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Driving Force of Convergence of Math & Sciences

Physics                                    Mathematics

Newtonian Mechanics                     Calculus (arranged  marriage)

General Relativity and Gauge theory              Differential Geometry

Quantum Mechanics                               Linear Algebra and Functional Analysis

Many-body Entanglement Physics                       ???

Tip of iceberg: 2D Topological Phases of Matter

(Microscopic physics?)     Topological Quantum Field Theory (TQFT)

Conformal field theory (CFT)

What is quantum field theory mathematically? 

New calculus for the second quantum revolution and future.



Modular Tensor Category (MTC)

Topological Phase of Matter Topological Quantum Computation

Reshetikhin-Turaev (RT) (2+1)-TQFT

Topological phases of matter are TQFTs in Nature and hardware 

for hypothetical topological quantum computers.



A symmetric monoidal “functor” (𝑉, 𝑍): 
category of 2-3-mfds → Vec

2-mfd 𝑌→ vector space 𝑉(𝑌)
3-bord 𝑋 from 𝑌1 to 𝑌2→ Z(X): 𝑉 𝑌1 → 𝑉(𝑌2)

• 𝑉 𝑆2 ≅ ℂ 𝑉 ∅ = ℂ
• 𝑉 𝑌1 ⊔ 𝑌2 ≅ 𝑉 𝑌1 ⊗𝑉(𝑌2)
• 𝑉 −𝑌 ≅ 𝑉∗(𝑌)
• 𝑍 𝑌 × 𝐼 = Id𝑉 𝑌

• 𝑍 𝑋1 ∪ 𝑋2 = 𝜅𝑚 ⋅ 𝑍 𝑋1 ⋅ 𝑍(𝑋2) (anomaly=1)

(2+1)-TQFTs ∼ Modular tensor categories (Turaev)

Atiyah Type (2+1)-TQFT

𝑋1 𝑋2

𝑌1 𝑌2 𝑌3



“Categorification” and “Quantization” of Group

Let G be a finite group,  e.g. 𝑺𝒏

• A finite set of elements: a, b, c,…

• A binary operation: a×b=c

• A unital element e: e × a=a

• An inverse for each element g: 𝑔−1 × 𝑔 = 𝑒

• Associativity: (a × b) × c=a × (b × c)

• Categorification:

Kapranov and Voevodsky’s main principle in category theory: 

“In any category it is unnatural and undesirable to speak about 

equality of two objects.”  

Equality should be simply some canonical isomorphism.

• Quantization:

Every set S should span a complex Hilbert space V(S).



A fusion category is a categorification of 

a based ring ℤ[𝒙𝟎, … , 𝒙𝒓−𝟏] /categorification and quantization of a finite group

finite rigid ℂ-linear semisimple monoidal category with a simple unit

finite rank: Irr 𝒞 = {𝟏 = 𝑋0, … , 𝑋𝑟−1}

𝑿 simple if 𝐇𝐨𝐦 𝑿,𝑿 = ℂ

Rank of 𝓒:  𝐫 𝓒 = 𝒓 = 𝐝𝐢𝐦𝑽(𝑻𝟐)

monoidal: (⊗, 𝟏),   Xi ⊗𝑋𝑗 = σ𝑘𝑁𝑖𝑗
𝑘 Xk

semisimple: 𝑋 ≅ ۩𝑖𝑚𝑖𝑋𝑖,
linear: Hom 𝑋, 𝑌 ∈ Vecℂ,

rigid: 𝑋∗ ⊗𝑋 ↦ 𝟏 ↦ 𝑋⊗𝑋∗

MTC = Fusion Category with a non-degenerate Braiding (Abelian)



Examples

• Pointed: 𝓒(𝑨, 𝒒), 𝑨 finite abelian group, 𝒒 non-

degenerate quadratic form on 𝑨.

• Rep(𝐷𝜔𝐺), 𝜔 a 3-cocycle on 𝐺 a finite group.

• Quantum groups/Kac-Moody algebras: subquotients of 

Rep(𝑈𝑞𝔤) at 𝑞 = 𝑒 Τ𝜋𝑖 𝑙 or level 𝑘 integrable ො𝔤-modules, e.g.

– SU 𝑁 𝑘 = 𝒞(𝔰𝔩𝑁 , 𝑁 + 𝑘),

– SO 𝑁 𝑘,

– Sp 𝑁 𝑘,

– for gcd(𝑁, 𝑘) = 1, PSU N k ⊂ SU 𝑁 𝑘 “even half”

• Drinfeld center: 𝒵(𝒟) for spherical fusion category 𝒟.



Modular Tensor Category 𝓒

Modular tensor category (=anyon model if unitary): a collection of 

numbers {L,  𝑵𝒂𝒃
𝒄 ,  𝑭𝒅;𝒏𝒎

𝒂𝒃𝒄 , 𝑹𝒄
𝒂𝒃} that satisfy some polynomial constraint 

equations including pentagons and hexagons.

6j symbols for 

recoupling   

Pentagons for 6j 

symbols

R-symbol for 

braiding
Hexagons for R-

symbols



Invariants of Modular Tensor Category

MTC 𝓒 RT (2+1)-TQFT (V, Z)

• Pairing <𝑌2,𝓒>=V(𝑌2;𝓒)∈ Rep(𝓜(𝑌2)) for an 

surface 𝑌2, 𝓜(𝑌2)=mapping class group

• Pairing 𝑍𝑋,𝐿,𝓒=<(𝑋3, 𝐿𝑐), 𝓒> ∈ ℂ

for colored framed oriented links 𝐿𝑐 in 3-mfd 𝑋3

fix 𝓒, 𝑍𝑋,𝐿,𝓒 invariant of (𝑋3, 𝐿𝑐)

fix (𝑋3, 𝐿𝑐), 𝑍𝑋,𝐿,𝒞 invariant of 𝓒

fix 𝑌2, V(𝑌2;𝓒) invariant of 𝓒



• Label set 𝐿 = isomorphism classes of simple objects

• Quantum dimension of a simple/label 𝑎 ∈ 𝐿:

• Topological twist/spin of 𝑎: finite order by Vafa’s thm

• Dimension 𝐷2 of a modular category:

dim(𝒞) = 𝑫𝟐 = σ𝒂∈𝑳𝒅𝒂
𝟐

Quantum Dimensions and Twists: Unknot



Modular S-Matrix: Hopf Link

• Modular S-matrix: 𝑆𝑎𝑏 =

• Modular T-matrix: 𝑇𝑎𝑏 = 𝛿𝑎𝑏𝜃𝑎-diagonal

• (𝑆, 𝑇)-form a projective rep. of 𝑆𝐿(2, ℤ):

𝑠 =
0 −1
1 0

S

𝑡 =
1 1
0 1

T



Finite Group Analogue I

Theorem (E. Landau 1903)

For any 𝒓 ∈ ℕ, there are finitely many groups 𝑮 with 𝐈𝐫𝐫 𝑮 = 𝒓.

Rank-finiteness Theorem (Bruillard-Ng-Rowell-W., JAMS 2016, 

Alexanderson Award 2019):

For a fixed rank, there are only finitely many equivalence classes of 

modular categories.



Analogue II: Cauchy Theorem

Cauchy Theorem: 

The prime factors of the order and exponent of a finite group 

form the same set.

Theorem (Bruillard-Ng-Rowell-W., JAMS 2016)

The prime factors of  𝑫 𝟐: Galois norm |D|=ς𝝈(𝑫)

and 𝐍 = 𝐨𝐫𝐝(𝑻) form the same set.  



“Periodic Table” of Topological Phases of Matter

Classification of symmetry enriched topological order (TQFT) in all dimensions

Too hard!!!

Special cases:

1):  short-range entangled (or symmetry protected--SPT) including topological insulators and 
topological superconductors:  X.-G. Wen (Group Cohomology), …, A. Ludwig et al (random 
matrix theory) and A. Kitaev (K-theory)---generalized cohomologies,…

2): Low dimensional: spatial dimensions D=1, 2, 3, n=d=D+1

2a:  classify 2D topological orders without symmetry

2b:  enrich them with symmetry

2c:  3D much more interesting and harder



Model Topological Phases of Quantum Matter

Local Hilbert Space

Local, Gapped Hamiltonian

E

Egap

Two gapped Hamiltonians 𝐻1, 𝐻2 realize 

the same  topological phase of matter if  

there exists a continuous path connecting 

them without closing the gap/a phase 

transition.

A topological phase, to first approximation, is a class of gapped

Hamiltonians that realize the same phase.  Topological order in a 

2D topological phase is encoded by a TQFT or anyon model.



Anyons in Topological Phases of Matter

Finite-energy topological quasiparticle excitations=anyons

Quasiparticles a, b, c
a

b

c
a

Two quasiparticles have the same topological charge 

or anyon type if they differ by local operators

Anyons in 2+1 dimensions described mathematically by a 

Unitary Modular Tensor Category



Bulk-edge Connection of Topological Phases

• Edge physics of fractional quantum Hall liquids:

∂Witten-Chern-Simons theories∼Wen’s chiral Luttinger liquids

∂TQFTs/UMTCs ∼ 𝜒CFTs/Chiral algebras

Chiral algebras               UMTCs=Rep(chiral algebras)

Injective?  No.   e.g. all holomorphic ones goes to trivial.

Onto?  

Conjecture: Yes

• Tannaka-Krein duality (Gannon): 

Reconstruct chiral algebras from UMTCs=Rep(Chiral algebras)

Symmetric fusion categories are 1-1 correspondence with pairs (G, 𝜇)



Chiral and Full Conformal Field Theories

Chiral CFT (𝜒CFT) or chiral algebra =  mathematically vertex operator algebra (VOA).

A full CFT is determined by a VOA V plus an indecomposable module category over Rep(V).



Vertex Operator Algebra (VOA)

A VOA is a quadruple (V, Y, 1, 𝜔), where 𝑉 =⊕𝑛 𝑉𝑛 is Z-graded 

vector space and 

a(z) is a field if it satisfied the 
truncation condition,



Genus of Vertex Operator Algebra

Genus of lattice: 

genus of a lattice Λ is equivalent to (q, G, c), 

G=discriminant Λ∗/Λ, 𝑞: 𝐺 → 𝑈 1 , 𝑐 =signature.

Genus of VOA:

genus of VOA=the pair 𝒞, 𝑐 . Recall 
𝑝+

𝐷
= 𝑒

𝜋𝑖𝑐

4

𝒞=MTC of Rep(VOA) (Huang), c=central charge



Zhu’s Theorem

Given a good VOA and an irreducible module M, 

the character 𝜒𝑀 of M is 

The vector X= 𝝌𝟏, … , 𝝌𝒓
𝒕 is a vector-valued modular 

form for the modular representation of the 

corresponding modular tensor category.



Conjectures

Given a UMTC 𝓒

1. Existence (W., Gannon): 

There is a genus (𝓒, c) that can be realized by a VOA(𝜒CFT).

e.g. (Toric code, 8) is realized by 𝑺𝑶(𝟏𝟔)𝟏

2. Genus finiteness conjecture (Hoehn):

There are only finitely many different realizations of any 

genus 



Holomorphic VOAs: Trivial UMTC

• (Vec, 0) trivial

• (Vec, 8) 𝐸8
• (Vec, 16), 𝐸8 ⊕𝐸8, 𝐷16
• Monster Moonshine VOA has genus (Vec, 24)

John McKay’s remark: 196 884=196883+1

𝐽 𝜏 =

• There are at least 71 VOAs in the genus (Vec, 24)

• Classify VOAs modulo holomorphic ones



𝓜𝝆=all VVMFs with 𝝆 as multiplier---infinite 

dim vector space over 𝖢.

We will fix an MTC as above.

Vector-Valued Modular Forms



Quantum Mathematics

• Quantum inspired mathematics

Quantum topology and algebra

Quantum analysis?

Applications:

1. Simulation of QFTs by quantum computers

2. Witten conjecture that Donaldson inv.=SW inv.

3. Volume conjecture

• Quantum logic-based mathematics

Do we need a new logic?


