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1.
J̇ = mq̇ × q̇ + mq× q̈

= 0− kq × q̂/q2

= 0

since cross products of parallel vectors are zero.

2.
mq̈ × J = −kq̂× J/q2

= −mkq̂× (q × q̇)/q2

= −mk(q̂ · q̇)q/q2 + mk(q̂ · q)q̇/q2

= (mk/q3)
(

(q · q)q̇ − (q · q̇)q
)

so q̈ × J = (k/q3)
(

(q · q)q̇ − (q · q̇)q
)

Now, differentiate q2 = q · q to get 2qq̇ = 2q · q̇, and then

differentiate q = qq̂ to get q̇ = q̇q̂ + q ˙̂q. Then q3 ˙̂q = q2q̇ − qq̇q = (q · q)q̇ − (q · q̇)q, and we see
that q̈ × J = k ˙̂q.

3. Since J̇ = 0, we obtain d

dt
(q̇ × J) = q̈ × J = k ˙̂q, as desired.

4. Since k is a constant, the above formula says that

d

dt
(q̇ × J − kq̂) = 0.

Thus if x := q̇× J − kq̂, then we have q̇ × J = kq̂ + x with ẋ = 0.

5. If A = 1

k
q̇× J − q̂, then

A · q = 1

k
(q̇ × J) · q − q̂ · q

= 1

k
(q × q̇) · J − qq̂ · q̂

= 1

km
J · J − q

since J = mq × q̇ and |q̂| = 1.

6. Aq cos θ = A · q = 1

km
J · J − q, so q(A cos θ + 1) = 1

km
J · J, resulting in the desired formula.


