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Abstract

We begin with a chronology tracing the rise of symmetry concepts in
physics, starting with groups and their role in relativit y, and leading up
to more sophisticated concepts from n-category theory, which manifest
themselves in Feynman diagrams and their higher-dimensional general-
izations: strings, membranes and spin foams.

1 In tro duction

This paper is a highly subjective chronology describing how physicists have be-
gun to use ideas from n-category theory in their work, often without making
this explicit. Somewhatarbitrarily , we start around the discovery of relativit y
and quantum mechanics, and lead up to conformal �eld theory and topological
�eld theory. In parallel, we trace a bit of the history of n-categories,from Eilen-
berg and Mac Lane's intro duction of categories,to later work on monoidal and
braided monoidal categories,to Grothendieck's dreamsinvolving 1 -categories,
and subsequent attempts to realize this dream. Our chronology ends at the
dawn of the 21st century; after then, developments have beencoming so thick
and fast that we have not had time to put them in proper perspective.

We call this paper a `prehistory' becausen-categoriesand their applications
to physicsare still in their infancy. We call it `a' prehistory becauseit represents
just oneview of a multi-faceted subject: many other such storiescan and should
be told. RossStreet's Conspectus of Australian Category Theory [1] is a good
example: it overlaps with ours, but only slightly . There are many aspects of
n-categorical physics that our chronology fails to mention, or touches on very
brie
y; other stories could redress these de�ciencies. It would also be good
to have a story of n-categories that focused on algebraic topology, one that
focusedon algebraic geometry, and one that focusedon logic. For n-categories
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in computer science,we have John Power's Why Tricategories?[2], which while
not focusedon history at least explains someof the issuesat stake.

What is the goal of this prehistory? We are scientists rather than historians
of science,so we are trying to make a speci�c scienti�c point, rather than accu-
rately describe every twist and turn in a complex sequenceof events. We want
to show how categoriesand even n-categorieshave slowly come to be seenas
a good way to formalize physical theories in which `processes'can be drawn as
diagrams|for example Feynman diagrams|but interpreted algebraically|for
exampleas linear operators. To minimize the prerequisites,we include a gentle
intro duction to n-categories(in fact, mainly just categoriesand 2-categories).
We also include a review of somerevelant aspects of 20th-century physics.

The most obvious roads to n-category theory start from issuesinternal to
pure mathematics. Applications to physics only became visible much later,
starting around the 1980s.So far, theseapplications mainly arise around theo-
ries of quantum gravit y, especially string theory and `spin foam models' of loop
quantum gravit y. These theories are speculative and still under development,
not ready for experimental tests. They may or may not succeed.So, it is too
early to write a real history of n-categorical physics, or even to know if this
subject will becomeimportant. We believe it will|but so far, all we have is a
`prehistory'.

2 Road Map

Before we begin our chronology, to help the reader keep from getting lost in a
cloud of details, it will be helpful to sketch the road ahead. Why did categories
turn out to be useful in physics? The reasonis ultimately very simple. A cate-
gory consistsof `objects' x; y; z; : : : and `morphisms' which go betweenobjects,
for example

f : x ! y:

A good exampleis the category of Hilb ert spaces,where the objects are Hilb ert
spacesand the morphisms are bounded operators. In physics we can think
of an object as a `state space' for some physical system, and a morphism as
a `process'taking states of one system to states of another (perhaps the same
one). In short, weuseobjects to describe kinematics, and morphismsto describe
dynamics.

Why n-categories? For this we need to understand a bit about categories
and their limitations. In a category, the only thing we can do with morphisms
is `compose' them: given a morphism f : x ! y and a morphism g: y ! z, we
can composethem and obtain a morphism gf : x ! z. This corresponds to our
basic intuition about processes,namely that onecan occur after another. While
this intuition is temporal in nature, it lends itself to a nice spatial metaphor.
We can draw a morphism f : x ! y as a `black box' with an input of type x
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and an output of type y:

f

��x

��y

Composingmorphisms then correspondsto feedingthe output of oneblack box
into another:

f

��x

��y

g

��z

This sort of diagram might be su�cien t to represent physical processesif the
universewere1-dimensional: no dimensionsof space,just onedimensionof time.
But in reality, processescan occur not just in series but also in parallel|`side
by side', as it were:

f

��x

��y

f 0

�� x0

�� y0

To formalize this algebraically, we needsomethingmore than a category: at the
very least a `monoidal category', which is a special sort of `2-category'. The
term `2-category' hints at the two ways of combining processes:in seriesand in
parallel.

Similarly, the mathematics of 2-categoriesmight be su�cien t for physics if
the universewere only 2-dimensional: one dimension of space,one dimension
of time. But in our universe,is also possiblefor physical systemsto undergo a
special sort of processwhere they `switch places':





��

��

x y

To depict this geometrically requires a third dimension, hinted at here by the
crossing lines. To formalize it algebraically, we need something more than a
monoidal category: at the very least a `braided monoidal category', which is a
special sort of `3-category'.

This escalationof dimensionscan continue. In the diagrams Feynman used
to describe interacting particles, we can continuously interpolate between this
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way of switching two particles:





��

��

x y

and this:






 ��

x y

This requiresfour dimensions: oneof time and three of space.To formalize this
algebraically we need a `symmetric monoidal category', which is a special sort
of 4-category.

More generaln-categories,including thosefor higher valuesof n, may alsobe
useful in physics. This is especially true in string theory and spin foam models
of quantum gravit y. These theories describe strings, graphs, and their higher-
dimensional generalizations propagating in spacetimeswhich may themselves
have more than 4 dimensions.

So, in abstract the idea is simple: we can use n-categoriesto algebraically
formalize physical theories in which processescan be depicted geometrically
using n-dimensional diagrams. But the development of this idea has been long
and convoluted. It is also far from �nished. In our chronology we describe its
development up to the year 2000. To keepthe tale from becomingunwieldy, we
have beenruthlessly selective in our choice of topics.

In particular, wecanroughly distinguish two linesof thought leading towards
n-categorical physics: one beginning with quantum mechanics, the other with
general relativit y. Since a major challenge in physics is reconciling quantum
mechanicsand generalrelativit y, it is natural to hope that theselines of thought
will eventually merge. We are not sure yet how this will happen, but the two
lineshavealready beeninteracting throughout the 20th century . Our chronology
will focus on the �rst. But before we start, let us give a quick sketch of both.

The �rst line of thought starts with quantum mechanics and the realization
that in this subject, symmetries are all-important. Taken abstractly, the sym-
metries of any system form a group G. But to describe how these symmetries
act on states of a quantum system, we needa `unitary representation' � of this
group on some Hilb ert spaceH . This sendsany group element g 2 G to a
unitary operator � (g) : H ! H .

The theory of n-categoriesallows for drastic generalizationsof this idea. We
can seeany group G as a category with oneobject where all the morphisms are
invertible: the morphisms of this category are just the elements of the group,
while composition is multiplication. There is alsoa category Hilb whereobjects
are Hilb ert spacesand morphisms are linear operators. A representation of G
can be seenas a map from the �rst category to the second:

� : G ! Hilb :
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Such a map between categoriesis called a `functor'. The functor � sendsthe
one object of G to the Hilb ert spaceH , and it sendseach morphism g of G to
a unitary operator � (g) : H ! H . In short, it realizeselements of the abstract
group G as actual transformations of a speci�c physical system.

The advantage of this viewpoint is that now the group G can be replaced
by a more general category. Topological quantum �eld theory provides the
most famous example of such a generalization, but in retrospect the theory
of Feynman diagrams provides another, and so does Penrose'stheory of `spin
networks'.

More dramatically, both G and Hilb may be replaced by a more general
sort of n-category. This allows for a rigorous treatment of physical theories
where physical processesare described by n-dimensional diagrams. The basic
idea, however, is always the same: a physical theory is a map sending`abstract'
processesto actual transformations of a speci�c physical system.

The secondline of thought starts with Einstein's theory of generalrelativit y,
which explains gravit y as the curvature of spacetime. Abstractly , the presence
of `curvature' meansthat asa particle movesthrough spacetimefrom onepoint
to another, its internal state transforms in a manner that dependsnontrivially
on the path it takes. Einstein's great insight was that this notion of curvature
completely subsumesthe older idea of gravit y asa `force'. This insight waslater
generalizedto electromagnetismand the other forces of nature: we now treat
them all as various kinds of curvature.

In the languageof physics, theories where forces are explained in terms of
curvature arecalled`gaugetheories'. Mathematically, the key conceptin a gauge
theory is that of a `connection' on a `bundle'. The idea here is to start with a
manifold M describingspacetime. For each point x of spacetime,a bundle gives
a set Ex of allowed internal states for a particle at this point. A connection
then assignsto each path 
 from x 2 M to y 2 M a map � (
 ) : Ex ! Ey . This
map, called `parallel transport', says how a particle starting at x changesstate
if it movesto y along the path 
 .

Category theory lets us see that a connection is also a kind of functor.
There is a category called the 'path groupoid' of M , denoted P1(M ), whose
objects are points of M : the morphisms are paths, and composition amounts
to concatenating paths. Similarly, any bundle E gives a 'transport category',
denoted Trans(E), where the objects are the sets Ex and the morphisms are
maps betweenthese. A connection givesa functor

� : P1(M ) ! Trans(P):

This functor sendseach object x of P1(M ) to the set Ex , and sendseach path

 to the map � (
 ).

So, the `secondline of thought', starting from general relativit y, leads to
a picture strikingly similar to the �rst! Just as a unitary group representa-
tion is a functor sending abstract symmetries to transformations of a speci�c
physical system, a connection is a functor sendingpaths in spacetimeto trans-
formations of a speci�c physical system: a particle. And just as unitary group
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representations are a special caseof physical theoriesdescribed asmapsbetween
n-categories,when we go from point particles to higher-dimensionalobjects we
meet `higher gaugetheories', which usemaps betweenn-categoriesto describe
how such objects change state as they move through spacetime[3]. In short:
the �rst and secondlines of thought are evolving in parallel|and intimately
linked, in ways that still needto be understood.

Sadly, we will not have much room for general relativit y, gaugetheories, or
higher gaugetheories in our chronology. We will be fully occupied with group
representations asapplied to quantum mechanics,Feynmandiagramsasapplied
to quantum �eld theory, how these diagrams becamebetter understood with
the rise of n-categories,and how higher-dimensionalgeneralizationsof Feynman
diagramsarise in string theory, loop quantum gravit y, topological quantum �eld
theory, and the like.

3 Chronology

Maxw ell (1876)

In his book Matter and Motion, Maxwell [4] wrote:

Our whole progressup to this point may be described as a gradual
development of the doctrine of relativit y of all physical phenomena.
Position we must evidently acknowledgeto be relative, for we cannot
describe the position of a body in any terms which do not express
relation. The ordinary languageabout motion and rest doesnot so
completely exclude the notion of their being measuredabsolutely,
but the reasonof this is, that in our ordinary languagewe tacitly
assumethat the earth is at rest.... There are no landmarks in space;
one portion of spaceis exactly like every other portion, so that we
cannot tell where we are. We are, as it were, on an unru�ed sea,
without stars, compass,sounding,wind or tide, and we cannot tell in
what direction we are going. We have no log which we can caseout
to take a dead reckoning by; we may compute our rate of motion
with respect to the neighboring bodies, but we do not know how
thesebodies may be moving in space.

Readers less familiar with the history of physics may be surprised to see
these words, written 3 years before Einstein was born. In fact, the relative
nature of velocity was already known to Galileo, who also useda boat analogy
to illustrate this. However, Maxwell's equationsdescribing light maderelativit y
into a hot topic. First, it was thought that light waves neededa medium to
propagate in, the `luminiferous aether', which would then de�ne a rest frame.
Second,Maxwell's equationspredicted that wavesof light move at a �xed speed
in vacuum regardlessof the velocity of the source! This seemedto contradict
the relativit y principle. It took the genius of Lorentz, Poincar�e, Einstein and
Mink owski to realize that this behavior of light is compatible with relativit y of
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motion if weassumespaceand time areunited in a geometricalstructure wenow
call Minkowski spacetime. But when this realization came, the importance of
the relativit y principle washighlighted, and with it the importance of symmetry
groups in physics.

Poincar �e (1894)

In 1894, Poincar�e invented the fundamen tal group : for any spaceX with a
basepoint � , homotopy classesof loops basedat � form a group � 1(X ). This
hints at the uni�cation of space and symmetry, which was later to becomeone
of the main themes of n-category theory. In 1945, Eilenberg and Mac Lane
described a kind of `inverse' to the processtaking a spaceto its fundamental
group. Sincethe work of Grothendieck in the 1960s,many have cometo believe
that homotopy theory is secretly just the study of certain vast generalizations
of groups, called `n-groupoids'. From this point of view, the fundamental group
is just the tip of an iceberg.

Loren tz (1904)

Already in 1895Lorentz had invented the notion of `local time' to explain the
results of the Michelson{Morley experiment, but in 1904he extendedthis work
and gave formulas for what are now called `Lorentz transformations' [5].

Poincar �e (1905)

In his opening addressto the Paris Congressin 1900,Poincar�e asked `Doesthe
ether really exist?' In 1904 he gave a talk at the International Congressof
Arts and Sciencein St. Louis, in which he noted that \. . . as demandedby the
relativit y principle the observer cannot know whether he is at rest or in absolute
motion".

On the 5th of June, 1905,he wrote a paper `Sur la dynamique de l'electron'
[6] in which he stated: \It seemsthat this impossibility of demonstrating abso-
lute motion is a general law of nature". He named the Lorentz transformations
after Lorentz, and showed that these transformations, together with the rota-
tions, form a group. This is now called the `Lorentz group'.

Einstein (1905)

Einstein's �rst paper on relativit y, `On the electrodynamicsof moving bodies' [7]
was received on June 30th, 1905. In the �rst paragraph he points out problems
that arise from applying the conceptof absoluterest to electrodynamics. In the
second,he continues:

Examplesof this sort, together with the unsuccessfulattempts to dis-
cover any motion of the earth relative to the `light medium,' suggest
that the phenomenaof electrodynamics as well asof mechanicspos-
sessno properties corresponding to the idea of absolute rest. They
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suggestrather that, asalready beenshown to the �rst order of small
quantities, the samelaws of electrodynamics and optics hold for all
framesof referencefor which the equationsof mechanics hold good.
We will raise this conjecture (the purport of which will hereafter be
called the `Principle of Relativit y') to the status of a postulate, and
also intro duce another postulate, which is only apparently irrecon-
cilable with the former, namely, that light is always propagated in
empty spacewith a de�nite velocity c which is independent of the
state of motion of the emitting body.

From thesepostulates he derivesformulas for the transformation of coordi-
nates from one frame of referenceto another in uniform motion relative to the
�rst, and shows thesetransformations form a group.

Mink owski (1908)

In a famousaddressdeliveredat the 80th Assembly of GermanNatural Scientists
and Physicianson September 21, 1908,Hermann Mink owski declared:

The views of spaceand time which I wish to lay before you have
sprung from the soil of experimental physics, and therein lies their
strength. They are radical. Henceforth spaceby itself, and time by
itself, are doomed to fade away into mere shadows, and only a kind
of union of the two will preserve an independent reality.

He formalized special relativit y by treating spaceand time as two aspectsof
a single entit y: spacetime. In simple terms we may think of this as R4, where a
point x = (t; x; y; z) describesthe time and position of an event. Crucially, this
R4 is equipped with a bilinear form, the Mink owski metric :

x � x0 = tt 0 � xx 0 � yy0 � zz0

which we useasa replacement for the usual dot product when calculating times
and distances. With this extra structure, R4 is now called Mink owski space-
time . The group of all linear transformations

T : R4 ! R4

preserving the Mink owski metric is called the Loren tz group , and denoted
O(3; 1).

Heisenberg (1925)

In 1925,Werner Heisenberg cameup with a radical new approach to physics in
which processeswere described using matrices [8]. What makes this especially
remarkable is that Heisenberg, like most physicists of his day, had not heard
of matrices! His idea was that given a system with some set of states, say
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f 1; : : : ; ng, a processU would be described by a bunch of complex numbers U i
j

specifying the `amplitude' for any state i to turn into any state j . He composed
processesby summing over all possibleintermediate states:

(V U) i
k =

X

j

V j
k U i

j :

Later he discussedhis theory with his thesis advisor, Max Born, who informed
him that he had reinvented matrix multiplication.

Heisenberg never liked the term `matrix mechanics' for his work, becausehe
thought it soundedtoo abstract. However, it is an apt indication of the algebraic

a vor of quantum physics.

Born (1928)

In 1928,Max Born �gured out what Heisenberg's mysterious `amplitudes' actu-
ally meant: the absolute value squaredjU i

j j2 givesthe probability for the initial
state i to becomethe �nal state j via the processU. This spelled the end of the
deterministic worldview built into Newtonian mechanics [9]. More shockingly
still, since amplitudes are complex, a sum of amplitudes can have a smaller
absolute value than those of its terms. Thus, quantum mechanics exhibits de-
structiv e interference: allowing more ways for something to happen may reduce
the chancethat it does!

Von Neumann (1932)

In 1932, John von Neumann published a book on the foundations of quantum
mechanics [10], which helped crystallize the now-standard approach to this the-
ory. We hope that the experts will forgive us for omitting many important
subtleties and caveats in the following sketch.

Every quantum system has a Hilb ert spaceof states, H . A state of the
system is described by a unit vector  2 H . Quantum theory is inherently
probabilistic: if we put the system in somestate  and immediately check to
see if it is in the state � , we get the answer `yes' with probabilit y equal to
jh�;  ij 2.

A reversible processthat our system can undergo is called a symmetry .
Mathematically, any symmetry is described by a unitary operator U : H ! H .
If weput the systemin somestate  and apply the symmetry U it will then be in
the state U . If we then check to seeif it is in somestate � , we get the answer
`yes' with probabilit y jh�; U ij 2. The underlying complex number h�; U i is
called a transition amplitude . In particular, if we have an orthonormal basis
ei of H , the numbers

U i
j = hej ; Uei i

are Heisenberg's matrices!
Thus, Heisenberg's matrix mechanics is revealedto be part of a framework

in which unitary operators describe physical processes.But, operators alsoplay
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another role in quantum theory. A real-valued quantit y that we can measureby
doing experiments on our system is called an observ able . Examples include
energy, momentum, angular momentum and the like. Mathematically, any ob-
servable is described by a self-adjoint operator A on the Hilb ert spaceH for the
system in question. Thanks to the probabilistic nature of quantum mechanics,
we can obtain various di�eren t valueswhen we measurethe observable A in the
state  , but the averageor `expected' value will be h ; A i .

If a group G acts as symmetriesof somequantum system,we obtain a uni-
tary represen tation of G, meaning a Hilb ert spaceH equipped with unitary
operators

� (g) : H ! H ;

one for each g 2 G, such that
� (1) = 1H

and
� (gh) = � (g)� (h):

Often the group G will be equipped with a topology. Then we want symmetry
transformation close to the identit y to a�ect the system only slightly , so we
demand that if gi ! 1 in G, then � (gi ) !  for all  2 H . Professionals
usethe term strongly contin uous for representations with this property, but
we shall simply call them contin uous , sincewe never discussany other sort of
continuit y.

Continuit y turns out to have powerful consequences,such as the Stone{von
Neumann theorem: if � is a continuous representation of R on H , then

� (s) = exp(� isA )

for a unique self-adjoint operator A on H . Conversely, any self-adjoint operator
gives a continuous representation of R this way. In short, there is a corre-
spondencebetweenobservablesand one-parametergroups of symmetries. This
links the two roles of operators in quantum mechanics: self-adjoint operators
for observables,and unitary operators for symmetries.

Wigner (1939)

We have already discussedhow the Lorentz group O(3; 1) acts assymmetriesof
spacetimein special relativit y: it is the group of all linear transformations

T : R4 ! R4

preservingthe Mink owski metric. However, the full symmetry group of Mink owski
spacetime is larger: it includes translations as well. So, the really important
group in special relativit y is the so-called`Poincar�e group':

P = O(3; 1) n R4

generatedby Lorentz transformations and translations.



A PREHISTORY OF n-CATEGORICAL PHYSICS 11

Some subtleties appear when we take some �ndings from particle physics
into account. Though time reversal

(t; x; y; z) 7! (� t; x; y; z)

and parit y
(t; x; y; z) 7! (t; � x; � y; � z)

are elements of P, not every physical system has them as symmetries. So it
is better to exclude such elements of the Poincar�e group by working with the
connected component of the identit y, P 0. Furthermore, when we rotate an
electron a full turn, its state vector does not come back to where it stated: it
gets multiplied by -1. If we rotate it two full turns, it gets back to where it
started. To deal with this, we should replaceP 0 by its universal cover, ~P0. For
lack of a snappy name, in what follows we call this group the Poincar �e group .

We have seenthat in quantum mechanics,physical systemsare described by
continuousunitary representations of the relevant symmetry group. In relativis-
tic quantum mechanics, this symmetry group is ~P0. The Stone-von Neumann
theorem then associates observablesto one-parametersubgroupsof this group.
The most important observables in physics|energy , momentum, and angular
momentum|all arise this way!

For example, time translation

gs : (t; x; y; z) 7! (t + s; x; y; z)

givesrise to an observable A with

� (gs) = exp(� isA ):

and this observable is the energyof the system,alsoknown asthe Hamiltonian .
If the system is in a state described by the unit vector  2 H , the expected
value of its energy is h ; A i . In the context of special relativit y, the energy
of a system is always greater than or equal to that of the vacuum (the empty
system,as it were). The energyof the vacuum is zero,so it makessenseto focus
attention on continuous unitary representations of the Poincar�e group with

h ; A i � 0:

Theseare usually called positiv e-energy represen tations .
In a famous 1939 paper, EugeneWigner [11] classi�ed the positive-energy

representations of the Poincar�e group. All these representations can be built
as direct sums of irreducible ones, which serve as candidates for describing
`elementary particles': the building blocks of matter. To specify one of these
representations, weneedto givea number m � 0 called the `mass'of the particle,
a number j = 0; 1

2 ; 1; : : : called its `spin', and sometimesa little extra data.
For example,the photon hasspin 1 and mass0, while the electron hasspin 1

2
and massequal to about 9� 10� 31 kilograms. Nobody knows why particles have
the massesthey do|this is one of the main unsolved problems in physics|but
they all �t nicely into Wigner's classi�cation scheme.
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Eilen berg{Mac Lane (1945)

Eilenberg and Mac Lane [12] invented the notion of a `category' while work-
ing on algebraic topology. The idea is that whenever we study mathematical
gadgetsof any sort|sets, or groups, or topological spaces,or positive-energy
representations of the Poincar�e group, or whatever|w e should also study the
structure-preserving maps betweenthesegadgets. We call the gadgets`objects'
and the maps `morphisms'. The identit y map is always a morphism, and we
can composemorphisms in an associative way.

Eilenberg and Mac Lane thus de�ned a category C to consist of:

� a collection of ob jects ,

� for any pair of objects x; y, a set of Hom(x; y) of morphisms from x to
y, written f : x ! y,

equipped with:

� for any object x, an iden tit y morphism 1x : x ! x,

� for any pair of morphisms f : x ! y and g: y ! z, a morphism gf : x ! z
called the comp osite of f and g,

such that:

� for any morphism f : x ! y, the left and righ t unit laws hold: 1y f =
f = f 1x .

� for any triple of morphisms f : w ! x, g: x ! y, h : y ! z, the associa-
tiv e law holds: (hg)f = h(gf ).

Given a morphism f : x ! y, we call x the source of f and y the target of y.
Eilenberg and Mac Lane did much more than just de�ne the concept of

category. They also de�ned maps betweencategories,which they called `func-
tors'. These send objects to objects, morphisms to morphisms, and preserve
all the structure in sight. More precisely, given categoriesC and D, a functor
F : C ! D consistsof:

� a function F sendingobjects in C to objects in D , and

� for any pair of objects x; y 2 Ob(C), a function also called F sending
morphisms in Hom(x; y) to morphisms in Hom(F (x); F (y))

such that:

� F preservesidentities: for any object x 2 C, F (1x ) = 1F (x ) ;

� F preservescomposition: for any pair of morphisms f : x ! y, g: y ! z
in C, F (gf ) = F (g)F (f ).
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Many of the famous invariants in algebraic topology are actually functors,
and this is part of how we convert topology problems into algebraproblemsand
solve them. For example, the fundamental group is a functor

� 1 : Top ! Grp:

In other words, not only does any topological space X have a fundamental
group � 1(X ), but also any continuous map f : X ! Y givesa homomorphism
� 1(f ) : � 1(X ) ! � 1(Y ), in a way that gets along with composition. So, to show
that the inclusion of the circle in the disc

S1 D 2
i //

doesnot admit a retraction|that is, a map

S1D 2
r //

such that this diagram commutes:

S1 S1

D 2

i

??••••••••
r

��?
??

??
??

?

1S 1
//

wesimply hit this questionwith the functor � 1 and note that the homomorphism

� 1(i ) : � 1(S1) ! � 1(D 2)

cannot have a homomorphism

� 1(r ) : � 1(D 2) ! � 1(S1)

for which � 1(r )� 1(i ) is the identit y, because� 1(S1) = Z and � 1(D 2) = 0.
However, Mac Lane later wrote that the real point of this paper was not

to de�ne categories, nor to de�ne functors between categories,but to de�ne
`natural transformations' betweenfunctors! Thesecan be drawn as follows:

� �

F

��

G

BB
�
��C D

Given functors F; G: C ! D , a natural transformation � : F ) G consists
of:

� a function � mapping each object x 2 C to a morphism � x : F (x) ! G(x)
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such that:

� for any morphism f : x ! y in C, this diagram commutes:

F (x)
F ( f ) //

� x

��

F (y)

� y

��
G(x)

G(f )
//G(y)

The commuting squarehereconveysthe ideasthat � not only givesa morphism
� x : F (x) ! G(x) for each object x 2 C, but doesso `naturally'|that is, in a
way that is compatible with all the morphisms in C.

The most immediately interesting natural transformations are the natural
isomorphisms. When Eilenberg and Mac Lane were writing their paper, there
weremany di�eren t recipesfor computing the homology groups of a space,and
they wanted to formalize the notion that thesedi�eren t recipesgive groups that
are not only isomorphic, but `naturally' so. In general, we say a morphism
g: y ! x is an isomorphism if it has an inverse: that is, a morphism f : x !
y for which f g and gf are identit y morphisms. A natural isomorphism
between functors F; G: C ! D is then a natural transformation � : F ) G
such that � x is an isomorphism for all x 2 C. Alternativ ely, we can de�ne how
to composenatural transformations, and say a natural isomorphismis a natural
transformation with an inverse.

Invertible functors are also important|but herean important theme known
as`weakening' intervenesfor the �rst time. Supposewehavefunctors F : C ! D
and G: D ! C. It is unreasonableto demand that if we apply �rst F and then
G, we get back exactly the object we started with. In practice all we really
need,and all we typically get, is a naturally isomorphic object. So, we we say
a functor F : C ! D is an equiv alence if it has a weak in verse, that is, a
functor G: D ! C such that there exist natural isomorphisms � : GF ) 1C ,
� : F G ) 1D .

In the �rst applications to topology, the categories involved were mainly
quite large: for example, the category of all topological spaces,or all groups. In
fact, thesecategoriesare even `large' in the technical sense,meaning that their
collection of objects is not a set but a proper class. But later applications of
category theory to physics often involved small categories.

For example, any group G can be thought of as a category with one object
and only invertible morphisms: the morphisms are the elements of G, and com-
position is multiplication in the group. A representation of G on a Hilb ert space
is then the sameas a functor

� : G ! Hilb ;

where Hilb is the category with Hilb ert spacesas objects and bounded linear
operators as morphisms. While this viewpoint may seemlike overkill, it is a
protot ype for the idea of describing theories of physics as functors, in which
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`abstract' physical processes(e.g. symmetries) get represented in a `concrete'
way (e.g.asoperators). However, this ideacamelong after the work of Eilenberg
and Mac Lane: it was born sometimearound Lawvere's1963thesis, and came
to maturit y in Atiy ah's 1988de�nition of `topological quantum �eld theory'.

Feynman (1947)

After World War I I, many physicists who had beenworking in the Manhattan
project to develop the atomic bomb returned to work on particle physics. In
1947,a small conferenceon this subject washeld at Shelter Island, attended by
luminaries such asBohr, Oppenheimer,von Neumann, Weisskopf, and Wheeler.
Feynman presented his work on quantum �eld theory, but it seemsnobody
understood it except Schwinger, who was later to share the Nobel prize with
him and Tomonaga.Apparently it wasa bit too far-out for most of the audience.

Feynman described a formalism in which time evolution for quantum sys-
tems was described using an integral over the spaceof all classicalhistories: a
`Feynman path integral'. Theseare notoriously hard to make rigorous. But, he
also described a way to compute theseperturbativ ely as a sum over diagrams:
`Feynman diagrams'. For example, in QED, the amplitude for an electron to
absorb a photon is given by:

''
''
''
'

��
�K
�K
�K
�K

��

+

--
--

-
��
	I
	I
	I

��
�Z
�U
�O
	I

�D

+ ''
''
''
''

��

J

J

J

J

J

��

#c�_
�V
�Q

M

J

�G
�C

+ � � � +

--
--

-
��
�� 	I

	I
	I

��
��

�Y
�T
�O

J

�E
�^�^�^

�G
�G

�Y
�Y + � � �

All thesediagrams describe ways for an electron and photon to comein and an
electron to go out. Lines with arrows pointing downwards stand for electrons.
Lines with arrows pointing upwards stand for positrons: the positron is the
`antiparticle' of an electron, and Feynman realized that this could thought of as
an electron going backwards in time. The wiggly lines stand for photons. The
photon is its own antiparticle, so we do not needarrows on thesewiggly lines.

Mathematically, each of the diagrams shown above is shorthand for a linear
operator

f : He 
 H 
 ! He

where He is the Hilb ert spacefor an electron, and H 
 is a Hilb ert spacefor a
photon. We take the tensor product of group representations when combining
two systems,so He 
 H 
 is the Hilb ert spacefor an photon together with an
electron.

As already mentioned, elementary particles are described by certain special
representations of the Poincar�egroup|the irreducible positive-energyones. So,
He and H 
 are representations of this sort. We can tensor these to obtain
positive-energy representations describing collections of elementary particles.
Moreover, each Feynman diagram describes an in tert wining op erator : an
operator that commutes with the action of the Poincar�e group. This expresses
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the fact that if we, say, rotate our laboratory before doing an experiment, we
just get a rotated version of the result we would otherwise get.

So, Feynman diagrams are a notation for intertwining operators between
positive-energy representations of the Poincar�e group. However, they are so
powerfully evocative that they are much more than a mere tric k! As Feynman
recalled later [13]:

The diagrams were intended to represent physical processesand the
mathematical expressionsusedto describe them. Each diagram sig-
ni�ed a mathematical expression. In these diagrams I was seeing
things that happened in spaceand time. Mathematical quantities
were being associated with points in spaceand time. I would see
electronsgoing along, being scattered at one point, then going over
to another point and getting scattered there, emitting a photon and
the photon goes there. I would make little pictures of all that was
going on; these were physical pictures involving the mathematical
terms.

Feynman �rst published papers containing such diagrams in 1949 [14, 15].
However, his work reached many physicists through expository articles pub-
lished even earlier by oneof the few peoplewho understood what he was up to:
FreemanDyson [16,17]. For more on the history of Feynman diagrams, seethe
book by Kaiser [18].

The generalcontext for such diagrammatic reasoningcamemuch later, from
category theory. The idea is that we can draw a morphism f : x ! y as an
arrow going down:

x

y

f

��

but then we can switch to a style of drawing in which the objects are depicted
not as dots but as `wires', while the morphisms are drawn not as arrows but as
`black boxes' with one input wire and one output wire:

f �

��x

��y

or f

��x

��y

This is starting to look a bit like a Feynman diagram! However, to get really
interesting Feynman diagrams we need black boxes with many wires going in
and many wires going out. Thesemathematics necessaryfor this wasformalized
later, in Mac Lane's 1963 paper on monoidal categories(seebelow) and Joyal
and Street's 1980swork on `string diagrams' [19].
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Yang{Mills (1953)

In modern physics the electromagneticforce is described by a U(1) gauge�eld.
Most mathematicians prefer to call this a `connectionon a principal U(1) bun-
dle'. Jargon aside,this meansthat if we carry a chargedparticle around a loop
in spacetime, its state will be multiplied by someelement of U(1)|that is, a
phase|thanks to the presenceof the electromagnetic �eld. Moreover, every-
thing about electromagnetismcan be understood in theseterms!

In 1953,Chen Ning Yang and Robert Mills [20] formulated a generalization
of Maxwell's equations in which forces other than electromagnetism can be
described by connectionson G-bundles for groupsother than U(1). With a vast
amount of work by many great physicists, this ultimately led to the `Standard
Model', a theory in which all forces other than gravity are described using a
connection on a principal G-bundle where

G = U(1) � SU(2) � SU(3):

Though everyone would like to more deeply understand this curious choice of
G, at present it is purely a matter of �tting the experimental data.

In the Standard Model, elementary particles are described as irreducible
positive-energy representations of ~P0 � G. Perturbativ e calculations in this
theory can be done using souped-up Feynman diagrams, which are a notation
for intert wining operators betweenpositive-energyrepresentations of ~P0 � G.

While e�cien t, the mathematical jargon in the previous paragraphs does
little justice to how physicists actually think about these things. For example,
Yang and Mills did not know about bundles and connections when formulating
their theory. Yang later wrote [21]:

What Mills and I were doing in 1954 was generalizing Maxwell's
theory. Weknew of no geometricalmeaningof Maxwell's theory, and
wewerenot looking in that direction. To a physicist, gaugepotential
is a concept rooted in our description of the electromagnetic �eld.
Connection is a geometrical concept which I only learned around
1970.

Mac Lane (1963)

In 1963Mac Lane published a paper describing the notion of a `monoidal cat-
egory' [22]. The idea was that in many categoriesthere is a way to take the
`tensor product' of two objects, or of two morphisms. A famous example is the
categoryVect, where the objects are vector spacesand the morphismsare linear
operators. This becomesa monoidal category with the usual tensor product of
vector spacesand linear maps. Other examplesinclude the category Set with
the cartesianproduct of sets,and the category Hilb with the usual tensor prod-
uct of Hilb ert spaces.We will also be interested in FinVect and FinHilb, where
the objects are �nite-dimensional vector spaces(resp. Hilb ert spaces)and the
morphisms are linear maps. We will also get many examplesfrom categories
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of representations of groups. The theory of Feynman diagrams, for example,
turns out to be basedon the symmetric monoidal category of positive-energy
representations of the Poincar�e group!

In a monoidal category, given morphisms f : x ! y and g: x0 ! y0 there is
a morphism

f 
 g: x 
 x0 ! y 
 y0:

We can also draw this as follows:

f �

�� x

�� y

�

�� x 0

�� y 0

g

This sort of diagram is sometimescalled a `string diagram'; the mathematics of
thesewas formalized later [19], but we can't resist using them now, since they
are so intuitiv e. Notice that the diagrams we could draw in a mere category
were intrinsically 1-dimensional,becausethe only thing we could do is compose
morphisms, which we draw by sticking one on top of another. In a monoidal
category the string diagrams become2-dimensional, becausenow we can also
tensor morphisms, which we draw by placing them side by side.

This idea continuesto work in higher dimensionsas well. The kind of cate-
gory suitable for 3-dimensionaldiagramsis calleda `braided monoidal category'.
In such a category, every pair of objects x; y is equipped with an isomorphism
called the `braiding', which switchesthe order of factors in their tensor product:

Bx;y : x 
 y ! y 
 x:

We can draw this processof switching as a diagram in 3 dimensions:





��

��

x y

and the braiding Bx;y satis�es axioms that are related to the topology of 3-
dimensional space.

All the examplesof monoidal categoriesgivenabovearealsobraided monoidal
categories.Indeed, many mathematicians would shamelesslysay that given vec-
tor spacesV and W , the tensor product V 
 W is `equal to' the tensor product
W 
 V . But this is not really true; if you examine the �ne print you will see
that they are just isomorphic, via this braiding:

BV;W : v 
 w 7! w 
 v:

Actually , all the examplesabove are not just braided but also `symmetric'
monoidal categories.This meansthat if you switch two things and then switch
them again, you get back where you started:

Bx;y By ;x = 1x 
 y :
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Becauseall the braided monoidal categoriesMac Lane knew satis�ed this extra
axiom, he only consideredsymmetric monoidal categories. In diagrams, this
extra axiom says that:

��x �� y = ��x �� y

In 4 or more dimensions, any knot can be untied by just this sort of process.
Thus, the string diagrams for symmetric monoidal categoriesshould really be
drawn in 4 or more dimensions! But, we can cheat and draw them in the plane,
as we have above.

It is worth taking a look at Mac Lane's precisede�nitions, since they are a
bit subtler than our summary suggests,and these subtleties are actually very
interesting.

First, he demanded that a monoidal category have a unit for the tensor
product, which he call the `unit object', or `1'. For example, the unit for tensor
product in Vect is the ground �eld, while the unit for the Cartesian product in
Set is the one-element set. (Which one-element set? Chooseyour favorite one!)

Second,Mac Lane did not demand that the tensor product be associative
`on the nose':

(x 
 y) 
 z = x 
 (y 
 z);

but only up a speci�ed isomorphism called the `associator':

ax;y ;z : (x 
 y) 
 z ! x 
 (y 
 z):

Similarly, he didn't demandthat 1 act asthe unit for the tensor product `on the
nose', but only up to speci�ed isomorphismscalled the `left and right unitors':

`x : 1 
 x ! x; r x : x 
 1 ! x:

The reasonis that in real life, it is usually too much to expect equationsbetween
objects in a category: usually we just have isomorphisms, and this is good
enough! Indeed this is a basic moral of category theory: equations between
objects are bad; we should instead specify isomorphisms.

Third, and most subtly of all, Mac Lane demandedthat the associator and
left and right unitors satisfy certain `coherencelaws', which let us work with
them assmoothly as if they were equations. Theselaws are called the pentagon
and triangle identities.

Here is the actual de�nition. A monoidal category consistsof:

� a category M .
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� a functor called the tensor pro duct 
 : M � M ! M , where we write

 (x; y) = x 
 y and 
 (f ; g) = f 
 g for objects x; y 2 M and morphisms
f ; g in M .

� an object called the iden tit y ob ject 1 2 M .

� natural isomorphismscalled the associator :

ax;y ;z : (x 
 y) 
 z ! x 
 (y 
 z);

the left unit law:
`x : 1 
 x ! x;

and the righ t unit law:

r x : x 
 1 ! x:

such that the following diagrams commute for all objects w; x; y; z 2 M :

� the pentagon iden tit y :

(w 
 (x 
 y)) 
 z

((w 
 x) 
 y) 
 z

(w 
 x) 
 (y 
 z)

w 
 (x 
 (y 
 z))w 
 ((x 
 y) 
 z)

aw ;x;y 
 1z

{{vvv
vvv

vvv
vvv

vvv
vvv

vvv

aw ;x 
 y ;z

��)
))

))
))

))
))

))
))

))
))

))
))

1w 
 ax;y ;z

//

aw ;x;y 
 z



��
��
��
��
��
��
��
��
��
��
��
�

aw 
 x;y ;z

##H
HHH

HHH
HHH

HHH
HHH

HHH
HH

governing the associator.

� the triangle iden tit y :

(x 
 1) 
 y
ax; 1 ;y //

r x 
 1y &&LLL
LLL

LLL
L x 
 (1 
 y)

1x 
 ` yxxrrr
rrr

rrr
r

x 
 y
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governing the left and right unitors.
The pentagon and triangle identities arethe leastobviouspart of this de�nition|

but also the truly brillian t part. The point of the pentagon identit y is that
when we have a tensor product of four objects, there are �v e ways to parenthe-
size it, and at �rst glance the associator givestwo di�eren t isomorphismsfrom
w
 (x 
 (y 
 z)) to ((w
 x) 
 y) 
 z. The pentagon identit y says theseare in fact
the same! Of coursewhen we have tensor products of even more objects there
are even more ways to parenthesizethem, and even more isomorphismsbetween
them built from the associator. However, Mac Lane showed that the pentagon
identit y implies these isomorphisms are all the same. If we also assumethe
triangle identit y, all isomorphismswith the samesourceand target built from
the associator, left and right unit laws are equal.

In fact, the pentagon was also intro duced in 1963by JamesStashe� [23], as
part of an in�nite sequenceof polytopescalled `associahedra'. Stashe� de�ned
a concept of `A1 -space',which is roughly a topological spacehaving a product
that is associative up to homotopy, where this homotopy satis�es the pentagon
identit y up homotopy, that homotopy satis�es yet another identit y up to homo-
topy, and so on, ad in�nitum . The nth of these identities is described by the
n-dimensionalassociahedron. The �rst identit y is just the associative law, which
plays a crucial role in the de�nition of monoid : a set with associative product
and identit y element. Mac Lane realizedthat the second,the pentagon identit y,
should play a similar role in the de�nition of monoidal category. The higher
onesshow up in the theory of monoidal 2-categories,monoidal 3-categoriesand
so on.

With the concept of monoidal category in hand, one can de�ne a braided
monoidal category to consist of:

� a monoidal category M , and

� a natural isomorphism called the braiding :

Bx;y : x 
 y ! y 
 x:

such that thesetwo diagrams commute, called the hexagon iden tities :

(x 
 y) 
 z (y 
 x) 
 z

x 
 (y 
 z) y 
 (x 
 z)

(y 
 z) 
 x y 
 (z 
 x)

B x;y 
 z //
ay ;x;z

%%LLL
LLL

LLa � 1
x;y ;z

99rrrrrrrr

B x;y 
 z %%LLL
LLL

LL

ay ;z ;x
//

y 
 B x;zyyrrr
rrr

rr
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x 
 (y 
 z) x 
 (z 
 y)

(x 
 y) 
 z (x 
 z) 
 y

z 
 (x 
 y) (z 
 x) 
 y

x 
 B y ;z //
a � 1

x;z ;y

%%LLL
LLL

LLax;y ;z
99rrrrrrrr

B x 
 y ;z %%LLL
LLL

LL

a � 1
z ;x;y

//
B x;z 
 yyyrrr
rrr

rr

The �rst hexagon equation says that switching the object x past y 
 z all at
once is the sameas switching it past y and then past z (with someassociators
thrown in to move the parentheses).The secondoneis similar: it says switching
x 
 y past z all at onceis the sameas doing it in two steps.

We de�ne a symmetric monoidal category to be a braided monoidal
category M for which the braiding satis�es B x;y = B � 1

y ;x for all objects x and y.
A monoidal, braided monoidal, or symmetric monoidal category is called strict
if ax;y ;z ; `x ; and r x are always identit y morphisms. In this casewe have

(x 
 y) 
 z = x 
 (y 
 z);

1 
 x = x; x 
 1 = x:

Mac Lane showed in a certain precise sense,every monoidal or symmetric
monoidal category is equivalent to a strict one. The sameis true for braided
monoidal categories. However, the examplesthat turn up in nature, like Vect,
are rarely strict.

Lawv ere (1963)

The famouscategory theorist F. William Lawverebeganhis graduate work un-
der Cli�ord Truesdell, an expert on `continuum mechanics', that very practical
branch of classical �eld theory which deals with 
uids, elastic bodies and the
like. In the process,Lawvere got very interested in the foundations of physics,
particularly the notion of `physical theory', and his research took a very abstract
turn. SinceTruesdell had worked with Eilenberg and Mac Lane during World
War I I, he sent Lawvere to visit Eilenberg at Columbia University, and that is
where Lawvere wrote his thesis.

In 1963,Lawvere �nished a thesis wason `functorial semantics' [24]. This is
a generalframework for theoriesof mathematical or physical objects in which a
`theory' is described by a category C, and a `model' of this theory is described
by a functor Z : C ! D . Typically C and D are equipped with extra structure,
and Z is required to preserve this structure. The category D plays the role of
an `environment' in which the models live; often we take D = Set.

Variants of this idea soon becameimportant in topology, especially `PROPs'
and `operads'. In the late 1960's and early 70's, Mac Lane [25], Boardmann
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and Vogt [26], May [27] and others used these variants to study `homotopy-
coherent' algebraicstructures: that is, structures with operationssatisfying laws
only up to homotopy, with the homotopies themselves obeying certain laws,
but only up to homotopy, ad in�nitum . The easiestexamplesare Stashe� 's
A1 -spaces,which we mentioned in the previous section. The laws governing
A1 -spacesare encoded in `associahedra' such as the pentagon. In later work,
it was seenthat the associahedra form an operad. By the 90's, operads had
becamevery important both in mathematical physics [28,29] and the theory of
n-categories[30]. Unfortunately , explaining this line of work would take us far
a�eld.

Other outgrowths of Lawvere's vision of functorial semantics include the
de�nitions of `conformal �eld theory' and `topological quantum �eld theory',
propounded by Segaland Atiy ah in the late 1980s.We will have much more to
say about these. In keepingwith physicsterminology, theselater authors usethe
word `theory' for what Lawverecalled a `model': namely, a structure-preserving
functor Z : C ! D . There is, however, a much more important di�erence.
Lawvere focusedon classicalphysics, and took C and D to be categorieswith
cartesian products. Segaland Atiy ah focusedon quantum physics,and took C
and D to be symmetric monoidal categories,not necessarilycartesian.

B�enabou (1967)

In 1967B�enabou [31] intro duced the notion of a `bicategory', or as it is some-
times now called, a `weak 2-category'. The idea is that besidesobjects and
morphisms, a bicategory has 2-morphismsgoing betweenmorphisms, like this:

�
x

� �f // � �

f

��

g

DD
�
��

x y

ob jects morphisms 2-morphisms

In a bicategory we can composemorphisms as in an ordinary category, but also
we can compose2-morphisms in two ways: vertically and horizontally:

� �//

f

��

g

EE

�
��
�
��

� �

f

��

g

DD
�
��

� �

f 0

��

g0

DD
�
��

There arealsoidentit y morphismsand identit y 2-morphisms,and variousaxioms
governing their behavior. Most importantly , the usual laws for composition of
morphisms|the left and right unit laws and associativit y|hold only up to
speci�e d 2-isomorphisms. (A 2-isomorphism is a 2-morphism that is invertible
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with respect to vertical composition.) For example,given morphismsf : w ! x,
g: x ! y and h : y ! z, we have a 2-isomorphismcalled the `associator':

ax;y ;z : (x 
 y) 
 z ! x 
 (y 
 z):

As in a monoidal category, this should satisfy the pentagon identit y.
Bicategoriesare everywhereonceyou know how to look. For example, there

is a bicategory Cat in which:

� the objects are categories,

� the morphisms are functors,

� the 2-morphismsare natural transformations.

This example is unusual, becausecomposition of morphisms happensto satisfy
the left and right unit laws and associativit y on the nose,as equations. A more
typical example is Bimod, in which:

� the objects are rings,

� the morphisms from R to S are R � S-bimodules,

� the 2-morphismsare bimodule homomorphisms.

Herecomposition of morphismsis de�ned by tensoring: givenan R� S-bimodule
M and an S � T-bimodule, we can tensor them over S to get an R � T-
bimodule. In this example the laws for composition hold only up to speci�ed
2-isomorphisms.

Another classof examplescomesfrom the fact that a monoidal category is
secretly a bicategory with one object! The correspondenceinvolves a kind of
`reindexing' as shown in the following table:

Monoidal Category Bicategory

| objects
objects morphisms

morphisms 2-morphisms
tensor product of objects composite of morphisms
composite of morphisms vertical composite of 2-morphisms

tensor product of morphisms horizontal composite of 2-morphisms

In other words, to seea monoidal categoryasa bicategory with only oneobject,
we should call the objects of the monoidal category `morphisms', and call its
morphisms `2-morphisms'.

A good exampleof this tric k involvesthe monoidal categoryVect. Start with
Bimod and pick out your favorite object, say the ring of complexnumbers. Then
take all those bimodulesof this ring that are complex vector spaces,and all the
bimodule homomorphismsbetweenthese. You now have a sub-bicategorywith
just one object|or in other words, a monoidal category! This is Vect.
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The fact that a monoidal category is secretly just a degeneratebicategory
eventually stimulated a lot of interest in higher categories: people began to
wonder what kinds of degeneratehigher categories give rise to braided and
symmetric monoidal categories.The impatient reader can jump aheadto 1995,
when the pattern underlying all these monoidal structures and their higher-
dimensional analogsbecamemore clear.

Penrose (1971)

In general relativit y peoplehad beenusing index-ridden expressionsfor a long
time. For example,supposewe have a binary product on a vector spaceV :

m : V 
 V ! V:

A normal personwould abbreviate m(v 
 w) as v � w and write the associative
law as

(u � v) � w = u � (v � w):

A mathematician might show o� by writing

m(m 
 1) = m(1 
 m)

instead. But physicists would pick a basisei of V and set

m(ei 
 ej ) =
X

k

mij
k ek

or
m(ei 
 ej ) = m ij

k ek

for short, using the `Einstein summation convention' to sum over any repeated
index that appears once as a superscript and once as a subscript. Then, they
would write the associative law as follows:

mij
p mpk

l = m iq
l mj k

q :

Mathematicians would mock them for this, but until Penrosecamealong there
was really no better completely general way to manipulate tensors. Indeed,
beforeEinstein intro duced his summation convention in 1916,things were even
worse. He later joked to a friend [32]:

I have madea great discovery in mathematics; I have suppressedthe
summation sign every time that the summation must be made over
an index which occurs twice....

In 1971,Penrose[33] intro duceda new notation where tensorsare drawn as
`black boxes', with superscripts corresponding to wires coming in from above,
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and subscripts corresponding to wires going out from below. For example, he
might draw m : V 
 V ! V as:

m

i j

k

��
��
�

22
22

2

and the associative law as:

m

i j

p

��
��
�

22
22

2

m

k

l




















///
= m

kj

q

22
22

2

��
��
�

m

i

l

44
44

44
44

44
44

���

In this notation we sum over the indices labelling `internal wires'|b y which we
meanwires that are the output of onebox and an input of another. This is just
the Einstein summation convention in disguise: so the above picture is merely
an artistic way of drawing this:

mij
p mpk

l = m iq
l mj k

q :

But it has an enormousadvantage: no ambiguity is intr oduced if we leave out
the indices, since the wires tell us how the tensorsare hooked together:
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This is a more vivid way of writing the mathematician's equation

m(m 
 1V ) = m(1V 
 m)

becausetensor products are written horizontally and composition vertically,
instead of trying to compressthem into a single line of text.

In modern language,what Penrosehad noticed here was that FinVect, the
category of �nite-dimensional vector spacesand linear maps, is a symmetric
monoidal category, so we can draw morphisms in it using string diagrams. But
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he probably wasn't thinking about categories:he wasprobably more in
uenced
by the analogy to Feynman diagrams.

Indeed, Penrose'spictures are very much like Feynman diagrams, but sim-
pler. Feynman diagrams are pictures of morphisms in the symmetric monoidal
category of positive-energyrepresentations of the Poincar�e group! It is amusing
that this complicated examplewasconsideredlong beforeVect. But that is how
it often works: simple ideas rise to consciousnessonly when di�cult problems
make them necessary.

Penrosealso consideredsomeexamplesmore complicated than FinVect but
simpler than full-
edged Feynman diagrams. For any compact Lie group K ,
there is a symmetric monoidal category Rep(K ). Here the objects are �nite-
dimensionalcontinuousunitary representations of K |that's a bit of a mouthful,
so we will just call them `representations'. The morphisms are in tert wining
op erators betweenrepresentations: that is, operators f : H ! H 0 with

f (� (g) ) = � 0(g)f ( )

for all g 2 K and  2 H , where � (g) is the unitary operator by which g acts on
H , and � 0(g) is the one by which g acts on H 0. The category Rep(K ) becomes
symmetric monoidal with the usual tensor product of group representations:

(� 
 � 0)(g) = � (g) 
 � (g0)

and the obvious braiding.
As a category, Rep(K ) is easyto describe. Every object is a direct sum of

�nitely many irreducible representations: that is, representations that are not
themselves a direct sum in a nontrivial way. So, if we pick a collection E i of
irreducible representations, one from each isomorphism class,we can write any
object H as

H �=
M

i

H i 
 E i

where the H i is the �nite-dimensional Hilb ert spacedescribing the multiplicit y
with which the irreducible E i appears in H :

H i = hom(E i ; H )

Then, we use Schur's Lemma, which describes the morphisms between irre-
ducible representations:

� When i = j , the spacehom(E i ; E j ) is 1-dimensional: all morphisms from
E i to E j are multiples of the identit y.

� When i 6= j , the spacehom(E i ; E j ) is 0-dimensional: all morphisms from
E to E 0 are zero.

So, every representation is a direct sum of irreducibles, and every morphism
betweenirreducibles is a multiple of the identit y (possibly zero). Sincecompo-
sition is linear in each argument, this meansthere's only one way composition
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of morphisms can possibly work. So, the category is completely pinned down
as soon as we know the set of irreducible representations.

One nice thing about Rep(K ) is that every object has a dual. If H is some
representation, the dual vector spaceH � also becomesa representation, with

(� � (g)f )(  ) = f (� (g) )

for all f 2 H � ,  2 H . In our string diagrams, we can use little arrows to
distinguish between H and H � : a downwards-pointing arrow labelled by H
stands for the object H , while an upwards-pointing one stands for H � . For
example, this:

OOH

is the string diagram for the identit y morphism 1H � . This notation is meant
to remind us of Feynman's idea of antiparticles as particles going backwards in
time.

The dual pairing
eH : H � 
 H ! C

f 
 v 7! f (v)

is an intert wining operator, as is the operator

i H : C ! H 
 H �

c 7! c 1H

where we think of 1H 2 hom(H; H ) as an element of H 
 H � . We can draw
theseoperators as a `cup':

��
SS

H H standsfor

H � 
 H

C

eH

��

and a `cap':

TT��H H standsfor

C

H 
 H �

i H

��

Note that if no edgesreach the bottom (or top) of a diagram, it describes a
morphism to (or from) the trivial representation of G on C|since this is the
tensor product of no representations.
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The cup and cap satisfy the zig-zag iden tities :

PP�� �� = ��

��OO PP = OO

These identities are easy to check. For example, the �rst zig-zag gives a mor-
phism from H to H which we can compute by feeding in a vector  2 H :

H
PP�� ��

eH

i H

 

ei 
 ei 
  

ei 
  i =  

_

��

_

��

So indeed, this is the identit y morphism. But, the beauty of these identities is
that they let us straighten out a portion of a string diagram asif it wereactually
a pieceof string! Algebra is becomingtopology.

Furthermore, we have:

�� OO

OO ��

H

= dim(H )

This requiresa little explanation. A `closed'diagram|one with no edgescoming
in and no edgescoming out|denotes an intert wining operator from the trivial
representation to itself. Such a thing is just multiplication by some number.
The equation above says the operator on the left is multiplication by dim(H ).
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We can check this as follows:

�� OO

OO ��

H

1

ei 
 ei

ei 
 ei

� i
i = dim(H )

_
��

_
��

_
��

So,a loop givesa dimension. This explainsa big problem that plaguesFeynman
diagrams in quantum �eld theory|namely , the `divergences'or `in�nities' that
show up in diagrams containing loops, like this:

��
MM ��

or more subtly, like this:

�O
�O

�O
�O

�� PP

Thesein�nities comefrom the fact that most positive-energyrepresentations of
the Poincar�e group are in�nite-dimensional. The reason is that this group is
noncompact. For a compact Lie group, all the irreducible continuous represen-
tations are �nite-dimensional.

So far we have beendiscussingrepresentations of compact Lie groups quite
generally. In his theory of `spin networks' [34, 35], Penroseworked out all the
details for SU(2): the group of 2� 2 unitary complex matrices with determinant
1. This group is important becauseit is the universal cover of the 3d rotation
group. This lets us handle particles like the electron, which doesn't comeback
to its original state after one full turn|but doesafter two!

The group SU(2) is the subgroupof the Poincar�egroup whosecorresponding
observables are the components of angular momentum. Unlike the Poincar�e
group, it is compact. As already mentioned, we can specify an irreducible
positive-energyrepresentation of the Poincar�e group by choosinga massm � 0,
a spin j = 0; 1

2 ; 1; 3
2 ; : : : and sometimesa little extra data. Irreducible unitary

representations of SU(2) are simpler: for these, we just need to choosea spin.
The group SU(2) has one irreducible unitary representation of each dimension.
Physicistscall the representation of dimension2j + 1 the `spin-j ' representation,
or simply j̀ ' for short.

Every representation of SU(2) is isomorphic to its dual, and in fact there is
a god-given isomorphism

] : j ! j �
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for each j . Using this, we can stop writing little arrows on our string diagrams.
For example,we get a new `cup'

j j
j 
 j

j � 
 j

C

] 
 1 ��

ej ��

and similarly a new cap. Thesesatisfy an interesting relation:

j

= (� 1)2j +1

j

Physically, this meansthat when we give a spin-j particle a full turn, its state
transforms trivially when j is an integer:

 7!  

but it picks up a sign when j is an integer plus 1
2 :

 7! �  :

Particles of the former sort are called bosons; thoseof the latter sort are called
fermions .

The funny minus sign for fermions also shows up when we build a loop with
our new cup and cap:

= (� 1)2j +1 (2j + 1)

We get not the usual dimension of the spin-j representation, but the dimension
times a sign depending on whether this representation is bosonic or fermionic!
This is sometimescalledthe sup erdimension , sinceits full explanation involves
what physicistscall `supersymmetry'. Alas, wehaveno time to discussthis here:
we must hasten on to Penrose'stheory of spin networks!

Spin networks are a nice notation for morphismsbetweentensor products of
irreducible representations of SU(2). The key underlying fact is that:

j 
 k �= jj � kj � jj � kj + 1 � � � � � j + k
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Thus, the spaceof intert wining operators hom(j 
 k; l ) has dimension 1 or 0
depending on whether or not l appears in this direct sum. We say the triple
(j; k; l ) is admissible when this spacehasdimension1. This happenswhen the
triangle inequalities are satis�ed:

jj � kj � l � j + k

and also j + k + l 2 Z.
For any admissible triple (j; k; l ) we can choosea nonzero intert wining op-

erator from j 
 k to l , which we draw as follows:

�

j k

l

••
••

••
•

??
??

??
?

Using the fact that a closeddiagram gives a number, we can normalize these
intert wining operators so that the `theta network' takesa convenient value, say:

� �

j

k

l

= 1

When the triple (j; k; l ) is not admissible,we de�ne

�

j k

l

••
••

••
•

??
??

??
?

to be the zero operator, so that

� �

j

k

`

= 0

We can then build more complicated intert wining operators by composing
and tensoring the ones we have described so far. For example, this diagram
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shows an intert wining operator from the representation 2 
 3
2 
 1 to the repre-

sentation 5
2 
 2:

�

5
2

�

�

7
2

2 3
2 1

5
2 2

11
11

1


























''
''
'

''
''
'

� �
��

�
::

::
:

A diagram of this sort is called a `spin network'. The resemblance to a Feyn-
man diagram is evident. There is a category where the morphisms are spin
networks, and a functor from this category to Rep(SU(2)). A spin network with
no edgescoming in from the top and no edgescoming out at the bottom is
called closed . A closedspin network determinesan intert wining operator from
the trivial representation of SU(2) to itself, and thus a complex number.

Penrosenoted that spin networks satisfy a bunch of interesting rules. For
example, we can deform a spin network in various ways without changing the
operator it describes. We have already seenthe zig-zag identit y, which is an
exampleof this. Other rules involve changing the topology of the spin network.
The most important of theseis the binor iden tit y for the spin-1

2 representation:

1
2

1
2

=

1
2

1
2

1
2

1
2

+

1
2

1
2

We can usethis to prove something we have already seen:

1
2

=

1
2

+

1
2

= �

1
2

Physically, this says that turning a spin-1
2 particle around 360degreesmultiplies

its state by � 1.
There are also interesting rules involving the spin-1 representation, which

imply somehighly nonobvious results. For example,every triv alent planar graph
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with no edge-loops and all edgeslabelled by the spin-1 representation:

�

�

�

�
�

�

�

�

�

�

1

1
1

#####
1

1

1

1

1

1

1

1

1 1

1

1 YYYYYYYY

evaluates to a nonzeronumber [36]. But, Penroseshowed this fact is equivalent
to the four-color theorem!

By now, Penrose'sdiagrammatic approach to the �nite-dimensional repre-
sentations of SU(2) has been generalizedto many compact simple Lie groups.
A good treatment of this material is the free online book by Cvitanovi�c [37].
His book includes a brief history of diagrammatic methods that makes a nice
companion to the present paper. Much of the work in his book wasdone in the
1970's. However, the huge burst of work on diagrammatic methods for algebra
camelater, in the 1980's,with the advent of `quantum groups'.

Ponzano{Regge (1968)

Sometimeshistory turns around and goesback in time, likean antiparticle. This
seemslike the only sensibleexplanation of the revolutionary work of Ponzano
and Regge[38], who applied Penrose'stheory of spin networks before it was
invented to relate tetrahedron-shaped spin networks to gravit y in 3 dimensional
spacetime. Their work eventually led to a theory called the Ponzano{Regge
model, which allows for an exact solution of many problems in 3d quantum
gravit y [39].

In fact, Ponzanoand Regge'spaper on this topic appearedin the proceedings
of a conferenceon spectroscopy, becausethe 6j symbol is important in chemistry.
But for our purposes,the 6j symbol is just the number obtained by evaluating
this spin network:

�

� �

�

i

p

q

k
j

l

depending on six spins i; j; k; l ; p;q.
In the Ponzano{Reggemodel of 3d quantum gravit y, spacetimeis made of

tetrahedra, and we label the edgesof tetrahedra with spins to specify their
lengths. To compute the amplitude for spacetimeto have a particular shape,
we multiply a bunch of amplitudes (that is, complex numbers): one for each
tetrahedron, one for each triangle, and one for each edge. The most interesting
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ingredient in this recipe is the amplitude for a tetrahedron. This is given by the
6j symbol.

But, we have to be a bit careful! Starting from a tetrahedron whoseedge
lengths are given by spins:

i

p

l

q

j
k

we compute its amplitude using the `Poincar�e dual' spin network, which has:

� one vertex at the center of each faceof the original tetrahedron;

� one edgecrossingeach edgeof the original tetrahedron.

It looks like this:

i

p

l

q

j
k

Its edgesinherit spin labels from the edgesof the original tetrahedron:

�

� �

�

i

p

q

k
j

l

Voil�a! The 6j symbol!
It is easyto get confused,sincethe Poincar�e dual of a tetrahedron just hap-

pensto be another tetrahedron. But, there are good reasonsfor this dualization
process.For example, the 6j symbol vanishesif the spins labelling three edges
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meeting at a vertex violate the triangle inequalities, becausethen these spins
will be `inadmissible'. For example, we need

ji � j j � p � i + j

or the intert wining operator

�

i j

p

••
••

••
•

??
??

??
?

will vanish, forcing the 6j symbols to vanish as well. But in the original tetra-
hedron, thesespins label the three sidesof a triangle:

i j

p

����������� 33
33

33
33

33
3

So,the amplitude for a tetrahedron vanishesif it contains a triangle that violates
the triangle inequalities!

This is exciting becauseit suggeststhat the representations of SU(2) some-
how know about the geometry of tetrahedra. Indeed, there are other ways for
a tetrahedron to be `impossible' besideshaving edge lengths that violate the
triangle inequalities. The 6j symbol does not vanish for all these tetrahedra,
but it is exponentially damped|v ery much asa particle in quantum mechanics
can tunnel through barriers that would be impenetrableclassically, but with an
amplitude that decays exponentially with the width of the barrier.

In fact the relation between Rep(SU(2)) and 3-dimensional geometry goes
much deeper. Reggeand Ponzano found an excellent asymptotic formula for
the 6j symbol that depends entirely on geometrically interesting aspects of
the corresponding tetrahedron: its volume, the dihedral angles of its edges,
and so on. But, what is truly amazing is that this asymptotic formula also
matcheswhat onewould want from a theory of quantum gravit y in 3 dimensional
spacetime!

More precisely, the Ponzano{Reggemodel is a theory of `Riemannian' quan-
tum gravit y in 3 dimensions. Gravit y in our universe is described with a
Lorentzian metric on 4-dimensional spacetime, where each tangent spacehas
the Lorentz group acting on it. But, we can imagine gravit y in a universewhere
spacetimeis 3-dimensionaland the metric is Riemannian, soeach tangent space
has the rotation group SO(3) acting on it. The quantum description of gravit y
in this universeshould involve the double cover of this group, SU(2) | essen-
tially becauseit should describe not just how particles of integer spin transform
as they move along paths, but also particles of half-integer spin. And it seems
the Ponzano{Reggemodel is the right theory to do this.
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A rigorous proof of Ponzanoand Regge'sasymptotic formula wasgiven only
in 1999,by Justin Roberts [40]. Physicists are still �nding wonderful surprises
in the Ponzano{Reggemodel. For example, if we study it on a 3-manifold with
a Feynman diagram removed, with edgeslabelled by suitable representations, it
describesnot only `pure' quantum gravit y but alsomatter! The seriesof papers
by Freidel and Louapre explain this in detail [41,42,43].

Besidesits meaningfor geometryand physics,the 6j symbol alsohasa purely
category-theoretic signi�cance: it is a concrete description of the associator in
Rep(SU(2)). The associator givesa linear operator

ai;j;k : (i 
 j ) 
 k ! i 
 (j 
 k):

The 6j symbol is a way of expressingthis operator as a bunch of numbers. The
idea is to useour basic intert wining operators to construct operators

S: (i 
 j ) 
 k ! l ; T : l ! i 
 (j 
 k);

namely:

S =

�

i j

p
��
��
��
�

22
22

22
2

�

k

l
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//

Using the associator to bridge the gap between(i 
 j ) 
 k and i 
 (j 
 k), we
can composeS and T and take the trace of the resulting operator, obtaining a
number. Thesenumbersencodeeverything there is to know about the associator
in the monoidal category Rep(SU(2)). Moreover, thesenumbers are just the 6j
symbols:

tr( Tai;j;k S) =
�

� �

�

i

p

q

k
j

l

This can be proved by gluing the pictures for S and T together and warping
the resulting spin network until it looks like a tetrahedron! We leave this as an
exercisefor the reader.

The upshot is a remarkable and mysterious fact: the associator in the
monoidal category of representations of SU(2) encodes information about 3-
dimensional quantum gravit y! This fact will becomelessmysterious when we
seethat 3-dimensional quantum gravit y is almost a topological quantum �eld
theory, or TQFT. In our discussionof Barrett and Westbury's 1992 paper on
TQFTs, we will seethat a large classof 3d TQFTs can be built from monoidal
categories.
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Grothendiec k (1983)

In his 600{pageletter entitled Pursuing Stacks, Grothendieck fantasized about
n-categoriesfor higher n|ev en n = 1 |and their relation to homotopy theory
[44]. The rough idea of an 1 -category is that it should be a generalization of a
category which has objects, morphisms, 2-morphismsand so on:

ob jects morphisms 2-morphisms 3-morphisms � � �

� � �// � �
��
DD��

� �
��
EE

�%y�

_*4 Globes

Grothendieck believed that amongthe 1 -categoriesthere shouldbea special
class, the `1 -groupoids', in which all j -morphisms (j � 1) are invertible in a
suitably weakened sense. He also believed that every spaceX should have a
`fundamental 1 -groupoid', � 1 (X ), in which:

� the objects are points of X ,

� the morphisms are paths in X ,

� the 2-morphismsare paths of paths in X ,

� the 3-morphismsare paths of paths of paths in X ,

� etc.

Moreover, � 1 (X ) should be a completeinvariant of the homotopy type of X , at
least for nice spaceslike CW complexes.In other words, two nice spacesshould
have equivalent fundamental 1 -groupoids if and only if they are homotopy
equivalent.

The above brief description of Grothendieck's dream is phrased in terms
of a `globular' approach to n-categories,where the n-morphisms are modeled
after n-dimensional discs. However, he also imagined other approaches based
on j -morphisms with di�eren t shapes,such as simplices:

ob jects morphisms 2-morphisms 3-morphisms � � �

� � �//

� �

�

//��
22

22
22FF������ �

�

�

�

++VVVVVV
DD			

!!D
DD

DDEE







��)

))
))
))
)

22 Simplices

In fact, simplicial 1 -groupoids had already beendeveloped in a 1957paper by
Kan [45]; these are now called `Kan complexes'. In this framework � 1 (X ) is
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indeed a complete invariant of the homotopy type of any nice spaceX . So, the
real problem is to de�ne 1 -categories in the simplicial and other approaches,
and then de�ne 1 -groupoids as special casesof these,and prove their relation
to homotopy theory.

Great progress towards ful�lling Grothendieck's dream has been made in
recent years. We cannot possibly do justice to the enormous body of work
involved, so we simply o�er a quick thumbnail sketch. Starting around 1977,
Street began developing a simplicial approach to 1 -categories [46, 47] based
on ideas from the physicist Roberts [48]. Thanks in large part to the recently
published work of Verity, this approach has begun to really take o� [49,50,51].

In 1995, Baez and Dolan initiated another approach to n-categories, the
`opetopic' approach [52]:

ob jects morphisms 2-morphisms 3-morphisms � � �

� � �//

� �

�

� ::: �

�

//

OO
EE���

// //
��2

22

���� � �

� �

//��
++II��

//::uuuuu _*4
� �

� �

//��
++II��

//
Opetopes

The idea here is that an (n + 1)-dimensional opetope describes a way of glu-
ing together n-dimensionalopetopes. The opetopic approach wascorrectedand
clari�ed by various authors [53,54,55,56,57,58], and by now it has beendevel-
oped by Makkai [59] into a full-
edged foundation for mathematics. We have
already mentioned how in category theory it is considereda mistake to assert
equationsbetwen objects: instead, one should specify an isomorphism between
them. Similarly, in n-category theory it is a mistake to assert an equation be-
tweenj -morphismsfor any j < n: oneshould instead specify an equivalence. In
Makkai's approach to the foundations of mathematics basedon 1 -categories,
equality plays no role, so this mistake is impossibleto make. Instead of stating
equationsone must always specify equivalences.

Also starting around 1995, Tamsamani [60] and Simpson [62, 63, 64, 65] de-
veloped a `multisimplicial' approach to n-categories. In a 1998paper, Batanin
[66, 67] initiated a globular approach to weak 1 -categories. Penon [68] gave a
related, very compact de�nition of 1 -category, which was later improved by
Batanin, Cheng and Makkai [69, 70]. There is also a topologically motivated
approach using operads due to Trimble [71], which was studied and general-
ized by Cheng and Gurski [72, 73]. Yet another theory is due to Joyal, with
contributions by Berger [74,75].

This great diversity of approachesraisesthe questionof when two de�nitions
of n-category count as `equivalent'. In Pursuing Stacks, Grothendieck proposed
the following answer. Supposethat for all n we have two di�eren t de�nitions
of weak n-category, say `n-category1' and `n-category2'. Then we should try to
construct the (n + 1)-category1 of all n-categories1 and the (n + 1)-category1 of
all n-categories2 and seeif theseare equivalent asobjects of the (n+ 2)-category1
of all (n + 1)-categories1. If so, we may say the two de�nitions are equivalent
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as seenfrom the viewpoint of the �rst de�nition.
Of course, this strategy for comparing de�nitions of n-category requires a

lot of work. Nobody has carried it out for any pair of signi�can tly di�eren t
de�nitions. There is also somefreedom of choice involved in constructing the
two (n + 1)-categories1 in question. One should do it in a `reasonable'way, but
what does that mean? And what if we get a di�eren t answer when we reverse
the roles of the two de�nitions?

A somewhat lessstrenuous strategy for comparing de�nitions is suggested
by homotopy theory. Many di�eren t approachesto homotopy theory are in use,
and though super�cially very di�eren t, there is by now a well-understood sense
in which they are fundamentally the same. Di�eren t approaches use objects
from di�eren t categoriesto represent topological spaces,or more precisely, the
homotopy-invariant information in topological spaces,called their `homotopy
types'. These categoriesare not equivalent, but each one is equipped with a
classof morphisms called `weak equivalences',which play the role of homotopy
equivalences.Given a category C equipped with a speci�ed classof weak equiv-
alences,under mild assumptionsone can throw in inversesfor thesemorphisms
and obtain a category called the `homotopy category' Ho(C). Two categories
with speci�ed equivalencesmay be consideredthe samefor the purposesof ho-
motopy theory if their homotopy categoriesare equivalent in the usual senseof
category theory. The samestrategy |or more sophisticated variants|can be
applied to comparing de�nitions of n-category, so long as one can construct a
category of n-categories.

Starting around 2000, work began on comparing di�eren t approaches to
n-category theory [57, 72, 75, 77, 76]. There has also been signi�can t progress
towards achieving Grothendieck's dream of relating n-groupoids to homotopy
theory [61, 78, 79, 80, 81, 82, 83]. But n-category theory is still far from mature.
This is one reasonthe present paper is just a `prehistory'.

Luckily, Leinster has written a survey of de�nitions of n-category [84], and
also a textb ook on the role of operadsand their generalizationsin higher cate-
gory theory [85]. Cheng and Lauda have prepared an `illustrated guidebook' of
higher categories,for those who like to visualize things [86]. The forthcoming
book by Baez and May [87] provides more background for readerswho want to
learn the subject. And for applications to algebra,geometryand physics,try the
conferenceproceedingsedited by Getzler and Kapranov [88] and by Davydov et
al [89].

String theory (1980's)

In the 1980's there was a huge outburst of work on string theory. There is no
way to summarize it all here, so we shall content ourselveswith a few remarks
about its relation to n-categorical physics. For a general overview the reader
can start with the intro ductory text by Zweibach [90], and then turn to the
book by Green, Schwarz and Witten [91], which was written in the 1980s,or
the book by Polchinski [92], which covers more recent developments.
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String theory goes beyond ordinary quantum �eld theory by replacing 0-
dimensionalpoint particles by 1-dimensionalobjects: either circles,called`closed
strings', or intervals, called `open strings'. So, in string theory, the essentially
1-dimensionalFeynman diagrams depicting worldlines of particles are replaced
by 2-dimensionaldiagrams depicting `string worldsheets':

??
??

??
?

��
•••••••

??

�O
�O
�O
�O 7!

This is a hint that as we pass from ordinary quantum �eld theory to string
theory, the mathematics of categories is replaced by the mathematics of 2-
categories. However, this hint took a while to be recognized.

To compute an operator from a Feymnan diagram, only the topology of
the diagram matters, including the speci�cation of which edgesare inputs and
which are outputs. In string theory we needto equip the string worldsheetwith
a conformal structure, which is a recipe for measuring angles. More precisely:
a conformal structure on a surfaceis an orientation together with an equiv-
alenceclassof Riemannian metrics, where two metrics counts as equivalent if
they give the sameanswers whenever we use them to compute anglesbetween
tangent vectors.

A conformal structure is also preciselywhat we needto do complexanalysis
on a surface. The power of complex analysis is what makes string theory so
much more tractable than theories of higher-dimensionalmembranes.

Joyal{Street (1985)

Around 1985, Joyal and Street intro duced braided monoidal categories [93].
The story is nicely told in Street's Conspectus [1], so here we focus on the
mathematics.

As we have seen,braided monoidal categoriesare just like Mac Lane's sym-
metric monoidal categories,but without the law

Bx;y = B � 1
y ;x :

The point of dropping this law becomesclear if we draw the isomorphism
Bx;y : x 
 y ! y 
 x as a little braid:





��

��

x y

Then its inverseis naturally drawn as







 ��

y x



A PREHISTORY OF n-CATEGORICAL PHYSICS 42

sincethen the equation Bx;y B � 1
x;y = 1 makestopological sense:

�� ��

��

�� ��

y x

y x

= �� ��

y x

y x

and similarly for B � 1
x;y Bx;y = 1:

�� ��

��

��

��

x y

x y

= �� ��

x y

x y

In fact, these equations are familiar in knot theory, where they describe ways
of changing a 2-dimensional picture of a knot (or braid, or tangle) without
changing it as a 3-dimensional topological entit y. Both these equations are
called the second Reidemeister move.

On the other hand, the law Bx;y = B � 1
y ;x would be drawn as





��

��

x y

=







 ��

x y

and this is not a valid move in knot theory: in fact, using this move all knots
becometrivial. So, it make some senseto drop it, and this is just what the
de�nition of braided monoidal category does.

Joyal and Street constructed a very important braided monoidal category
called Braid. Every object in this category is a tensor product of copiesof a
special object x, which we draw asa point. So,we draw the object x 
 n asa row
of n points. The unit for the tensor product, I = x 
 0, is drawn asa blank space.
All the morphisms in Braid are endomorphisms : they go from an object to
itself. In particular, a morphism f : x 
 n ! x 
 n is an n-strand braid:

��

�� �� �� ��

��

�� ��

and composition is de�ned by stacking one braid on top of another. We tensor
morphisms in Braid by setting braids side by side. The braiding is de�ned in
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an obvious way: for example, the braiding

B2;3 : x 
 2 
 x 
 3 ! x 
 3 
 x 
 2

looks like this:
��

��

��

��

��

��

��

��

��

��

Joyal and Street showed that Braid is the `freebraided monoidal categoryon
oneobject'. This and other resultsof theirs justify the useof string diagramsasa
technique for doing calculations in braided monoidal categories.They published
a paper on this in 1991,aptly titled The Geometry of TensorCalculus [19].

Let us explain more precisely what it meansthat Braid is the free braided
monoidal category on one object. For starters, Braid is a braided monoidal
category containing a special object x: the point. But when we say Braid is
the free braided monoidal category on this object, we are saying much more.
Intuitiv ely, this meanstwo things. First, every object and morphism in Braid
can be built from 1 using operations that are part of the de�nition of `braided
monoidal category'. Second,every equation that holds in Braid follows from
the de�nition of `braided monoidal category'.

To make this precise,considera simpler but related example. The group of
integers Z is the free group on one element, namely the number 1. Intuitiv ely
speaking this means that every integer can be built from the integer 1 using
operations built into the de�nition of `group', and every equation that holds in
Z follows from the de�nition of `group'. For example, (1 + 1) + 1 = 1 + (1 + 1)
follows from the associative law.

To make these intuitions precise it is good to use the idea of a `universal
property'. Namely: for any group G containing an element g there exists a
unique homomorphism

� : Z ! G

such that
� (1) = g:

The uniquenessclause here says that every integer is built from 1 using the
group operations: that is why knowing what � doesto 1 determines� uniquely.
The existence clause says that every equation between integers follows from
the de�nition of a group: if there were extra equations, these would block the
existenceof homomorphismsto groups where theseequations failed to hold.

So, when we say that Braid is the `free' braided monoidal category on the
object 1, we mean something roughly like this: for any braided monoidal cat-
egory C, and any object c 2 C, there is a unique map of braided monoidal
categories

Z : Braid ! C
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such that
Z (x) = c:

This will not be not precise until we de�ne a map of braided monoidal
categories.The correct concept is that of a `braided monoidal functor'. But we
also need to weaken the universal property. To say that Z is `unique' means
that any two candidates sharing the desired property are equal. But this is
too strong: it is bad to demand equality between functors. Instead, we should
say that any two candidates are isomorphic. For this we need the concept of
`braided monoidal natural isomorphism'.

Once we have theseconceptsin hand, the correct theorem is as follows. For
any braided monoidal category C, and any object x 2 C, there exists a braided
monoidal functor

Z : Braid ! C

such that
Z (x) = c:

Moreover, giventwo such braided monoidal functors, there is a braided monoidal
natural isomorphism betweenthem.

Now we just needto de�ne the necessaryconcepts. The de�nitions are a bit
scaryat �rst sight, but they illustrate the idea of weakening : that is, replacing
equationsby isomorphismswhich satisfy equationsof their own. They will also
be neededfor the de�nition of `topological quantum �eld theories', which were
intro duced in Atiy ah's 1988paper.

To beginwith, a functor F : C ! D betweenmonoidal categoriesis monoidal
if it is equipped with:

� a natural isomorphism � x;y : F (x) 
 F (y) ! F (x 
 y), and

� an isomorphism � : 1D ! F (1C )

such that:

� the following diagram commutes for any objects x; y; z 2 C:

(F (x) 
 F (y)) 
 F (z) F (x 
 y) 
 F (z) F ((x 
 y) 
 z)

F (x) 
 (F (y) 
 F (z)) F (x) 
 F (y 
 z) F (x 
 (y 
 z))

-� x;y 
 1F ( z )

?

aF ( x ) ;F ( y ) ;F ( z )

-� x 
 y ;z

?

F (ax;y ;z )

-
1F ( x ) 
 � y ;z

-
� x;y 
 z
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� the following diagrams commute for any object x 2 C:

1 
 F (x) F (x)

F (1) 
 F (x) F (1 
 x)

-` F ( x )

?

� 
 1F ( x )

-
� 1;x

6
F (` x )

F (x) 
 1 F (x)

F (x) 
 F (1) F (x 
 1)

-r F ( x )

?

1F ( x ) 
 �

-
� x; 1

6
F (r x )

Note that we do not require F to preserve the tensor product or unit `on the
nose'. Instead, it is enoughthat it preserve them up to speci�e d isomorphisms,
which must in turn satisfy some plausible equations called `coherencelaws'.
This is typical of weakening.

A functor F : C ! D between braided monoidal categories is braided
monoidal if it is monoidal and it makes the following diagram commute for
all x; y 2 C:

F (x) 
 F (y) F (y) 
 F (x)

F (x 
 y) F (y 
 x)

-B F ( x ) ;F ( y )

?

� x;y

?

� y ;x

-
F (B x;y )

This condition says that F preserves the braiding as best it can, given the
fact that it only preserves tensor products up to a speci�ed isomorphism. A
symmetric monoidal functor is just a braided monoidal functor that happens
to go between symmetric monoidal categories. No extra condition is involved
here.

Having de�ned monoidal, braided monoidal and symmetric monoidal func-
tors, let usnext do the samefor natural transformations. Recall that a monoidal
functor F : C ! D is really a triple (F; � ; � ) consisting of a functor F , a
natural isomorphism � x;y : F (x) 
 F (y) ! F (x 
 y); and an isomorphism
� : 1D ! F (1C ). Suppose that (F; � ; � ) and (G; � ; 
 ) are monoidal functors
from the monoidal category C to the monoidal category D . Then a natural
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transformation � : F ) G is monoidal if the diagrams

F (x) 
 F (y) G(x) 
 G(y)

F (x 
 y) G(x 
 y)

-� x 
 � y

?

� x;y

?

� x;y

-
� x 
 y

and
1D

F (1C ) G(1C )
?

�

Q
Q

Q
Q

Q
QQs




-
� 1C

commute. There are no extra condition required of braided monoidal or
symmetric monoidal natural transformations.

The reader, having su�ered through these de�nitions, is entitled to seean
application besidesJoyal and Street's algebraic description of the category of
braids. At the end of our discussionof Mac Lane's 1963 paper on monoidal
categories,we said that in a certain senseevery monoidal category is equivalent
to a strict one. Now wecanmakethis precise!SupposeC is a monoidal category.
Then there is a strict monoidal category D that is monoidally equiv alen t to
C. That is: there are monoidal functors F : C ! D , G: D ! C and monoidal
natural isomorphisms� : F G ) 1D , � : GF ) 1C .

This result allows us to work with strict monoidal categories,even though
most monoidal categories found in nature are not strict: we can take the
monoidal category we are studying and replace it by a monoidally equivalent
strict one. The samesort of result is true for braided monoidal and symmetric
monoidal categories.A very similar result is alsotrue for bicategories. However,
the pattern breaks down when we get to tricategories: not every tricategory is
equivalent to a strict one! At this point the necessity for weakening becomes
clear.

Jones (1985)

In 1985,Vaughan Jones[94] discovereda new invariant of knots and links, now
called the `Jonespolynomial'. To everyone'ssurprise he de�ned this using some
mathematics with no previously known connectionto knot theory: the operator
algebrasdeveloped in the 1930sby Murray and von Neumann [10] as part of
generalformalism for quantum theory. Shortly thereafter, the Jonespolynomial
wasgeneralizedby many authors obtaining a large family of so-called`quantum
invariants' of links.

Of all these new link invariants, the easiest to explain is the `Kau�man
bracket' [95]. The Kau�man bracket can be thought of asa simpli�ed versionof
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the Jonespolynomial. It is also a natural development of Penrose's1971work
on spin networks.

As we have seen,Penrosegave a recipe for computing a number from any
spin network. The caserelevant here is a spin network with verticesat all, with
every edgelabelled by the spin 1

2 . For spin networks like this we can compute
the number by repeatedly using thesetwo rules:

= +

and this formula for the `unknot':

= � 2

The Kau�man bracket satis�es modi�ed versions of the above identities,
depending on a parameter A:

= A + A � 1

and

= � (A2 + A � 2)

Penrose'soriginal recipe is unable to detecting linking or knotting, since it
also satis�es this identit y:

=

coming from the fact that Rep(SU(2)) is a symmetric monoidal category.
The Kau�man bracket arisesfrom a more interesting braided monoidal cat-

egory: the category of representations of the `quantum group' associated to
SU(2). This entit y depends on a parameter q, related to A by q = A4. When
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q = 1, its category of representations is symmetric and the Kau�man bracket
reducesto Penrose'soriginal recipe. At other valuesof q, its category of repre-
sentations is typically not symmetric.

In fact, all the quantum invariants of links discoveredaround this time turned
out to comefrom braided monoidal categories|in fact, categoriesof representa-
tions of quantum groups! When q = 1, thesequantum groupsreduceto ordinary
groups, their categoriesof representations becomesymmetric, and the quantum
invariants of links becomeboring.

Freyd{Y etter (1986)

Among the many quantum invariants of links that appeared after Jonespoly-
monial, oneof the most interesting is the `HOMFLY' polynomial, which, it later
becameclear, arisesfrom the category of representations of the quantum group
SU(n). This polynomial got its curious namebecauseit was independently dis-
covered by many mathematicians, someof whom teamed up to write a paper
about it for the Bulletin of the American Mathematical Society in 1985: Hoste,
Ocneanu, Millet, Freyd, Lickorish and Yetter [96].

Di�eren t authors of this paper took di�eren t approaches. Freyd and Yetter's
approach is particularly germane to our story becausethey used a category
where morphisms are tangles. A `tangle' is a generalization of a braid that
allows strands to double back, and also allows closedloops:

**
**

**
*UU

Shortly after Freyd heard Street give a talk on braided monoidal categories
and the category of braids, Freyd and Yetter found a similar purely algebraic
description of the category of oriented tangles [97]. A tangle is `oriented' if each
strand is equipped with an smooth nowhere vanishing �eld of tangent vectors,
which we can draw as little arrows. We have already seenwhat an orientation
is good for: it lets us distinguish between representations and their duals|or
in physics, particles and antiparticles.

There is a precisely de�ned but also intuitiv e notion of when two oriented
tangles count as the same: roughly speaking, whenever we can go from the
�rst to the secondby smoothly moving the strands without moving their ends
or letting the strands cross. In this case we say these oriented tangles are
`isotopic'.

The category of oriented tangles has isotopy classesof oriented tangles as
morphisms. We compose tangles by sticking one on top of the other. Just
like Joyal and Street's category of braids, Tang is a braided monoidal category,
wherewe tensor tanglesby placing them sideby side,and the braiding is de�ned
using the fact that a braid is a special sort of tangle.
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In fact, Freyd and Yetter gave a purely algebraicdescription of the category
of oriented tangles as a `compact' braided monoidal category. Here a monoidal
category C is compact if every object x 2 C has a dual : that is, an object x �

together with morphisms called the unit :

TT�� =

1

x 
 x �

i x

��

and the counit :

��
SS

=

x � 
 x

1

ex

��

satisfying the zig-zag iden tities :

PP�� �� = ��

��OO PP = OO

We have already seenthese identities in our discussionof Penrose'swork. In-
deed,someclassicexamplesof compact symmetric monoidal categoriesinclude
FinVect, where x � is the usual dual of the vector spacex, and Rep(K ) for any
compact Lie group K , where x � is the dual of the representation x. But the
zig-zag identities clearly hold in the category of oriented tangles, too, and this
example is braided but not symmetric.

There are someimportant subtleties that our sketch has overlooked so far.
For example, for any object x in a compact braided monoidal category, this
string diagram describesan isomorphism dx : x ! x �� :

��

��

x

x ��



A PREHISTORY OF n-CATEGORICAL PHYSICS 50

But if we think of this diagram as an oriented tangle, it is isotopic to a straight
line. This suggeststhat dx should be an identit y morphism. To implement
this idea, Freyd and Yetter usedbraided monoidal categorieswhereeach object
has a chosendual, and this equation holds: x �� = x. Then they imposedthe
equation dx = 1x , which says that

��

= ��

This seemssensible,but it in category theory it is always dangerousto im-
poseequations betweenobjects, like x �� = x. And indeed, the danger becomes
clear when we remember that Penrose'sspin networks violate the above rule:
instead, they satisfy

j

= (� 1)2j +1

j

The Kau�man bracket violates the rule in an even more complicated way. Start-
ing from the equations in our summary of Jones' 1985 paper, the reader can
check that the Kau�man bracket satis�es

= � q3=4

So, while Freyd and Yetter's theorem is correct, it needssome �ne-tuning to
cover all the interesting examples.

For this reason, Street's student Shum [98] consideredtangles where each
strand is equipped with both an orientation and a framing | a nowhere van-
ishing smooth �eld of unit normal vectors. We can draw a framed tangle as
made of ribb ons, where one edgeof each ribb on is red and the other is black.
The black edgeis the actual tangle, while the normal vector �eld points from
the black edgeto the red edge.But in string diagrams,we usually avoid drawing
the framing by using a standard choice: the blac kb oard framing , where the
unit normal vector points at right anglesto the page, towards the reader.
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There is an evident notion of when two framed oriented tangles count as
the same, or `isotopic'. Any such tangle is isotopic to one where we use the
blackboard framing, so we lose nothing by making this choice. And with this
choice, the following framed tangles are not isotopic:

��

6= ��

If we think of thesetangles as ribb ons, and pull the left one tight, it has a 360
degreetwist in it, unlike the tangle at right.

What is the framing good for in physics? The picture above is the answer.
We can think of each tangle asa physical processinvolving particles. The pres-
enceof the framing meansthat the left-hand processis topologically di�eren t
than the right-hand process,in which a particle just sits there unchanged.

This is worth pondering in more detail. Consider the left-hand picture:

��

Reading this from top to bottom, it starts with a singleparticle. Then a virtual
particle-antiparticle pair is created. Then the new virtual particle and the orig-
inal particle switch placesby moving around each other clockwise. Finally, the
original particle and its antiparticle annihilate each other. So, this is all about
a particle that switchesplaces with a copy of itself.

But we can also think of this picture as a ribb on. If we pull it tight, we
get a ribb on that is topologically equivalent|that is, isotopic. It has a 360�

clockwise twist in it. This describesa particle that rotates a ful l turn .
So, as far as topology is concerned,we can expressthe conceptof rotating a

single particle a full turn in terms of switching two identical particles|at least
in situations where creation and annihilation of particle-antiparticle pairs is
possible. This fact is quite remarkable. As emphasizedby Feynman [99], it lies
at the heart of the famous`spin-statistics theorem' in quantum �eld theory. We
have already seenthat in theories of physics where spacetimeis 4-dimensional,
the phaseof a particle is multiplied by either 1 or � 1 when we rotate it a full
turn: 1 for bosons,and � 1 for fermions. The spin-statistics theorem says that
switching two identical copiesof this particle has the samee�ect on their phase:
1 for bosons,� 1 for fermions.
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The story becomeseven more interesting in theoriesof physicswherespace-
time is 3-dimensional. In this situation spaceis 2-dimensional,sowe can distin-
guish betweenclockwiseand counterclockwiserotations. Now the spin-statistics
theorem says that rotating a single particle a full turn clockwise givesthe same
phaseas switching two identical particles of this type by moving them around
each other clockwise. Rotating a particle a full turn clockwise need not have
the same e�ect as rotating it counterclockwise, so this phase need not be its
own inverse. In fact, it can be any unit complex number. This allows for `ex-
otic' particles that are neither bosonsnor fermions. In 1982,such particles were
dubbed anyons by Frank Wilczek [100].

Anyons are not just mathematical curiosities. Superconducting thin �lms
appear to be well described by theories in which the dimension of spacetime
is 3: two dimensions for the �lm, and one for time. In such �lms, particle-
like excitations arise, which act like anyons to a good approximation. The
presenceof these`quasiparticles'causesthe �lm to respond in a surprising way to
magnetic �elds when current is running through it. This is called the `fractional
quantum Hall e�ect' [101].

In 1983, Robert Laughlin [102] published an explanation of the fractional
quantum Hall e�ect in terms of anyonic quasiparticles. He won the Nobel prize
for this work in 1998,along with Horst St•ormer and Daniel Tsui, who observed
this e�ect in the lab [103]. By now we have an increasingly good understanding
of anyonsin terms of a quantum �eld theory called Chern{Simons theory, which
also explains knot invariants such as the Kau�man bracket. For a bit more on
this, seeour discussionof Witten's 1989paper on Chern{Simons theory.

But we are getting aheadof ourselves! Let us return to the work of Shum.
She constructed a category where the objects are �nite collections of oriented
points in the unit square. By `oriented' we mean that each point is labelled
either x or x � . The morphisms in Shum's category are isotopy classesof framed
oriented tangles. As usual, composition is de�ned by gluing the top of onetangle
to the bottom of the other. We shall call this category 1Tang2. The reasonfor
this curious notation is that the the tangles themselves have dimension 1, but
they live in a space| or spacetime,if you prefer | of dimension1+ 2 = 3. The
number 2 is called the `codimension'. It turns out that varying these numbers
leadsto somevery interesting patterns.

Shum's theorem gives a purely algebraic description of 1Tang2 in terms of
`ribbon categories'. We have already seenthat in a compact braided monoidal
category C, every object x 2 C comesequipped with an isomorphism to its
double dual, which we denoted dx : x ! x �� . A ribb on category is a compact
braided monoidal category where each object x is also equipped with another
isomorphism, cx : x �� ! x, which must satisfy a short list of axioms. We call
this a `ribbon structure'. Composing this ribb on structure with dx , we get an
isomorphism

bx = cx dx : x ! x:

Now the point is that we can draw a string diagram for bx which is very much
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like the diagram for dx , but with x as the output instead of x �� :

��

��

x

x

This is the composite of dx , which we know how to draw, and cx , which we leave
invisible, sincewe do not know how to draw it.

In modern language,Shum's theorem says that 1Tang2 is the `free ribb on
category on oneobject', namely the positively oriented point, x. The de�nition
of ribb on category is designedto make it obvious that 1Tang2 is a ribb on cate-
gory. But in what senseis it `free on one object' ? For this we de�ne a `ribbon
functor' to be a braided monoidal functor between ribb on categoriesthat pre-
servesthe ribb on structure. Then the statement is this. First, given any ribb on
category C and any object c 2 C, there is a ribb on functor

Z : 1Tang2 ! C

such that
Z (x) = c:

Second,Z is unique up to a braided monoidal natural isomorphism.
For a thorough account of Shum's theorem and related results, seeYetter's

book [104]. We emphasizedsome technical aspects of this theorem because
they are rather strange. As we shall see,the theme of n-categories`with duals'
becomesincreasingly important asour history winds to its conclusion,but duals
remain a bit mysterious. Shum's theorem is the �rst hint of this: to avoid
the equation between objects x �� = x, it seemswe are forced to intro duce an
isomorphism cx : x �� ! x with no clear interpretation as a string diagram. We
will seesimilar mysteries later.

Shum's theorem should remind the reader of Joyal and Street's theorem
saying that Braid is the free braided monoidal categoryon oneobject. They are
the �rst in a long line of results that describe interesting topological structures
as free structures on one object, which often corresponds to a point. This idea
has beendubbed \the primacy of the point".

Drinfel'd (1986)

In 1986, Vladimir Drinfel'd won the Fields medal for his work on quantum
groups[105]. This wasthe culmination of a long line of work on exactly solvable
problems in low-dimensional physics, which we can only brie
y sketch.

Back in 1926,Heisenberg [106] considereda simpli�ed model of a ferromagnet
like iron, consisting of spin-1

2 particles|electrons in the outermost shell of the



A PREHISTORY OF n-CATEGORICAL PHYSICS 54

iron atoms|sitting in a cubical lattice and interacting only with their nearest
neighbors. In 1931,Bethe [107] proposedan ansatz which let him exactly solve
for the eigenvalues of the Hamiltonian in Heisenberg's model, at least in the
even simpler caseof a 1-dimensional crystal. This wassubsequently generalized
by Onsager[108], C. N. and C. P. Yang [109], Baxter [110] and many others.

The key turns out to be something called the `Yang{Baxter equation'. It's
easiestto understand this in the context of 2-dimensionalquantum �eld theory.
Consider a Feynman diagram where two particles comein and two go out:

B
//

//��
��
����

������
////��

This corresponds to someoperator

B : H 
 H ! H 
 H

where H is the Hilb ert spaceof states of the particle. It turns out that the
physics simpli�es immensely, leading to exactly solvable problems, if:

??
??��

••
••••

��

��??
???

?
��

••
••

••
••

•
••
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???

?
��
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??
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?
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••
••
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B

B
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••

••
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??
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??

?
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��••
••
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••

•
••

???
??

?
��

B

B

B

This says we can slide the lines around in a certain way without changing the
operator described by the Feynman diagram. In terms of algebra:

(B 
 1)(1 
 B )(B 
 1) = (1 
 B )(B 
 1)(1 
 B ):

This is the Yang{Baxter equation ; it makessensein any monoidal category.
In their 1985 paper, Joyal and Street noted that given any object x in a

braided monoidal category, the braiding

Bx;x : x 
 x ! x 
 x

is a solution of the Yang{Baxter equation. If we draw this equation using braids,
it looks like this:

%%
%%
%%

=
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In knot theory, this is called the third Reidemeister move. Joyal and
Street also showed that given any solution of the Yang{Baxter equation in any
monoidal category, we can build a braided monoidal category.

Mathematical physicists enjoy exactly solvable problems, so after the work
of Yang and Baxter a kind of industry developed, devoted to �nding solutions
of the Yang{Baxter equation. The Russian school, led by Faddeev, Sklyanin,
Takhta jan and others, were especially successful[111]. Eventually Drinfel'd
discovered how to get solutions of the Yang{Baxter equation from any simple
Lie algebra.

First, he showed that the universal enveloping algebra Ug of any simple Lie
algebra g can be `deformed' in a manner depending on a parameter q, giving
a one-parameterfamily of `Hopf algebras' Uqg. SinceHopf algebrasare math-
ematically analogousto groups and in somephysics problems the parameter q
is related to Planck's constant ~ by q = e~ , the Hopf algebrasUqg are called
`quantum groups'. Theseis by now an extensive theory of these[112,113,114].
We shall say a bit more about it in our discussionof a 1989paper by Reshetikhin
and Turaev.

Second,he showed that given any representation of Uqg on a vector space
V , we obtain an operator

B : V 
 V ! V 
 V

satisfying Yang{Baxter equation.
Drinfel'd's work led to a far more thorough understanding of exactly solv-

able problems in 2d quantum �eld theory [115]. It was also the �rst big explicit
intrusion of category theory into physics. As we shall see,Drinfel'd's construc-
tions can be nicely explained in the languageof braided monoidal categories.
This led to the widespreadadoption of this language,which wasthen applied to
other problemsin physics. Everything beforehandonly looks category-theoretic
in retrospect.

Segal (1988)

In an attempt to formalize someof the key mathematical structures underlying
string theory, GraemeSegal[116] proposedaxioms describinga `conformal �eld
theory'. Roughly, thesesay that it is a symmetric monoidal functor

Z : 2CobC ! Hilb

with somenice extra properties. Here 2CobC is the category whosemorphisms
are string worldsheets,like this:
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x

y

f

��

A bit more precisely, we should think of an object 2CobC as a union of
parametrizedcircles. A morphism f : x ! y is a 2-dimensionalcompactoriented
manifold with boundary, equipped with a conformal structure, a parametriza-
tion of each boundary circle, and a speci�cation of which boundary circles are
`inputs' and which are `outputs'. The sourcex of f is the union of all the `input'
circles, while the target y is the union of all the `output' circles. For example,
in the picture above x is a disjoint union of two circles,while y is a singlecircle.
(We are glossingover many subtleties here. For example, we we also need to
include degeneratesurfaces,to serve as identit y morphisms.)

2CobC is a symmetric monoidal category, where the tensor product is dis-
joint union. Similarly, Hilb is a symmetric monoidal category. A basic rule of
quantum physics is that the Hilb ert spacefor a disjoint union of two physical
systemsshould be the tensor product of their Hilb ert spaces.This suggeststhat
a conformal �eld theory, viewed asa functor Z : 2CobC ! Hilb , should preserve
tensor products|at least up to a speci�ed isomorphism. So,we should demand
that Z be a monoidal functor. A bit more re
ection along these lines leadsus
to demand that Z be a symmetric monoidal functor.

There is more to the full de�nition of a conformal �eld theory than merely
a symmetric monoidal functor Z : 2CobC ! Hilb . For example, we also need
a `positive energy' condition reminiscent of the condition we already met for
representations of the Poincar�e group. Indeed there is a profusion of di�eren t
ways to make the idea of conformal �eld theory precise, starting with Segal's
original de�nition. But the di�eren t approaches are nicely related, and the
subject of conformal �eld theory is full of deepresults, interesting classi�cation
theorems, and applications to physics and mathematics. A good intro duction
is the book by Di Francesco,Mathieu and Senechal [117].

A tiy ah (1988)

Shortly after Segalproposedhis de�nition of `conformal �eld theory', Atiy ah
[118] modi�ed it by dropping the conformal structure and allowing cobordisms
of an arbitrary �xed dimension. He called the resulting structure a `topological
quantum �eld theory', or `TQFT' for short. One of his goalswas to formalize
some work by Witten [119] on invariants of 4-dimensional manifolds coming
from a quantum �eld theory called Donaldson{Floer theory, or more recently
Seiberg{Witten theory. Ironically, this particular theory has never been fully
integrated into Atiy ah's axiomatic approach. We will say more about this in
our discussionof Crane and Frenkel's 1994 paper. But for now, let us simply
explain Atiy ah's axiomatic de�nition.
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In modern language,an n -dimensional TQFT is a symmetric monoidal
functor

Z : nCob ! FinVect:

HereFinVect standsfor the categoryof �nite-dimensional complexvector spaces
and linear operators between them, while nCob is the category whoseobjects
are compact oriented (n � 1)-dimensional manifolds and whosemorphisms are
oriented n-dimensional cobordisms betweenthese. Taking the disjoint union of
manifolds makesnCob into a monoidal category, and becausewe are interested
in abstract cobordisms (not embedded in any ambient space) this monoidal
structure will be symmetric. The unit object for this monoidal category is the
empty manifold, while the braiding in nCob looks like this:

S 
 S0

S0 
 S

B S ;S 0

��

Physically, idea of a TQFT is that it describes a featurelessuniverse that
lookslocally the samein every state. In such an imaginary universe,the only way
to distinguish di�eren t states is by doing `global' observations, for example by
carrying a particle around a noncontractible loop in space.Thus, TQFTs appear
to be very simple toy models of physics, which ignore most of the interesting
featuresof what we seearound us. It is preciselyfor this reasonthat TQFTs are
more tractable than full-
edged quantum �eld theories. In what follows we shall
spend quite a bit of time explaining how TQFTs are related to n-categories. If
n-categorical physics is ever to blossom, we must someday go further. There
are somesignsthat this may be starting. But attempting to discussthis would
lead us out of our `prehistory'.

Mathematically, the study of topologicalquantum �eld theoriesquickly leads
to questionsinvolving duals. In our explanation of the work of Freyd and Yetter
we mentioned `compact' monoidal categories,where every object has a dual.
One can show that nCob is compact, with the dual x � of an object x being the
samemanifold equipped with the opposite parametrization. Similarly, FinVect
is compact with the usual notion of dual for vector spaces.The categoriesVect
and Hilb are not compact, since we can always de�ne a `dimension' an object
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in a compact braided monoidal category by

�� OO

OO ��

x

1

ei 
 ei

ei 
 ei

� i
i = dim(H )

_
��

_
��

_
��

but this divergesfor an in�nite-dimensional vector space,or Hilb ert space. As
we have seen,the in�nities that plagueordinary quantum �eld theory arisefrom
his fact.

As a category, FinVect is equivalent to FinHilb , the category of �nite-
dimensional complex Hilb ert spacesand linear operators. However, FinHilb
and alsoHilb have something in commonwith nCob that Vect lacks: they have
`duals for morphisms'. In nCob, given a morphism

S

S0

M

��

we can reverse its orientation and switch its source and target to obtain a
morphism going `backwards in time':

S0

S

M y

��

Similarly, given a linear operator T : H ! H 0 between Hilb ert spaces,we can
de�ne an operator T y : H 0 ! H by demanding that

hT y�;  i = h�; T  i

for all vectors  2 H ; � 2 H 0.
Isolating the common properties of these constructions, we say a category

has duals for morphisms if for any morphism f : x ! y there is a morphism
f y : y ! x such that

(f y)y = f ; (f g)y = gyf y; 1y
x = 1x :
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We then say morphism f is unitary if f y is the inverseof f . In the caseof Hilb
this is just a unitary operator in the usual sense.

As we have seen, symmetries in quantum physics are described not just
by group representations on Hilb ert spaces,but by unitary representations.
This is a hint of the importance of `duals for morphisms' in physics. We can
always think of a group G asa categorywith oneobject and with all morphisms
invertible. This becomesa category with duals for morphisms by setting gy =
g� 1 for all g 2 G. A representation of G on a Hilb ert spaceis the sameas a
functor � : G ! Hilb, and this representation is unitary preciselywhen

� (gy) = � (g)y:

The same sort of condition shows up in many other contexts in physics. So,
quite generally, given any functor F : C ! D betweencategorieswith duals for
morphisms, we say F is unitary if F (f y) = F (f )y for every morphism in C.
It turns out that the physically most interesting TQFTs are the unitary ones,
which are unitary symmetric monoidal functors

Z : nCob ! FinHilb :

While categorieswith duals for morphisms play a crucial role in this de�ni-
tion, and also1989paper by Doplicher and Roberts, and alsothe 1995paper by
Baez and Dolan, they seemto have been a bit neglectedby category theorists
until 2005,when Peter Selinger [120] intro duced them under the name of `dag-
ger categories'as part of his work on the foundations of quantum computation.
Perhapsone reasonfor this neglect is that their de�nition implicitly involvesan
equation betweenobjects|something normally shunned in category theory.

To seethis equation between objects explicitly , note that a category with
duals for morphisms, or dagger category , may be de�ned as a category C
equipped with a contravariant functor y: C ! C such that

y2 = 1C

and xy = x for every object x 2 C. Here by a contra varian t functor we mean
one that reversesthe order of composition: this is a just way of saying that
(f g)y = gyf y.

Contravariant functors are well-accepted in category theory, but it raises
eyebrows to imposeequations betweenobjects, like xy = x. This is not just a
matter of fashion. Such equationscausereal trouble: if C is a daggercategory,
and F : C ! D is an equivalenceof categories,we cannot use F to give D the
structure of a daggercategory, precisely becauseof this equation. Nonetheless,
the conceptof daggercategory seemscrucial in quantum physics. So, there is a
tension that remains to be resolved here.

The reader may note that this is not the �rst time an equation between
objects has obtruded in the study of duals. We have already seenone in our
discussionof Freyd and Yetter's 1986paper. In that casethe problem involved
duals for objects, rather than morphisms. And in that case,Shum found a way
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around the problem. When it comesto duals for morphisms, no comparable�x
is known. However, in our discussionof Doplicher and Roberts' 1989paper, we
will seethat the two problems are closely connected.

Dijkgraaf (1989)

Shortly after Atiy ah de�ned TQFTs, Robbert Dijkgraaf gave a purely algebraic
characterization of 2d TQFTs in terms of commutativ eFrobeniusalgebras[121].

Recall that a 2d TQFT is a symmetric monoidal functor Z : 2Cob ! Vect.
An object of 2Cob is a compact oriented 1-dimensional manifold|a disjoint
union of copiesof the circle S1. A morphism of 2Cob is a 2d cobordism between
such manifolds. Using `Morse theory', we can chop any 2d cobordism M into
elementary building blocks that contain only a single critical point. These are
called the birth of a circle , the upside-do wn pair of pan ts , the death of
a circle and the pair of pan ts :

Every 2d cobordism is built from these by composition, tensoring, and the
other operations present in any symmetric monoidal category. So, we say that
2Cob is `generated' as a symmetric monoidal category by the object S1 and
these morphisms. Moreover, we can list a complete set of relations that these
generatorssatisfy:

= = = (1)

= = = (2)

= = (3)

= (4)
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2Cob is completely described as a symmetric monoidal category by means of
thesegeneratorsand relations.

Applying the functor Z to the circle gives a vector spaceF = Z (S1), and
applying it to the cobordisms shown below givesthese linear maps:

i : C ! F m : F 
 F ! F " : F ! C � : F ! F 
 F

This meansthat our 2-dimensionalTQFT is completely determined by choosing
a vector spaceF and linear maps i; m; "; � satisfying the relations drawn as
pictures above. In his thesis,Dijkgraaf [121] pointed out that this data amounts
to a known structure: a `commutativ e Frobenius algebra'.

For example,Equation 1:

F 
 F 
 F

F 
 F

F

1F 
 m ��

�
��

=

F 
 F 
 F

F 
 F

F

m 
 1F ��

m
��

says that the map m de�nes an associative multiplication on F . The secondre-
lation says that the map i givesa unit for the multiplication on F . This makesF
into an algebra . The upside-down versionsof theserelations appearing in 2 say
that F is alsoa coalgebra . An algebrathat is alsoa coalgebrawherethe multi-
plication and comultiplication are related by Equation 3 is called a Frob enius
algebra . Finally, Equation 4 is the commutativ e law for multiplication.

In 1996, Abrams [122] was able to construct a category of 2d TQFTs and
prove it is equivalent to the category of commutativ e Frobenius algebras. This
makes precise the sensein which a 2-dimensional topological quantum �eld
theory `is' a commutativ e Frobenius algebra. It implies that when one has a
commutativ e Frobeniusalgebrain the categoryFinVect, oneimmediately getsa
symmetric monoidal functor Z : 2Cob ! Vect, hencea 2-dimensionaltopological
quantum �eld theory. This perspective is explained in great detail in the book
by Kock [123].

In modern language,the essenceof Abrams' result is contained in the follow-
ing theorem: 2Cob is the free symmetric monoidal category on a commutative
Frobenius algebra. To make this precise,we �rst de�ne a commutativ eFrobenius
algebrain any symmetric monoidal category, using the samediagramsasabove.
Next, supposeC is any symmetric monoidal category and c 2 C is a commu-
tativ e Frobenius algebra in C. Then �rst, there exists a symmetric monoidal
functor

Z : 2Cob ! C

with
Z (S1) = c
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and such that Z sendsthe morphismsi; m; � and � for S1 to thosefor c. Second,
Z is unique up to a symmetric monoidal natural isomorphism.

This result should remind the reader of Joyal and Street's algebraic charac-
terization of the categoryof braids, and Shum's characterization of the category
of framed oriented tangles. It is a bit more complicated, becausethe circle is a
bit more complicated than the point. The idea of an `extended' TQFT, which
we shall describe shortly, strengthens the concept of a TQFT so as to restore
\the primacy of the point".

Doplic her{Rob erts (1989)

In 1989, Sergio Doplicher and John Roberts published a paper [124] showing
how to reconstruct a compact topological group K |for example, a compact
Lie group|from its category of �nite-dimensional continuous unitary represen-
tations, Rep(K ). They then used this to show one could start with a fairly
general quantum �eld theory and compute its gaugegroup, instead of putting
the group in by hand [125].

To do this, they actually needed some extra structure on Rep(K ). For
our purposes, the most interesting thing they neededwas its structure as a
`symmetric monoidal category with duals'. Let us de�ne this concept.

In our discussionof Atiy ah's 1988 paper on TQFTs, we explained what it
meansfor a category to be a `daggercategory', or have `duals for morphisms'.
When such a category is equipped with extra structure, it makes senseto de-
mand that this extra structure be compatible with this dualit y. For example,
we can demand that an isomorphism f : x ! y be unitary , meaning

f yf = 1x ; f f y = 1y :

So, we say a monoidal category C has duals for morphisms if its underlying
category has duals for morphisms, the dualit y preservesthe tensor product:

(f 
 g)y = f y 
 gy

and moreover all the relevant isomorphismsare unitary: the associators ax;y ;z ,
and the left and right unitors `x and r x . Wesay a braided or symmetric monoidal
categoryhas duals for morphisms if all theseconditions hold and in addition
the braiding Bx;y is unitary . There is an easy way to make 1Tang2 into a
braided monoidal category with duals for morphisms. Both nCob and FinHilb
are symmetric monoidal categorieswith duals for morphisms.

Besidesduals for morphisms, we may consider duals for objects. In our
discussionof Freyd and Yetter's 1986 paper on tangles, we said a monoidal
category has `duals for objects', or is `compact', if for each object x there is
an object x � together with a unit i x : 1 ! x 
 x � and counit ex : x � 
 x ! 1
satisfying the zig-zagidentities.

Now suppose a braided monoidal category has both duals for morphisms
and duals for objects. Then there is yet another compatibilit y condition we
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can|and should|demand. Any object has a counit, shaped like a cup:

��
SS

x � 
 x

1

ex

��

and taking the dual of this morphism we get a kind of cap:

TT��

1

x � 
 x

i x

��

Combining thesewith the braiding we get a morphism like this:

��

��

x

x

This looksjust like the morphism bx : x ! x that we intro ducedin our discussion
of Freyd and Yetter's 1986paper|only now it is the result of combining duals
for objects and duals for morphisms! Somestring diagram calculations suggest
that bx should be unitary . So, we say a braided monoidal category has duals
if it has duals for objects, duals for morphisms, and the twist isomorphism
bx : x ! x, constructed as above, is unitary for every object x.

In a symmetric monoidal category with duals on can show that b2
x = 1x . In

physics this leads to the boson/fermion distinction mentioned earlier, since a
bosonis any particle that remains unchangedwhen rotated a full turn, while a
fermion is any particle whosephasegets multiplied by � 1 when rotated a full
turn. Both nCob and Hilb are symmetric monoidal categorieswith duals, and
both are `bosonic' in the sensethat b2

x = 1x for every object. The sameis true
for Rep(K ) for any compact group K . This features prominently in the paper
by Doplicher and Roberts.

In recent years,interest hasgrown in understanding the foundations of quan-
tum physicswith the help of category theory. One reasonis that in theoretical
work on quantum computation, there is a fruitful overlap between the cate-
gory theory used in quantum physics and that used in computer science. In a
2004paper on this subject, SamsonAbramsky and Bob Coecke [126] intro duced
symmetric monoidal categorieswith duals under the nameof `strongly compact
closedcategories'. Theseentities were later dubbed `daggercompact categories'
by Selinger [120], and this name seemsto have caught on. What we are call-
ing symmetric monoidal categorieswith duals for morphisms, he calls `dagger
symmetric monoidal categories'.
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Reshetikhin{T uraev (1989)

We have mentioned how Jones discovery in 1985 of a new invariant of knots
led to a burst of work on related invariants. Eventually it was found that all
theseso-called`quantum invariants' of knots can be derived in a systematicway
from quantum groups. A particularly clean treatment using braided monoidal
categoriescan be found in a paper by Nikolai Reshetikhin and Vladimir Turaev
[127]. This is a good point to summarizea bit of the theory of quantum groups
in its modern form.

The �rst thing to realize is that a quantum group is not a group: it is a
special sort of algebra. What quantum groups and groups have in common is
that their categoriesof representations have similar properties. The category of
�nite-dimensional representations of a group is a symmetric monoidal category
with duals for objects. The category of �nite-dimensional representations of a
quantum group is a braided monoidal category with duals for objects.

As we saw in our discussionof Freyd and Yetter's 1986paper, the category
1Tang2 of tangles in 3 dimensions is the free braided monoidal category with
duals on one object � . So, if Rep(A) is the category of �nite-dimensional repre-
sentations of a quantum group A, any object V 2 Rep(A) determinesa braided
monoidal functor

Z : 1Tang2 ! Rep(A):

with
Z (� ) = V:

This functor gives an invariant of tangles: a linear operator for every tangle,
and in particular a number for every knot or link.

So, what sort of algebra has representations that form a braided monoidal
category with duals for objects? This turns out to be one of a family of related
questionswith related answers. The more extra structure we put on an algebra,
the nicer its category of representations becomes:

algebra category
bialgebra monoidal category

quasitriangular bialgebra braided monoidal category
triangular bialgebra symmetric monoidal category

Hopf algebra monoidal category
with duals for objects

quasitriangular braided monoidal category
Hopf algebra with duals for objects

triangular symmetric monoidal category
Hopf algebra with duals for objects

Algebras and their categoriesof representations
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For each sort of algebraA in the left-hand column, its categoryof representations
Rep(A) becomesa category of the sort listed in the right-hand column. In
particular, a quantum group is a kind of `quasitriangular Hopf algebra'.

In fact, the correspondencebetweenalgebrasand their categoriesof repre-
sentations works both ways. Under somemild technical assumptions, we can
recover A from Rep(A) together with the `forgetful functor' F : Rep(A) ! Vect
sendingeach representation to its underlying vector space.The theoremsguar-
anteeing this are called `Tannaka{Krein reconstruction theorems' [128]. They
are reminiscent of the Doplicher{Roberts reconstruction theorem, which allows
us to recover a compact topologicalgroup G from its categoryof representations.
However, they are easierto prove, and they cameearlier.

So, someonewho strongly wishes to avoid learning about quasitriangular
Hopf algebrascan get away with it, at least for a while, if they know enough
about braided monoidal categorieswith duals for objects. The latter subject is
ultimately more fundamental. Nonetheless,it is very interesting to seehow the
correspondencebetweenalgebrasand their categoriesof representations works.
So, let us sketch how any bialgebra has a monoidal category of representations,
and then give someexamplescoming from groups and quantum groups.

First, recall that an algebra is a vector spaceA equipped with an associative
multiplication

m : A 
 A ! A
a 
 b 7! ab

together with an element 1 2 A satisfying the left and right unit laws: 1a = a =
a1 for all a 2 A. We can draw the multiplication using a string diagram:

m
�E
�E
�E

�Y
�Y

�Y

�O
�O

We can also describe the element 1 2 A using the unique operator i : C ! A
that sendsthe complex number 1 to 1 2 A. Then we can draw this operator
using a string diagram:

i

�O
�O

In this notation, the associative law looks like this:

m
�E
�E
�E

�Y
�Y

�Y

m
�E
�E
�E
�E
�E
�E
�E
�E

W�
W�

�O
�O
�O
�O

=

m
�Y

�Y
�Y

�E
�E
�E

m
�Y

�Y
�Y

�Y
�Y

�Y
�Y

�Y

G�
G�

�O
�O
�O
�O
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while the left and right unit laws look like this:

i

m
�E
�E
�E
�E
�E
�E
�E
�E

W�
W�

�O
�O
�O
�O

=

�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O

=

i

m
�Y

�Y
�Y

�Y
�Y

�Y
�Y

�Y

G�
G�

�O
�O
�O
�O

A representation of an algebrais a lot likea representation of a group, except
that instead of writing � (g)v for the action of a group element g on a vector v,
we write � (a 
 v) for the action of an algebra element a on a vector v. More
precisely, a represen tation of an algebra A is a vector spaceV equipped with
an operator

� : A 
 V ! V

satisfying thesetwo laws:

� (1 
 v) = v; � (ab
 v) = � (a 
 � (b
 v)) :

Using string diagrams can draw � as follows:

�
��
��
�

�Y
�Y

�Y

Note that wiggly lines refer to the object A, while straight onesrefer to V . Then
the two laws obeyed by � look very much like associativit y and the left unit law:

m
�E
�E
�E

�Y
�Y

�Y

�



















W�
W�

=

�
�Y

�Y
�Y

��
��
�

�
�Y

�Y
�Y

�Y
�Y

�Y
�Y

�Y

���

i

�



















W�
W�

=
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To make the representations of an algebra into the objects of a category, we
must de�ne morphisms between them. Given two algebra representations, say
� : A 
 V ! V and � 0: A 
 V 0 ! V 0, we de�ne an in tert wining op erator
f : V ! V 0 to be a linear operator such that

f (� (a 
 v)) = � 0(a 
 f (v)) :

This closely resembles the de�nition of an intert wining operator betweengroup
representations. It says that acting by a 2 A and then applying the intert wining
operator is the sameas applying the intert wining operator and then acting by
a.

With thesede�nitions, we obtain a category Rep(A) with �nite-dimensional
representations of A as objects and intert wining operators asmorphisms. How-
ever, unlike group representations, there is no way in generalto de�ne the tensor
product of algebra representations! For this, we needA to be a `bialgebra'. To
understand what this means,�rst recall from our discussionof Dijkgraaf 's 1992
paper that a coalgebra is just like an algebra, only upside-down. More pre-
cisely, it is a vector spaceequipped with a comultiplication :

�
Y�
Y�
Y�

E�
E�

E�

O�
O�

and counit :

"

O�
O�

satisfying the coassociativ e law:

�
Y�
Y�
Y�

E�
E�

E�

�
Y�
Y�
Y�
Y�
Y�
Y�
Y�
Y�

�G
�G

O�
O�
O�
O�

=

�
E�

E�
E�

Y�
Y�
Y�

�
E�

E�
E�

E�
E�

E�
E�

E�

�W
�W

O�
O�
O�
O�
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and left/righ t counit laws:

"

�
Y�
Y�
Y�
Y�
Y�
Y�
Y�
Y�

�G
�G

O�
O�
O�
O�

=

�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O

=

"

�
E�

E�
E�

E�
E�

E�
E�

E�

�W
�W

O�
O�
O�
O�

A bialgebra is a vector spaceequipped with an algebraand coalgebrastruc-
ture that arecompatible in a certain way. We havealready seenthat a Frobenius
algebra is both an algebra and a colgebra,with the multiplication and comulti-
plication obeying the compatibilit y conditions in Equation 3. A bialgebra obeys
di�er ent compatibilit y conditions. These an be drawn using string diagrams,
but it is more enlightening to note that they are precisely the conditions we
need to make the category of representations of an algebra A into a monoidal
category. The idea is that the comultiplication � : A ! A 
 A lets us `duplicate'
an element A soit can act on both factors in a tensor product of representations,
say � and � 0:

�

� � 0

�O
�O
�O

��
��
��
��
��
��
��
��
�

\�
X�
S�
P�
M


#c#c#c#c

]�]�]�

��
��
��
��
��
��
��
��
�

This gives Rep(A) a tensor product. Similarly, we use the counit to let A act
on C as follows:

"

O�
O�
O�
O�

C

We can then write down equations saying that Rep(A) is a monoidal category
with the sameassociator and unitors as in Vect, and with C as its unit object.
Theseequations are then the de�nition of `bialgebra'.

As we have seen,the category of representations of a compact Lie group K
is alsoa monoidal category. In this sense,bialgebrasare a generalizationof such
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groups. Indeed, there is a way to turn any group of this sort into a bialgebra A,
and when the the group is simply connected, this bialgebra has an equivalent
category of representations:

Rep(K ) ' Rep(A):

So,as far as its representations are concerned,there is really no di�erence. But
a big advantage of bialgebrasis that we can often `deform' them to obtain new
bialgebrasthat don't comefrom groups.

The most important caseis when K is not only simply-connectedand com-
pact, but alsosimple , which for Lie groupsmeansthat all its normal subgroups
are �nite. We have already beendiscussingan example: SU(2). Groups of this
sort were classi�ed by �Elie Cartan in 1894, and by the mid-1900stheir theory
had grown to one of the most enormousand beautiful edi�ces in mathematics.
The fact that onecan deform them to get interesting bialgebrascalled `quantum
groups' openeda brand new wing in this edi�ce, and the experts rushed in.

A basic fact about groupsof this sort is that they have `complexforms'. For
example,SU(2) hasthe complexform SL(2), consistingof 2� 2 complexmatrices
with determinant 1. This group contains SU(2) asa subgroup. The advantageof
SU(2) is that it is compact, which implies that its �nite-dimensional continuous
representations can always be madeunitary . The advantageof SL(2) is that it is
a complex manifold, with all the group operations being analytic functions; this
allows us to de�ne `analytic' representations of this group. For our purposes,
another advantage of SL(2) is that its Lie algebra is a complex vector space.
Luckily we do not have to choose one group over the other, since the �nite-
dimensional continuous unitary representations of SU(2) correspond precisely
to the �nite-dimensional analytic representations of SL(2). And as emphasized
by Hermann Weyl, every simply-connectedcompact simple Lie group K has a
complex Lie group G for which this relation holds!

Thesefacts let us say a bit more about how to get a bialgebra with the same
representations asour group K . First, we take the complex form G of the group
K , and consider its Lie algebra, g. Then we let g freely generatean algebra in
which theserelations hold:

xy � yx = [x; y]

for all x; y 2 g. This algebra is called the univ ersal enveloping algebra of
g, and denoted Ug. It is in fact a bialgebra, and we have an equivalence of
monoidal categories:

Rep(K ) ' Rep(Ug):

What Drinfel'd discovered is that we can `deform' Ug and get a quan tum
group Uqg. This is a family of bialgebras depending on a complex parameter
q, with the property that Uqg �= Ug when q = 1. Moreover, these bialgebras
are unique, up to changesof the parameter q and other inessential variations.

In fact, quantum groups they are much better than mere bialgebras: they
are `quasitriangular Hopf algebras'. This is just an intimidating way of saying
that Rep(Uqg) is not merely a monoidal category, but in fact a braided monoidal
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category with duals for objects. And this, in turn, is just an intimidating way
of saying that any representation of Uqg gives an invariant of framed oriented
tangles! Reshetikhin and Turaev's paper explained exactly how this works.

If all this seemstoo abstract, take K = SU(2). From what we have already
said, thesecategoriesare equivalent:

Rep(SU(2)) ' Rep(Usl(2))

where sl(2) is the Lie algebra of SL(2). So, we get a braided monoidal category
with duals for objects, Rep(Uqsl(2)), which reducesto Rep(SU(2)) when we set
q = 1. This is why Uqsl(2) is often called `quantum SU(2)', especially in the
physics literature.

Even better, the quantum group Uqsl(2) has a 2-dimensionalrepresentation
which reducesto the usual spin-1

2 representation of SU(2) at q = 1. Using this
representation to get a tangle invariant, we obtain the Kau�man bracket. So,
Reshetikhin and Turaev's paper massively generalizedthe Kau�man bracket
and set it into its proper context: the representation theory of quantum groups!

In our discussionof Kontsevich's 1993paper we will sketch how to actually
get our hands on quantum groups.

Witten (1989)

In the 1980sthere wasa lot of work on the Jonespolynomial [129], leading up to
the result we just sketched: a beautiful description of this invariant in terms of
representations of quantum SU(2). Most of this early work on the Jonespoly-
nomial used 2-dimensional pictures of knots and tangles|the string diagrams
we have beendiscussinghere. This wasunsatisfying in one respect: researchers
wanted an intrinsically 3-dimensionaldescription of the Jonespolynomial.

In his paper `Quantum �eld theory and the Jonespolynomial' [130], Witten
gavesuch a description using a gauge�eld theory in 3d spacetime,called Chern{
Simonstheory. He also described how the category of representations of SU(2)
could be deformedinto the category of representations of quantum SU(2) using
a conformal �eld theory called the Wess{Zumino{Witten model, which is closely
related to Chern{Simons theory. Weshall say a little about this in our discussion
of Kontsevich's 1993paper.

Rovelli{Smolin (1990)

Around 1986,Abhay Ashtekar discovereda newformulation of generalrelativit y,
which made it more closely resemble gaugetheories such as Yang{Mills theory
[131]. In 1990, Rovelli and Smolin [132] published a paper that used this to
develop a new approach to the old and di�cult problem of quantizing gravit y
| that is, treating it as a quantum rather than a classical �eld theory. This
approach is usually called `loop quantum gravit y', but in its later development
it cameto rely heavily on Penrose'sspin networks [133, 136]. It reducesto the
Ponzano{Reggemodel in the caseof 3-dimensionalquantum gravit y; the di�cult
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and so far unsolved challenge is �nding a correct treatment of 4-dimensional
quantum gravit y in this approach, if one exists.

As we have seen,spin networks are mathematically like Feynman diagrams
with the Poincar�e group replaced by SU(2). However, Feynman diagrams de-
scribe processesin ordinary quantum �eld theory, while spin networks describe
states in loop quantum gravit y. For this reason it seemednatural to explore
the possibility that some sort of 2-dimensional diagrams going between spin
networks are neededto describe processesin loop quantum gravit y. Thesewere
intro duced by Reisenberger and Rovelli in 1996 [135], and further formalized
and dubbed `spin foams' in 1997 [136, 137]. As we shall see,just as Feynman
diagrams can be used to do computations in categories like the category of
Hilb ert spaces,spin foams can be used to do computations in 2-categorieslike
the 2-categoryof `2-Hilbert spaces'.

For a review of loop quantum gravit y and spin foamswith plenty of references
for further study, start with the article by Rovelli [138]. Then try his book [139]
and the book by Ashtekar [140].

Kashiw ara and Lusztig (1990)

Every matrix can be written as a sum of a lower triangular matrix, a diagonal
matrix and an upper triangular matrix. Similarly, for every simple Lie algebra
g, the quantum group Uqg has a `triangular decomposition'

Uqg �= U �
q g 
 U0

q g 
 U+
q g:

If one is interested in the braided monoidal category of �nite dimensional rep-
resentations of Uqg, then it turns out that one only needsto understand the
upper triangular part U �

q g of the quantum group. Using a sophisticated geo-
metric approach Lusztig [141, 142] de�ned a basis for U �

q g called the `canoni-
cal basis', which has remarkable properties. Using algebraic methods, Kashi-
wara [143, 144, 145] de�ned a `global crystal basis' for U �

q (g), which was later
shown by Grojnowski and Lusztig [146] to coincide with the canonical basis.

What makes the canonical basis so interesting is that given two basis ele-
ments ei and ej , their product ei ej can be expandedin terms of basiselements

ei ej =
X

k

mij
k ek

where the constants mz
ij are polynomials in q and q� 1, and these polynomials

have natural numbers as coe�cien ts. If we had chosena basis at random, we
would only expect these constants to be rational functions of q, with rational
numbers as coe�cien ts.

The appearanceof natural numbersherehints that quantum groupsare just
shadows of more interesting structures where the canonical basis elements be-
come objects of a category, multiplication becomesthe tensor product in this
category, and addition becomesdirect sum in this category. Such a structure
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could be called a categori�e d quantum group. Its existencewas explicitly con-
jectured in a paper by Crane and Frenkel, which we will discuss below. In
hindsight, it was already visible in Lusztig's geometric approach to studying
quantum groups using so-called`perversesheaves' [147].

For a simpler exampleof this phenomenon,recall our discussionof Penrose's
1971 paper. We saw that if K is a compact Lie group, the category Rep(K )
has a tensor product and direct sums. If we pick one irreducible representation
E i from each isomorphism class, then every object in Rep(K ) is a direct sum
of theseobjects E i , which thus act as a kind of `basis' for Rep(K ). As a result,
we have

E i 
 E j �=
M

k

M ij
k 
 E k

for certain �nite-dimensional vector spacesM ij
k . The dimensionsof thesevector

spaces,say
mij

k = dim(M ij
k );

are natural numbers. We can de�ne an algebra with onebasisvector ei for each
E i , and with a multiplication de�ned by

ei ej =
X

k

mij
k ek

This algebra is called the represen tation ring of K , and denoted R(K ). It is
associative becausethe tensor product in Rep(K ) is associative up to isomor-
phism.

In fact, representation rings were discovered before categoriesof represen-
tations. Supposesomeonehad handed us such ring and asked us to explain it.
Then the fact that it had a basiswhere the constants m ij

k are natural numbers
would be a clue that it camefrom a monoidal category with direct sums!

The specialproperties of the canonicalbasisare a similar clue, but herethere
is an extra complication: insteadof natural numbers,wearegetting polynomials
in q and q� 1 with natural number coe�cien ts. We shall give an explanation of
this later, in our discussionof Crane and Frenkel's 1994paper.

Kaprano v{V oevodsky (1991)

Around 1991, Kapranov and Voevodksy made available a preprint in which
they de�ned `braided monoidal 2-categories'and `2-vector spaces'[149]. They
also studied a higher-dimensionalanalogueof the Yang{Baxter equation called
the `Zamolodchikov tetrahedron equation'. Recall from our discussionof Joyal
and Street's 1985paper that any solution of the Yang{Baxter equation givesa
braided monoidal category. Kapranov and Voevodsky arguedthat similarly, any
solution of the Zamolodchikov tetrahedron equation gives a braided monoidal
2-category.

The basic idea of a braided monoidal 2-categoryis straightforward: it is like
a braided monoidal category, but with a 2-category replacing the underlying
category. This lets us `weaken' equational laws involving 1-morphisms,replacing
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them by speci�ed 2-isomorphisms. To obtain a useful structure we also need
to imposeequational laws on these2-isomorphisms|so-called `coherencelaws'.
This is the tric ky part, which is why the original de�nition of Kapranov and
Voevodsky later went through a number of small �ne-tunings [150,151,152].

However, their key insight was striking and robust. As we have seen,any
object in a braided monoidal category givesan isomorphism

B = Bx;x : x 
 x ! x 
 x

satisfying the Yang{Baxter equation

(B 
 1)(1 
 B )(B 
 1) = (1 
 B )(B 
 1)(1 
 B )

which in pictures corresponds to the third Reidemeister move. In a braided
monoidal 2-category, the Yang{Baxter equationholdsonly up to a 2-isomorphism

Y : (B 
 1)(1 
 B )(B 
 1) ) (1 
 B )(B 
 1)(1 
 B )

which in turn satis�es the Zamolo dchik ov tetrahedron equation :

[Y � (1 
 1 
 B )(1 
 B 
 1)(B 
 1 
 1)][(1 
 B 
 1)(B 
 1 
 1) � Y � (B 
 1 
 1)]

[(1 
 B 
 1)(1 
 1 
 B ) � Y � (1 
 1 
 B )][Y � (B 
 1 
 1)(1 
 B 
 1)(1 
 1 
 B )]

=

[(B 
 1 
 1)(1 
 B 
 1)(1 
 1 
 B ) � Y ][(B 
 1 
 1) � Y � (B 
 1 
 1)(1 
 B 
 1)]

[(1 
 1 
 B ) � Y � (1 
 1 
 B )(1 
 B 
 1)][(1 
 1 
 B )(1 
 B 
 1)(B 
 1 
 1) � Y ]:

If we think of Y asthe surfacein 4-spacetraced out by the processof performing
the third Reidemeistermove:

Y :

%%
%%
%%

)

then the Zamolodchikov tetrahedron equation says the surface traced out by
�rst performing the third Reidemeistermove on a threefold crossingand then
sliding the result under a fourth strand is isotopic to that traced out by �rst
sliding the threefold crossingunder the fourth strand and then performing the
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third Reidemeistermove. So, this octagon commutes:

HH
BB

777
;;

LL

LL

777
;;
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BB
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;;
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Just as the Yang{Baxter equation relates two di�eren t planar projections of
3 lines in R3, the Zamolodchikov tetrahehdron relates two di�eren t projections
onto R3 of 4 lines in R4. This suggeststhat solutions of the Zamolodchikov
equation can give invariants of `2-tangles' (roughly, surfacesembedded in 4-
space) just as solutions of the Yang{Baxter equation can give invariants of
tangles(roughly, curvesembeddedin 3-space).Indeed, this was later con�rmed
[153,154,155].

Drinfel'd's work on quantum groups naturally givessolutions of the Yang{
Baxter equation in the category of vector spaces.This suggestedto Kapranov
and Voevodsky the idea of looking for solutions of the Zamolodchikov tetrahe-
dron equation in some 2-category of `2-vector spaces'. They de�ned 2-vector
spacesusing the following analogy:

C Vect
+ �
� 

0 f 0g
1 C

Analogy betweenordinary linear algebra and higher linear algebra

So, just as a �nite-dimensional vector spacemay be de�ned as a set of the
form Cn , they de�ned a 2-v ector space to be a category of the form Vectn .
And just as a linear operator T : Cn ! Cm may be described using an m � n
matrix of complex numbers, they de�ned a linear functor between 2-vector
spacesto be an m � n matrix of vector spaces!Such matrices indeedact to give
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functors from Vectn to Vectm . We can also add and multiply such matrices in
the usual way, but with � and 
 taking the place of + and � .

Finally, there is a newlayer of structure: giventwo linear functors S;T : Vectn !
Vectm , Kapranov and Voevodsky de�ned a linear natural transformation
� : S ) T to be an m � n matrix of linear operators

� ij : Sij ! Tij

going betweenthe vector spacesthat are the matrix entries for S and T. This
new layer of structure winds up making 2-vector spacesinto the objects of a
2-category.

Kapranov and Voevodsky called this 2-category2Vect. They de�ned a con-
cept of `monoidal 2-category' and de�ned a tensor product for 2-vector spaces
making 2Vect into a monoidal 2-category. The Zamolodchikov tetrahedron equa-
tion makessensein any monoidal 2-category, and any solution givesa braided
monoidal 2-category. Conversely, any object in a braided monoidal 2-category
givesa solution of the Zamolodchikov tetrahedron equation. Theseresults hint
that the relation betweenquantum groups, solutions of the Yang{Baxter equa-
tion, braided monoidal categoriesand 3d topology is not a freak accident: all
theseconceptsmay have higher-dimensionalanalogues!To reach thesehigher-
dimensional analogues,it seemswe need to take concepts and systematically
`boost their dimension' by making the following replacements:

elements objects
equations isomorphisms

between elements between objects
sets categories

functions functors
equations natural isomorphisms

between functions between functors

Analogy betweenset theory and category theory

In their 1994paper, Crane and Frenkel called this processof dimensionboosting
categori�cation . We have already seen,for example, that the representation
category Rep(K ) of a compact Lie group is a categori�cation of its representa-
tion ring R(K ). The representation ring is a vector space;the representation
category is a 2-vector space.

Reshetikhin{T uraev (1991)

In 1991, Reshetikhin and Turaev [148] published a paper in which they con-
structed invariants of 3-manifolds from quantum groups. Theseinvariants were
later seento be part of a full-
edged 3d TQFT. Their construction made rig-
orous ideas from Witten's 1989 paper on Chern{Simons theory and the Jones
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polynomial, sothis TQFT is now usually called the Witten{Reshetikhin{T uraev
theory.

Their construction usesrepresentations of a quantum group Uqg, but not the
whole category Rep(Uqg). Instead they usea special subcategory, which can be
constructed when q is a suitable root of unit y. This subcategory has many nice
properties: for example, it is a braided monoidal category with duals, and also
a 2-vector spacewith a �nite basis of simple object. These and some extra
properties are summarizedby saying that this subcategory is a `modular tensor
category'. Such categorieswere later intensively studied by Turaev [157] and
many others [158]. In this work, the Witten{Reshetikhin{T uraev construction
wasgeneralizedto obtain a 3d TQFT from any modular tensor category. More-
over, it was shown that any quantum group Uqg givesrise to a modular tensor
category when q is a suitable root of unit y.

However, it was later seenthat in most casesthere is a 4d TQFT of the
Witten{Reshetikhin{T uraev TQFT in 3 dimensions is merely a kind of side-
e�ect. So, for the purposesof understanding the relation betweenn-categories
and TQFTs in various dimensions, it is better to postpone further treatment
of the Witten{Reshetikhin{T uraev theory until our discussionof Turaev's 1992
paper on the 4-dimensionalaspect of this theory.

Turaev{Viro (1992)

In 1992,the topologists Turaev and Viro [156] constructed another invariant of
3-manifolds|whic h we now know is part of a full-
edged 3d TQFT|from the
modular category arising from quantum SU(2). Their construction was later
generalizedto all modular tensor categories,and indeed beyond. By now, any
3d TQFT arising via this construction is called a Turaev{Viro model.

The relation betweenthe Turaev{Viro model and the Witten{Reshetikhin{
Turaev theory is subtle and interesting, but for our limited purposesa few
words will su�ce. Brie
y: it later becameclear that a su�cien tly nice braided
monoidal categorylets usconstruct a 4-dimensionalTQFT, which hasa Witten{
Reshetikhin{Turaev TQFT in 3 dimensionsas a kind of shadow. On the other
hand, Barrett and Westbury discovered that we only need a su�cien tly nice
monoidal category to construct a 3-dimensional TQFT|and the Turaev{Viro
models are among these. This outlook makescertain patterns clearer; we shall
explain thesepatterns further in sectionsto come.

When writing their original paper, Turaev and Viro did not know about
the Ponzano{Reggemodel of quantum gravit y. However, their construction
amounts to taking the Ponzano{Reggemodel and curing it of its divergent sums
by replacing SU(2) by the corresponding quantum group. Despite the many
technicalities involved, the basic idea is simple. The Ponzano{Reggemodel
is not a 3d TQFT, becauseit assignsdivergent values to the operator Z (M )
for many cobordisms M . The reasonis that computing this operator involves
triangulating M , labelling the edgesby spins j = 0; 1

2 ; 1; : : : , and summing
over spins. Since there are in�nitely many choicesof the spins, the sum may
diverge. And sincethe spin labelling an edgedescribesits length, this divergence
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arisesphysically from the fact that we are summing over geometriesthat can
be arbitrarily large.

Mathematically, spins correspond to irreducible representations of SU(2).
There are, of course,in�nitely many of these. The sameis true for the quantum
group Uqsl(2). But in the modular tensor category, we keeponly �nitely many
of the irreducible representations of Uqsl(2) as objects, corresponding to the
spins j = 0; 1

2 ; 1 : : : ; k
2 , where k depends on the root of unit y q. This cures the

Ponzano{Reggemodel of its in�nities. Physically, intro ducing the parameter
q corresponds to intro ducing a nonzero `cosmologicalconstant' in 3d quantum
gravit y. The cosmologicalconstant endows the vacuum with a constant energy
density and forcesspacetimeto curl up instead of remaining 
at. This puts an
upper limit on the sizeof spacetime,avoiding the divergent sum over arbitrarily
large geometries.

We postpone a detailed description of the Turaev{Viro model until our dis-
cussionof Barrett and Westbury's 1992paper. As mentioned, this paper strips
Turaev and Viro's construction down to its bare essentials, building a 3d TQFT
from any su�cien tly nice monoidal category: the braiding is inessential. But
the work of Barrett and Westbury is a categori�ed version of Fukuma, Hosono
and Kawai's work on 2d TQFTs, so we should �rst discussthat.

Fukuma{Hosono{Ka wai (1992)

Fukuma, Hosono and Kawai found a way to construct two-dimensional topo-
logical quantum �eld theories from semisimplealgebras[159]. Though they did
not put it this way, they essentially gave a recipe to turn any 2-dimensional
cobordism

S

M

S0
��

into a string diagram, and usethat diagram to de�ne an operator betweenvector
spaces:

~Z (M ) : ~Z (S) ! ~Z (S0)

This gadget ~Z is not quite a TQFT, but with a little extra work it givesa TQFT
which we will call Z .
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The recipe beginsas follows. Triangulate the cobordism M :

This picture already looks a bit like a string diagram, but never mind that.
Instead, take the Poincar�e dual of the triangulation, drawing a string diagram
with:

� one vertex in the center of each triangle of the original triangulation;

� one edgecrossingeach edgeof the original triangulation.

We then needa way to evaluate this string diagram and get an operator.
For this, �x an associative algebra A. Then using Poincar�e dualit y, each

triangle in the triangulation can be reintepreted as a string diagram for multi-
plication in A:

����������� 33
33

33
33

33
3

��  m
••

••
•

??
??

?

______
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�

�
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3
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Actually there is a slight subtlety here. The above string diagram comeswith
someextra information: little arrowson the edges,which tell us which edgesare



A PREHISTORY OF n-CATEGORICAL PHYSICS 79

coming in and which are going out. To avoid the needfor this extra information,
let us equip A with an isomorphism to its dual vector spaceA � . Then we can
take any triangulation of M and read it as a string diagram for an operator
~Z (M ). If our triangulation gives the manifold S somenumber of edges,say n,
and givesS0 someother number of edges,say n0, then we have

~Z (M ) : ~Z (S) ! ~Z (S0)

where
~Z (S) = A 
 n ; ~Z (S0) = A 
 n 0

:

We would like this operator ~Z (M ) to be well-de�ned and independent of
our choice of triangulation for M . And now a miracle occurs. In terms of
triangulations, the associative law:

m
��
��
�

22
22

2

m
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44
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can be redrawn as follows:

•••••••••••••••••

=

?????????????????

This equation is already famous in topology! It is the 2-2 move: one of two
so-calledPachner moves for changing the triangulation of a surfacewithout
changing the surface'stopology. The other is the 1-3 move:

��
��
��
��
��
��
�3333333333333

=

�������������

3333333333333

LLLLLLLL

rrrrrrrr

By repeatedly using thesemoves,we can go betweenany two triangulations of
M that restrict to the sametriangulation of its boundary.

The associativit y of the algebra A guaranteesthat the operator ~Z (M ) does
not change when we apply the 2-2 move. To ensure that that ~Z (M ) is also
unchanged by 1-3 move, we require A to be `semisimple'. There are many
equivalent ways of de�ning this concept. For example,giventhat weare working



A PREHISTORY OF n-CATEGORICAL PHYSICS 80

over the complex numbers, we can de�ne an algebra A to be semisimple if it
is isomorphic to a �nite direct sum of matrix algebras. A more conceptual
de�nition usesthe fact that any algebraA comesequipped with a bilinear form

g(a; b) = tr( L aL b)

where L a stands for left multiplication by a:

L a : A ! A
x 7! ax

and tr standsfor the trace. We can reinterpret g asa linear operator g: A 
 A !
C, which we can draw as a `cup':

A 
 A

C

g

��

We say g is nondegenerate if we can �nd a is a corresponding `cap' that
satis�es the zig-zagequations. Then we say the algebraA is semisimple if g is
nondegenerate.In this case,the map a 7! g(a; �) givesan isomorphism A �= A � ,
which lets us avoid writing little arrows on our string diagram. Even better,
with the chosencap and cup, we get the equation:

=

where each circle denotes the multiplication m : A 
 A ! A. This equation
then turns out to imply the 1-3 move! Proving this is a good workout in string
diagrams and Poincar�e dualit y.

So: starting from a semisimplealgebraA, we obtain an operator ~Z (M ) from
any triangulated 2d cobordism M . Morover, this operator is invariant under
both Pachner moves. But how doesthis construction give us a 2d TQFT? It is
easyto check that

~Z (M M 0) = ~Z (M ) ~Z(M 0);

which is a step in the right direction. We have seenthat ~Z (M ) is the samere-
gardlessof which triangulation we pick for M , aslong aswe �x the triangulation
of its boundary. Unfortunately , it dependson the triangulation of the boundary:
after all, if S is the circle triangulated with n edgesthen ~Z(S) = A 
 n . So, we
needto deal with this problem.

Given two di�eren t triangulations of the same 1-manifold, say S and S0,
we can always �nd a triangulated cobordism M : S ! S0 which is a cylinder ,
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meaning it is homeomorphic to S � [0; 1], with S and S0 as its two ends. For
example:

S

S0

M

��

This cobordism givesan operator ~Z (M ) : ~Z (S) ! ~Z (S0), and becausethis op-
erator is independent of the triangulation of the interior of M , we obtain a
canonical operator from ~Z (S) to ~Z (S0). In particular, when S = S0 we get an
operator

pS : ~Z (S) ! ~Z (S):

This operator is not the identit y, but a simple calculation shows that it is a
pro jection , meaning

p2
S = pS :

In physics jargon, this operator acts as a projection onto the spaceof `physical
states'. And if we de�ne Z (S) to be the range of pS , and Z (M ) to be the
restriction of ~Z (M ) to Z (S), we can check that Z is a TQFT!

How does this construction relate to the construction of 2d TQFTs from
commutativ e Frobenius algebras explained our discussionof Dijkgraaf 's 1989
paper? To answer this, we needto seehow the commutativ e Frobenius algebra
Z (S1) is related to the semisimplealgebraA. In fact Z (S1) turns out to be the
center of A: the set of elements that commute with all other elements of A.

The proof is a nice illustration of the power of string diagrams. Consider the
simplest triangulated cylinder from S1 to itself. We get this by taking a square,
dividing it into two triangles by drawing a diagonal line, and then curling it up
to form a cylinder:

This givesa projection

p = pS1 : ~Z (S1) ! ~Z (S1)



A PREHISTORY OF n-CATEGORICAL PHYSICS 82

whoserange is Z (S1). Sincewe have triangulated S1 with a single edgein this
picture, we have ~Z(S1) = A. So, the commutativ e FrobeniusalgebraZ (S1) sits
inside A as the range of the projection p: A ! A.

Let us show that the range of p is precisely the center of A. First, take the
triangulated cylinder above and draw the Poincar�e dual string diagram:

���

���

��� �

Erasing everything except this string diagram, we obtain a kind of `formula' for
p:

p =

where the little circles stand for multiplication in A. To seethat p mapsA onto
into its center, it su�ces to check that if a lies in the center of A then pa = a.
This is a nice string diagram calculation:

a

=

a

=

a

=

a

=

a

In the secondstep we use the fact that a is in the center of A; in the last step
we usesemisimplicity. Similarly, to seethat p maps A into its center, it su�ces
to check that for any a 2 A, the element pa commutes with every other element
of A. In string diagram notation, this says that:

a

=

a

The proof is as follows:

a

=

a

=

a

=

a

=

a

=

a

=

a
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Barrett{W estbury (1992)

In 1992,Barrett and Westbury completeda paper that treated ideasvery similar
to those of Turaev and Viro's paper from the sameyear [161]. Unfortunately ,
it only reached publication much later, so everyone speaksof the Turaev{Viro
model. Barrett and Westbury showed that to construct 3d TQFTs we only need
a nicemonoidal category, not a braided monoidal category. More technically: we
do not needa modular tensor category; a `sphericalcategory' will su�ce [162].
Their construction can be seenasa categori�ed versionof the Fukuma{Hosono{
Kawai construction, and we shall present it from viewpoint.

The key to the Fukuma{Hosono{Kawai construction wasgetting an operator
from a triangulated 2d cobordism and checking its invarianceunder the 2-2 and
1-3 Pachner moves. In both these moves, the `before' and `after' pictures can
be seenas the front and back of a tetrahedron:

•••••••••
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All this has an analogue one dimension up. For starters, there are also
Pachner moves in 3 dimensions. The 2-3 move takes us from two tetrahedra
attached along a triangle to three sharing an edge,or vice versa:
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On the right side we seetwo tetrahedra sharing a triangle, the tall isosceles
triangle in the middle. On the left we seethree tetrahedra sharing an edge,the
dashedhorizontal line. The 1-4 move lets us split one tetrahedron into four,
or mergefour back into one:
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Given a 3d cobordism M : S ! S0, repeatedly applying these moves lets us go
betweenany two triangulations of M that restrict to the sametriangulation of
its boundary. Moreover, for both these moves, the `before' and `after' pictures
can be seenas the front and back of a 4-simplex: the 4-dimensional analogue
of a tetrahedron.
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Fukuma, Hosonoand Kawai constructed 2d TQFTs from certain monoids:
namely, semisimplealgebras. As we have seen,the key ideaswere these:

� A triangulated 2d cobordism gives an operator by letting each triangle
correspond to multiplication in a semisimplealgebra.

� Since the multiplication is associative, the resulting operator is invariant
under the 2-2 Pachner move.

� Since the algebra is semisimple, the operator is also invariant under the
1-3 move.

In a very similar way, Barrett and Westbury constructed3d TQFTs from certain
monoidal categoriescalled `spherical categories'. We can think of a spherical
category as as a categori�ed version of a semisimplealgebra. The key ideasare
these:

� A triangulated compact 2d manifold givesa vector spaceby letting each
triangle correspond to tensor product in a spherical category.

� A triangulated 3d cobordism givesan operator by letting each tetrahedron
correspond to the associator in the spherical category.

� Sincethe associator satis�es the pentagon identit y, the resulting operator
is invariant under the 2-3 Pachner move.

� Sincethe spherical category is `semisimple',the operator is also invariant
under the 1-4 move.

The details are a bit elaborate, so let us just sketch someof the simplest,
most beautiful aspects. Recall from our discussionof Kapranov and Voevodksy's
1991paper that categorifying the concept of `vector space'givesthe concept of
`2-vector space'. Just as there is a category Vect of vector spaces,there is a
2-category2Vect of 2-vector spaces,with:

� 2-vector spacesas objects,

� linear functors as morphisms,

� linear natural transformations as 2-morphisms.

In fact 2Vect is a monoidal 2-category, with a tensor product satisfying

Vectm 
 Vectn ' Vectmn :

This lets us de�ne a 2-algebra to be a 2-vector spaceA which is alsoa monoidal
category for which the tensor product extends to a linear functor

m : A 
 A ! A;

and for which the associator and unitors extend to linear natural transforma-
tions. We have already seena nice example of a 2-algebra,namely Rep(K ) for
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a compact Lie group K . Here the tensor product is the usual tensor product of
group representations.

Now let us �x a 2-algebra A. Given a triangulated compact 2-dimensional
manifold S, we can usePoincar�edualit y to reinterpret each triangle asa picture
of the multiplication m : A 
 A ! A:

���������� 33
33

33
33

33

 m
••

••??
??

As in the Fukuma{Hosono{Kawai model, this lets us turn the triangulated mani-
fold into a string diagram. And asbefore,if A is `semisimple'|or moreprecisely,
if A is a spherical category|w e do not needto write little arrows on the edges
of this string diagram for it to make sense.But sinceeverything is categori�ed,
this string diagram now describes linear functor built. Since S has no bound-
ary, this string diagram starts and ends with no edges,so it describes a linear
functor from A 
 0 to itself. Just as the tensor product of zero copiesof a vector
spaceis de�ned to be C, the tensor product of no copiesof 2-vector spaceis
de�ned to be Vect. But a linear functor from Vect to itself is given by a 1 � 1
matrix of vector spaces|that is, a vector space! This recipe givesus a vector
space ~Z(S) for any compact 2d manifold S.

Next, from a triangulated 3d cobordism M : S ! S0, we wish to obtain a
linear operator ~Z (M ) : ~Z (S) ! ~Z (S0). For this, we can use Poincar�e dualit y
to reinterpret each tetrahedron as a picture of the associator. The `front' and
`back' of the tetrahedron correspond to the two functors that the associator goes
between:

••••••••••••••

)

??????????????

 m

m
?? ) m

m
••

A more 3-dimensionalview is helpful here. Starting from a triangulated 3d
cobordism M : S ! S0, we can usePoincar�e dualit y to build a piecewise-linear
cell complex, or `2-complex' for short. This is a 2-dimensionalgeneralization of
a graph; just as a graph has vertices and edges,a 2-complexhas vertices, edges
and polygonal faces.The 2-complexdual to the triangulation of a 3d cobordism
has:

� one vertex in the center of each tetrahedron of the original triangulation;

� one edgecrossingeach triangle of the original triangulation;

� one face crossingeach edgeof the original triangulation.

We can interpret this 2-complex as a higher-dimensional analogueof a string
diagram, and use this to compute an operator ~Z (M ) : ~Z (S) ! ~Z (S0). This
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outlook is stressedin `spin foam models' [136, 137], of which the Turaev{Viro{
Barrett{W estbury model is the simplest and most successful.

Each tetrahedron in M givesa little pieceof the 2-complex,which looks like
this:

If we look at the string diagrams on the front and back of this picture, we see
they describe the two linear functors that the associator goesbetween:

This is just a deeper look at the something we already saw in our discussion
of Ponzano and Regge's1968 paper. There we saw a connection between the
tetrahedron, the 6j symbols, and the associator in Rep(SU(2)). Now we are
seeingthat for any spherical category, a triangulated 3d cobordism gives a 2d
cell complex built out of piecesthat we can interpret as associators. So, just
as triangulated 2-manifolds give us linear functors, triangulated 3d cobordisms
givesus linear natural transformations!

More precisely, recall that every compact triangulated 2-manifold S gave
a linear functor from Vect to Vect, or 1 � 1 matrix of vector spaces,which we
reinterpreted asa vector space~Z(S). Similarly, every triangulated 3d cobordism
M : S ! S0 gives a linear natural transformation gives between such linear
functors. This amounts to a 1 � 1 matrix of linear operators, which we can
reinterpret as a linear operator ~Z (M ) : ~Z (S) ! ~Z (S0).

The next step is to show that ~Z (M ) is invariant under the 2-3 and 1-4
Pachner moves. If we can do this, the rest is easy: we can follow the strategy
we have already seenin the Fukuma{Hosono{Kawai construction and obtain a
3d TQFT.

At this point another miracle comesto our rescue: the pentagon identit y
givesinvarianceunder the 2-3 move! The 2-3 move goesfrom two tetrahedra to
three, but each tetrahedron correspondsto an associator, sowecaninterpret this
moveasan equation betweena natural transformation built from two associators
and one built from three. And this equation is just the pentagon identit y.
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To seewhy, ponder this `pentagon of pentagons':
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Here we see�v e ways to parenthesize a tensor product of objects w; x; y; z in
a monoidal category. Each corresponds to a triangulation of a pentagon. (The
repeated appearanceof the number �v e here is just a coincidence.) We can go
between these parenthesized tensor products using the associator. In terms of
triangulations, each useof the associator correspondsto a 2-2 move. We can go
from the top of the picture to the lower right in two ways: one using two steps
and one using three. The two-step method builds up this picture:
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which shows two tetrahedra attached along a triangle. The three-step method



A PREHISTORY OF n-CATEGORICAL PHYSICS 88

builds up this picture:
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which shows three tetrahedra sharing a common edge. The pentagon identit y
thus yields the 2-3 move:
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The other axioms in the de�nition of sphericalcategory then yield the 1-4 move,
and so we get a TQFT.

At this point it is worth admitting that the link between the associative
law and 2-2 move and that betweenthe pentagon identit y and 2-3 move are not
really `miracles' in the senseof unexplainedsurprises. This is just the beginning
of a pattern that relates the n-dimensional simplex and the (n � 1)-dimensional
Stashe� associahedron. An elegant explanation of this can be found in Street's
1987 paper `The algebra of oriented simplexes' [46]|the same one in which
he proposeda simplicial approach to weak 1 -categories. Since there are also
Pachner movesin every dimension[163], the Fukuma{Hosono{Kawai model and
the Turaev{Viro{Barrett{W estbury model should be just the �rst of an in�nite
seriesof constructions building (n + 1)-dimensional TQFT from `semisimplen-
algebras'. But this is largely open territory , apart from someimportant work
in 4 dimensions,which we turn to next.

Turaev (1992)

As we already mentioned, the Witten{Reshetikhin{T uraev construction of 3-
dimensional TQFTs from modular tensor categoriesis really just a spino� of a
way to get 4-dimensional TQFTs from modular tensor categories. This began
becomingvisible in 1991,when Turaev releaseda preprint [164] on building 4d
TQFTs from modular tensorcategories.In 1992he publisheda paper with more
details [165], and his book explains the ideas even more thoroughly [157]. His
construction amounts to a 4-dimensionalanalogueof the Turaev{Viro{Barrett{
Westbury construction. Namely, from a 4d cobordism M : S ! S0, onecancom-
pute a linear operator ~Z (M ) : ~Z (S) ! ~Z (S0) with the help of a 2-dimensional
CW complex sitting inside M . As already mentioned, we think of this complex
as a higher-dimensionalanalogueof a string diagram.

In 1993,following work by the physicist Ooguri [166], Crane and Yetter [167]
gave a di�eren t construction of 4d TQFTs from the modular tensor category
associated to quantum SU(2). This construction used a triangulation of M .
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It was later generalizedto a large classof modular tensor categories[168], and
thanks to the work of Justin Roberts [169], it is clear that Turaev's construction
is related to the Crane{Yetter construction by Poincar�e dualit y, following a
pattern we have seenalready.

At this point the reader, seekingsimplicit y amid these complex historical
developments, should feel a bit puzzled. We have seenthat:

� The Fukuma{Hosono{Kawai construction gives2d TQFTs from su�cien tly
nice monoids (semisimplealgebras).

� The Turaev{Viro{Bartlett{W estbury construction gives3d TQFTs from
su�cien tly nice monoidal categories(spherical categories).

Given this, it would be natural to expect:

� Somesimilar construction gives4d TQFTs from su�cien tly nice monoidal
2-categories(spherical 2-categories).

Indeed, this is true! Mackaay proved it in 1999[170]. But how doesthis square
with the following fact?

� The Turaev{Crane{Y etter construction gives4d TQFTs from su�cien tly
nice braided monoidal categories(modular tensor categories).

The answer is very nice: it turns out that braided monoidal categoriesare a
special case of monoidal 2-categories!

We should explain this, becauseit is part of a fundamental pattern called
the `periodic table of n-categories'. As a warmup, let us seewhy a commutativ e
monoid is the sameas a monoidal category with only one object. This argu-
ment goes back to work of Eckmann and Hilton [171], published in 1962. A
categori�ed version of their argument shows that a braided monoidal category
is the sameas monoidal 2-category with only one object. This seemsto have
�rst beennoticed by Joyal and Tierney [172] around 1984.

Suppose�rst that C is a categorywith oneobject x. Then the set hom(x; x)
becomesa monoid where multiplication is composition of morphisms and the
identit y element is 1x . Conversely, any monoid givesa category with oneobject
in this way.

But now supposethat C is a monoidal category with one object x. Then
this object must be the unit for the tensor product. As before, hom(x; x) be-
comesa monoid using composition of morphisms. But now we can also tensor
morphisms. By Mac Lane's coherencetheorem, we may assumewithout loss
of generality that C is a strict monoidal category. Then the tensor product is
associative, and we have 1x 
 f = f = f 
 1x for every f 2 hom(x; x). So,
hom(x; x) becomesa monoid in a secondway!

However, the fact that tensor product is a functor implies the in terc hange
law:

(f f 0) 
 (gg0) = (f 
 g)( f 0 
 g0)
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This lets us carry out the following remarkableargument, called the Eckmann{
Hilton argumen t :

f 
 g = (1f ) 
 (g1)
= (1 
 g)( f 
 1)
= gf
= (g 
 1)(1 
 f )
= (g1) 
 (1f )
= g 
 f :

In short: composition and tensor product are equal, and tensor product is
commutativ e! So, hom(x; x) is a commutativ e monoid. Conversely, one can
show that any commutativ e monoid can be thought of as the morphisms in a
monoidal category with just one object.

In fact, Eckmann and Hilton cameup with their argument in work on topol-
ogy, and its essenceis best revealedby a picture. Let us draw the composite of
morphismsby putting oneon top of the other, and draw their tensor product by
putting them side by side. We have often done this using string diagrams, but
just for a change,let us draw morphismsassquares.Then the Eckmann{Hilton
argument goesas follows:

gf

f 
 g

=
g

f

1

1

(1 
 g)( f 
 1)

=
g

f

gf

=
g

f

1

1

(g
 1)(1 
 f )

= g f

g
 f

We cancategorify this whole discussion.For starters, we noted in our discus-
sion of B�enabou's 1967paper that if C is a weak 2-categorywith one object x,
then hom(x; x) is a monoidal category|and conversely, any monoidal category
arises in this way. Then, the Eckmann{Hilton argument can be used to show
that a weak monoidal 2-category with one object is a braided monoidal cate-
gory. Sincecategori�cation amounts to replacing equationswith isomorphisms,
each step in the argument now givesan isomorphism:

f 
 g �= (1f ) 
 (g1)
�= (1 
 g)( f 
 1)
�= gf
�= (g 
 1)(1 
 f )
�= (g1) 
 (1f )
�= g 
 f :

Composing these,we obtain an isomorphism from f 
 g to g 
 f , which we can
think of as a braiding:

B f ;g : f 
 g ! g 
 f :

We can even go further and check that this makes hom(x; x) into a braided
monoidal category.

A picture makes this plausible. We can use the third dimension to record
the processof the Eckmann{Hilton argument. If we compressf and g to small
discs for clarit y, it looks like this:
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�����
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This clearly looks like a braiding!
In the above pictures we are moving f around g clockwise. There is an

alternate version of the categori�ed Eckmann{Hilton argument that amounts
to moving f around g counterclockwise:

f 
 g �= (f 1) 
 (1g)
�= (f 
 1)(1 
 g)
�= f g
�= (1 
 f )(g 
 1)
�= (1g) 
 (f 1)
�= g 
 f :

This givesthe following picture:

�����

�����

�����

�����
f

fg

g

This picture correspondsto a di�er ent isomorphismfrom f 
 g to g
 f , namely
the inversebraiding

B � 1
g;f : f 
 g ! g 
 f :

This is a great example of how di�eren t proofs of the sameequation may give
di�eren t isomorphismswhen we categorify them.

The 4d TQFTs constructed from modular tensor categorieswerea bit disap-
pointing, in that they gave invariants of 4-dimensionalmanifolds that were al-
ready unknown, and unable to shedlight on the deepquestionsof 4-dimensional
topology. The reasoncould be that braided monoidal categoriesare rather de-
generate examplesof monoidal 2-categories. In their 1994 paper, Crane and
Frenkel began the search for more interesting monoidal 2-categoriescoming
from the representation theory of categori�e d quantum groups. As of now, it is
still unknown if thesegive more interesting 4d TQFTs.

Kon tsevic h (1993)

In his famouspaper of 1993,Kontsevich [173] arrivedat a deeper understanding
of quantum groups, basedon ideas of Witten, but making lessexplicit use of
the path integral approach to quantum �eld theory.
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In a nutshell, the idea is this. Fix a compact simply-connectedsimple Lie
group K and �nite-dimensional representations � 1; : : : ; � n . Then there is a way
to attach a vector spaceZ (z1; : : : zn ) to any choice of distinct points z1; : : : ; zn

in the plane, and a way to attach a linear operator

Z (f ) : Z (z1; : : : ; zn ) ! Z (z0
1; : : : ; z0

n )

to any n-strand braid going from the points (z1; : : : ; zn ) to the points z0
1; : : : ; z0

n .
The tric k is to imagineeach strand of the braid asthe worldline of a particle in 3d
spacetime.As the particles move, they interact with each other via a gauge�eld
satisfying the equations of Chern{Simons theory. So, we useparallel transport
to describe how their internal states change. As usual in quantum theory, this
processis described by a linear operator, and this operator is Z (f ). Since
Chern{Simons theory describe a gauge�eld with zero curvature, this operator
dependsonly on the topology of the braid. So,with somework we get a braided
monoidal category from this data. With more work we can get operators not
just for braids but also tangles|and thus, a braided monoidal category with
duals for objects. Finally, using a Tannaka{Krein reconstruction theorem, we
can show this category is the category of �nite-dimensional representations of a
quasitriangular Hopf algebra: the `quantum group' associated to G.

Lawrence (1993)

Lawrence: extendedTQFTs [174].

Crane{F renk el (1994)

In 1994,Louis Crane and Igor Frenkel wrote a paper entitled `Four dimensional
topologicalquantum �eld theory, Hopf categories,and the canonicalbases'[177].
In this paper they discussedthe algebraic structures that provide TQFTs in
various dimensions:

n = 4 trialgebras

BB
BB

BB
BB

B Hopf categories

| |
| |

| |
| |

|

BB
BB

BB
BB

B monoidal 2-categories

| |
| |

| |
| |

|

n = 3 Hopf algebras

BB
BB

BB
BB

B monoidal categories

| |
| |

| |
| |

|

n = 2 algebras

This chart is a bit schematic, so let us expand on it a bit. In our discussionof
Fukuma, Hosonoand Kawai's 1992 paper, we have seenhow they constructed
2d TQFTs from certain algebras,namely semisimplealgebras. In our discussion
of Barrett and Westbury's paper from the sameyear, we have seenhow they
constructed 3d TQFTs from certain monoidal categories,namely spherical cat-
egories.But any Hopf algebra has a monoidal category of representations, and
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we can use Tannaka{Krein reconstruction to recover a Hopf algebra from its
category of representations. This suggeststhat we might be able to construct
3d TQFTs directly from certain Hopf algebras. Indeed, this is the case,as was
shown by Kuperberg [178] and Chung{Fukuma{Shapere [179]. Indeed, there is
a beautiful direct relation between3-dimensionaltopology and the Hopf algebra
axioms.

Crane and Frenkel speculated on how this pattern continues in higher di-
mensions.To anyonewho understandsthe `dimension-boosting' nature of cate-
gori�cation, it is natural to guessthat onecan construct 4d TQFTs from certain
monoidal 2-categories. Indeed, as we have mentioned, this was later shown by
Mackaay [170], who was greatly in
uenced by the Crane{Frenkel paper. But
this in turn suggeststhat we could obtain monoidal 2-categoriesby considering
`2-representations' of categori�ed Hopf algebras,or `Hopf categories'|and that
perhapswe could construct 4d TQFTs directly from certain Hopf categories.

This may be true. In 1997,Neuchl [180] gave a de�n tion of Hopf categories
and showed that a Hopf categoryhasa monoidal 2-categoryof 2-representations
on 2-vector spaces.In 1998,Carter, Kau�man and Saito [181] found beautiful
relations between4-dimensional topology and the Hopf category axioms.

Crane and Frenkel also suggestedthat there should be somekind of alge-
bra whosecategory of representations was a Hopf category! They called this
a `trialgebra'. They sketched the de�nition; in 2004 Pfei�er [182] gave a more
precisetreatment and showed that any trialgebra has a Hopf category of repre-
sentations.

However, de�ning thesestructures is just the �rst step toward constructing
interesting 4d TQFTs. As Crane and Frenkel put it:

To proceedany further we needa miracle, namely, the existenceof
an interesting family of Hopf categories.

Many of the combinatorial constructions of 3-dimensionalTQFTs input a Hopf
algebra,or the representation categoryof a Hopf algebra,and producea TQFT.
However, the most interesting classof 3-dimensional TQFTs come from Hopf
algebrasthat are deformed universal enveloping algebrasUqg. The question is
wherecanone�nd an interesting classof Hopf categoriesthat will give invariants
that are useful in 4d topology.

Topology in 4 dimensionsis very di�eren t from lower dimensions: it is the
�rst dimensionwherehomeomorphicmanifolds can fail to di�eomorphic. There
are invariants coming from physics that detect this phenomenon: this is the
subject of Donaldson{Floer theory [183,184], which is what motivated Witten to
invent the term `topological quantum �eld theory' in the �rst place[119]. Later,
Seiberg and Witten revolutionized this subject with a streamlined approach
[185,186]. There are by now someexcellent intro ductory texts on thesematters
[187,188]. But this mystery remains: how these4-manifold invariants are related
to monoidal 2-categories,Hopf categoriesor trialgebras|if indeed they are at
all!

Luckily Crane and Frenkel did more than describe the algebraic structure
of a Hopf category. They also conjectured where examplesof such structures
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could be expected to arise:

The next important input is the existenceof the canonical bases,
for a special family of Hopf algebras,namely, the quantum groups.
These basesare actually an indication of the existenceof a family
of Hopf categories,with structures closely related to the quantum
groups. In fact, the structure coe�cien ts of the quantum groups in
the canonical basesare positive integers, which can be replaced by
vector spaces.

Craneand Frenkel suggestedthat the existenceof the Lusztig{Kashiw ara canon-
ical basesfor upper triangular part of the enveloping algebra, and the Lusztig
canonical basesfor the entire quantum groups, give strong evidencethat quan-
tum groups are the shadows of a much richer structure that we might call a
`categori�ed quantum group'.

Lusztig's geometric approach produces monoidal categories associated to
quantum groups: categories of perverse sheaves. Crane and Frenkel hoped
that these categoriescould be given a combinatorial or algebraic formulation
revealing a Hopf category structure. Rcently there has been some progress
towards ful�lling Crane and Frenkel's hopes. In particular, these categoriesof
perversesheaves have been reformulated into an algebraic languagerelated to
the categori�cation of U+

q g [189]. The entire quantum group Uqsln has been
categori�ed by Khovanov and Lauda [190,191], and they alsogave a conjectural
categori�cation of the entire quantum group Uqg for every simple Lie algebrag.
Categori�ed representation theory, or `2-representation theory', has taken o�,
thanks largely to the foundational work of Chuang and Rouquier [192,193].

There is much more that needsto be understood. In particular, categori�ca-
tion of quantum groupsat roots of unit y hasreceivedonly a little attention [194],
and the Hopf category structure has not been fully developed. Furthermore,
these approaches have not yet obtained braided monoidal 2-categoriesof 2-
representations of categori�ed quantum groups. Nor have they constructed 4d
TQFTs.

Freed (1994)

In 1994,Freed published a paper [175] which exhibited how higher-dimensional
algebraicstructures arisenaturally from the Lagrangian formulation of topolog-
ical quantum �eld theory. 2-Hilbert spaces[176].

Baez{Dolan (1995)

In [195], Baez and Dolan cooked up the periodic table....

Explain Tangle Hyp othesis The Tangle Hyp othesis : The free k-tuply
monoidal n-category with duals on one generator is nTangk : top-dimensional
morphisms are n-dimensional framed tangles in n + k dimensions.

n-categorieswith duals...
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THE PERIODIC TABLE

n = 0 n = 1 n = 2
k = 0 sets categories 2-categories
k = 1 monoids monoidal monoidal

categories 2-categories
k = 2 comm utativ e braided braided

monoids monoidal monoidal
categories 2-categories

k = 3 `' symmetric sylleptic
monoidal monoidal
categories 2-categories

k = 4 `' `' symmetric
monoidal

2-categories
k = 5 `' `' `'

k = 6 `' `' `'

Kho vanov (1999)

In 1999,Mikhail Khovanov found a way to categorify the Jonespolynomial [196].
This categori�cation is a lifting of the Jonespolynomial to a graded homology
theory for links whose graded Euler characteristic is the unnormalized Jones
polynomial. This new link invariant is a strictly stronger link invariant [197], but
more importantly this invariant is `functorial'. Khovanov homologyassociatesto
each link diagram a graded chain complex, and to each link cobordism between
two tangle diagramsonegetsa chain map betweenthe respectivecomplexes[198,
199].

Khovanov hasshown that this construction providesan invariant of 2-tangles.
NEXT: constructing a braided monoidal 2-categoryfrom Khovanov homology!!!
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