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The Big Idea

The theoryof 1 -categoriesseeksto formalizeour notionsof thing,
process,metaprocess,meta-metaprocessandsoon:
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At �rst glance,this hasno moreto do with topology than with any
othersubject.



But, a point in a topologicalspaceis a `thing':
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A path is a `process':
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A homotopy betweenpathsis a `metaprocess':
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andsoon.



So,any spaceX shouldgivean1 -category!This amounts to using
X asa `blackboard' on which to draw diagrams:
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This 1 -categoryshouldbe an 1 -groupoid: the fundamen tal
1 -group oid , � 1 (X ).

In its rawestform, the homotopy hypothesisasks:

To what extent ar e spaces `the same' as
1 -gr oupoids?

Let's warm up with ordinarygroupoids....



The Fundamen tal Group oid

Fromany spaceX wecantry to build a categorywhoseobjectsare
points of X andwhosemorphismsarepathsin X :

�
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If we usehomotopy classesof paths, this works and we get a
groupoid: the fundamen tal group oid , � 1(X ).

Thereis a 2-functor
� 1 : Top ! Gpd

sendingspaces,mapsandhomotopy classesofhomotopiesto groupoids,
functorsandnatural transformations.Sowe canask:

To what extent ar e spaces secr etly the same as
groupoids?



Eilen berg{Mac Lane Spaces

We can try to �nd an `inverse'to � 1, building a spacefrom any
groupoid G: the Eilen berg{Mac Lane space jGj. To do this
we take a vertexfor each object of G:

� x

an edgefor each morphismof G:
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a trianglefor each composablepair of morphisms:
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a tetrahedronfor each composabletriple:
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andsoon!



jGj hasG as its fundamental groupoid, up to equivalence.jGj is
a homotop y 1-t yp e: a CW complexwhosehomotopy groups
above the 1st vanishfor any basepoint. Thesefactscharacterizeit
up to homotopy equivalence.

Indeed,we have 2-functorsgoingboth ways:

Top
� 1 //Gpd
j�j

oo

We have an equivalence

i : G �� ! � 1(jGj)

for every groupoid G. We alsohave a map

e : j� 1(X )j � ! X

for every spaceX . This is a homotopy equivalenceif X is a
homotopy 1-type.



In fact, onecanprove:

Homotop y Hyp othesis (dimension 1). Let 1T yp e be the
2-categoryof homotopy 1-types, maps,and homotopy classesof
homotopiesbetweenmaps.Then

� 1: 1Type ! Gpd

is an equivalenceof 2-categories.

Evenbetter, Lack andLeinsterhave shown these2-functors

Top
� 1 //Gpd
j�j

oo

areadjoints (technicallya `biadjunction').



The Homotop y Hyp othesis

Generalizingto (weak)n-groupoids:

The Homotop y Hyp othesis (dimension n). There is an
equivalenceof (n + 1)-categories

� n : nType ! nGpd

wherea homotop y n-t yp e is a CW complexwhosehomotopy
groupsabove the nth vanishfor all basepoints, andn T yp e is the
(n + 1)-categorywith:

homotopy n-typesasobjects,
continuousmapsas1-morphisms,
homotopiesas2-morphisms,
homotopiesbetweenhomotopiesas3-morphisms,...

...homotopy classesof (n+ 1)-foldhomotopiesas(n+ 1)-morphisms.



The homotopy hypothesisfor all �nite n shouldfollow from:

The Homotop y Hyp othesis (dimension 1 ). Thereis an
equivalenceof 1 -categories

� 1 : 1 Type ! 1 Gpd

where1 T yp e is the 1 -categoryof homotop y typ es, with:

CW complexesasobjects,
continuousmapsas1-morphisms,
homotopiesas2-morphisms,
homotopiesbetweenhomotopiesas3-morphisms,
homotopiesbetweenhomotopiesbetweenhomotopiesas4-morphisms,....



(1 ; 1)-Categories

Both1 Typeand1 Gpd shouldbe(1 ; 1)-categories : 1 -categories
whereall j -morphismsareweaklyinvertiblefor j > 1.

Any de�nition of 1 -categoryshouldgive a de�nition of (1 ; 1)-
category, as a special case. For example,Street'ssimplicial 1 -
categorieshave quasicategoriesasa specialcase.

Therearealsomany `stand-alone'approachesto (1 ; 1)-categories:

� simpliciallyenrichedcategories:categoriesenrichedoverSimpSet

� A1 -categories

� Segalcategories

We cantry to stateand prove the homotopy hypothesisin any of
theseapproaches.In some,it's alreadybeendone!

But: no pain, no gain.



1 -Group oids

Any de�nition of (1 ; 1)-categoryshouldgive a de�nition of 1 -
groupoid, asa specialcase.For example,quasicategorieshave Kan
complexesasa specialcase.A Kan complex is a simplicialset
whereevery `horn'hasa `�ller':
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If we take Kan complexesas our de�nition of 1 -groupoids, it is
easyto de�ne

� 1 : 1 Type ! 1 Gpd

asan ordinaryfunctor betweencategories. Peopleusuallyget this
from the adjunction

Top
Sing

//SimpSet
j�j

oo

by notingthe `singularsimplicialset' functor,Sing, mapsall spaces
to Kan complexes.

Similarly, `geometricrealization',j � j, mapsall simplicialsetsto
CW complexes.

Top andSimpSetare`model categories'.Kan complexesarevery
nice objectsin the modelcategorySimpSet:they are`�brant and
co�brant'. CW complexesarevery nicein Top.

Every object in a model categoryis `weaklyequivalent' to a very
niceone.



In any model categorywe have:

very niceobjects,
morphisms,
homotopiesbetweenmorphisms,
homotopiesbetweenhomotopiesbetweenmorphisms,....

So,for the n-categorytheorist,

Mo del categories ar e a trick for getting
(1 ; 1)-categories.

In particular: the model categoryTop gives the (1 ; 1)-category
1 Type. The model categorySimpSetgives1 Gpd.

Oneway to make this precise:any model categorygivesa simpli-
ciallyenrichedcategory| DwyerandKan's`simpliciallocalization'.

This canbede�nedusingjust theveryniceobjects,themorphisms,
andthe weakequivalences.



The adjunction

Top
Sing

//SimpSet
j�j

oo

is a `Quillenequivalence'of model categories.For the n-category
theorist,

Quil len equivalenc es ar e a trick for getting
equivalenc es between (1 ; 1)-categories.

In particular: the equivalencebetween1 Type and1 Gpd.

Oneway to make this precise:Quillenequivalent model categories
give`weaklyequivalent' simpliciallyenrichedcategories| asshown
by Dwyer andKan.



So,we canwork simpliciallyandde�ne

� 1 -groupoid := Kan complex

� (1 ; 1)-category:= simpliciallyenrichedcategory

� equivalent (1 ; 1)-categories:= weaklyequivalent simplicially
enrichedcategories

ThenQuillen,Dwyer andKan showed:

The Homotop y Hyp othesis (simplicial version). Thereis
an equivalenceof (1 ; 1)-categories

� 1 : 1 Type ! 1 Gpd

where1 Type arisesfrom the model categoryTop by simplicial
localization,and1 Gpd arisesfrom the modelcategorySimpSet.



So,why not just usesimplicialmethods...
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...andforgetabout `globular'n-categories?
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Badanswer: because we always like d globular n-c ategories.

Better answer: globular metho ds clarify the structur e of
1 -categories, and thus 1 -gr oupoids, and thus
homotopy typ es | given the homotopy hypothesis.



Dimension 1

In any globularn-category, `cellcolonies'likethisgiveus1-morphisms:

� ))� ))� comp osition of 1-morphisms

For any pointed n-groupoid, this operationde�nesmultiplication in
the fundamental group,� 1.

� 1 classi�es connected1-groupoidsup to equivalence.



Dimension 2

In any n-category, thesecellcoloniesgive 2-morphisms:
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� comp osition of 2-morphisms

� ""
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��

� ))� whisk ering a 2-morphismby a 1-morphism

� ))� ))� ))� the associator

For any pointed n-groupoid, theseoperationsgive a group� 2, an
actionof � 1 on � 2, anda cohomologyclass

[a] 2 H 3(� 1; � 2) (the associator)

Togetherwith � 1, theseclassify connected2-groupoidsup to
equivalence.



Dimension 3 and Bey ond

Canwe goon? Thesecellcoloniesgive interesting3-morphisms:
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FF comp osition of 3-morphisms
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FF �&& whisk ering a 3-morphismby a 1-morphism
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� the braiding for 2-morphisms
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the associator for 2-morphisms
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� ''� ''� pseudonaturalit y of the associator

for 1-morphisms

� ''� ''� ''� ''� the pentagonator for 1-morphisms



How canwe usetheseto classify connected3-groupoids?

And how about n-groupoidsfor highern?

Most homotopy theoristsconsiderthe combinatoricsof homotopy
types a complicatedmorass. Mayb e globular n-c ategories
can help!

Also: the homotopy hypothesissays that any sub-1 -groupoid of
an 1 -categorycorrespondsto a homotopy type. So,we can use
homotopy theory to study the coherence laws that hold | up to
further coherencelaws| in an 1 -category.

In short:

The homotopy hypothesis may or may not help
homotopy theory | but it's alr eady helped n-c ategory

theory, and wil l sur ely continue to do so!


