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Abstract

A Lie 2-algebra is a ‘categorified’ version of a Lie algebra: that is, a
category equipped with structures similar to those of a Lie algebra, but
where the usual laws hold only up to isomorphism. It is well known that
given a manifold equipped with a symplectic 2-form, the Poisson bracket
gives rise to a Lie algebra of observables. Multisymplectic geometry gen-
eralizes the classical mechanics of point particles to n-dimensional field
theories, decribing such a theory in terms of a ‘phase space’ that is a
manifold equipped with a closed nondegenerate (n + 1)-form. Here, given
a manifold with a closed nondegenerate 3-form, we construct a Lie 2-
algebra of observables. We then describe how this Lie 2-algebra can be
used to describe dynamics in classical bosonic string theory.

1 Introduction

It is becoming clear that string theory can be viewed as a ‘categorification’ of
particle physics, in which familiar algebraic and geometrical structures based in
set theory are replaced by their category—theoretic analogues. The basic idea is
simple. While a classical particle has a position nicely modelled by an element
of a set, namely a point in space:
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the position of a classical string is better modelled by a morphism in a category,
namely an unparametrized path in space:
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Similarly, while particles have worldlines in spacetime, which can be thought
of as morphisms, strings have worldsheets, which can be thought of as 2-
morphisms.

So far this viewpoint has been most fruitful in studying the string-theoretic
generalizations of gauge theory [8]. The first clue was the B field in string theory.
The electromagnetic field contributes to the change in phase of a charged particle
as it moves through spacetime. This field is locally described by a 1-form A,
which we integrate along the particle’s worldline to compute a phase change.
The B field contributes to the phase change of a charged string in a similar way:
it is locally described by a 2-form, which we integrate over a string’s worldsheet.
When we seek a global description suitable for nontrivial spacetime topologies,
the electromagnetic field is better thought of as a connection on a U(1) bundle.
Similarly, the B-field is globally described by a connection on the categorified
version of a U(1) bundle, namely a U(1) gerbe [LT}, 29].

Later it was found that connections on nonabelian gerbes also play a role in
string theory [Il 2, [[0]. Nonabelian gerbes are a special case of 2-bundles: that
is, bundles with a smooth category rather than smooth manifold as fiber [9].
To understand connections on general 2-bundles, it was necessary to categorify
the concepts of Lie group and Lie algebra, obtaining the notions of Lie 2-group
[7 6] and Lie 2-algebra [B, 23].

Still more recently, iterated categorification has become important in un-
derstanding the generalizations of gauge theory suitable for higher-dimensional
membranes [24, 25]. Tt is clear by now that to understand the behavior of
higher-dimensional membranes, we need to study n-connections on n-bundles:
that is, structures analogous to connections that live on things like bundles with
a smooth n-category as fiber. In the very simplest case — a topologically trivial
n-bundle with the simplest nontrivial abelian ‘n-group’ playing the role of gauge
group — an n-connection is just an n-form on the base space. In a straight-
forward generalization of electromagnetism, the integral of this n-form over the
membrane’s ‘worldvolume’ — that is, the surface it sweeps out in spacetime —
constributes to its change in phase as it sweeps out this surface.

Given all this, we should expect that as we look deeper into the analogy
between point particles, strings, and higher-dimensional membranes, we should
find more examples of categorification. Perhaps the most obvious place to look
is symplectic geometry. The reason is that symplectic geometry also uses a
connection on a U(1) bundle to describe the change of phase of a point particle.

The simplest example is a free particle moving in some Lorentzian manifold
M representing spacetime. If we keep track of the particle’s momentum as well
as its position, it traces out a path in the cotangent bundle X = T*M. The
cotangent bundle is equipped with a canonical 1-form «, and we can integrate
« over this path to determine the particle’s change of phase. This is not the
historical reason why X is called a ‘phase space’, but the coincidence is a happy
one.

The exterior derivative w = da plays an important role in this story. First,
by Stokes’ theorem, the integral of this 2-form over any disc in X measures
the change of phase of a particle as it moves around the boundary of the disc.



A deeper fact is that w is a symplectic structure: that is, not only closed but
nondegenerate. This lets us take any smooth function F: X — R and find a
unique vector field vp such that

lypw = dF

where ¢ stands for interior product. We should think of F' as an ‘observable’
assigning a number to any state of the particle. In good situations, the vector
field vy will generate a one-parameter group of symmetries of X (that is, a
flow). So, the symplectic nature of w guarantees that observables give rise
to symmetries. Moreover, by measuring how rapidly one observable changes
under the one-parameter group of symmetries generated by another, we obtain
a binary operation on observables, the Poisson bracket:

{F,G} =L,,.G

where L stands for Lie derivative. This makes the space of observables into a
Lie algebra.

Symplectic geometry generalizes this idea by replacing 7*M with a more
general phase space X. We could simply let X be any manifold equipped with
a 1-form « such that w = da is symplectic. However, a 1-form is the same
as a connection on a trivial U(1) bundle, and w is then the curvature of this
connection. Since physics is local, it makes more sense to equip X with a locally
trivial U(1) bundle P — X, together with a connection on P whose curvature
2-form w is symplectic. This is the basic context for geometric quantization.

We can study symplectic geometry without assuming that the symplectic
2-form w is the curvature of a connection on some U(1) bundle. In particular,
we still obtain a Lie algebra of observables using the formulas above. But, some
of the physical meaning of the symplectic structure is lost — namely, that the
integral of w over any disc in X measures the change of phase of a particle as
it moves around the boundary of this disc. So, in geometric quantization the
U(1) bundle is crucial; it will exist whenever w defines an integral element of
H?*(X,R).

Now let us consider how all this generalizes when we move from point par-
ticles to strings.

As a first step towards understanding this, let us return to the point particle
moving in a spacetime manifold M. We have said that the particle’s phase
changes in a way described by integrating the canonical 1-form « along its
path in T*M. However, in the presence of the electromagnetic field there is
an additional phase change due to electromagnetism, at least when the particle
is charged. To take this into account, we add to « the 1-form A describing
the electromagnetic field, pulled back from M to T*M. We then redefine the
symplectic structure to be w = d(a + A). So, electromagnetism affects the
symplectic structure on the cotangent bundle of spacetime. A more detailed
account of this can be found in the book by Guillemin and Sternberg [I7].

This suggests that when we pass from point particles to strings, and the
electromagnetic field is replaced by the B field, we should correspondingly adjust



our concept of ‘symplectic structure’. Instead of a canonical 1-form, we should
have some sort of canonical 2-form on phase space, so we can add the B field
to this 2-form. But this in turn suggests that the analogue of the symplectic
structure will be a 3-form!

This raises the puzzle: how can we generalize symplectic geometry with a
3-form replacing the usual 2-form?

Amusingly, the answer goes back to the work of DeDonder [T4] and Weyl [27]
in the 1930s. Their ideas have been more fully developed in the subject called
‘multisymplectic geometry’. For an introduction, try for example the papers by
Gotay, Isenberg, Marsden and Montgomery [[I6], Hélein and Kouneiher [I8] [T9],
Kijowski [21], and Rovelli [22]. In particular, Gotay et al have already applied
multisymplectic geometry to classical string theory. There are various way to do
this. In this introduction we take a very naive approach, which will be corrected
in Section @l

To begin with, note that just as the position and velocity of a point particle
in the spacetime M are given by a point in the tangent bundle T'M, we could
try to describe the position and velocity of a string by a point in A2TM —
that is, a point in M together with a tangent bivector. Similarly, just as the
position and momentum of a particle are given by a point in T*M, we could
try to describe the position and momentum of a string by a point in A2T*M.

Just as T*M is equipped with a canonical 1-form, the generalized phase
space X = A2T*M is equipped with a canonical 2-form «, as described in
Example below. The corresponding 3-form w = da is ‘multisymplectic’,
meaning that it is closed and also nondegenerate in the following sense:

Loyw=0=>v=0

for all vector fields v. This means that for any 1-form F', there is at most one
vector field vp such that
lypw = dF.

This resembles the equation we have already seen in symplectic geometry, which
associates symmetries to observables. But there is a difference: now vy may
not exist. So, it seems we should consider a 1-form F on X to be an observable
only when there exists a vector field vg satisfying the above equation.

We can then define a Poisson bracket of observables by the usual formula:

(F,G} = L,,G.

The result is always another observable. But, we do not obtain a Lie algebra of
observables, because this Poisson bracket is only antisymmetric up to an ezact
1-form. Exact 1-forms are always observables, but they play a special role, since
they give rise to trivial symmetries: if F' is exact, vp = 0.

This suggests that in the stringy analogue of symplectic geometry we should
seek, not a Lie algebra of observables, but a Lie 2-algebra of observables — that
is, a category resembling a Lie algebra, with observables as objects. In this
category two observables F' and G will be deemed ‘isomorphic’ if they differ



by an exact 1-form. This guarantees that they generate the same symmetries:
Vp = Vqg.-

Indeed, such a Lie 2-algebra exists. In Thm. B3l we prove that for any
manifold X equipped with a closed nondegenerate 3-form w, there is a Lie 2-
algebra for which:

e An object is a 1-form F on X for which there exists a vector field vy with
lypw = dF.

e A morphism from F' to G is a function f such that F +df = G.
e The bracket of objects F, G is L,,,G.
e The bracket of morphisms vanishes.

On a more technical note, this Lie algebra is ‘hemistrict’ in the sense of
Roytenberg [2Z3]. This means that the Jacobi identity holds on the nose, but
the skew-symmetry of the bracket holds only up to isomorphism. In Thm.
B4 we construct another Lie 2-algebra with the same objects and morphisms,
where the Lie bracket of observables is given instead by ty.tyow. This Lie
algebra is ‘semistrict’, meaning that the bracket is skew-symmetric, but the
Jacobi identity holds only up to isomorphism. In Thm. B8] we show that these
two Lie 2-algebras are isomorphic. This may seem surprising at first, but the
notion of ‘isomorphism’ for Lie 2-algebra is sufficiently supple that superficially
different Lie 2-algebras — one hemistrict, one semistrict — can be isomorphic.

In Section B, we apply these ideas to the classical bosonic string propagating
in Minkowski spacetime. This involves replacing the naive phase space A2T* M
described above with something more sophisticated. Our treatment here is brief
and we plan to expand it; in particular, we would like to include a nonzero B
field. Finally, we list some open questions in Section

2 Multisymplectic Geometry

The idea of multisymplectic geometry is simple and beautiful: associated to any
n-dimensional classical field theory there is a finite-dimensional ‘extended phase
space’ X equipped with a nondegenerate closed (n+1)-form w. When n = 1, we
are back to the classical mechanics of point particles and ordinary symplectic
geometry. When n = 2, the examples include classical bosonic string theory, as
explained in Section Hl

However, at this point an annoying terminological question intrudes: what
do we call multisymplectic geometry for a fixed value of n? The obvious choice is
‘n-symplectic geometry’, but unfortunately, this term already means something
else [13]. So, until a better choice comes along, we will use the term ‘n-plectic
geometry’:

Definition 2.1. An (n+1)-form w on a C* manifold X is multisymplectic,
or more specificially an n-plectic structure, if it is both closed:

dw =0, (1)



and nondegenerate:
Vo eT,X, tww=0=v=0 (2)

where we use L,w to stand for the interior product w(v,-,...,:). If w is an n-
plectic form on X we call the pair (X,w) o multisymplectic manifold, or
n-plectic manifold.

The references already provided contain many examples of multisymplectic
manifolds. More examples, together with constraints on which manifolds can
admit n-plectic structures, have been discussed by Cantrijn et al [12] and Ibort
[20]. Here we give just two examples. Section Hl contains a more substantial one.

Example 2.2. If M is a smooth manifold, let X = A"T*M be the nth exterior
power of the cotangent bundle of M. Then there is a canonical n-form a on X
gwen as follows:

a(vy,...,v,) = z(dr(v1),...,dx(vy))

where vy, ...v, are tangent vectors at the point x € X, and m: X — M 1is the
projection from the bundle X to the base space M. Note that in this formula we
are applying the n-form © € A"T*M to the n-tuple of tangent vectors dm(v;) at
the point w(x). The (n+ 1)-form

w = da
s n-plectic.

Example 2.3. If G is a compact simple Lie group, there is a 3-form w on G,
invariant under both left and right translations, defined by

w(’Ul,’Ug,’Ug) = <’l)1, [U27 U3]>

when v; are tangent vectors at the identity of G (that is, elements of the Lie
algebra). This makes (G,w) into a 2-plectic manifold.

Example 23 is important in theory relating the Wess—Zumino—Witten model
to loop groups and 2-groups [6]. In general it seems that the loop space of an
n-plectic manifold is an infinite-dimensional (n — 1)-plectic manifold, but we
will not consider such infinite-dimensional examples here.

Next we quickly review how to generalize Hamiltonian mechanics with an
n-plectic manifold playing the role of a phase space. Ordinary Hamiltonian
mechanics corresponds to 1-plectic geometry, and in this case, observables are
functions on phase space. In n-plectic geometry, observables will be (n—1)-forms
— but not all (n — 1)-forms, only certain ‘Hamiltonian’ ones:

Definition 2.4. Let (X,w) be an n-plectic manifold. An (n—1)-form F on X
is Hamiltonian if there exists a vector field vy on X such that

dF = typw. (3)

We say vp is the Hamiltonian vector field corresponding to F'. The set of
Hamiltonian (n — 1) forms on a multisymplectic manifold is a vector space and
is denoted as Ham (X).



The Hamiltonian vector field vg is unique if it exists. However, except for
the familiar case n = 1, there may be (n — 1)-forms F having no Hamiltonian
vector field. The reason is given an n-plectic form w on X, this map:

T,X — A"T:X

v = W

is one-to-one, but not necessarily onto unless n = 1.
The following proposition generalizes Liouville’s Theorem:

Proposition 2.5. If F' € Ham (X)), then the Lie derivative L, w is zero.
Proof. Since w is closed, L, w = di,,w = ddF = 0. O
We can define a Poisson bracket of Hamiltonian (n — 1)-forms in two ways:

Definition 2.6. Given F,G € Ham (X), the hemi-bracket {F,G}, is the
(n — 1)-form given by
{F,G},=L,.G.

Definition 2.7. Given F,G € Ham (X), the semi-bracket {F,G}, is the
(n — 1)-form given by
{F,G}, = typlocw.

The two brackets agree in the familiar case n = 1, but in general they differ
by an exact form:

Proposition 2.8. Given F,G € Ham (X),
{F,G}, ={F,G}, + du,,G.
Proof. Since L, = t,d + diy,
{F,G}, = Loy G =10,dG 4+ diy. G = typlygw + diy, G = {F, F} 4 du,.G.
O

Both brackets have nice properties:

Proposition 2.9. Let F,G, H € Ham (X) and let vp,vg, vy be the respective
Hamiltonian vector fields. The hemi-bracket {-, -}y has the following properties:

1. The bracket of Hamiltonian forms is Hamiltonian:

d{F,G}, = w. (4)

Yl p oGl

so in particular we have

V{F,G}, = [vr,va].



2. The bracket is antisymmetric up to an exact form:
{F,G}h—FdSF’G = —{G,F}h (5)
with Sp.g = —(tvp G + tv F).

3. The bracket satisfies the Jacobi identity:
{FAG HY b, = ({F.Gh, HY, +{G{F HE ), (6)

Proof. 1. If F,G € Ham (X), then d{F, G}, = vy, _, @+ tvgLvew, by the
identities relating the Lie derivative, exterior derivative, and interior product.
Prop. then gives the desired result.

2. Rewriting the Lie derivative in terms of d and ¢ gives

{F,G},, +{G,F}, = toplogw+ toglopw + d(tvpG + Lo F)
= —dSrc.

3. The definition of the bracket and property 1. give

{{F7G}h7H}h+{G7{F7H}h}h = LU[vF,vG]H+chLUFH
= Ly L, H
= {Fa {Ga H}h}h'

O

Proposition 2.10. Let F,G, H € Ham (X) and let vp,vg,vp be the respective
Hamiltonian vector fields. The semi-bracket {-,-}s has the following properties:

1. The bracket of Hamiltonian forms is Hamiltonian:

A{F, G}, = tog,, 0 W- (7)

so in particular we have
viFGYy, = [VF,vG]-

2. The bracket is antisymmetric:

{F,G} = —{G, F, (8)
8. The bracket satisfies the Jacobi identity up to an exact form:

{FAG,H}} +dJ(F,G, H) = {{F,G},,H}  +{G,{F,H}} (9)

with J(F,G, H) = —typbyg loy W-



Proof. 1. Eq. Z8 and Prop. ZAimply d{F, G}, = ty, 5 w-
2. The conclusion follows from the anti-symmetry of w.
3. Eq. EX implies

{F7{G7H}s}s: {Fﬂ{GﬂH}h}h_d(LUF {GﬂH}h)v

{{F, G}s ) H}s = {{F, G}h ) H}h —d (LU[F,G] H) )
and
{GAF H} ) ={GAF H} .}, —d (o {F.G}y)
The identity L, = i,d + di, then gives

@ (tupg oy H) = Lo i H = dun {F, H},
which implies
HF.GY. Y, +{CAF B}, = ({F.GY,  HY, +{G.AF.H}, ), + Lop ds H.
Prop. and the identities
Loy dio H = d(tvptog H)

and
d (o, {G,H},) = d(toptogH) + d(typtogdH)

then yield the desired result. O

In general, neither the hemi-bracket nor the semi-bracket makes Ham (X)
into a Lie algebra, since each one satisfies one of the Lie algebra laws only up to
an ezxact (n—1)-form. The exception is n = 1, the case of ordinary Hamiltonian
mechanics. In this case both brackets equal the usual Poisson bracket. In what
follows we consider the case n = 2.

3 Lie 2-Algebras

We begin with a quick review of the fully general Lie 2-algebras defined by
Roytenberg [23]. It will be efficient to work with these using the language
of chain complexes. A Lie 2-algebra is a category equipped with structures
analogous to those of a Lie algebra. So, to begin with, it is a ‘2-vector space’: a
category where the set of objects and the set of morphisms are vector spaces, and
all the category operations are linear. However, 2-vector spaces are equivalent
to a 2-term chain complexes vector spaces:

Lo <& L.

This will allow us to define a Lie 2-algebra as a 2-term chain complex equipped
with a bracket operation satisfying the usual Lie algebra laws ‘up to coherent
chain homotopy’.



In particular, the bracket of 0-chains will be skew-symmetric up to a chain
homotopy called the ‘alternator’:

[xay] + dS:E,y = _[ya l’]

while the Jacobi identity will hold up to a chain homotopy called the ‘Jacobia-

b

tor’:
[, 1y, 2]l + dJay - = [[2, 9], 2] + [y, [, 2]).

Furthermore, these chain homotopies need to satisfy some laws of their own.

The definition below requires a few preliminary explanations. First, we use
L ® L' to denote the tensor product of 2-term chain complexes coming from
the tensor product in the category of 2-vector spaces. This is different than
the usual tensor product of chain complexes, where tensoring two 2-term chain
complexes would give a 3-term chain complex. For details, see our previous
work [5] and the useful clarification in Section 2.2 of Roytenberg’s paper [23].

Second, with this tensor product, the category of 2-term chain complexes is
symmetric monoidal, and we use

0: L1 ®Ly — Lo® Ly

to denote the symmetry or ‘switch’ map.
Third, given 0O-chains z,y and a 1-chain T with y = x + dT', we write

T:x—vy.

We also write 1:  — x in the case where the 1-chain T vanishes, and write
ST: x — z for the 1-chain S+ 7T, where T: x — y and S: x — z. This notation
alludes to how a 2-term chain complex can be thought of as a category. In this
notation, the alternator in a Lie 2-algebra L gives a 1-chain

Sm;y: [$7 y] - _[y7 .’17]
for every pair of 0-chains x,y, and the Jacobiator gives a 1-chain
Joy.zt [y, 2] = [l yl, 2] + [y, [, 2]]
for every triple of O-chains z,y, z.

Definition 3.1. A Lie 2-algebra is a 2-term chain complex of vector spaces

L= (Lo & Ly) equipped with the following structure:
e a chain map [,"]: L® L — L called the bracket;

e an antisymmetric chain homotopy
S: [7] = _['a'] °a,

called the alternator;
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e an antisymmetric chain homotopy
J: ['7 ['7 ]] = [[7 '], ] + ['7 [‘, ]] o (J ® 1)>
called the Jacobiator.

In addition, the following diagrams are required to commute:

([[w,z],y],z]
y‘/ \
[[lw,y),2],2]+[[w,[z,y]],2] ([[w,z],y],z]
Jw ezt w2 Jw,2),y.2
[[fw,y), 2] z]+[[w,y],[2,2]] [[fw,z],2],yl+[[w,z], [y,2]]
+Hw,[[z,y],2]]+{[w, 2], [z,y]]

[Jw,y,z@]+1 [Jw,z,Z)y]Jrl
[[[w,z],y],z]+[[w,[y,2]],x] [[w,[z,2]],y]
Hlw,yl,[z, 2]+ w, [[z,y], 2] +[[w, 2], [=,y]] Hlw,z], [y, 2] +[[[w,z],2],y]

Jw,[m,z],y
[w7J:L-,y,z]+1 +J[w,z],z,y+‘]w,z,[y,z]

([[w,z].y], 2]+ [[w, 2], [z, y]]+[[w,y],[2,2]]
+w,[[z.2] 9]l +[[w, [y, 2]} 2]+ [w, [, [y,2]]]

Sa,y:Z
([z.y],2] [5e0.7] ~[lyz],2]

_Jm,y,z _Jy,m,z

[,[y,2]] = [y;[z,2]]

[%Sy,Z]

Jo,y,2 —Jazy

[[w,y]72]+[y,[LZ]WT[[w,z],y]—[Z,[Ly]]

11



1 z,[y,z
[z, [,2]] Sl o)

Sa,ly,z2] —Sly,2)2

—[ly,2],2]

Definition 3.2. A Lie 2-algebra for which the Jacobiator is the identity chain
homotopy is called hemistrict. One for which the alternator is the identity
chain homotopy is called semistrict.

Now suppose that (X, w) is a 2-plectic manifold. We shall construct two Lie
2-algebras associated to (X,w): one hemistrict and one semistrict. Then we
shall prove these are isomorphic.

Both these Lie 2-algebras have the same underlying chain complex, namely:

Ham (X) < C*™ (X)

where d is the usual exterior derivative of functions. To see that this chain
complex is well-defined, note that any exact form is Hamiltonian, with 0 as its
Hamiltonian vector field.

The hemi-bracket {-, -}y, defined in Section Bl can then be seen as the degree
0 component of this chain map:

Ham (X) x Ham (X) <2 0> (X) x €= (X)

en] |

Ham (X) C> (X)

d

To see that this diagram commutes, again note that the the Hamiltonian vector
field corresponding to an exact 1-form is zero, so {df,dg}, = 0. We will abuse
notation and denote the above chain map by {-, - }n.

Theorem 3.3. If (M,w) is a 2-plectic manifold, there is a hemistrict Lie 2-
algebra L(M,w)y, where:

the space of 0-chains is Ham (X),

the space of 1-chains is C* (X),

the differential is the exterior derivative d: C*° (X) — Ham (X),

the bracket is {,-}n,

the alternator is the bilinear map S: Ham (X) x Ham (X) — C* (X)
defined by Sp.g = — (Lo G + to F), and

12



e the Jacobiator is the identity, hence given by the trilinear map J: Ham (X)X
Ham (X) x Ham (X) — C*> (X) with Jp.g,u = 0.

Proof. Tt follows from Prop. that S is a chain homotopy with the correct
source and target. Prop. also says that the Jacobi identity holds, so the
Jacobiator defined above is also a chain homotopy with the correct source and
target. So, we just need to check that the Lie 2-algebra axioms hold. The first
two diagrams commute since each edge is the identity. The commutativity of
the third diagram is shown as follows:

S{F,G}h,H + Sgﬁ{pyH}h = _LU[F,G]H — Loy {F, G}h — lyg {F, H}h — LU[F’H]G
= —Lu, (togH+ 1o, G)
= {F7 SG,H}h

The last diagram commutes because

SF,{G;H}}] - S{G;H}th = —w,{G, H}h - L'U[G,H]F + L'U[G,H]F + tor {G, H}h
= 0

O

Similarly, to define a semistrict Lie 2-algebra, we note that {-,-}s is the
degree 0 component of this chain map:

Ham (X) x Ham (X) 22 0> (X) x €= (X)

{"'}Sl lo

Ham (X) C> (X)

d

Theorem 3.4. If (M,w) is a 2-plectic manifold, there is a semistrict Lie 2-
algebra L(M,w)s where:

e the space of 0-chains is Ham (X)),

the space of 1-chains is C (X),

the differential is the exterior derivative d: C* (X) — Ham (X),

the bracket is {-, - }s,

e the alternator is the identity, hence given by the bilinear map S: Ham (X)X
Ham (X) — C>® (X) with Sp.g =0, and

the Jacobiator is the trilinear map J: Ham (X) x Ham (X) x Ham (X ) —
C> (X)) defined by Jp,c,H = buplogbogW-

Proof. We note from Prop EZ10 that the semi-bracket is antisymmetric, so the
alternator defined above is a chain homotopy with the right source and target.
It follows from Prop. EET0 that the Jacobiator is also a chain homotopy with the

13



desired source and target. So again, we just need to check that the Lie 2-algebra
axioms hold. The following identities can be checked by simple calculation, and
the commutativity of the first diagram follows:

Jix ry,cm = Ja Ky, re — Sy, 6k — Los JrpH

Ly Jx,pa = JiGky, r0 + Ik (6, F), 0+ Tk F G H),

Since the Jacobiator is antisymmetric and the alternator is the identity, the
second and third diagrams commute as well. The fourth diagram commutes
because all the edges are identity morphisms. o

Definition 3.5. Given Lie 2-algebras L = (L, <, Ly) and L' = (L} <, Ly)
with bracket, alternator and Jacobiator [-,-], S, J and [-,-]', S', J' respectively,
a homomorphism F: L — L’ consists of:

e a chain map f: L — L', and
e a chain homotopy ¢: [-,-] o (fR f) = fol,]

such that the following diagrams commute:

¢m,y
[f (), f ()] f([z,y])
St f(Sz.y)
—[f(v),f(@)]" o F(ly,z])

’
Tr@ e

[f(@).[F (). F ()] {[f @), F ) F @) +F (). [f (), F ()T
[1,6y,2) [$a,y:1] +[1,02,2]
[f (@), f([y,2))) f([ys2]), f ()] +f (), £ ([x,2]))
P, [y, 2] Pla,y],z TPy, [, 2]
x,|y,z]]) z,yl],z]+ [y, [,z
f([z,[y,2]] Fows) f([=,y],2]+ [y, [=,2]])
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Roytenberg explains how to compose Lie 2-algebra homomorphisms [23], and
we say a Lie 2-algebra homomorphism with an inverse is an isomorphism.

Theorem 3.6. L(M,w)y, and L(M,w)s are isomorphic as Lie 2-algebras.

Proof. We show that the identity chain maps with appropriate chain homo-
topies define Lie 2-algebra homomorphisms and that their composites are the
respective identity homomorphisms. There is a homomorphism f: L(M,w), —
L(M,w)s with the identity chain map and the chain homotopy given by ¢(F, G) =
Ly G. That this is a chain homotopy follows from the bracket relation {F, G}, =
{F,G}, + d(tyG) noted in Eq. We check that this satisfies the axioms
of a Lie 2-algebra homomorphism. Noting that the chain map is the iden-
tity, the commutativity of the first diagram is easily checked by recalling that
Sk = —(tog ' + 1y, G) and that Sy is the identity. Noting that any edge
given by the bracket of functions will be the identity and that Jpg g is the
identity, to check the commutativity of the second diagram we only need to
check the following calculation.

Tr o+ OUF, Gy H) + 6(G, {F, H},)) - 6(F, (G, H},)
bypbog bog W+ L'U[F,G]H + e Lvp H =ty Ly H
= LUFLUGH—LUFdLUGH—I—LU[F,G]H—l—LUGLUFH—LUFLUGH
= —LUFdLUGH—FLU[FYG]H—I—LUGLUFH
= —lypdiveH+ Ly, toe H — oo Loy H+ tyo Ly H
= —lypdivgH + Ly oo H
= diyptovgH — LyptogH+Lyp by H
= diyptocH
0

4 An Application to String Theory

Classical bosonic string theory is a theory of maps ¢: ¥ — M where ¥ is a
surface and M is some manifold representing spacetime. For simplicity we will
only consider the case where ¥ is the cylinder R x S! and M is n-dimensional
Minkowski spacetime, R(:*=1) A solution of classical bosonic string theory
then consists of a map ¢: ¥ — M which is a critical point of the area subject
to certain boundary conditions.

Equivalently, by exploiting symmetries in the variational problem, one can
describe solutions ¢ by equipping R x S! with its standard Lorentzian metric
and then solving the 1+ 1 dimensional field theory specified by the Lagrangian

density
RS (09" 07 D¢ Dp)
6_2277”((97' or 0o 80)’

1,j=1

15



where n = diag(1, —1,..., —1) is the Minkowski metric and {¢*}?_; are the coor-
dinates of the map ¢ in R~ The corresponding Euler-Lagrange equations
are

82¢i a2¢z _0

or?2  Jo?
We next describe this theory using multisymplectic geometry, following Hélein
[18]. (The work of Gotay et al [16] focuses instead on the Polyakov approach,
where the metric on ¥ is taken as an independent variable.)

Let E == ¥ x M be the vector bundle over ¥ x M with fiber T(, ST, M
over the point (7,0,2) € ¥ X M. Then the Lagrangian density for the string
can be defined as a smooth function on E:

=33 m (bl —ubud)
i,j=1
which depends in this example only on the fiber coordinates {ul,u’}™ ; on
T(*TJ)E x T M. From this Lagrangian, the ‘de Donder—Weyl Hamiltonian’ A can
be constructed via a Legendre transform. It is a smooth function on the dual
vector bundle E*:

[
NIE

(pPus + pfug) — ¢
1

n
> 07 (p7p] —pp7)
ij=1

.
Il

N | =

where ul and u! are defined implicitly by pI = 9¢/du’, p? = 9¢/Oul, and
{p?, p7 }i=, are coordinates on the fiber T, ;)X ®@T*M. Note that h differs from
the standard (non-covariant) Hamiltonian density e for a field theory, which can
also be written as a smooth function on E*:

1~ 4
= 5 > 07 (07w +7pj)-

Let m be a smooth section of E* with coordinates {mx7,7n7}™ , . It is then
straightfoward to show that ¢: ¥ — M is a solution of the equations of motion
(Eq. M) if and only if ¢ and 7 satisfy the following system of equations:

" on7  On? "\ Oh
2 T T T Xam| ., (10)
i=1 i=1 T=¢,p=m
0’ Oh
= — 11
or ap: T=¢,p=T7 ( )
Ot oh
= . 12
Oo opg R (12)
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This system of equations is a generalization of Hamilton’s equations for a clas-
sical point particle.

We take as our extended phase space X = E* x R. A point in X has
coordinates (1,0, 2%, p7,p?, e). Define the 2-form 6 on X as follows:

0 =ecdr ANdo+ Y (pjda’ Ado —plda’ Adr) .
i=1
Here the variable e should be considered as the canonical conjugate to the area
form dr A do. Let
w=d6b.

If we assume w(v,-,-) = 0, then the linear independence of the basis in Q?(M)
implies v = 0. Hence w is nondegenerate and therefore a 2-plectic structure on
X.

As before let ¢: 3 — M be a smooth map and 7 be a smooth section of E*.
Consider the submanifold .S of X with coordinates:

(Ta a, d)l (Ta 0)7 ﬂ_;r (Tv U)a 7T;-7 (Ta 0)7 _h)

Note that S is constructed from the graphs of ¢ and 7 and from the constraint
e+h = 0. This constraint is analogous to the one that is used in finding constant
energy solutions in the extended phase space approach to classical mechanics.
At each point in S, a tangent bivector v = v, A vy € I'(A?TX) can be defined
as

0 " (0¢" O on] 0 ory 0
- +Zj<9ZS TR R >

or &\ or dx' " or opf = Ot Op7
0 ~=[0¢ O OomT & 07 O
“0—$+Z(aa 9z " 9o 9p7 T o %)

i=1

Explicit computation reveals that the submanifold S is generated by solutions
to Hamilton’s equations if and only if

W(Vr, Vg, ) = 0.

Quite generally, infinitesimal symmetries of the 2-form 6 give rise to Hamil-
tonian 1-forms that generate these symmetries. For example, symmetry under
time evolution lets us define a Hamiltonian. Consider the Lie derivative of 6
along the coordinate vector field 9/07:

Eaie = dLie—l—Laiw
= d(e do—dendo+ 7, (prdat — dp? A dat))
=0

Hence 6 is invariant with respect to infinitesimal displacements along the 7
coordinate. If we define a 1-form H by

H = —Lait?
= —edo—> " pldz’
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then Eq. Bl implies that dH = ¢ 2w Hence H belongs to set of Hamiltonian
1-forms Ham (X), and the Hamiltonian vector field vy describes time evolution.

One may wonder how this Hamiltonian 1-form H is related to the usual
concept of energy. To understand this, consider the solution submanifold ¥ as
defined above. Let ¥, C ¥ be a 1-dimensional curve on ¥ at constant ‘time’
T = 79. Denote the restriction of H to ¥, as H,,. A computation yields

h do — Zn: 77 de’

=1

H,,

On X,,, dr = 0. Hence d¢' = %if:do. Also since ¢ satisfies Eq.
R
T, = ; Tij Ea

- 0
T = —Zm‘ja—ij-

Therefore the expression for H,, becomes:

N =
I\GE

H, = nt (ﬂ'z-ﬂ'; + 77371';-’) do

1

,J

(09047 08'0¢7
i or oOr Oo Oo

~
<
=

Il
N =
I\GE

= e do.

Hence H,, is the Hamiltonian 1-form that corresponds to the energy density of
the string at 79, and the total energy of the string at 7 = 7 is simply:

b2

5 Conclusions
The work presented here raises many questions. Here are three obvious ones:

e Does an n-plectic manifold give rise to a Lie n-algebra when n > 2?7 There
is not yet a definition of weak or hemistrict Lie n-algebras for n > 2, but a
semistrict Lie n-algebra is just an n-term chain complex equipped with the
structure of an L.-algebra. So, it would be easiest to start by considering
a generalization of the semi-bracket, and see if this can be used to construct
a semistrict Lie n-algebra.
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e Does the Lie 2-algebra of observables in 2-plectic geometry extend to some-
thing like a Poisson algebra? It is far from clear how to define a product
for Hamiltonian 1-forms, and the usual product of a Hamiltonian 1-form
and a smooth function is not Hamiltonian.

It seems that the free loop space LX of a 2-plectic manifold (X,w) is an
infinite-dimensional symplectic manifold on which the symplectic 2-form
w is defined as follows:

(v, w) = / " w(u(y),0(1(0)),w(r(0)) do

where v, w are tangent vectors at the loop v € LX, v(y(0)) and w(v(0))
are the corresponding tangent vectors at the point v(¢) € X, and u is the
vector field generating the circle action on LX. Similarly, any Hamiltonian
1-form F on X determines a function F on LX by:

Fo)= [ " F(y(0) do.

Even if we are unable to multiply Hamiltonian 1-forms, we can multiply
these functions. So, there is a map from Ham (X) to the Poisson algebra
of functions on LX. This map has already been exploited by Kijowski [21]
and also Hélein and Kouneiher [I8] [[9]. But, it would be nice to define
more directly some sort of ‘Poisson 2-algebra’ of observables in 2-plectic
geometry.

e When a symplectic structure w on a manifold X defines an integral class
in H?(X,R), there is a U(1) bundle over X equipped with a connection
whose curvature is w. As mentioned in the Introduction, this plays a
fundamental role in the geometric quantization of X. Similarly, when a 2-
plectic structure w on a manifold X defines an integral class in H3(X,R),
there is a U(1) gerbe over X equipped with a connection whose curvature
is w [I1]. Is there an analogue of geometric quantization that applies in
this case?

Following the ideas of Freed [T5], we might hope that geometrically quan-
tizing this gerbe will give a ‘2-Hilbert space’ of states. However, Freed’s
work only treats Schrodinger quantization, and that only in the special
case where the resulting 2-Hilbert space is finite-dimensional. Finite-
dimensional 2-Hilbert spaces are by now well-understood [3], but the
infinite-dimensional ones are still being developed [E, 28]. Geometric quan-
tization for gerbes is an even greater challenge. However, we expect the
problem of geometrically quantizing a U(1) gerbe on X to be closely re-
lated to the better-understood problem of geometrically quantizing the
corresponding U(1) bundle on the loop space of X.
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