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Modelling:
e Deterministically in terms of concentrations of the species and
products

e Stochastically (if numbers are low)
e Diffusion approximations
e Hybrid!

! Asymptotic analysis of Multiscale approximations to reaction networks,
Ball et al, Annals Appl. Prob. (2006)
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CRN's in physics (the zero-range process)
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e 2A converts to A at a rate en,(n, — 1)



Chemical Reaction Networks (CRNs)
Stochastic descriptions
Steady-State Recursions

Preliminaries

(Stochastic) Mass action kinetics

MW+AILALB
k1

e 2B + A converts to A + B at rate /o1, (1, — 1)1,
e A + B converts to 2B + A at rate k1,1,
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e Michaelis Menton kinetics —
e Hill-type kinetics — ki%
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e Modeling via Master equations
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Pn= pn—1]e(n—1)+en(n—1)]
+ porile(n+1)n+ B(n+ 1)n (n — 1)]
—pnlen(n+1)+pnn—1)(n—2)+en(n—1) + an] .

e Solve for p, or alternately for moments (n*)
e We will only talk about steady states here.

Anderson and Kurtz, Stochastic Analysis of Biochemical Systems (2015)
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e Equation for the first moment

e Equation for the second moment
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e For more than one species k = [k,| and n = [n,].
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Solution of Moment hierarchies:
e If the system is in equilibrium (detailed balance)
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Solution of Moment hierarchies:
e If the system has deficiency § = 0
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The Deficiency zero theorem

Theorem

If a CRN is weakly reversible then, for mass action kinetics, the
rate equations will have precisely one steady state, within each
positive stoichiometric compatibility class. This steady state is
asymptotically stable .

Feinberg and Horn 1977; Horn and Jackson 1972; Feinberg1979,1987
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Anderson-Craciun-Kurtz (ACK) Theorem

If a CRN modeled deterministically satisfies the condition of the
deficiency zero theorem, then the stochastically modeled mass
action system has a product-form stationary distribution .

Anderson, Craciun and Kurtz, 2010
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Deficiency is easy to compute even for very complicated
networks

Taken from the supplementary material of Eloundou-Mbebi, et al.
Nat Commun 7, 13255 (2016).
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In the Steady State

k

0=%" ( : > (VLA [ (ntett=3)]

j=0

o If 6 =0, all steady states lie in ker (A)
o if AE[¢) (n)] = 0, entire moment hierarchy is satisfied.
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e How can we satisfy the moment hierarchy if 6 # 07
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a =100, B =10, e = 70. For large k, Ry saturates to ¢/ =T.
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Results

Some open questions

e More implications of deficiency

e Applicability to quasi steady states
e Large deviation approximations

e Methods for larger networks?
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