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Quasi-Steady State Approximation (QSSA)

Michaelis-Menten mechanism and the QSSA

Conversion of substrate S to product P

k
S+E==Y, Y Lo Pt E
2
Cs = —kicsce + kacy
ép = k3Cy
CE = —kicsce + kocy + k3cy
éy = k1C5CE — kQCy

~

T=cs+cptcy, T=cg+cy
Our interest is the accumulation of P in terms of S, so the species E, Y
are nuisance species

Segal & Slemrod (1989)
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Quasi-Steady State Approximation (QSSA)

Michaelis-Menten mechanism and the QSSA

A standard heuristic procedure to reduce a model to a simpler model by
elimination of variables (species) is that of QSSA

It assumes quasi-stationarity of the species to eliminate

¢s = —kicsceg + kocy

¢p = kscy

Ce = —kicsce + kocy + k3cy
Cy = kicscg — kacy

7A':CS+CP+Cy, T =ce+cy

Carsten Wiuf



Quasi-Steady State Approximation (QSSA)

Michaelis-Menten mechanism and the QSSA

A standard heuristic procedure to reduce a model to a simpler model by
elimination of variables (species) is that of QSSA

It assumes quasi-stationarity of the species to eliminate

Cs = —kicsce + kocy

ép = k3Cy
0= —kicsce + kocy + kscy
0= kicsce — kocy

T=cs+cptcy, T=cetoy

Carsten Wiuf



Quasi-Steady State Approximation (QSSA)

Michaelis-Menten mechanism and the QSSA

A standard heuristic procedure to reduce a model to a simpler model by
elimination of variables (species) is that of QSSA

It assumes quasi-stationarity of the species to eliminate

Cs = —kicsce + kocy

ép = k3Cy
0= —kicsce + kocy + kscy
0= kicsce — kocy

~

T=cs+cptcy, T =ce+tcy
We solve the red equations in terms of cg, cy, and plug the solution back
into the remaining equations to get
Tk1k3C5

ST T hatht ks

Segal & Slemrod (1989)

Carsten Wiuf



Quasi-Steady State Approximation (QSSA)

Michaelis-Menten mechanism and the QSSA

The QSSA claims the trajectories of the reduced system are close to the
trajectories of the original system

For this, some assumptions are made on the speed of the reactions (k;)
and the total amounts of the eliminated species (T)

The method of verification in general (if any is given!) is reference to
Tikhonov's theorem
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Quasi-Steady State Approximation (QSSA)

Michaelis-Menten mechanism and the QSSA

The QSSA claims the trajectories of the reduced system are close to the
trajectories of the original system

For this, some assumptions are made on the speed of the reactions (k;)
and the total amounts of the eliminated species (T)

The method of verification in general (if any is given!) is reference to
Tikhonov's theorem

However, QSSA is not in general a valid procedure and cannot be verified
generally!

My interest is to give a simple procedure that guarantees the QSSA is
valid?

Lax, Seliger & Walcher (2018); Feliu, Lax, Walcher & Wiuf (2021)
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Example

Two-substrate mechanism

Two-substrate example with mass-action kinetics (Cornish-Bowden, 2012)

k
Substrate binding: E+ A== EA  EA+B . EAB
2

4

Transformation: EAB — EPQ

6

Product release: EPQ % EQ+ P EQ é E+Q

;] k1o
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Example

Two-substrate mechanism

Two-substrate example with mass-action kinetics (Cornish-Bowden, 2012)

k
Substrate binding: E+ A== FA  EA+B . EAB
2

4

Transformation: EAB % EPQ
6
Product release: EPQ % EQ+ P EQ ::9 E+Q
8 10
n T _ Tecpc
A+Bﬁ? P+Q n(c) = Iifé)CB, r2(c)—7';(§)("
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Example

Two-substrate mechanism

Two-substrate example with mass-action kinetics (Cornish-Bowden, 2012)

Substrate binding: £ + A % EA  FA+B =1 EAB
2

4

Transformation: EAB % EPQ
6
k: k
Product release: EPQ % EQ+P EQ :9 E+Q
8 10
_n. _ T _ T
ALBEPEQ 0= TiE n(e)= T

The red species are non-interacting (stoichiometric coefficients are one and
they are never on the same side of a reaction)
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Example

Two-substrate mechanism

Two-substrate example with mass-action kinetics (Cornish-Bowden, 2012)

Substrate binding: E + A % EA  FA+B =1 EAB
2

4

Transformation: EAB % EPQ
6
k: k
Product release: EPQ % EQ+P EQ :9 E+Q
8 10
_n. _ T _ T
ATBEPHQ (o= TR (o) = T

The red species are non-interacting (stoichiometric coefficients are one and
they are never on the same side of a reaction)

Eliminated species: E, EA, EAB, EPQ, EQ Core species: A, B, P, Q
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Theorem

Reduction theorem

Let a mass-action reaction network and a set of non-interacting species be given.
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@ the non-interacting species are consumed and produced

@ the rate constants of the reactions involving non-interacting species in the
reactant scale as k; = %H,— (‘fast’ reactions)

@ the conserved quantity of any conservation law involving only
non-interaction species scales as T = er

There exists a mass-action-like reduced reaction network (w/o the non-interacting
species) and a time t > 0, such that the trajectories of original network converge
to the trajectories of the reduced on finite time intervals [u, t], for any 0 < u < t,
as € — 0. The reaction rates of the reduced system are rational functions,
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Theorem

Reduction theorem

Let a mass-action reaction network and a set of non-interacting species be given.
Further suppose

@ the non-interacting species are consumed and produced

@ the rate constants of the reactions involving non-interacting species in the
reactant scale as k; = %H,— (‘fast’ reactions)

@ the conserved quantity of any conservation law involving only
non-interaction species scales as T = er

There exists a mass-action-like reduced reaction network (w/o the non-interacting
species) and a time t > 0, such that the trajectories of original network converge
to the trajectories of the reduced on finite time intervals [u, t], for any 0 < u < t,
as € — 0. The reaction rates of the reduced system are rational functions,
depending on k;, T

Moreover, the QSSA is valid

Feliu & Wiuf (2012,2013a,b); Sdez, Wiuf & Feliu (2016); Feliu, Lax, Walcher & Wiuf (2021)
Related work: King & Altman (1956); Horiuti & Nakamura (1957); Wong & Hanes (1962)

Carsten Wiuf 7/23



Theorem

Returning to the example

ll{ lh}
Substrate binding: E+ A {——‘i EA EA+ B % EAB

Z K2 cha

Transformation: EAB é EPQ

— K — KR
Product release:  EPQ % EQ+P EQ % E+Q

EHS € K10

€TE = CE + CEA + CEAB + CEPQ + CEQ

Carsten Wiuf 8/
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Theorem

Michaelis-Menten mechanism

k
StE==Y, Y kL pPrE
2
Non-interacting species E, Y
All reactions involve E or Y in the reactant and T = cy + cg, so
ki=1k;, i=1,2,3, T =er

The reduced system corresponds to the system S — P with kinetics

TK1K3Cs

Cs=—Cp=——""7"
K1Cs + K2 + K3

Carsten Wiuf
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The proof

There are three steps in the proof

o Derive the reduced ODE system using QSSA!
o ldentify a mass-action-like reaction network for the reduced ODE
system?

e Apply Tikhonov theory to deduce convergence of trajectories®

All three steps rely on the eliminated species being non-interacting

1Feliu & Wiuf (2012,2013a,b); 2Sdez, Wiuf, Feliu (2016); 3Feliu, Walcher & Wiuf (2018)

Carsten Wiuf
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Proof

ODE system and QSSA

E4+ AL EA Ce = —kiceca — kiocecq + kacea + koceq
EA+ B i:j EAB ca = —kiceca+ kacea
EAB % EPQ ¢ = —kscgCea+ kaceap
EPQ L EQ+ P cp = —kscpceq + kicepq
EQ E +Q cQq = —kiocecq + koceq
CEA = —kscaCea — kacea + kiceca + kaceas
CeaB = —kaceap — ksCeap + kscgCea + ke CeEPQ
¢epq = —keCepg — k7CePQ + kscpceq + ksceas

éEQ = _k9CEQ — kgCPCEQ + kl()CECQ —+ kYCEPQ

Carsten Wiuf 11/23



Proof

ODE system and QSSA

E+ALEA Ce = —kiceca — kiocecq + kacea + koceg
EA+ B 2:? EAB ca = —kiceca+ kocea
EAB % EPQ ¢ = —kscgcea + kaCeaB
EPQ i EQ+P ¢p = —kgcpceq + kicepg
EQ E +Q cQ = —kiocecq + koceq
Cea = —kscgCea — kacea + kiceca + kaceas
CeaB = —kaceap — ksCeap + kscgCea + ke CeEPQ
Cepq = —keCePQ — k7CEPQ + ksCPCEQ + ksCEAB
Ceq = —koceq — kscpceq + kioCcecq + kicepg
Conservation laws : Te = cg+ Ccea+ ceap + CePQ + CEQ
Tatq = ca+co+ cea+ ceas + cepq + CeQ
Terq = c¢B+cq+ ceas + cerq + CEq

Te+p = cB+ cp+ CeaB + CEPQ
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Proof

ODE system and QSSA

E+ A L ¢e = —kiceca— kiocecg + kacea + koceg
EA + B EAB ca = —kiceca+ kocea
EAB X k5 EPQ ¢ = —kscgcea + kaCeaB
EPQ EQ + P ¢p = —kgcpceg + krcepg
EQ 2L T E + Q cQ = —kiocecq + koceg
Cea = —kscgCea — kaCea + kiceca + kaceas
CeaB = —kaceap — ksCeap + kscgCea + KeCEPQ
CepQq = —keCepQ — k7CEPQ + kscpceqQ + ksceas
Ceq = —koceq — kscpceq + kiocecq + krcepq
Conservation laws : Te = ce+ cea+ ceaB + cepq@ + CEQ
Tatq = ca+co+ cea+ ceas + cepq + CeQ
Terq = c¢B+cq+ ceas + cerq + CEq

Te+p = cB+ cp+ CeaB + CEPQ
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Proof

Interpretation as a linear system

Steady state equations of cg, cea, Ceas, cEPQ and ceqQ

CeE = 0 = —kiceca — kiocecq + kacea + koCeq
CEA = 0 = —kocea — kscgcea + kiceca + kaceas
¢Ceap = 0 = —kaceap — ksceap + kscgcea + keCePQ
cepq = 0 = —kecepq — krcepq + kscpCeq + ksCeap
CEQ = 0 = —kgcpceq — koceq + kiocecq + krcepg
Te = ce+ceat ceas+ cepq + Ceq

The system is linear in cg, cea, CEAB, CEPQ, CEQ and has a unique solution

... because the species are non-interacting

Carsten Wiuf 12 /23



Solution

q(c)= (kake+kaky+ksk7)koko+kokakekgcp+kskskskocp+(kake+kakr+kskr)kakiocq+(kake+kskr+kaks)kikoca
(ks ko-+k7 ko-+ ks ky+kg ko ) k1 k3 i+ ks ks kz k1o ¢ co-+ki ka ke ks cacp+ (ks +ke ) k1 ks ks caca cp
+(ks ko +kako+ke ko +ke ka) ks kiocpcq+(ks+ke ) ks kg kiocpcpcq

CE = q(c) ((k4k6 + kaks + kskz)koko + kskskrkocg + k2k4k6k8CP)
CEA = q(c) ((k4k6 + ksk7 + kakz)kikoca + kakekskiocpco + k1k4k6k8CACP)

CEAB = q(c) ((ke + kr)kikskocacs + kokekskiocpco + kskekskiocacpcq

+kikskskscacacp)
CEPQ = q(c) (k1k3k5kgCACB + (ka + ks)kokskiocpcg + kskskskiocacpco
+kikskskscacscp)
CeQ = (C) ((kaks + kskr + kak7)kakiocq + ksksk7kiocscq + kikskskrcaca)

Non-negative solution because the species are non-interacting

Carsten Wiuf 13/23



Proof

The reduced reaction network

Inserting these expressions into the remaining equations yields

Ep = q{f) (—a1cacg + aacpcq) a1 = kyksksk7kg
ég = % (—a1cacg + aacpcq) ap = kakakekgkio
cp = %( Q1CACB — (2CPCQ)
o= %( Q1CACB — QCpPCQ)

This system in invariant in the non-negative orphant

... because the species are non-interacting

Carsten Wiuf 14 /23



Reduced ODE system

Linear elimination of non-interacting species

The concentrations of a set of non-interacting species can be
non-negatively eliminated from the steady state equations.

That is, the concentrations of the non-interacting species are rational
functions of the remaining species, and furthermore, they are non-negative
for non-negative concentrations of the remaining species

ODE system without the non-interacting species

By insertion of the rational expressions obtained for the non-interacting
species into the original ODE system, an ODE system for the remaining
species is obtained

Feliu & Wiuf (2012,2013a,b)

Carsten Wiuf 15/23



Proof

The reduced reaction network

Returning to the reduced ODE system

¢a= o (—arcacs + azcpeq) a1 = kykskskzko
g = % (—a1cacg + aacpcg) o = kokakekgkio
Cp = %( (Q11CACB — (2CPCQ)
¢q = %( Q1CACE — QCpCQ)

Reactions and kinetics
A+B -5 P+Q rl(c):%achcB
P+Q-23sA+B n(c) = %O&QCPCQ

The kinetics is mass-action-like . .. because of the non-interacting species

Carsten Wiuf 16 /23



Reduction theorem

Let a mass-action reaction network and a set of non-interacting species be given.
Further suppose

@ the non-interacting species are consumed and produced

@ the rate constants of the reactions involving non-interacting species in the
reactant scale as k; = %H,— (‘fast’ reactions)

@ the conserved quantity of any conservation law involving only
non-interaction species scales as T = er

There exists a mass-action-like reduced reaction network (w/o the non-interacting
species) and a time t > 0, such that the trajectories of original network converge
to the trajectories of the reduced on finite time intervals [u, t], for any 0 < u < t,
as € — 0. The reaction rates of the reduced system are rational functions,
depending on k;, T

Moreover, the QSSA is valid

Feliu & Wiuf (2012,2013a,b); Sdez, Wiuf & Feliu (2016); Feliu, Lax, Walcher & Wiuf (2021)
Related work: King & Altman (1956); Horiuti & Nakamura (1957); Wong & Hanes (1962)
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Thanks

Tikhonov reduction

Tikhonov's theorem assume ‘fast’ and ‘slow’ variables

x=f(x,y), ey=g(x,y)

We have ‘fast’ and ‘slow’ reactions, defined by the reaction rate constants
. 1 . 1
x=—hly) +h(xy), v=ailxy) +elxy)

There exist conditions under which a reaction network with fast and slow
reactions can be transformed into Tikhonov form?!

Assuming mass-action kinetics and that the eliminated species are non-interacting
then the conditions are fulfilled

Lax, Seliger & Walcher (2018)

Carsten Wiuf 19/23



Thanks

Application of Tikhonov theory

Tikhonov reduction (non-interacting species)?

Let a mass-action reaction network and a set of non-interacting species be
given. Further suppose

@ the eliminated-species graph consists of strongly connected
components

@ the rate constants of the reactions involving non-interacting species in

the reactant scale as k; = %Ii,’

@ the conserved quantity of any conservation law involving only
non-interaction species fulfils T = er

The trajectories of the ODE system converge to the trajectories of the
reduced ODE system on finite time intervals [t1, t2], 0 < t; < t2, as € — 0.
The reaction rates of the reduced system depend on k;, 7;

Feliu, Walcher & Wiuf (2018)

Carsten Wiuf 20/23



Thanks

Eliminated-species graph

E+ A= EA EA+B%EAB EAB = EpQ

2 4 6

EPQ =2 EQ+P EQ == E+Q
8

10

k1CA k3CB k5 k7
E— " FEAZ_ " EAB__ _EPQ____EQ

k2 k4 k@ kg cp

Carsten Wiuf



Thanks

Reactions in the reduced reaction network

i) Consider a directed cycle and the corresponding reactions

kica kacp ks k7 kic,
E——EA— —“EAB— " EPQ— —EQ E+A RALLEN EA

EA+B B, EAB
EAB -~ EPQ
o EPQ 5 EQ+P

EQ ko, E1Q

Carsten Wiuf



Thanks

Reactions in the reduced reaction network

i) Consider a directed cycle and the corresponding reactions

ii) Cancel the eliminated species on both sides

kica kscg ks k7 kica
E— —EA— " EAB— " EPQ— —EQ A —
k:
B 3CB
ks
ko ka 3 P
ke
_9> Q

Carsten Wiuf



Thanks

Reactions in the reduced reaction network

i) Consider a directed cycle and the corresponding reactions
ii) Cancel the eliminated species on both sides

iii) Add the remaining reactants and products

kica kscg ks k7 kica
E— —EA— " EAB— " EPQ— —EQ A —
k:
B 3CB
ks
ko ka 3 P
ke
_9> Q

A+B —— P+Q

Carsten Wiuf



Thanks

Reactions in the reduced reaction network

)

) Cancel the eliminated species on both sides
iii) Add the remaining reactants and products

)

iv) Define the rate function as _Er(c)

Consider a directed cycle and the corresponding reactions

x
X
L‘Q

X
)
o

Sy

kica kscg ks kr
E— —EA— “EAB~ “EPQ “EQ A
B
ko
r(c) = k1k3k5k7k9CACB
A+ B

Carsten Wiuf
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Thanks

Reactions in the reduced reaction network

1

Reduced reaction network (non-interacting species)

The reduced ODE system can always be interpreted as a reaction network
on the core species.
The reactions are derived from the cycles of the eliminated-species graph

Kinetic of the reduced reaction network (non-interacting species)!

If the original system has mass-action kinetics then the reaction rates are
of the form %, where p, g are polynomials in ¢, and % is irreducible.

Furthermore, the numerator p(c) has mass-action form

1Ssez, Wiuf & Feliu (2017)
King & Altman (1956); Horiuti & Nakamura (1957); Wong & Hanes (1962); Temkin (1965); Temkin & Bonchev (1992)
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