) arguments on ~.

Definition 8.4 (Lagrangian solution to (2.1)). Define @i+ and G4 on Ux by

w-_(t,x) = Vn(0,t;v0)wo(vo) + G+(t, %),
wi(t,x) = Vn(r, t;v)H(T,v) + G- (t, %),

G- (1) = [ Vit tin(t six)e(s. (.53 s (8.7)

Gultx) = [ ulsstintssx))gls (e ds
7(t,x)

Then @ defined by @|y,. = W+ is called a Lagrangian solution to (2.1).

Remark 8.5. A few words are appropriate here about the treatment of (8.7) in [11].

The inflow vorticity, w_, behaves and can be analyzed much like the full vorticity in the
classical setting of an impermeable boundary: the initial vorticity is pushed forward from time
zero by the flow map n for the given velocity field, u, and Duhamel’s principle is used to treat
the forcing term, G_. Such an analysis yields @_ € CN*(Q_).

The outflow vorticity, Wy, is somewhat more complicated since the vorticity is pushed off
the 2D inflow boundary Ty into the 8D domain ), producing an inflow component Q4 (t)
expanding in time. Also, the regularity of T(t,x) and ~(t,x) must be accounted for, and the
time t enters into the Duhamel integral in both limits. Nevertheless, @, € CN*(Q,) holds.

The key difficulty, however, lies not with the inflow or outflow vorticity individually, but
rather with insuring that they meet across the hypersurface S in a manner that allows the
full vorticity @ to be regular enough to lie in C™*(Q). That lincondy is the right condition
to insure this is natural and is easy to show for N = 0, primarily because no derivatives are
involved to obtain C*(Q) regularity. The situation for N > 0, is much more involved.

To obtain reqularity across S, the N =1 case formally reduces to the N = 0 case. But for
N = 2, such a reduction to the N —1 case can be obtained, and allows an induction argument
to be made to reduce the problem to the N = 1 case. This leaves the N = 1 case, which
requires a delicate analysis.

Complicating the argument slightly is that for N > 1, the two terms making up @4 in (8.7)
need not be CN:®-continuous across S, though their sum is. But as long as lincondy holds,
CN estimates on each of the four terms making up w® and w™ can be combined to give
estimates on @ in CN(Q).

9. THE NONLINEAR TERM ON THE BOUNDARY

Proposition 9.2 gives coordinate-free expressions for (u-Vu)-n on I'. The proof of Proposi-
tion 9.2 is most readily obtained using the boundary coordinates introduced in Appendix B,
so we defer it to that appendix.
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Definition 9.1. For any tangent vector field v on T', define v to be v rotated 90 degrees
counterclockwise around the normal vector when viewed from outside Q0 (so v =mn x v).

We write the gradient and divergence on the boundary as Vr and divr, as in Appendix B.

Proposition 9.2. Assume that T is C2. Let u be a divergence-free differentiable vector field,
let u™ =u-n, and, as in (1.1), let u™ = u—u™n. Let k1, ks be the principal curvatures on
. On[0,T) xT', we have

(u-Vu)-n=—u"divpu” +u” - Vpru™ — (k + ko) (u™)? —u” - Au”. (9.1)

Here, A is the shape operator on the boundary: for any tangential vector field, Av is the
directional derivative of n in the direction of v, which is also a tangential vector field.

The nonlinear term on the boundary is key to recovering the pressure, as we will see in
the next section. It was for these purposes that we used N[u] given in (3.6) to define the
regularized pressure in (3.5). Using that u™ = U™, substituting the expression in (9.1) for
(u-Vu) - n, and using (B.1), we see that on ',

N[u] = -U"divp UT +u” - VU™ — (k1 + k2)(U™)? —u” - Au”, (9.2)

so N[u] has no derivatives on u”. Nonetheless, integrating (3.6)2 by parts along each bound-
ary component using Lemma B.1, we see that

/FN[u] = /F(u -Vu) - n. (9.3)

Hence, replacing (u-Vu)-n with N[u] does not alter the compatibility condition for recovering
the pressure, as in Section 10.

10. PRESSURE ESTIMATES

We can determine the pressure from the velocity as in (1.7). On I'g, as we can see from (9.1),
Vp-n=—-u” - -Au” (= —k|u|? in 2D, where & is the scalar curvature). Hence, when I' = Ty,
standard Schauder estimates imply that Vp and u have the same spatial regularity. This is
the impermeable boundary case. But for inflow, outflow boundary conditions, the expression
for Vp - n contains spatial derivatives of u, as we can see from (9.1), on which we have no a
priori control. (Because u-mn = U™ on all of I, the time derivative in (1.7)2 does not impact
the regularity of p.)

We circumvent this difficulty using the simple but clever technique in [2]: we replace
the boundary condition in (1.7)y using N[u] of (3.6), solving instead, (3.5) for the pressure
pr. We see from (9.3) that the required compatibility condition coming from fr Vpr - n =
JoApr = [odiv(—0;u — u - Vu) remains satisfied when using —9,U™ — N[u] in place of
—9u™ — (u-Vu)-n on I'. For u(t) € CN*t19(Q), classical elliptic regularity theory gives a
solution to (3.5) with p,(t) in CVT12(Q), unique up to an additive constant. Ultimately, we
show, in Proposition 5.5, that p, = p for the fixed point of the operator A.

Since we are seeking solutions to (1.6) in Holder spaces, it would seem natural to use
elliptic estimates in Holder spaces. To obtain the needed control on our pressure estimates in
time, however, we will find it necessary to use, instead, elliptic estimates in Sobolev spaces,
as given in Lemma 10.1. The reason for this is explained in Remark 10.6 following the proof
of Proposition 10.4.
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Lemma 10.1. Let n > 0 and f € W™4(Q), where q € (1,00). If f has mean zero then

I lwresagoy < € [1ATlomato) + 195l s

and for any nonempty compact subset of Q' of QUT  (without assuming f has mean zero)
I lwresaqe < € 1A lwmaio) + 195 1l +Wliw] - (10

Proof. The bounds in (10.1) for n = 0 are stated near the bottom of page 174 of [2], but let
us say a few words about them. First, they are derived from combining an interior estimate

away from all boundaries with an estimate that includes only I'y. Second, [2] treats the
N =0 case, and we use (15.1.5) of [1] for the N > 1 case. O

In what follows, we will use Li-based Sobolev spaces on © with ¢ > 3/(1 — «). This will
give us some useful properties, which we summarize in Lemma 10.2.

Lemma 10.2. Let ¢ > 3/(1 — «). Then for any integer k > 1
wktbaQ) c ¢k Q) (10.2)
and for any r € [1,00] and any f € W4(Q),

I llzr oy < [ leery Hcha(m Cllfllwra(e),
IV fll Za(ry <HVf||w1 vaary < CIVIllwrag) < Clfllwza@)

For k> 1, Wk4(Q) is an algebra, while for k > 0 its trace space WF=1/99(T) is an algebra.

(10.3)

Proof. Sobolev embedding gives (10.2). The inequality in (10.3); follows from (10.2) for any
f € C™(Q)NW24(Q), which is dense in W14(Q); (10.3) follows from the trace inequality.

For k > 1, kq > 3k > 3 so Wk’q(Q) is an algebra, and this same condition gives that
Wk=1/49(T) is an algebra. O

Not only will we need estimates on p,, but, letting uy,us € S, where Dr,1,Pr2 solve
(3.5) for uy, ug, respectively, we will need estimates for N = 0 on P := p;, — pa,. Fixing
ti,ta € (0,77, we will also need to estimate

Py = pr(t1) — pr(ta), P:= P(t1) — P(ta).
We start in Propositions 10.3 and 10.4 by controlling only the spatial derivatives of q.

Proposition 10.3. Let ¢ > 3/(1 — «), t1,t2 € [0,T], and let p, be the unique solution to
(3.5) for some u € SNTLY normalized so that My(pr(t)) == [opr|pr|?2 = 0. Then

1P ()l La(e) < C1, (10.4)
where
Cr:= HUH%OO(Q) + 10U || oo () + HUH%OO(Q)
Fizing t1,t2 € [0,T], normalize p, so that My(p,(t1) — pr(t2)) = 0. Then
1pr(t1) = Pr(t2)[|La(e) < Calts — taf, (10.5)
where
Cy = C [| U2 + U310 + [ullz=(@)llullsre] ,
the constant C' depending only upon € and q.
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Proof. We adapt the argument on pages 175-176 of [2]. For now we suppress the time variable.
Let 8 be the unique mean-zero solution to

AB = pr|pr|q_2 in €2,
VB-n=0 on I,

where the normalization of p, gives solvability. Letting ¢’ = ¢/(¢ — 1), which we note is
Holder conjugate to ¢, Lemma 10.1 gives

- -1
1Bl @) < Clllpr ™ Lo 0y = CllpellTay-
From (3.5) and (3.6), the elliptic problem for p, can be written, for a fixed time, as

Ap, = —div(u- Vu) in Q, (10.6)
Vpr-n=-0,U"— (u-Vu)-n—1p, divpr(U*(u” —=UT)) onT, '

where Ir, is the characteristic function for I'{. Then, using (10.6),
Iy = (88.20) = ~(V. ) + [ (V8o = (A9, 8) = [ (Vo )5
I I
~ —(iv(u- V). 8) - [ (Vpr-m)s
N
= (u-Vu.V8) = [ (- V) m)3 = [ (T, -m)s

~ (u-Vu, V) — / QU™ + divp(U™(uT — UTY)) .

Ly
But,

(u-Vu,Vg) = /Quiﬁiujajﬂ = /Quiﬁi(ujajﬁ) - /Quiujaiﬁjﬁ
=(u,V(u-Vp) - (u®@u,VVp) =—-(u®@u, VVp) — / U™(u-Vp)
r

and, applying Lemma B.1,

—/ divp(U™(uT —UT))B= | U™u™ -UT). V8= [ U™(u-U)- V5.
Ty I I

Here, we used that VB-n =0, so v7 - V3 = v - V3. Hence,

HpTH%q(Q) :—(u®u,VVﬁ)—/Un(u.V6)— 8tUn5+/ UM(u-U)- Vg
r

ry Ty

:—(u®u,VVB)—/ U”(u~VB)—/ UnuU-VB- | 9U"B.

_ Ty Ty
Exploiting (10.3), we have the bound,
Hpr||qu(Q) < uflpoe (o) lall Loy | Bllw2.a ) + 10U [ Laqy 18]l ot 1y
F U o 0y [0 o0y + el oo o] (VB Lary
< CulBlly2a () < Cullpr a0y
from which (10.4) follows.
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To obtain (10.5) we argue the same way, bounding p, := p,(t1) — p,(t2), where now £ is
the unique mean-zero solution to

AB=p,[p[*? mQ,
VB-n=0 on I,

Letting v := u(t;) — u(t2), U := U(t;) — U(t2) we see from (10.6) that

Ap, = —div(u(t;) - V¥V + vV - Vu(ta)) in ©,

VD, -n=-0U —(u(t1) VV+v-Vu(t2)) - n
—1[1“+ din(U”(tl)VT —i—Un . uT(tg))
+1p, divp(U"(t)0" +T"-UT(t)) onT,

Then, using (10.6),
1Py = (88.5.) = ~(VB.Vp,) + [ (V8- m)p, = (89,.8) = [ (Fp,- w3
~ —(div(u(t) - Y+ - Vu().8) - [ (Vp, -n)s
I

= (u(t1) - Vv +v-Vu(tz), V) — /P((u(tl) -Vv+v-Vu(te)) -n)p

- /F (Vp, -n)8
= (u(ty) - Vv +v-Vu(ta), VB) + / (—o,U"

Ty
— diVF(Un(tl)VT —i—Un . uT(tg) + diVF(Un(tl)ﬁT —i—Un . UT(tg))B.

But, for vector fields v, w with divv = 0,
(v-Vw, V) = /Q V0w 0; 8 = /Q 0" 0;(w! 9;8) — /Q v'w 9;0;8

— (v,V(w-VB) - (v&w,VVE) = —(v&w, VVE) —/Fu"(W.w),

(u(t1) - Vv +v-Vu(ta), VB)

——(u(t1)®v+v®u(t2),VVB)—/F(U”(tl)(v-VB)JrU”(u(tg)-Vﬁ)).

Also, applying Lemma B.1,

—/F divp (U™ (t)¥T + U -u” (1)) = A U"t)¥vT +T" -u (t2)) - VB

B /r (U™ (t)v+T" - u(ty)) - V.
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Hence,
12,1174 0 =—(u(t1)®v+v®u(tz>,vw)—/F(U”(tl)(v-VﬁHU”(u(tz)-VB))
/atUnﬁ+/ (U™ (t)V+T" - u(tz)) - VB
r Iy
+/ diVF(Un(tl)ﬁT +ﬁn . UT(tQ)) 154
T+
—(u(t1) ® v+ veuty), VV3) —/Faﬁnﬁ

/ (U ()T +T" - ults)) - V3

—/ U ()T + T UT (1)) - VA
Ly
Thus,
151700y < 2lall o @) I¥1 La (@) 1Bl w20 (o) + ||8tU"||Lq(p)H,8HLq/(F)
F U™ ) o 0y 91l zoe ) + 101 zoo )] 1V Bl zary
+ 10 o (ry 10l zoo(ry + lalt2) | zoe )] VB zaqry
But by Lemma A.6,
¥llzage) < IVllzee) < lMullgos gyt = tal < lullgnelts — 2o
10:T" (| Lary
10| ary

<NOT " || e (ry < 10:U1l 0.1 gy < U ls20]t1 — 2,
< Ul < Ul g1y < NUllgnalts = tol,
so, exploiting (10.3), we have
12y < Cell Bl gplts — tal < Collp [y 2 — tal,
giving (10.5). O

Proposition 10.4. Assume that the data has regqularity N and let ' be as in Lemma 10.1.
Letu € SNTL and let p,. be the unique mean-zero solution to (3.5) with ¢ > 3/(1—a). Then
for any integer k, 0 < k < N,

Vpr(t1) — Vpr(tQ)Hwarl,q(Q/)
IVpr(t1) = Vpr(ta) [ oro ()
for all ty,ty € [0,T], where

< C3(k)?ty — ta®, (10.7)
< Cs(k)?[ty — t2]®

Cs(k) = C [Jllomaey + IUllgwsa(gy + llzo=(oirm) (10.8)
Proof. We first prove (10.7);. Defining p, := p,(t1) — pr(t2) and applying Lemma 10.1, we
have

1D lwwrt2.0(y < C [HAPerk,q(m HIVE | aia, ||pr\|Lq(Q)] :

(Ty)



34 G.-M. GIE, J. KELLIHER, AND A. MAZZUCATO

This estimate is based upon the specific normalization of p, given in Lemma 10.1, but (10.7);
itself is independent of that normalization, since the gradient eliminates any normalization
constant. (But see Remark 10.5.)

Now,

Ap, = Vu(ty) - (Vu(tz))" — Vu(ty) - (Vu(ty))”
= V(u(t2) —u(ty)) - (Vu(t2))” + Vu(ty) - (V(u(t2) — u(ty)))”.
Thus, for k£ =0,
1A, | Loy < 2V (u(tr) = u(t2)lpae) [IVult)llz= (@) + [IVulta)llz=@)] -
For k > 1, Wk4(Q) is an algebra, as noted above, so

18P, lwkaey < CIV(a(t) = ulta)lweagay [IV0E) e + V() lwray]
In either case, we have
AP wra) < CIVUllyrao)llValt) —alt2))lwraq)-
But, setting w = curlu,
u(ty) —u(te) = Kyn|w(t1)] — Kyn|w(t2)] = Klw(t1) — w(t2)] + w, (10.9)
where
w = V(t1) — V(t2) + uc(t1) — uc(ta).
Hence, applying Lemma 7.4,
IVu(ty) = Vu(ta) lweao) < Cllw(ts) — wlta)lwra) + ClIVWInrag)- (10.10)
Applying Lemma A.7,
lwo(tr) — wto)lwra < lw(t) — wt) o) < lwllera@lts =t/ (10.12)
Using Lemma A.7 again,
VW llwra) < CIVWIcr@) < [[VWaraglts — t2|*
< [Ullorsraglts = t2|* + [[ull oo o, [E1 — £2|*
where we also used Lemma 7.2. Hence,
IVu(ty) = Vu(ta)lweao) < Cs(k)[tr — 2| (10.12)
Similarly, [[Vullyr.aq) < C3(k), so
1A, | Log) < Cs(k)?[tr — ta] .
On I'y, we use (9.2):
Vpr - =—0U, +U™dive UT + (k1 + 62)(U™)? —u” - VrU™ +u” - Au”.

Let us focus on the term u” - AuT, the other terms being similarly, though more simply,
bounded. )
By Lemma 10.2, Wk+1_5’q(I‘+) is an algebra. Hence, starting with the trace inequality,

[(u” - AuT)(t;) —u” - AUT)(tQ)HWka%,q(FJr)
< Ol (t1) - A(u™ (t1) =" DI afap

+Cl(uT (1) —u” (t2)) - Au” (t2)

||Wk+l—%,q(r+)
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< O (1) AT (0) =07 (1)

+Cl(u” (t1) — u” (t2))]]

HWk+17%,q(F+)

| AuT (t2)

W) hyreigoce,)
< Ol (t1) lwrsrai) AT (t1) —uT (t2)) lwr+1a(q)
+ C[|(uT (t1) —uT (t2)) lwr+1.a() AT (t2) [wr+1.a(0)
< Cllullywrrayllalts) —alte)|[wr+raq)
< Cs(k)|[allgrsralts — 2|

In the last inequality we used that [[ul|ye+1,6(0) < [[ull oo (o, 7p;,05410(0)) < [[ullgrt1a-

Along with similar bounds on the other terms coming from Vp - n, and using (10.5) of
Proposition 10.3, noting that the constant Cy can be absorbed into C5(k), these bounds give
(10.7)1. Then (10.2) with (10.7); gives (10.7)s. 0

Remark 10.5. Suppose that, instead of normalizing p, so it has mean-zero, we were, for a
fized t1,t2 € [0,T], to normalize it so that My(pr(t1) — pr(t2)) = 0. Then we would have

Ipr(t1) = pr(t2) | orrrary < Ca(k)?[tr — t2|*.

Remark 10.6. In the proof of Proposition 10./ we used both the embedding of W*+14(Q) in
Ch(Q) of (10.2) and, in (10.11), the simple embedding of C*(Q) in W*4(Q) (using that the
domain §2 is bounded). In each of these inequalities we lost, in a sense, information. It would
seem, then, that a more direct estimate using the Hélder space analog of the elliptic estimates
in Lemma 10.1 would be cleaner. Were we to do that, however, (10.10) would become

IVu(t) = Vuts) o) < Cllw(t) - @(ts)llorag) + CIVWllora,

and there would be no way to obtain the needed factor of |t1 — ta|® in (10.7)2 as we obtained
in (10.11).

To account for time derivatives Gg pry, J < N, we note that (3.5) becomes

A p, = =0 (Vu - (Vu)T) in €,
V&lp,-n=—8"U"-8/Nu] onT,
and the same analysis in Propositions 10.3 and 10.4 applies to 61{ pr. This yields the following

corollaries:

Corollary 10.7. Let u and p; be as in Proposition 10./ and let j be an integer with 0 < j <
N. Fizing t1,t2 € [0,T], normalize p, so that My (8! p,(t1) — 8/p,(t2)) = 0. Then

18D, (t1) — ¥ pr(t2)l| naqer) < Calts — ta-

Proof. The proof is the same as that of (10.5), as we note that the constant Co already
accounts for the presence of 7. O

Corollary 10.8. Let u and p, be as in Proposition 10./. Then Vrp, € CN([0,T] x T4)
with, recalling Definition 6.1,

IVrprllenaorxr,) < co+ exT?, (10.13)

where 0 < b < a.
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Proof. The observations above give that for any j, k > 0 integers with 0 < j + k < N,
||5gV?r(t1) - 65V?r(t2)Hwk+1vq(Q') < C3(N)?Jtr — 1], (10.14)
107V pr(t1) — 3] Vp,(t2) | ora(ary < C3(N)?[t1 — t2|®
for all t1,t2 € [0,T], where C3 is as in (10.8), and we note that
C3(N) < C [Iwllomaq) + 1Ullenaqg) + lullsnena| < ex,

using that [|07ul| oo o) < Cllull gt

Letting /5 be any time-space multi-index with |3] < N, it follows from (10.14)9 that

IDPVp,(t1) — DPVpp(ta)l| ooy < 1D Vpr(ty) — DBVpr(tz)ch,a(Q/) < exlty — ta]?,
where j = N — |§|. Then, letting Q" = [0,T] x €,
1DV || oo ry = Sup 1DV e (8)]] Low )

)

< |IDPVpr(0)| ooy + S[%I;]HDﬁVpr( ) = DPVp(0)]] L= ey
te

< |IDPVpr(0)]| ooy + exT™ < co + ex T
Since Vp, is continuous and this bound for all |3| < N, we see that
HVPTHCN(Q’ co +exT™. (10.15)
Now suppose that |5| = N, so j = N — |3] = 0. Then

DPVpy|| gy = sup HDﬁVpr(t)H-a /

I co@) = S G ()
< IDPV P (0)l ey —I—tESEéIZF]HDﬁVpT(t) — DVpr(0)l ¢y (10.16)
< ||D5VPT( )Hca ) +exT* < co+exT.

This gives the spatial C%-regularity of the highest derivatives of Vp,.
For the time regularity, let f = DPp, and write (10.14), noting that j = 0, as

IV(f(t1) = ft2)llco@y < IV(f(t1) — f(t2))loa) < exlts —t2]”.

Fix t1,t2 € [0,7] and normalize f as in Corollary 10.7, so that M,(f(t1) — f(t2)) = 0.
Then by Remark 10.5,

1£(t) = F(t2)llonaqer) < exlts — tal”,
and Corollary 10.7 gives
1£(t1) = f(t2)ll 2y < 1F(02) = ft2)llL2() < CPltr — ta.
Then, applying the interpolation inequality in Lemma A.4 using Corollary 10.7,
IV(f(t1) = f(t2)llcoery)
< Of(t) = FE) & I F (1) = FE2)ll 2o
< Clexlti =t ex [ty — L2l < exlta — 1],

where « < o/ :=1—a(l —a) <1 (a =2a/(3 + 2a) from Lemma A .4).
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Although this bound was derived using a (t1,t2)-dependent normalization of the pressure,
the bound itself is independent of that normalization and so applies uniformly for all ¢1,%s €
[0,T]. It follows that

|Vf(t]_,X) - Vf(tQ,X)|

exlty — to]® ™
Ity — to|® < exfts — ol

Vfllsainny = sup
IV fllp @ = s
xe)

We conclude that ||Df8VpT||Cta(Q,) < exT 2. Combined with (10.15) and (10.16), Lemma 7.1
gives (10.13) with b = max{«o, o/ — a} > 0. O

In Proposition 10.9, we obtain estimates on the difference of the pressure gradients for
two velocity fields. These estimates will be used in the proof of Proposition 5.4, which only
requires bounding the difference of pressures in L*°([0,7] x I'y). Hence, we produce the
bound in the weakest feasible space, L>([0,T]; C*(2)).

Proposition 10.9. Let uj,us € SV, where p.1,pr2 solve (5.5) for uy, ug, respectively.
Then

IVPr1 — Vpral Lo om0 0)) < Cu,
where
2
Cyi=CY ||Vl peo(q) [Ilnr — uallzoe(y + lleurl(ur — uz)| pogey] -
j=1

Proof. We parallel the proof of Proposition 10.4 for the case k = 0.
Letting

u:=u; —uy, P:=pi,—par

noting that u € H, the elliptic problem for P can be written,

AP = —div(u; - Va+1u- Vuy) in €, (10.17)
VP-n=—(u;-Vu+1u-Vuy) -n—1p, divp(U™a") onT. '
Also, on I'y, from (9.2),
VP -n=-u"  -VpU™+ (u] - Au” +u” - Aul). (10.18)
We can also write (10.17) as
AP = —(Vu)T - va+ (Va)T - Vuy) in Q,
VP-n=—(u-Vu+u-Vu) on [0,7] x (' UTYy), (10.19)

VP -n=-u" -VpU" +uf - Au” +u" - Au] on [0,7] x Ty,

where we used (9.2). Then applying Lemma 10.1 with ¢ > 3/(1 — «), we have

| Pllw2ay < C |[|[AP|pa) + [[VP - nHWk%,q(m) + 1Pl za)
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Because u € H,

2
IAP]| a0y < 2D IVl () V] Lo
j=1

2
< CZ||vuj||L°°(Q) [leurl | oy + |V Per, 0| ooy
j=1

2
<O IVl ooy [lewrl | ooy + (1) =]
j=1

where we used Lemma 7.2, and

VPl s, < VPl

I+

2
< NIVeU™ oo 07 ooy + C D gl poe ey 07 [ ooy
j=1
2
< Ullor @yl ooy + €Y Il oo (o) [l oo () -
j=1
It remains to bound || P|[z¢(q). We follow the proof of (10.4) of Proposition 10.3, letting 3
solve

{A,B = P|P|7"2 inQ,

VB-n=0 on I,
where P is normalized so that M,(P) = 0. We find that
HPH%‘I(Q) =—(uyy®u; —uy®uy, VVp) — /FUnu -VB. (10.20)

For the first term on the right-hand side of (10.20), we use that

2
@y —ue @ usll Loy < YW poe () [0l Lo 0
j=1
SO

2
—(u; ®u; —ur ®uy, VVP) < CZHujHLOO(Q)HﬁHLq’(Q)HBHWQ’q(Q)-
j=1

For the boundary integral in (10.20), we have
- [ UG- 95 < CIUlll (el Blhwa ) < ClUt Gl 0 1Bl

Combining these bounds, we have
-1
”PH%Q(Q) < C4H/BHW2,q’(Q) < C4HPHqu(Q)~

Since this bound holds uniformly over time, we can use (10.2) to conclude || P|| o0 ([0, 17;c2 () <
Cy, completing the proof. O

PART III: ESTIMATES ON THE OPERATOR A
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Organization of Part III. In Section 11 we give the proof of Proposition 5.3 by first
obtaining sufficient estimates on the operator A using (primarily) the pressure estimates
from Section 10 along with the estimates on the flow map from Section 8. In Section 12,
we use these estimates on A to prove Proposition 5.4. In Section 13, we give the proof of
Proposition 5.5. Finally, in Section 14, we prove Theorem 1.4.

11. AN INVARIANT SET

We now make a series of estimates leading, in Proposition 5.3, to the existence of an invariant
set for the operator A. Recall that Domy (A) is given in Deﬁnmon 3.4.

Proposition 11.1. Assume that u € Domy(A). Then
HH||CN70‘([O,T}><F+) <o+ exT?, (11.1)

where 0 < b < a and H is given by (3.7). Suppose that uy, ug both lie in Domg(A) with
|lui]|gt.e, [[uillgie < M, and let H;, i = 1,2, be given by (3.7) with u = u;. Then, letting
q > 3/(1 - CM),

IH1 — Ha | oo (jo,7)x14) < oM [[lur — gl Lo (o) + [leurl(ur — ug)||Laey] - (11.2)
Proof. Let X := CN2([0,T] x T'y). From (3.7), we can write,
g =01+ 62 — Vrpr, Hn:CUﬂFUT,

where

61 = ! —0,UT — Vr }]U\Q +f . by 1= icuﬂFUT T
un 2 ’ un
Hence, ||Hn||X < ||U||CN+1,a(Q) + HfHCN’O‘(Q) < Co, ||51H Co, and ”vaTHX co + CXTb by
Corollary 10.8. Then, letting ¢ = (U™)~! curlr U7 and applying Proposition 7.5,

I162]lx = llouT [lx < [I¢llxl[ullx < co + (co + M) max{T"'~*, T},

Together, these bounds yield (11.1).

Now suppose that uj, ug both lie in Domgy(A); hence, they then have the same initial
data, and the same U and f. So reviewing the estimates that led to (11.1), we see that
H} — HY = 0 and many terms in H” cancel, leaving

HT —Hj = U” Vi (pr1 — pr2) + cutlp UT (u] —ul)],
where p,. ; is the pressure corresponding to u;. The bound in (11.2) follows from this obser-
vation and Proposition 10.9. ]

Proposition 11.2. Assume that u € Domy(A). With A as in (3.10),
HAuHCND((Q) CN(C(),M T)
where cxr is as in Definition 6.1 and M bounds ||u||gn+1,a, as in (6.1).

Proof. First assume no forcing. Let wp = w(0) and recall the definition of v in (8.6). From
(8.7), we can write, @ := Au = w4 on Uy, where

w_(t,x) = Vn(0,t;v)wo(vg) on U_,

w4 (t,x) = V(7 (t,x), t;(t,x))H(7(t,x),¥(t,x)) on Us. (11.3)
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It follows, using Lemma 8.2, Remark 8.3, Proposition 11.1 that
[w—(t, %) || Loy < [Vl (@) llwoll e (@) < ||w0||L°°(Q)eMT7
6+ (¢, %) | 2 2y < VAl oo (@) 1Bl oo (0,775 < [lwoll oo ryy + MT]eMT,

which shows that [|Aul e (q) < e
Let us now first treat the case N = 0, to get a better understanding of the estimates
involved. Using Lemma 8.2 and Remark 8.3 along with Lemmas A.1 and A.2, we see that

1@ ||ca@w_y < [IVN(0,;50)llce )y lwo(Yo) loe @)
1700, e VY0l Foo (7 lwoll oo
lwoll e (@ [L + MeHH2IMT L= 2MT ¢ (co, M, T).

NN

Note that cxr(co, M, 0) = [|wo|lce(q), giving (6.2).
Similarly,

@4, %) lco@,y < NIVn(T(t,x), (%) | co @) IH(T (%), 7t %)) |ca @, )-
Using Lemmas 8.2 and A.2,

IVn(r(t,x), 87t x)lca@,y < IVN(t1ste; x)[|caorzxo) 1+ Dl oo ,)]*
< [GMT +€(1+2a)MTMT1—aH(1 —|—M2)€MT]Q.

Then, using Lemma 8.2 with Remark 8.3, and Proposition 11.1,

IH(7(t, %), (t, %)) lcoyy < [Hllcoo,ryxr [+ 1Dpll o 0]
< [+ M?EMT)[epr + OM (M +1)].
These bounds lead to
& (£, %) loa () < ene MM (14 M2 (1 4+ MT'™) < enr(eo, M, T),

and we can see also that (6.2) holds.

But we know from Theorem 2.2 that @ € C*(Q), because we assumed condp: hence, taking
the maximum of the bounds for W on U, and using that ||wo|| (o) < M yields the bound
on [|[Auf|ce(q)-

Now consider N > 1. The expressions for w4 in (11.3) each consist of two factors. We
first apply Leibniz’s product rule to these expressions then apply the chain rule to each term.
For @, if B is a time-space multi-index with |3| = N, then D?@, consists of a finite sum of
terms of the form,

DAVi(r(t, %), t;~(t, ) D%H(7(t,x),v(t,x)) [ D% u(t,x) on Uy,
/=1

where 81 + B2 = 8 and >_j_,|B%| = |B|. The factors can be controlled by Proposition 11.1
and Lemma 8.2 with Remark 8.3. Following the similar process for D?w_ leads to an estimate
for [|Aul[cv.a(g) of the same general form as for [[Au||ca(q).-

This gives the bound [|[Aul[cv.a(g) < en(co, M, T) in the absence of forcing. For forcing,
we must bound G of (8.7). Now, as noted in Remark 8.5, @4 need not be continuous across
S and G4 need not be continuous across S; rather, w+ + G4 is CV®-continuous across S.

Nonetheless, adding separate bounds on @, @_, Gy, and G_ in CN*(UL) give the bound
on Au =w in CN2(Q).
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It follows from Remark 8.3 and repeated applications of the chain rule that, in fact,
1Glleve) < on,
which completes the proof. (|
Proposition 11.3. For any u € Domy(A),
[Aul[ene(gy < en(co, M, T).
Proof. Let u € Dompy(A) and v = Au, which we note satisfies (2.5). Our goal is to bound v

in the space RVT1e of Definition 7.6 and then apply Lemma 7.8.
From (2.5) we have 0,v = f — Py[u- Q]. But,

Pyv=Py(v-U)+ PpU=v—-w, w:=U-PyU,
S0
Ov="Ff+w— Pgu-Q, (11.4)
and, forany 1 < j < N +1,
Ov=0""f+ 0 'w— Py[d (- Q).
Hence, letting X7 := L°([0, T]; CN*+1=52(Q)),
107Vl oo (jo 08 +1-50 () = 107V 1 x
<0 o + 107 wlls + ClIOY (- @) x

< Nfllevag) + [Wllenag) + Cll(a- Q)llena(g)
< Nfllevag) + [Wlena(g) + Cllullenag)IRleveg)
<cg+cen <oy

We used the continuity of Py in the algebra CV:(Q) (though not in CV%(Q)) and in the
last inequality we used that [[ullcnv.eg) < ey by Proposition 7.5 and, because w = Au,
[@lcnvag) < en by Proposition 11.2. This same bound follows for j = 0 by applying
Lemma 7.4, which completes the demonstration that v € RN+he,

We conclude by Lemma 7.8 that ||Aul|on.e(g) = [[V]enveg) < en- O

Corollary 11.4. For any u € Dompy(A), ||Au||gn+1.a < enr(co, M, T).
Proof. In light of Propositions 11.2 and 11.3, it remains only to bound afV *1 Au in the space
L22([0, T]; C*(8)). For this, we apply the Leray projector to (2.5). Writing Au =v =v+V,
where v € H, we have 9,v = —Pg(u- Q) + f, using that PgV = 0 because V is a gradient.
Hence,

O Tw =-0NPy(u-Q)+0)f = —Py () (u-Q)) +9,'f.
Using that Py is continuous in C*(Q2), we see that

N _
10, TV || Lo (o, 1s00(0)) < Cllu- Qllovagy + [I1f llova(g)

< ulleve@pl@llon.e@ry + 1fllenve g

< CN(CO7 Mv T)CN(CO7 Ma T) + CN(COa Ma T) < CN(COa Ma T)7
where we applied Propositions 7.5 and 11.2. This gives the required bound on Oiv 1 Au in
L>([0,T]; C*(€2)). O

Having established our many estimates, we can now give the proof of Proposition 5.3.
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Proof of Proposition 5.3. For an arbitrary T' > 0, recall that we set
K =Kumr:={ueDomy(A): ||ul|gy+ia < M}.
By Corollary 11.4, for any T, M > 0,
uecKyr = ||Aul/gyira <en(co, M, T).

Since cpr(co, M, T) = co, which is independent of M, we can now choose a specific M > ¢.
Then the continuity of cpr(co, M, T') allows us to choose T' > 0 for which car(co, M, T) < M.
But this means that

uc ICM,T - HAu||SN+1,a <M = Auce ]CM,T-

That is, Ky, is invariant under the operator A. ]

12. CONTINUITY OF THE OPERATOR A

Throughout this section, we let M, T', and K = Ky 7 be fixed, as given by Proposition 5.3.
We also fix 8 € (0, a) arbitrarily.

Before giving the proof of Proposition 5.4, we establish a series of estimates on the difference
between two velocity fields in K and the difference of their corresponding flow maps. We
assume that

ui, uy are two vector fields in /C,

and define the following:

wj = curlu; for j = 1,2,
® 1, Tjs Vi Ui, and hypersurface S; are defined as in Section 8 for u;, j = 1,2,
o Vi :=ULNU3Z,
e W :=0Q\ (VzUV).

We define pj: Uy — [0,T] x T'y by

Uj(ta X) = (Tj (tv X)a v (tv X))

and

Wi=up —u2, [:i= g — p2.

We set
05 = [Wllgos = [Wllcs @) + lleurl wlics q)- (12.1)

Remark 12.1. In this section, we use the convention that F stands for a continuous function
from [0,00) to [0,00) with F(0) = 0. Its precise values will be unimportant, and may vary
from occurrence to occurrence in expressions.

Lemma 12.2 gives two interpolation inequalities between L>°(Q)-based spaces and SN+La,
When applied to w = u; — ug, we have [|[W| gyi1.0 < [[W][gn+1.0 < 2M, so Lemma 12.2 will
allow us to control the size of higher norms of w and curl w by the size of their L®°(Q) norms.
This will greatly simplify our arguments, since estimating w and curl w in L* norms is much
easier than in higher norms, and because of this, all of the estimates we obtain following
Lemma 12.2 will be in L.



EULER WITH INFLOW, OUTFLOW AND VORTICITY 43

Lemma 12.2. For any u € §N+1,a7

[curlul|onsg) < F (lcurlul 00 () »
||u||S°’N+1,B < F (Hu”LOO(Q) + ||Curlu||Loo(Q)) R

where the function F depends on lullgns1.a < M.
Proof. Let f € CN*(Q). By Lemma A.5,
Ifllomsiq) < If (@) + Fellflona@)Ifll (g (12.2)

where F,(z) = 2™ + 29 + 2%, where a1 and ay are given in Lemma A.4, and o’ is given
in Lemma A.5, and each of a1,ay,a’ lies in (0,1). The exponent a, which also lies in (0, 1),
depends upon whether || f[|12(g) is greater or less than 1.

Because 0 < aj,ay,a’ < 1 and for any 0 < b < 1, (z 4+ y)® < b + ¢y < 2°(x + y)°, we
see that F.(z +y) < C(F.(x) + F.(y)). Applying this inequality with (12.2) to f = u and
f = curlu, and using that F.(x +y) < C(Fe(z) + Fe(y)) gives the result. O

By Lemma 8.2, we have, for j = 1,2,
1750, 5 lev+1ag < C(T, M). (12.3)

We generally do not state the dependence of constants on T" and M, which are fixed and
hence have no impact on the proof of Proposition 5.4. We do state such dependence explicitly,
however, when it makes the nature of the bound being derived clearer.

Lemma 12.3. We have,
14l oo vy < C(T, M)T0p.

Proof. We know from Lemma 3.5 of [11] that x; is transported by the flow map for u;; that
is,

O + 11 - Vg =0,
O¢po +ug - Vg = 0.

Hence,
O +uy - Vi = —w - Vo,

or,

&t m(0.1:%) = —(w - Vo)1, (0, 1))

Integrating in time, using that u(t,71(0,¢;%x))|t=0 = 0, and employing Lemma 8.2 gives

t
p(t,m(0,t,x)) = —/0 (W V) (s,m1(0, 8;%)) < [[W]l oo ()| V2l Lo ()
< C(T, M)b;. O
Lemma 12.4. We have

(
(

M)T6g,
M)T[0p + 03]

M — n2llpee(o,m2x0) < C(T,
IVm = Vnall e jo,r12x0) < C(T),

— =
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Proof. We have,

2

n1(ty, ta;x) — ma(te, t2; X) =/ [ui(s,ni(t1, s;x)) — ua(s, m2(t1, 5;%))] ds.
t1

Fixing t1, using (12.3), Lemma A.2, Lemma A.3, and applying Minkowski’s integral inequality

gives

‘nl(tlat; X) - 772(t17t,X)|
t

< |u1(57772(t175;x))7u2(577]2(t135;x))|d‘9
t1

t
T / [y (5,71 (1, 55 %)) — Wy (5, 7ot 55 %)) ds
t1

t

t
< [ 106) sl ds + [ as)les omtr,5%) — matin 501 ds
t1 t1

t

STOs+ C(T, M) [ |m(ts,s;-) = n2(te, s;0)|[ L= () ds.
t1

Taking the supremum over x and applying Gronwall’s Lemma gives
1 (£1, 8%) = a1, 85 %) |y 0170 () < T,

Since this holds uniformly for all ¢; € [0,T], we obtain the first bound.
Similarly, starting from

Vi (t1,t;x) — Vna(ty, t;x) = / [Vx(ui(s,ni(t1,s;%x))) — Vx(ua(s, n2(t1, s;x)))] ds

t1

t
:/ [V (s,m1(t1, 55%)) Vi (t1, 8;%) — Vua(s, n2(t, 53 %x)) Vna(ty, s;%)] ds,

t1

we find

[V (t1, ;%) — Vna(ts, t;x)|
t
< [ [Vua(s,mu(te, 53%)) Ve (t, s3x) — Vug (s, m2(t, 55%)) Vi (ty, s;x)| ds
t1
t

+ [ [(Vui(s,ma(ts, s:x)) — Vua(s,me(th, 83%))) Via(t, s;x)| ds
t1
t

+ [ [Vui(s,ma(ts, 5;%)) (Vi (ty, s3x) — Va(ty, s;x))| ds
t1
t
</t [ (s)llgallmn (B1, 83) — n2(t1, 83 )| Too IV (1, 85 ) [ oo @) ds
1

t
+ [ [IVui(s) = Vua(s)|| e @) V2 (ts, 59) || e ) ds

t1

t
+/ i ()l IVt s59) — Vima(ta, s39) || Lo () ds
t1

< C(T, M)[TeCTMTgg1eT 4 C(M,T)TOs
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t
+C(M,T) | [IVm(ts,8;-) — Vna(ts, s;-) || oo ) ds-

t1
In the last inequality, we used Lemma 7.4 to conclude that [[Vui(s) — Vua(s)|lp=() <
[w(s)llcrs) < Clleurlw(s)|lcsq) + Cllw(s)|lm < Chs. Taking the supremum over x and
applying Gronwall’s Lemma as before gives the second bound. O

Lemma 12.5. Letting |W| be the Lebesgue measure of W :=Q \ (Vi UV_), we have
[W| < C(T, M)T?0.
Proof. The set W (t) := {x € Q: (t,x) € W} consists of all points lying between the surfaces
S1(t) and Sa(t). Any x; € Si(t) is of the form x; = n1(0,¢;y) for some y € 'y, and by
Lemma 12.4, the point xp = 12(0,¢;y) is within a distance § = C(T', M)T03 of x;. That is,
any point in Sp(t) is within a distance § of Sa(t) and the relation is symmetric. So
W(t) C Ws(t) := {x € Q: dist(z,S1(t)) < 6}.

As we observed in Section 8, S;(t) is at least Ch* regular as a surface in €2, and so has
finite Hausdorff measure; hence, we can see that |W;s(t)| < C'd. Moreover, this constant can
depend upon T and M, but is bounded over [0, T, for as also observed in Section 8, S; is at

least C1@ regular as a hypersurface in Q. Thus, |[W| < T|W5(t)| < C(T, M)T?0. O
Proof of Proposition 5.4. We will show that
[ Au — Ausl| () < F(85). (12.4)

Once we obtain (12.4), we will have
[ Ay — Aug|| () < F(05) = [[u1 — uz[[gos < [[ur =t gnsas,

and continuity of A: K — K in SNHLE will follow from Lemma 12.2.
We will obtain the bound on ||Au; — Aug|| (@) in (12.4) by the following three steps:

(A) Bound the difference in vorticities, Au; — Aug, in L°°(Q) assuming zero forcing.
(B) Account for forcing in the bound on Au; — Aug in L™(Q).
(C) Bound Au; — Auy in L*™°(Q) with the help of (B).

(A) Vorticity: Letting (¢,x) € @, we must estimate |Au;(¢,x) — Aua(¢,x)|. This involves
three cases: (1) (t,x) € V_, (2) (t,x) € V4, (3) (t,x) € W, which we consider separately.
We argue first without forcing.

(1) Define, for (t,x) € V_, j =1,2,
=~ (t,x) == n;(t, 0; ). (12.5)
From (8.7), we can write,
Auy (t,x) — Aug(t,x) = Vi (0, 8 vp)wo (o) — V(0. ;7§ )wo(v3) = I + I,
where
I = wo(yg) - (Vi (0,75) — Vi2(0,:43)),
Iy == (wo(7p) — wo(75)) - V(0. :75).
We also make the decomposition, I1 = wo(v}) - (I1 + I?), where
I = Vmi(0,v5) — Vi (0, £75),
I7 =V (0,t;43) — Vna(0,t;43).
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Then,
11l oo vy < llwollzeo(y (M lzooqvy + 13 Iy )) »
with
1 ooy < 1980, 6 )l gyl (8,05 ) = 8, 05 )
< C(T,M)T[T05)* < C(T, M)T'+*63,
||Il||L°° < ||V771(0)t7 ) V772(07t3')”L°°(Q) < C(T7 M)T[96+9§]7
where we applied Lemma 12.4. Similarly, applying Lemmas 12.4 and A.3,
L2l Lo vy < llwoll e oy I (€, 05 -) = m2(8, 03 )| Too (v ) [[VN2(0, £, ) | oo (v
<C(T,M)M[C(T,M)T0s])*.
Dropping the dependence upon M or the initial data, which play no role here, we conclude
[Auy(t,x) — Aua(t, x)|| Lo vy < C(T)[05 + 03]

(2) For (t,x) € V., we have
Ay () — Ay (%) = Hi (i (£%)) - Vi (71 (£,%), 65771 (£ %)
— Ho(pa(t,x)) - Vi (7a(t, x), £ 75 (t, %))
=J1+ o+ J5,

where H;(t,x) is defined in (3.7) for u;, and

Ji=Hi(p(t,x)) - (Vi (m(t,x), 691t %)) — Vip((t, x), 671 (6, %)),

Jy i =Hi(p(t, %)) - (Vne(ma(t,x), 671t %)) — Vip(72(t, %), £ 72(8, %)),

J3 = (Hi(pa(t,x)) — Ha(pa(t,x)) - Vi (72(t, ), £ 72 (1, %))

Now, since H;(s,y) = w;(s,y) for (s,y) € [0,T] x I'y, we have, using Lemma 12.4,
[J1llzoo vy < Nlwillzee@ IVt ) — V(s t59) e (@) < C(T, M)[0p + 03],
where we also used condg. For J,, we have, using Lemmas 12.3 and A.3,
2/l oo (v ) < llwtllzee (@) IVI2ll o () 172 (£, %), 71 (£, %)) = (2(F, %), Y2t %)) [T ()
S C(T, M)|[pl T,y < C(T, M)05.
For J3, we have
J3 <[ Hy(pa (8, %)) — Ha(pz(t, X)) Loo )1 V21l o (@)
But, [[Vna[Le gy < C(T, M) by Lemma 8.2, and, using Lemma A.3,
[ H1 (pa (¢, %)) — Ha(p2(t, %) | Lo )

< [[Ha(pa(t,x)) — Ho(pa (8, x) | ooy ) + [Ha(pa (¢, %)) — Ha(p2(t, x) || Lo ()

< Hy = Hol[ oo o,ryxr 1) + [zl oo <) 114 2

< Jwi — wallpe(o,71x14) + C(T, M)05 < C(T, M)[05 + 03],

where in the second-to-last inequality we used the bounds on H; and Hs from Proposition 11.1
and use that H; = w; on [0,7] x I'y, since Au solves (2.1).
Combined, we see that

A (£, %) = Aus(t %) vy < C(T, M)[85 + 6],
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(3) Now assume (¢,x) € W. Applying Lemma A.9 with the Lipschitz modulus of continuity,
r = ||[Auy — Augl|par < M7,
[Au; — Au|poewry < F ([ Auy — Auslr2wy) -
From Lemma 12.5,
1 1
[Aur — Aol 2wy < [[Aw — Aug|peo ) W2 < CMIW |2 < C(T, M)83,
which then gives [[Au; — Aug|| foo () < ﬁ(@g). We conclude that ||[Au; — Augl[ () < ﬁ(@g).
(B) Accounting for forcing: To treat forcing, let Gft be given by (8.7) for n;. Then
IGL — G2l (v
T
< /0 [Vm (s timi(t, s:x))g (s, m(t, s3x)) — Vna(s, tima(t, s:x))g (s, n2(t, 83%)) || oo () ds.

But,
[V (s, t;m(t, s;x))g(s,m(t; 83%)) — Vna(s, t;m2(t, 53%))g(s, n2(t, 5;%))|| Lo ()
< NVm(s tim(t, s3x))g(s, m(t, s:x)) — Vna(s, (¢, s3x))g(s, (¢, s:%)) || o< (@)
+ V(s tm(t, s5x))g(s, m(t, s:%)) — V(s tn2(t, 53%))8(s, m1 (2, 8:%)) || Lo ()
+ V(s t;m2(t, s3%x))g(s, m(t, s:%)) — Vina(s, tn2(t, 53%))8(s, m2(t, 8:%)) || Lo ()
<[V = Vel zee qo,m2x ) 181 (@)
+ HVWQHCa([o,T}?xQ)HVUI - vn?”(zm([o,T}?xQ)Hg”L“’(Q)
+ V2l Lo (0,112 x2)) 18l ¢ 111 = 12| T ()

where we used Lemmas A.2 and A.3. .
Since g € L>(Q), while Vi, and Vs are bounded in C*([0,T]? x ), by Lemma 12.4 we

see that
IGL = G,y < CT05 + 03]

Hence, the inclusion of forcing does not change our bounds on [[Au (Z, x) — Auz(t, x)| oo (1)
in (1), (2). And G, G% are bounded on Q, so the estimate on ||Au; — Auz|[ 2wy in (3)
is also unchanged.

In summary, what we have done so far is to show that

|Auy — Ausl|poe(g) < F(05). (12.6)
(C) Velocity: From (2.5), we have,
t t
Py Au;(t,x) = up(x) —|—/ f(s,x)ds —/ Pygluj(s) - Q;(s)](x) ds.
0 0

Then because Au; — Aug = Py (Au; — Aug) and Pgy is continuous in ch (©), which is an
algebra,

[Aw (t) — Aug(t) || (o) < [|Aw(t) — Auz(8)]|cs o)

t t
< C/O [wllcs@lIlles@) + C/O [urlles @) 121 — Q2 cs(q)

t t
e /0 P =N e /0 s ooy 1A — Ausfls g
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< CT@Q + CTﬁ (HAu1 — AUQHLoo(Q)) g 15(95),
where we used Proposition 11.3, Proposition 11.2, (12.6), and Lemma 12.2.
This gives (12.4), which completes the proof. O
13. FULL INFLOW BOUNDARY CONDITION SATISFIED

We now prove Proposition 5.5, which shows that a solution satisfying (1.6);.4 also satisfies
(1.6)5, and hence satisfies the full inflow boundary conditions. This can be done by defining
H by (3.7) and recovering the pressure using N[u] of (3.6), as already observed in [2].

Proof of Proposition 5.5. Our proof is inspired by the proof of Lemma 4.2.1 pages 156-

159 of [2]. Let
W:uT_UTa P::p_pra

where p, is the regularized pressure given by (3.5). By Proposition 3.1, w = W/[u,p| on
[0,T] x T4, where we recall that W{u, p] is defined in (3.4). From (1.7), (3.5), and (3.6), we
see that on I'y, VP -n = divp(U™w). Hence, P satisfies

AP =0 in Q,
VP -n=0 on I'_UTy,
VP -n=divr(U"w) onl;.
Multiplying by P, integrating over {2, and integrating by parts over '} gives

’VPH%Q(Q)z—(AP,P)JF/ (vp.n)p:/

divF(U"w)P:—/ Utw - VpP. (13.1)
I, I,

Iy

By (3.3) and the assumption that H = w := curlu on I'y, we know that U?[HT |+ =
UT[WT[u,p]]*. Using also that (v')* = —v, we have, from (3.4) and (3.7), that on T'y,

1
oUT + Vr <p7~ + 2|U|2) —fT +eurlp UT[u" |t = H

=w=0u" +Vr (p + ;\uP) —f7 + curlpu” [uT )t
Subtracting the left hand side from the right hand side, we have
0=VrP+ %Vp(|u|2 — |UP) + dyw + curlp wu™]*.
But, w™ = H™ on I';, which gives curlr UT = curlp u”. Hence, curlr w = 0, so
VP = —0w — %vp(\uﬁ — o).
Returning to (13.1), we thus have

1
VPl = [ Ut + 5 [ 0w Vel - U7,
ry ry
Now,

1 1 1
/ Unw - yw = / Um0, w|? = / at[Uan]—/ oU™ [w?
Iy 2 Jry 2 Jry 2 Jr,

1 1
:d/ U"|w|2/ 8tU"\W]2,
2dt Jr, 2 Jr,
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S0
d
— [ UMwrP= | oU™w/|? —/ Umw - Vr(Ju]® = [U) + 2|V P| 7 q)- (13.2)
dt Jr, r, I,
Writing |UJ2 — [u?> = [u"|? = [UT|2 = w-v on 'y, since U™ = u™, where v := U7 +uT,
we have

/ Unw - Vr(Ju]? — |UP?) = / Uw - Vp(w-v)
Ty

Ty

—/ Un(w-va)-w+/ U™(w-Vrw)- v
ry r.

1
:/ U*(w-Vrv) -w— - |w|? divp (U™v).
I, 2 J)r,
For the last term above, we used that U™(w - Vrw) - v = (1/2)U™v - Vr|w|? and integrated
by parts via Lemma B.1. Then because v and U™ are sufficiently regular, we have

/ Unw - V(P — [UR) <o [ w2
Ly

Iy

Changing sign in (13.2) and integrating in time, we see that

n 2 _ n W 2
/FJU )llw(t)? = / U (1) jwi(t)|

Iy

t
<- / U™ wl? + / / Uw - Vr(ul’ - [U) / IVP|2200,
C’/ |w(s)|? s—Q/HVPHLQ(Q C// lw(s)|* ds.
Ly

In the first equality we used that U™ < 0 on I'1, in the second equality we used that w(0) = 0,
and in the third equality we used that ;U™ is bounded.
Now since |U™| is bounded away from zero, we have

|w(t) C'/ lw(s)|* ds,
r. r,

and we conclude from Grénwall’s Lemma that w = 0. This means that u” = U7, so (1.6)5
holds. O

Remark 13.1. IfI'g = I', the classical setting of impermeable boundary conditions on the
whole boundary, our proof of existence and uniqueness still applies, though a number of things
trivialize. First, no vorticity is transported off of the boundary, so there is no need for the
pressure estimates in Section 10, and U_ is all of Q, so many of the flow map constructs,
such as S, T, and v are unnecessary. And, of course, none of the estimates involving Uy are
needed.

14. VORTICITY BOUNDARY CONDITIONS

Proof of Theorem 1./. The proof of existence is the same as that for Theorem 1.2, though
with substantial simplifications. Because H is given with sufficient regularity, it satisfies

[ H| o< (jo.11xr4) < cos  [Hl[enea(orxr,) < €0
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Hence, there are no pressure estimates involved, so the condition in (1.17) immediately gives
(2.4), and there is no need to appeal to Proposition 3.3. Since we only require u-n = U™ on
I, we simplify the definition of Domy(A) in (3.8) to

Domp(A) := {u € S¥1: u(0) = ug},

and there is no need to invoke Proposition 5.5 or Lemma 7.9. Otherwise, the remainder of
the proof of existence proceeds unchanged.

For uniqueness when NV > 1, let w; = curluy, 7 = 1,2, and let w = u; —uy. Then w € Hy,
since uy, us have the same prescribed harmonic component, u.. Let

p=curlw = w; — ws.

Since N > 1, we have enough regularity to write Qjw; + u; - Vw; = w; - Vu; + curlf, and
subtracting this relation for j = 2 from that for j = 1 gives

Op+u; - Vu+w-Vws =wi - Vw + - Vus. (14.1)
Multiplying by u, integrating over Q, and using that (uy - V, ) = (1/2)(uy, V|p|?), gives

1d 1
= —||pl|* + / up - Vipf? = —(w- Vw, ) + (w1 - Vw, ) + (@ - Vuy, p)
1 1 1 1
< IVl Wl + Slull® + Sl IVw]* + S lll® + Vs o],
where ||| := [|-|z2(q) here. Elements of H have mean zero, so by Poincaré’s inequality,

lw| < C||Vw]||. Moreover, since w € Hy, we have |[Vw| < C||u|| and so obtain

d
Sl < = [V 4l
Q

We note that Vws € L>([0,T] x Q) by the N = 1 existence result. But,

[ ik = [ divaluf - [0k = - [ o <o
Q Q N T

so we conclude from Gronwall’s lemma, since p(0) = 0, that g = 0. That is, u; = us.
Finally, from (1.16);, we have

ou” + (u-vu)T = (f-Vp)T +27.
From condy, then, we see that z7 (0) = 0. Since also 2™(0) = 0, we know that z(0) =0. O
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APPENDIX A. HOLDER SPACE LEMMAS

We collect here a number of estimates in Holder spaces, defined in Section 7, which we use
throughout much of this paper. We include proofs only of the less standard ones.

Lemma A.1. Let f,g € C*(U). Then
1fgllce < lIflle=llgllee,

1f9llea < NS llzeellgllee + lgllzoellfll ¢

1fgllca < 1 fllzellglizoe + Lo llglliga + lgllzeellfllea
< Ifllzeellgllee + gl l.fllce,

[fgllca < 1 fllzeellgllee + llgllzeellflloa,

where C* is the Holder semi-norm, as in (7.1). Also, for any B € (0,«), allowing o = 1, we
have the interpolation inequality,

B 1-8

1flles < 21 Eallfll e

Lemma A.2. Let U,V be open subsets of R", a € (0,1], and k > 1 an integer. If f € CF*(U)
and g € C*1(V) with g(V) C U then

1f 0 9llgaqry < fllea@ 191 T

1f e glleavy < fllpe@y + 1 o @ 191 Tipevy < N1 lcaq) [1 9l Zipv) | (A.1)
k+1
1f e glleraqy < CE) flleraw) |1+ ||9||ck+1(V)} ;
where Lip is the homogeneous Lipschitz semi-norm and C? is the homogeneous Holder norm.

Lemma A.3. Let U,V be open subsets of R, d > 1, and let o € (0,1]. Assume that the
domain of f is U and the domains of g and h are V, with g(V'),h(V) C U. Then

1f 09— F o hllzeq) < Il g = Al
We also have the following interpolation-like inequality:

Lemma A.4. Let U be a bounded open subset of R, d > 1, let n > 1, and V"f € C*(U).
Then

197 ey < O Iomanon | £

where
2n+d

= = K
4= dn 2n +d + 2«

Proof. First extend f continuously to all of R? in all Hélder spaces, as can be done using
the extension operator in Theorem 5, chapter VI of [29]. Applying a cutoff function, we can
insure that the extension, which we continue to call f, has support with a diameter no more
than twice diam(U).
Then
IV fllee @y = sup [V'f(x)[= sup [V"f(x)—V"f(x0)] <R,

x€Esupp f x€supp f
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where xg is a fixed point in (supp f)¢ (so Vf(z¢) = 0) and

«o V"'f(x) = V"f(x « n
R= swp Jx—xol* sup ATVl _ o @) 9n(55)) agmay

@
xesupp f xesupp f |X - X0| x€Esupp f

In particular,
IV™ fll oo ey < R+ [l 2(rey (A.2)

for all f € C§°(RY).
Following the scaling argument in the proof of Proposition 13.3.4 of [31], we write (A.2)
schematically in the form @ < R + P. Replacing f(-) with f(s-), we have V"(f(sx)) =
o " n _d
s"V f(sx). This gives [V"(f(5)l|poo(re)y = 8" |V fll poo ey and [[f(s)l|r2(ra) = 572 [ f] 2(ra)-
Also, R becomes

\vil I viC
sup ‘SX _ $X0|a sup Sn‘ f(SX) f(SXO)| =g
x€Esupp f xEsupp f |SX - 3X0’a

Thus, Q < R+ P becomes

n+ozR

s"Q < sS"TYR + s_gP — Q<s“R+ s_("+%)P.
As in [31], we conclude that

IV Fll oo ety < IV e gy 1 | 2y < CUV FllE ) 1120

as long as aa = (n + %)(1 — a), which gives the stated value of a and the stated estimate,
using the continuity of the extension operator. O

The inequality in Lemma A .4 is similar to that in the lemma on page 126 of [25], used by
the authors of [2] (for N = 0).

Lemma A.5. Let U be a bounded open subset of R, d > 1, let n > 1, and suppose that
feC™(U). Let a, be as in Lemma A.4. For any B € (0, ),

1 llem @y <z +C [ 1Enaq e o] [0, + 11
+ Ol ey 11 2

where
= (B/a) +an(l —B/a) <1
Lemma A.6. Recalling the definition ofC'?’ﬁ(Q) in (7.2), for any 8 € (0,1] and f € C’O’B(Q),
1F () = )l o) < [ fllgoe gy ltr = tal”.
Proof. For any t1,ts € [0,T] with t; # ta,

| f(t1,x) — f(t2, %)
[t1 — t2]?

1) = £(t2) ey = sup ity = 6 < flgyglts — . O
xXE

Lemma A.7. Let f € CN(Q) for some N >0 and o € (0,1]. Then for any t1,t € [0,T],

1f(t1) = fFE2)llenv ) < [[fllewa(glts — ta|™.
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Proof. We have, applying Lemma A.6,

1f(t1) = f(E2)lle~ o) ZIIV’“ ft2))llL=(0)

< Z IV Fll o gy ltr = 2l + VY Fll ot — ta|

N
<D NV fllew@ltr = 2 < I fllevaqglts = t2|. O

Corollary A.8. If f € CN2(Q) for some N >0 and a € (0,1] then
1F(#) = FO)llen @) < Cllfllev.agT™.
Lemma A.9 is adapted from Lemma 8.3 of [15].

Lemma A.9. Suppose that f;: R - R, j = 1,2, each have the modulus of continuity ©,
with ©: [0,00) — [0,00) continuous and increasing with ©(0) = 0. There exists a continuous

increasing function F: [0,00) — oo, depending on ©, with F'(0) = 0 for which

I1f1 = foll Loy < F (L1 = fall p2(ray)-

Proof. Fix z € R? arbitrarily and suppose that 6 = |fi(z) — fa(z)| > 0. Let y be in the ball
B of radius a = ©71(§/4) about z, so that |fi(z) — fi(y)|, |f2(z) — f2(y)| < 6/4. Then

1) — )] =6 — @) — AW)| - [fa(@) — foy)] = g

1
\*\* 0
I~ Foll sy > Ui — Fallagsy > ( / (2)) = 3 va,

h(8) = \fa@

Hence,

or,

Y(6/4) < If1 = fell 2 (ray-
Since ©~! must be increasing, so must h, so setting F' = h~! (noting that F(0) = 0) we have

f1(z) — fol@)| = 6 < F(|fr — foll p2(ray)-
This inequality applies for all x even when § = |fi(z) — fa(x)| = 0, giving the result. O

APPENDIX B. BOUNDARY DIFFERENTIAL OPERATORS

We can define differential operators up to order two on 952 by treating it as a manifold having
at least C? regularity. In this appendix, we describe the properties that we need of the first-
order differential operators, Vr, divr, and curlp. We refer the reader to standard references
for such operators (for instance, Section 2.2 of [30]).

We will also have the need to calculate V, div, and curl in 3-space, but restricted to the
boundary. This can be done by introducing a convenient coordinate system in a tubular
neighborhood of the boundary in such a way that on the boundary itself, the coordinates
reduce to a convenient coordinate system on the boundary. This is as done, for instance,
n [10], drawing upon [16], and we refer the reader to those references for details.
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We can define Vr—and then from it, divp and curlp—in a coordinate-free manner by
requiring that for any f € C*°(T") and any smooth curve x(s) on I' parameterized by arc
length,

Vo e x(0) — tan L) = Fe0))

s—0 S

We then define divr as the adjoint of Vr, in the sense of Lemma B.1:

Lemma B.1. Let f € CY(T'), v € (CY(T"))?. Then
/V-fo:—/diVFVf.
r r

divp(fv) = fdivpv+v-Vrf. (B.1)

Moreover,

Proof. This is classical for smooth functions (see, for instance, Proposition 2.2.2 of [30]), and
follows in the same way for C! functions, integrating by parts on the boundary in charts. [

Finally, we define (with the L operator as in Definition 9.1)

curlp v := —divp vt

We collect now a few useful facts.

For u, v tangent vectors,

1 .. : 1
(u-Vpv)-v= a—jujajvz vt = gjuzaj|v|2 =Su V|v|?,

so for any component I';, of the boundary,

1
/ (u-va)-v:Q/ u- Vr|v|%.

curlp v7 = (curlv) - n (B.2)

For a vector field v on €,

and
divv = divp v7 + 0pv™ + (k1 + k2)v™ on T, (B.3)
where k1, ko are the principal curvatures on I'.

Lemma B.2. Let u,v be vector fields on Q C R3. Then

uxv]T =u?[vT |t —o"uT)t, u™vT — o™ =[(v xu)T]t

Proof. We have,
uxv=Uu"+u")x (v*+vT)=u"x v —v*xu” +u” xv7,

since u™ x v® = 0. Now, u” x v7 is parallel to n, so we see that

uxv]T =u™ xvT —v™ xu’.

But, u™ is perpendicular to v, so we see that u™ x v7 = u™[v7 |+, and similarly, v?* x u” =
T n T

v?[uT]t. Hence, [uxv]T = u”[vT ]+ —v”[u” ]+, giving also u™vT —v™u” = [(vxu)T]t. O
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Proof of Proposition 9.2. All the following calculations are on I'. We start with a short
calculation in rectangular coordinates, using that divu = d;u* = 0:

(u-Vu)-n =u'du/n’ = 9;(u'vn?) — wWu'din! = div(u™u) —u- (u-Vn)
= div(u™u) —u” - Au”.
In the last equality, we used that because n does not change in the direction of n,
u-Vn=u"-Vin+u” -Vn=Au",

which is a tangent vector.
From (B.3) followed by (B.1), then,

div(u™u) = divp(u™uT) + 9 (u™)? + (k1 + ko) (u™)?
= u™divpu” +u” - Vru™ 4 9, (u™)? + (k1 4 Ro) (u™)?.
Using (B.3) again,
0 = (divu)u™ = (divpu” 4 9pu™ + (k1 + K2)u™)u™,
S0
O (u™)? = 2u™0pu™ = —2u™ divr u” — 2(ky + K2)(u™)2.
Hence,

(u-Vu)-n=—u"divpu” +u” - Vru™ — (k1 + ko) (u™)? —u” - Au”. O
APPENDIX C. COMPATIBILITY CONDITIONS: SPECIAL CASE

In [32], Temam and Wang consider a periodic domain with U = (0,0, —1), so U™ = 0 for all
time. More generally, the authors of [8] consider U = —U'n, where U’ > 0 is constant, so
U™ =0 onI'; for all time. The compatibility conditions simplify in these settings.

Proposition C.1. Assume that UT = 0 and U™ is spatially constant along T'y (U™ need
not be constant in time). Then the compatibility condition condy for N > 0 is

HET |—o = 0 Vrpli—o — U wT ) |i=o for all 0 < j < N, (C.1)
where & Vrpli—o and &) w|—o must be treated as explained following (1.14).
Proof. Since u” = U7 =0, (B.2) gives that on I'y,

Ww'=w-n=-curlpu’ =0.

In particular, this holds at time zero. Both ;U7 = 0 and curlp UT = 0, while |[U|?> =
U™)? is constant on I'y, so also Vp|U|?> = 0. We see, then, that H” simplifies to H” =
_l’_

(U™~ [T - Vpp]L, so lincondy (which follows from condy by Proposition 4.4) becomes
1 n
[£7 = Vrp]i_y = Ug'wi

which is (C.1) for N = 0. The inductive extension of this to higher N follows readily, leading
to (C.1) for N > 0. O

The condition in (C.1) for N = 0 also follows from cond( with slightly more work, though
the inductive extension to higher N is not so transparent as it is starting from condy,.

Because divf = 0 with f-n = 0 on I, f plays no role in the calculation of Vpp for N = 0.
By writing the condition in (C.1) as we do, we are stressing that, given initial data one can
always choose a forcing at time zero so that condy is satisfied.
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For all N > 1, though, forcing enters into the calculation of 9;Vrp, when 0yuy is replaced
by £(0) — ug - Vug — Vp%: even though f-n = 0, the forcing still does not, in general, vanish
from even the N = 1 condition. Because of this fact, the forcing is intimately entwined in
condy for N > 1, appearing on both sides of the condition, even for the simplest nontrivial
case considered in [32]. These same comments hold in the general setting, but are more
transparent in this simplified setting.
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