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Higher Gauge Theory

Ordinary gaugetheory descrikeshow point particlestrans-
form as we move them along 1-dimensionalpaths. It is
natural to assigna group elemen to ead path:

g
T TN&

sincecomposition of paths then correspndsto multipli-

cation:
0

g g
& T &

while reversing the direction of a path corresmpnds to
taking inverses:
g 1
T
and the assaiative law makesthis composite unambigu-
ous:

g gO gOO
T TN& T & T TG

In short: the topology dictatesthe algeba!



Higher gaugetheory descrikesthe parallel transport not
only of point particles, but also 1-dimensionalstrings.
For this we must categorify the notion of a group! A
"2-group' has objects:

and also morphisms:

We can multiply objects:
go

g
STTTTTN& T T4
multiply morphisms:

/H\& /H\&

and also composemorphisms:
g

igo Hf 2
B

Iro

gOO

Various laws should hold....

In fact, we canmakethis preciseand categorifythe whole
theory of Lie groups, Lie algebras,bundles, connections
and curvature. But for now, let's just look at 2-groups
and Lie 2-algebras.



2-Groups

A group is a monoid whereewvery elemen hasan inverse.
Let's categorify this!

A 2-group is a monoidal categorywhereevery object x
hasa ‘weakinverse'

x y=y x=I
and every morphism f hasan inverse:
fg=9f=1

A homomorphism between2-groupsis amonoidalfunc-
tors. A 2-homomorphism is a monoidal natural trans-
formation. The 2-groups X and X are equiv alent if
there are homomorphisms

frx1 X% X% X
that are inversesup to 2-isomorphism:

fr=1L fr=1

Theorem. 2-groupsare classi ed up to equivalenceby
guadruplesconsisting of:

a group G,

an abelian group H,

an action « of G asautomorphismsof H,
an elemen [a] 2 H3(G, H).



Lie 2-Algebras

To categorify the conceptof "Lie algebra' we must rst
treat the conceptof "vector space"

A 2-vector space L is a categoryfor which the set of
objects and the set of morphismsare vector spacesand
all the categoryoperations are linear.

We can also de ne linear functors between 2-vector
spacesand linear natural transformations between
these,in the obvious way.

Theorem. The 2-category of 2-vector spaces,linear
functors and linear natural transformationsis equivalent
to the 2-categoryof:

2-term chain complexesC; f Co,
chain maps betweenthese,

chain homotopiesbetweenthese.

The objects of the 2-vector spaceform Cy. The mor-
phismsf: 0! x form Cy, with df = z.



A Lie 2-algebra consistsof:
a 2-vector spaceL
equipped with:
a functor called the bracket:
[.1:L L! L,

bilinear and skew-symmetricasa function of objects
and morphisms,

a natural isomorphismcalled the Jacobiator

Jx;y;23 [[.I,y],Z] ! [ZC,[y, Z]]+ [[CC,Z],y],

trilinear and antisymmetric as a function of the ob-
jects x, y, z,

sud that:

the Jacobiator identit y holds: the following dia-
gram commutes:
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[JW X )kkkl(kkk X ]:yz
ukk"k

[(w:ylxlz+[[wixy1l:z] [(Iw:xTzLy+TwixTly:zl
Jwiylxz t Iwixy 1z Pwixz ]+l

([w;ylizlx]+[[wiyT[x;z]] [w;[x;z]]y]

Hwillxylzll+[[w:zLxy]] +HIwxLly:zlI+{[[wiz]:xLy]

Pwiyz:x]+1 'I'. Jwixz Ty T dwizlxy T Iwix: [yiz]
[[w;zLy I X+ wily;z]]:x] [[w;zLylx]+ [ wizL Dy T+ wiyTix:z]]

HIwyLpGzl+ willyLzl+[[ wizl; [X[y]] —/+[W [BGzEyN+Twily:zIEx ]+ wilx; y;2]l]

xyz



We canalsode ne homomorphismsetweenLie 2-algebras,
and 2-homomorphismdbetweenthese. The Lie 2-algebras
L and LP are equiv alent if there are homomorphisms

f:LV L% L% L

that are inversesup to 2-isomorphism.

Theorem. Lie 2-algebrasareclassi edup to equivalence
by quadruplesconsistingof:

a Lie algebrag,

an abelian Lie algebra(= vector space)h,
a represemation p of g on h,

an elemen [j] 2 H3(g, h).

Just like the classi cation of 2-groups, but with Lie
algeba cohomolay replacinggroup cohomolay!

Let's usethis classi cation to nd someinteresting Lie
2-algebras.Then let's try to nd the correspnding Lie
2-groups. A Lie 2-group is a 2-groupwhereewerything
in sight is smaoth.



The Lie 2-Algebra g;

Supposeq is a nite-dimensional simple Lie algebraover
R. To get a Lie 2-algebrahaving g as objects we need:

a vector spacenh,
a represemation p of g on h,
an elemen [j] 2 H3(g, h).

Assumewithout loss of generality that p is irreducible.
To getLie 2-algebraswith nontrivial Jacobiator, we need
H3(g,h) 6 0. By Whitehead'slemma, this only happens
whenh = R is the trivial represetation. Then we have

H%g,R)=R
with a nontrivial 3-cacycle given by:

v(z,y,z) = Hx,y], zi.

Using k times this to de ne the Jacobiator, we get a Lie
2-algebrawe call gi.

In short: everysimpleLie algeba g admitsa 1-parameter
deformation g in the world of Lie 2-algebas!

Do theselie 2-algebrasgy comefrom Lie 2-groups?We
should use the relation betweenLie group cohomology
and Lie algebracohomology How is H3(G, U(1)) related
to H3(g,R)?



Suppose G is a simply-connectedcompact simple Lie
group whoselLie algebrais g. We have

H3G,UQ1) -Z4 R= H%g,R)

So,for k 2 Z we geta 2-group Gx with G asobjects and
U(1) asthe automorphismsof any object, with nortrivial
assaiator whenk 6 0.

Can Gk be madeinto a Lie 2-group?

Here'sthe bad news:

Theorem. Unlessk = 0, there is no way to give the
2-group Gy the structure of a Lie 2-group for which the
group G of objectsand the group U(1) of endomorphisms
of any object are given their usual topology.

Howewer, all is not lost. gk is equivalentto a Lie 2-
algebrathat does come from a Lie 2-group! Howewer,
this Lie 2-algebrais in nite-dimensional! This is where
loop groupsernter the game....



Theorem. Forany k 2 Z, thereis a Fredhet Lie 2-group
PxG whoseLie 2-algebraPyg is equivalernt to gy.

An object of Py G is a smooth path f: [0, 27]! G start-
ing at the identity. A morphism from f; to f, is an
equivalenceclassof pairs (D, «) consisting of a disk D
going from f; to f, togetherwith « 2 U(1):

1

€

For any two sud pairs (D1, «1) and (D2, ap) thereis a
3-ball B whoseboundary is D, [ D, and the pairs are

equivalent when
VA

exp 2rik v = ax/ag
B

wherev is the left-invariant closed3-form on G with

v(z,y,2) = Hz,y], i

andh, i isthe smallestinvariant inner product on g sud
that v givesan integral cohomologyclass.

There's an obvious way to composemorphismsin PG,
and the resulting category inherits a Lie 2-group struc-
ture from the Lie group structure of G.
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The Role of Loop Groups

We can also descrike the 2-group PG asfollows:

An object of Py G is a smooth path in G starting at
the identit y.

Given objects f1, f» 2 PxG, a morphism

Pptof
is an element P2 4, G with
p(@ = f2/ f1

where 9,G is the level-k Kac{Mo ody certral
extensionof the loop group G-

11 ua ! da P g1

Note: p(?) Is aloopin GG. We can get sud a loop with

B = fof a
from a disk D like this:

1

&

An elemen P2 dGisan equivalenceclassof pairs[D, «]
consistingof sudh a disk D togetherwith o 2 U(1).
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An Application to Topology

For any simply-connectedcompact simple Lie group G
there is a topological group & obtained by killing the
third homotopy group of G. When G = Spin(n), 8 is
called String(n).

Theorem. For any k 2 Z, the geometricrealization of
the nerve of PG is a topologicalgroup jPkGj. We have

m3(IPkGl) = Z/kZ

When k= 1,
PG Q.

This, and the appearance of the Kac{Moody central ex-
tension of G, suggestthat P G will be an espcially
interesting Lie 2-group for applications of higher gauge
theory to string theory.
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