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Abstract

In this easyintro duction to higher gaugetheory, we describe parallel trans-
port for particles and strings in terms of 2-connectionson 2-bundles. Just
as ordinary gauge theory involves a gauge group, this generalization in-
volves a gauge "2-group’. We focus on 6 examples. First, every abelian
Lie group givesa Lie 2-group; the caseof U(1) yields the theory of U(1)
gerbes, which play an important role in string theory and multisymplec-
tic geometry. Second,every group represertation givesa Lie 2-group; the
represertation of the Lorentz group on 4d Mink owski spacetime givesthe
Poincare 2-group, which leadsto a spin foam model for Mink owski space-
time. Third, taking the adjoint represenation of any Lie group on its own
Lie algebra givesa “tangent 2-group’, which serves as a gauge 2-group in
4d BF theory, which has topological gravity as a special case. Fourth,
every Lie group has an “inner automorphism 2-group’, which servesasthe
gaugegroup in 4d BF theory with cosmologicalconstant term. Fifth, ev-
ery Lie group has an “automorphism 2-group', which plays an important
role in the theory of nonabelian gerbes. And sixth, every compact simple
Lie group givesa “string 2-group'. We also touch upon higher structures
such as the “gravity 3-group’, and the Lie 3-superalgebra that governs
11-dimensional supergravity.

1 Intro duction

Higher gaugetheory is a generalization of gaugetheory that describesparallel
transport, not just for point particles, but also for higher-dimensionalextended
objects. It is a beautiful new branch of mathematics, with a lot of room left
for exploration. It hasalready beenapplied to string theory and loop quantum
gravitylor more speci cally, spin foam models. This should not be surprising,
since while these rival approachesto quantum gravity disagreeabout almost



everything, they both agreethat point particles are not enough: we needhigher-
dimensional extended objects to build a theory su cien tly rich to describe the
quantum geometry of spacetime. Indeed, many existing ideasfrom string theory
and supergravity have recertly beenclaried by higher gaugetheory [82, [83].
But we may also hope for applications of higher gauge theory to other less
speculative branchesof physics, such as condensedmatter physics.

Of course, for this to happen, more physicists needto learn higher gauge
theory. It would be great to have a comprehensie intro duction to the subject
which started from scratch and led the readerto the frontiers of knowledge. Un-
fortunately, mathematical work in this subject usesa wide array of tools, suc as
n-categories,stadks, gerbes, Deligne cohomology L; algebras,Kan complexes,
and (1 ;1)-categories,to name just a few. While thesetools are beautiful, im-
portant in their own right, and perhaps necessaryfor a deep understanding of
higher gaugetheory, learning them takestimejand explaining them all would
be a major project.

Our goal here is far more modest. We shall sketch how to generalizethe
theory of parallel transport from point particles to 1-dimensional objects, such
as strings. We shall do this starting with a bare minimum of prerequisites:
manifolds, di eren tial forms, Lie groups, Lie algebras,and the traditional theory
of parallel transport in terms of bundles and connections. We shall give a small
taste of the applications to physics, and point the reader to the literature for
more details.

In Section2 we start by explaining categories, functors, and how parallel
transport for particles can be seenas a functor taking any path in a manifold
to the operation of parallel transport along that path. In Section@ we “add
one' and explain how parallel transport for particles and strings can be seenas
“2-functor' between “2-categories'. This requires that we generalizelLie groups
to "Lie 2-groups'. In Sectiond we describe many examplesof Lie 2-groups,and
sketch someof their applications:

SectionE shifted abelian groups, U(1) gerbes, and their role in string
theory and multisymplectic geometry.

SectiondZ the Poincare2-group and the spin foam model for 4d Mink owski
spacetime.

SectionE3 tangent 2-groups,4d BF theory and topological gravity.

SectionZ inner automorphism 2-groupsand 4d BF theory with cosmo-
logical constart term.

Section 3 automorphism 2-groups, nonabelian gerbes, and the gravity
3-group.

SectionE& string 2-groups, string structures, the passagefrom Lie n-
algebrasto Lie n-groups,and the Lie 3-superalgebragoverning 11-dimensional
supergravity.



Finally, in SectionH we discussgaugetransformations, curvature and nontrivial
2-bundles.

2 Categories and Connections

A category consistsof objects, which we draw as dots:
X

and morphisms between objects, which we draw as arrows betweendots:

/\'

X y
You should think of objects as ‘things' and morphisms as “processes'.The main
thing you can do in a category is take a morphism from x to y and a morphism
from y to z:

f g9

« S y S .

and “compose'them to get a morphism from x to z:

of

/_\%

X Z

The most famousexampleis the category Set, which has setsas objects and
functions as morphisms. Most of us know how to compose functions, and we
have a pretty good intuition of how this works. So, it can be helpful to think
of morphisms as being like functions. But as we shall soon see,there are some
very important categorieswhere the morphisms are not functions.

Let us give the formal de nition. A category consistsof:

A collection of objects, and

for any pair of objects x;y, a set of morphisms f:x ! y. Givena
morphism f :x ! 'y, we call x its source andy its target .

Given two morphisms f:x ! y and g:y ! z, there is a comp osite
morphism gf : x ! z. Composition satis es the associativ e law:

(hg)f = h(gf):

For any object x, there is anidentit y morphism 1,:x ! x. Theseidentity
morphisms satisfy the left and right unit laws:

=1 =f1,

for any morphismf:x ! .



The hardest thing about category theory is getting your arrows to point the
right way. It is standard in mathematics to usef g to denotethe result of doing
rst gandthen f. In pictures, this backwards cornvention canbe annoying. But
rather than trying to ght it, let us givein and draw a morphism f:x ! vy as
an arrow from right to left:

f

W T~
y X

Then composition looks a bit better:

f g fg

Zw/\yw/_\x_ ZW/_\X

An important example of a category is the “path groupoid' of a spaceX .
We give the precisede nition below, but the basicidea s to take the diagrams
we have beendrawing seriously! The objects are points in X, and morphisms

are paths:

y X

We also get examplesfrom groups. A group is the sameas a category with one
object where all the morphisms are invertible. The morphisms of this category
are the elemens of the group. The object is there just to provide them with a
sourceand target. We composethe morphisms using the multiplication in the
group.

In both theseexamples,a morphismf:x ! vy is not afunction from x to y.
And thesetwo exampleshave somethingelsein common: they are important in
gaugetheory! We can use a path category to describe the possiblemotions of
a particle through spacetime. We can use a group to describe the symmetries
of a particle. And when we combine thesetwo examples,we get the concept of
connection|the basic eld in any gaugetheory.

How do we combine these examples? We do it using a map between cate-
gories. A map between categoriesis called a “functor’. A functor from a path
groupoid to a group will send every object of the path groupoid to the same
object of our group. After all, a group, regarded as a category, has only one
object. But this functor will also sendany morphism in our path groupoid to
a group elemen. In other words, it will assigna group elemert to ead path in
our space. This group elemen descrites how a particle transforms asit moves
along that path.

But this is preciselywhat a connection does! A connection lets us compute
for any path a group elemen describing parallel transport along that path.
So, the language of categoriesand functors quickly leadsus to the concept of
connection|but with an emphasison parallel transport.



The following theorem makes these ideas precise. Let us rst state the
theorem, then de ne the terms involved, and then give someidea of how it is
proved:

Theorem 1. For any Lie group G and any smath manifold M, there is a
one-to-one correspndene between:

1. connections on the trivial principal G-bundle over M ,
2. g-valud 1-forms on M, wher g is the Lie algeba of G, and

3. smooth functors
hol:P;(M)! G

where P1(M) is the path groupoid of M .

We assumeyou are familiar with the rst two items. Our goalis to explain the
third. We must start by explaining the path groupoid.

Suppose M is a manifold. Then the path groupoid P1(M) is roughly a
categoryin which objects are points of M and a morphism from x to y is a path
from x to y. We composepaths by gluing them end to end. So, given a path
from x to y, and a path  from y to z:

VN

Z y X

we would like  to be the path from x to z built from and

However, we need to be careful about the details to make sure that the
composite path  is well-de ned, and that composition is assaiative! Sincewe
are studying paths in a smooth manifold, we want them to be smooth. But the
path may not be smooth: there could be a “kink' at the point y.

There are dierent ways to get around this problem. One is to work with
piecewisesmooth paths. But hereis another approach: say that a path

(0; 1] M

is lazy if it is smooth and also constart in a neighborhood oft = Oandt = 1.
The ideais that a lazy hiker takes a rest before starting a hike, and also after
completing it. Suppose and are smooth paths and starts where ends.
Then we de ne their comp osite

J[0; 1] M
in the usual way:
_ (2t) if0o t 3
(IO=" o "y i1 ¢ 1



In other words, spends the rst half of its time moving along , and the

secondhalf moving along . In general the path may not be smooth at
= % However, if and are lazy, then their composite is smoothland it,
too, is lazy!

So, lazy paths are closedunder composition. Unfortunately, composition of
lazy paths is not assaiative. The paths ( ) and ( ) dier by a smooth
reparametrization, but they are not equal. To solve this problem, we can take
certain equivalene classesof lazy paths as morphismsin the path groupoid.

We might try “homotopy classes'of paths. Remenber, a homotopy is a way
of interpolating between paths:

YQJ/X

More precisely a homotop y from the path :[0;1]! M to the path :[0;1]!
M is a smooth map

C [0;1P ! M
such that (0 ;t) = (t) and (1 ;t) = (t). We say two paths are homotopic ,
or lie in the samehomotop y class, if there is a homotopy betweenthem.

There is a well-de ned category where the morphisms are homotopy classes
of lazy paths. Unfortunately this is not right for gaugetheory, since for most
connections,parallel transport along homotopic paths givesdi erent results. In
fact, parallel transport givesthe sameresult for all homotopic paths if and only
if the connectionis at .

So,unlesswe are willing to settle for at connections,we needa more delicate
equivalencerelation betweenpaths. Here the conceptof "thin' homotopy comes
to our rescue.A homotopy is thin if it sweepsout a surfacethat haszeroarea.
In other words, it is a homotopy  suc that the rank of the dierential d is
lessthan 2 at every point. If two paths dier by a smooth reparametrization,
they are thinly homotopic. But there are other examples,too. For example,
supposewe have a path :x ! vy, andlet ':y! x bethe reverse path,
de ned asfollows:

= @ t:

Then the composite path ' , which goesfrom x to itself:
y X

is thinly homotopic to the constart path that sits at x. The reasonis that we
canshrink ! down to the constart path without sweepingout any area.
We de ne the path group oid P;(M) to be the category where:

Objects are points of M .



Morphisms are thin homotopy classesof lazy paths in M.

If wewrite [ ]to denotethe thin homotopy classof the path , composition
is de ned by

(I1=1 I

For any point x 2 M, the identity 1, is the thin homotopy class of the
constart path at x.

With these rules, it is easyto chedk that P;(M) is a category The most
important point is that sincethe compositepaths( ) and ( ) dier bya
smooth reparametrization, they are thinly homotopic. This givesthe assaiative
law when we work with thin homotopy classes.
But asits name suggests,P;(M) is better than a mere category. It is a
group oid: that is, a category where every morphism :x! y hasaninverse
Ly 1 x satisfying

' =1, and =1,
In P1(M), the inverseis de ned using the concept of a reversepath:
[1=1 "

The rulesfor aninverseonly hold in Py(M ) after we takethin homotopy classes.
After all, the composites Land ! arenot constart paths, but they are
thinly homotopic to constart paths. But henceforth, we will relax and write
simply  for the morphism in the path groupoid corresponding to a path ,
instead of [ ].

As the name suggests,groupoids are a bit like groups. Indeed, a group is
secretly the sameas a groupoid with one object! In other words, supposewe
have group G. Then there is a category where:

There is only one object,

Morphisms from to are elemeris of G.

Composition of morphismsis multiplication in the group G.
The identity morphism 1 is the identity elemen of G.

This category is a groupoid, since every group elemen has an inverse. Con-
versely any groupoid with one object givesa group. Henceforth we will freely
switch badk and forth betweenthinking of a group in the traditional way, and
thinking of it asa one-olject groupoid.

How can we use groupoids to describe connections? It should not be sur-
prising that we can do this, now that we have our path groupoid P;(M) and
our one-obect groupoid G in hand. A connection givesa map from P;(M) to
G, which says how to transform a particle when we move it along a path. More
precisely: if G is a Lie group, any connection on the trivial G-bundle over M



yields a map, called the parallel transport map or holonom vy, that assignsan
elemen of G to ead path:

Ve

hol: 7' hol( )2 G

In physicsnotation, the holonony is de ned asthe path-ordered exponertial of
someg-valued 1-form A, where g is the Lie algebraof G:
Y4
hol( ) = P exp A 2G:

The holonomy map satis es certain rules, most of which are summarizedin
the word “functor’. What is a functor? It is a map between categoriesthat
presenesall the structure in sight!

More precisely: given categoriesC and D, afunctor F:C! D consistsof:

amap F sendingobjects in C to objectsin D, and
another map, also called F, sendingmorphismsin C to morphismsin D,
sud that:
givena morphismf:x! yin C,wehaveF(f):F(x)! F(y),
F presenescomposition:
F(fg) = F(f)F(9)
when either side is well-de ned, and

F presenesidentities:
F(1x) = ey

for every object x of C.

The last property actually follows from the rest. The secondto last|preserving
composition|is the most important property of functors. As a test of your
understanding, ched that if C and D are just groups (that is, one-obect
groupoids) then a functor F:C ! D is just a homomorphism

Let us seewhat this de nition says about a functor

hol:P;(M)! G

where G is somelLie group. This functor hol must sendall the points of M to
the one object of G. More interestingly, it must sendthin homotopy classesof
paths in M to elemeris of G:

V—

hol: 7' hol( )2 G



It must preserve composition:
hol( ) = hol( ) hol( )

and identities:
hol(1x) = 12 G:

While they may be stated in unfamiliar language, these are actually well-
known properties of connections! First, the holonomy of a connection along a
path 7

hol( ) = P exp A 2G

only dependson the thin homotopy classof . To seethis, computethe variation
of hol( ) aswe vary the path , and show the variation is zeroif the homotopy
is thin. Second,to compute the group elemert for a composite of paths, we just
multiply the group elemerts for ead one:
z z z
P exp A =Pexp A Pexp A

And third, the path-ordered exponertial along a constart path is just the iden-
tity: 7
P exp A =12G:
1)(

All this information is neatly captured by saying hol is a functor. And
Theorem [0 says this is almost all there is to being a connection. The only
additional condition required is that hol be smath. This means,roughly, that
hol( ) dependssmoothly onthe path |more onthat later. But if we drop this
condition, we can generalizethe conceptof connection,and de ne a generalized
connection on a smooth manifold M to be a functor hol: P;(M)! G.

Generalized connections have long played an important role in loop quan-
tum gravity, rst in the context of real-analytic manifolds [3], and later for
smooth manifolds [I74, ©65]. The reasonis that if M is any manifold and G
is a connectedcompact Lie group, there is a natural measureon the spaceof
generalized connections. This meansthat you can de ne a Hilbert space of
complex-valued square-irtegrable functions on the spaceof generalizedconnec-
tions. In loop quantum gravity theseare usedto describe quantum statesbefore
any constraints have beenimposed. The switch from connectionsto generalized
connectionsis crucial hereland the lack of smoothness gives loop quantum
gravity its “discrete' a vor.

But supposewe are interestedin ordinary connections. Then we really want
hol( ) to depend smoothly on the path . How can we make this precise?

One way is to use the theory of “smaoth groupoids' [L€]. Any Lie group
is a smooth groupoid, and so is the path groupoid of any smooth manifold.
We can de ne smooth functors between smooth groupoids, and then smooth
functors hol: P;(M) ! G arein one-to-onecorrespondencewith connectionson



the trivial principal G-bundle over M. We can go even further: there are more
general maps between smooth groupoids, and maps hol: P;(M) ! G of this
more generalsort correspond to connectionson not necessarily trivial principal
G-bundles over M . For details, seethe work of Bartels [25], Screiber and
Waldorf [81].

But if this soundslike too much work, we can take the following shortcut.
Supposewe have a smooth function F:[0;1]" [0;1]! M, which we think of
asa parametrized family of paths. And supposethat for eadh xed value of the
parameter s 2 [0; 1]", the path ¢ given by

s(t) = F(s;t)
is lazy. Then our functor hol: P1(M) ! G givesa function

o1 ' G
S 7! hol( s):

If this function is smooth whenewer F hasthe above properties, then the functor
hol: P;(M)! G is smooth .

Starting from this de nition one can prove the following lemma, which lies
at the heart of Theorem[Tt

Lemma. There is a one-to-one correspndenc between smaoth functors
hol: P;(M) ! G and Lie(G)-valued 1-forms A on M.

The idea is that given a Lie(G)-valued 1-form A on M, we can de ne a
holonomy for any smooth path as follows:
Z

hol( ) = P exp A

and then ched that this de nes a smooth functor hol: P1(M) ! G. Conversely
supposewe have a smooth functor hol of this sort. Then we can de ne hol( )
for smooth paths that are not lazy, using the fact that every smooth path is
thinly homotopic to a lazy one. We can even do this for paths :[0;s]! M
wheres 6 1, sinceany such path can be reparametrizedto give a path of the
usual sort. Given a smooth path

(0; 1] M
we can truncate it to obtain a path s that goesalong until time s:
s [0;s]! M:

By what we have said, hol( s) is well-de ned. Using the fact that hol: P1(M) !
G is a smooth functor, one can ched that hol( ) varies smoothly with s. So,
we can di erentiate it and de ne a Lie(G)-valued 1-form A as follows:

A(v) = dishm( $) o

10



wherev is any tangent vector at a point x 2 M, and is any smooth path with
(0) = x; %0) = v:

Of course,we needto ched that A is well-de ned and smooth. We also needto
ched that if we start with a smooth functor hol, construct a 1-form A in this
way, and then turn A badk into a smooth functor, we wind up badk where we
started.

3 2-Categories and 2-Connections

Now we want to climb up one dimension, and talk about “2-connections'. A
connection tells us how particles transform as they move along paths. A 2-
connectionwill alsotell ushow strings transform asthey sweepout surfaces To
make this idea precise,we needto take everything we saidin the previoussection
and boost the dimension by one. Instead of categories,we need "2-categories'.
Instead of groups, we need "2-groups'. Instead of the path groupoid, we need
the “path 2-groupoid’. And instead of functors, we need “2-functors’. When
we understand all thesethings, the analogue of Theorem [ will look strikingly

similar to the original version:

Theorem. For any Lie 2-group G and any smaooth manifold M, there is a
one-to-one correspndene between:

1. 2-connections on the trivial principal G-2-bundle over M ,

2. pairs consisting of a smamth g-valued 1-form A and a smooth h-valued
2-form B on M, suchthat

t(B)= dA+ AMA

where weuset:h! g, the dier ential of themapt:H ! G, to convert B
into a g-valued 2-form, and

3. smooth 2-functors
hol: P,(M)! G

where P,(M) is the path 2-groupoid of M .

What doesthis say? In brief: there is a way to extract from a Lie 2-group
G a pair of Lie groups G and H. Supposewe have a 1-form A taking valuesin
the Lie algebraof G, and a 2-form B valued in the Lie algebraof H. Suppose
furthermore that theseforms obey the equation above. Then we can usethem
to consisterlly de ne parallel transport, or “holonomies',for paths and surfaces.
They thus de ne a “2-connection'.

That is the idea. But to make it precise,we need 2-categories.

11



3.1 2-Categories

Setshave elemeris. Categorieshave elemers, usually called “objects’, but also
morphisms between these. In an “n-category', we go further and include 2-
morphisms between morphisms, 3-morphisms between 2-morphisms,... and so
on up to the nth level. We are beginningto seen-categoriesprovide an algebraic
language for n-dimensional structures in physics [12]. Higher gaugetheory is
just one place where this is happening.

Anyone learning n-categoriesneedsto start with 2-categories[63. A 2-
category consistsof:

a collection of objects,
for any pair of objects x and y, a set of morphismsf:x! v:

f
U—
y X

for any pair of morphismsf;g:x! vy, asetof 2-morphisms :f ) g:

re

g
We call f the source of and g the target of

Morphisms can be composedjust asin a category:

f g fg

Zw/—\yw/—\x_ ZW/—\X

while 2-morphismscan be composedin two distinct ways, vertically:

and horizontally:

fa fo fifa
VT T W T X/‘_\

gubeS SRR A T

f7 f3 £9¢ 0

|
N
—

Finally, theselaws must hold:

12



Composition of morphisms is ass@iative, and every object x has a mor-
phism
1x
X X

serving as an identit y for composition, just asin an ordinary category.
Vertical composition is assaiative, and every morphismf hasa2-morphism

f
W T

f

serving as an identit y for vertical composition.
Horizontal composition is assaiative, and the 2-morphism

1x
VT

wa

1x
senesas an identit y for horizontal composition.

Vertical and horizontal composition of 2-morphismsobey the interc hange
law:

(2 2 (% 22=(3 D (1 2

sothat diagrams of the form

fl f2

R CIER IR

00 00
f1 f2

de ne unambiguous 2-morphisms.

The interchange law is the truly new thing here. A category is all about
attaching 1-dimensionalarrows end to end, and we needthe assciative law to
do that unambiguously. In a 2-category, we visualize the 2-morphismsas little
piecesof 2-dimensionalsurface:

-

We can attach these together in two ways: vertically and horizontally. For
the result to be unambiguous, we need not only assaiative laws but also the
interchange law. In what follows we will seethis law turning up all over the
place.



3.2 Path 2-Group oids

Path groupoids play a big though often neglectedrole in physics: the path
groupoid of a spacetimemanifold describesall the possiblemotions of a point
particle in that spacetime. The path 2-groupoid doesthe samething for particles
and strings.

First of all, a 2-group oid is a 2-categorywhere:

Every morphism f:x ! y hasaninverse, f 1:y! x, sud that:

f =1 and ff '=1,

Every 2-morphism :f ) g hasa vertical inverse, velrt:g) f, such
that:

N =1 and

vert I

1 _
vert —
It actually follows from this de nition that every 2-morphism :f ) g alsohas
a horizon tal inverse, hér:f 1) g 1, suc that:

hér =1, and hér =L
So, a 2-groupoid has every kind of inverseyour heart could desire.

An example of a 2-group is the “path 2-groupoid’ of a smooth manifold M .
To de ne this, we can start with the path groupoid P;(M) as de ned in the
previous section, and then throw in 2-morphisms. Just as the morphisms in
P1(M) were thin homotopy classesof lazy paths, these 2-morphisms will be
thin homotopy classesof lazy surfaces.

What is a “lazy surface'? First, recall that a homotop y betweenlazy paths

; :x! yisasmooth map : [0;1]°! M with

(0 :t)= o(t)
(1;t)= a(t)
We say this homotopy is a lazy surface if
( s;t) is independert of s nears= 0 and nears = 1,
( s;t) is constart neart = 0 and constart neart = 1.

Any homotopy yields a one-parameterfamily of paths ¢ given by

s() = (sit):

If isalazy surface,ead of thesepathsis lazy. Furthermore, the path ¢ equals
o whens s su cien tly closeto 0, and it equals ; whens s su cien tly closeto
1. This allows us to composelazy homotopies either vertically or horizontally
and obtain new lazy homotopies!
However, vertical and horizontal composition will only obey the 2-groupoid
axioms if we take 2-morphismsin the path 2-groupoid to be equivalene classes

14



of lazy surfaces. We saw this kind of issue already when discussingthe path
groupoid, so we we will allow ourselvesto be a bit sketchy this time. The
key idea is to de ne a concept of ‘thin homotopy' between lazy surfaces
and . For starters, this should be a smooth map H:[0;1]* ! M such that
H(O;s;t) = ( s;t) and H(1;s;t) = ( s;t). But we alsowant H to be “thin'.
In other words, it should sweepout no volume: the rank of the di erential dH
should be lessthan 3 at every point.

To make thin homotopies well-de ned between thin homotopy classesof
paths, somemore technical conditions are also useful. For these,the readercan
turn to Section2.1 of Schreiber and Waldorf [84]. The upshot is that we obtain
for any smooth manifold M a path 2-group oid P,(M), in which:

An object is a point of M.

A morphism from x to y is a thin homotopy classof lazy paths from x to
y.

A 2-morphism betweenequivalenceclassesof lazy paths o; 1:x! yisa
thin homotopy classof lazy surfaces: o) 1.

As we already did with the conceptof "lazy path', we will often use’lazy surface'
to mean a thin homotopy classof lazy surfaces. But now let us hasten on to
another important classof 2-groupoids, the “2-groups'. Just as groups describe
symmetriesin gaugetheory, these describe symmetriesin higher gaugetheory.

3.3 2-Groups

Just as a group was a groupoid with one object, we de ne a 2-group to bea
2-groupoid with one object. This de nition is soelegan that it may be hard to
understand at rst! So, it will be useful to take a 2-group G and chop it into
four bite-sized piecesof data, giving a ‘crossedmodule' (G;H;t; ). Indeed, 2-
groupswere originally intro ducedin the guiseof crossedmodulesby the famous
topologist J. H. C. Whitehead [@3. In 1950, with help from Mac Lane [6€], he
used crossedmodules to generalizethe fundamental group of a spaceto what
we might now call the “fundamertal 2-group’. But only later did it becomeclear
that a crossedmodule was another way of talking about a 2-groupoid with just
one object! For more of this history, and much more on 2-groups, see[13].

Let us start by seeingwhat it meansto say a 2-group is a 2-groupoid with
oneobject. It meansthat a 2-group G has:

one object:

morphisms:

15



and 2-morphisms:

The 2-morphismsform a group under horizontal composition:

9102

g1 92
1 2 = 102
5 5 \\\\\\N___,,,///
91 92

9793

In addition, the 2-morphismscan be composedvertically:

g
/gOH\ Z/EO\

g00

g00
Vertical composition is also assaiative with identity and inverses. But the 2-
morphisms do not form a group under this operation, becausea given pair may
not be composable: their sourceand target may not match up. Finally, vertical
and horizontal composition are tied together by the interchangelaw, which says
the two ways one can read this diagram are consistert.

91 92

00 00
9; 9z

Now let us create a crossedmodule (G;H;t; ) from a 2-group G. To do
this, rst note that the morphisms of the 2-group form a group by themseles,
with composition asthe group operation. So:

Let G be the set of morphismsin G, madeinto a group with composition
asthe group operation:
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How about the 2-morphisms? These also form a group, with horizontal com-
position asthe group operation. But it turns out to be ecient to focuson a
subgroup of this:

Let H be the set of all 2-morphismswhosesourceis the identit y:

t(h)

We make H into a group with horizontal composition as the group oper-
ation:

1

t(h) t(h% t(hh )

Above we usehh? as an abbreviation for the horizontal composite h  h° of two
elemeris of H. We will useh ! to denote the horizontal inverseof an elemern
of H. We uset(h) to denote the target of an element h 2 H. The de nition of
a 2-categoryimplies that t:H ! G is a group homomorphism:

t(hh% = t(h)t(h%:
This homomorphismis our third piece of data:

A group homomorphismt:H ! G sending ead 2-morphismin H to its
target:

t(h)
The fourth piece of data is the subtlest. There is a way to “horizontally conju-

gate' any element h 2 H by an elemen g 2 G, or more precisely by its identit y
2-morphism 1g:

g 1 g !
g t(h) g’

The result is a 2-morphism in H which we call (g)(h). In fact, (g) is an
automorphism of H, meaning a one-to-oneand onto function with

(@(hh% = (g)(h) (g)(h%):

17



Composing two automorphisms gives another automorphism, and this makes
the automorphisms of H into a group, say Aut(H). Even better, givesa
group homomorphism

:G! Aut(H):

Concretely, this meansthat in addition to the above equation, we have

(999 = (9 (¢%:

Cheding these two equations is a nice way to test your understanding of 2-
categories. A group homomorphism :G ! Aut(H) is also called an action
of the group G on the group H. So, the fourth and nal piece of data in our
crossedmodule is:

An action of G on H given by:

g 1 g ! 1
g gl

t(h) t( (9)(h))

A crossedmodule (G;H;t; ) must alsosatisfy two more equationswhich follow
from the de nition of a 2-group. First, examining the above diagram, we see
that t is G-equiv arian t, by which we mean:

t( (g)h) = g(t(h))g *forallg2 Gandh2 H.
Second,the Peier identit y holds:
(t(h))h®= hh% * for all h;h%2 H.

The Peier identity is the least obvious thing about a crossedmodule. It
follows from the interchangelaw, and it is worth seeinghow. First, we have:

1 1 1
hhth 1 = ﬂ\ Z/‘_h‘)\ m
AL L

t(h) t(h% tth b

where|b eware!|w e are now using h ! to mean the horizontal inverse of h,
since this is its inversein the group H. We can pad out this equation by
vertically composing with someidentity morphisms:

1 1 1

t(h) Hh m m

hhh 1 = 0 d d

t(h) t(h) tth b

18



This diagram describesan unambiguous 2-morphism, thanks to the interchange
law. So,we can do the horizontal compositions rst and get:

1

1

hhth * = 8 !

(t(h)(h9

t(hh°h 1)

But vertically composing with an identity 2-morphism has no e ect. So, we
obtain the Peier identity:

hhth 1= (t(h))(h9:
All this leadsus to de ne a crossed module (G;H;t; ) to consistof:
a group G,
agroup H,
a homomorphismt:H ! G, and
an action :G! Aut(H)
suc that:

t is G-equivariant:
t( (g)h) = g(t(h)g *
forallg2 Gandh 2 H, and

the Pei er identity holds for all h;h%2 H:

(t(h))h°= hh% %
In fact, we can recover a 2-group G from its crossedmodule (G;H;t; ), so
crossedmodules are just another way of thinking about 2-groups. The trick to

seeingthis is to notice that 2-morphismsin G are the sameas pairs (g; h) 2
G H. Sud a pair givesthis 2-morphism:

1 g

h >

t(h) g

We leave it to the readerto ched that every 2-morphismin G is of this form.
Note that this 2-morphism goes from g to t(h)g. So, when we construct a
2-group from a crossedmodule, we get a 2-morphism

(g;h):g! t(h)g
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from any pair (g;h) 2 G H. Horizontal composition of 2-morphisms then
makesG H into a group, as follows:

(g:h) (g%h9) =
1 g 1 q°
a lln m a lln° m =
t(h) 9 t(h©) o°
1 1 g ! °

[¢] [¢]

SN PN N ST
alln allle g lhe a”lg 1 gl 3 |10 =
S &~ &7 & &~ &~

t(h) 9 t(h9 g’ 9 g°

1 1 ag’
I T - _
a lln | (@(n9 [| 2590 =
N~
t(h) t( (g)(h?) 9g°

1

W/_\ 99’
£ fom> ¥ ™ = (ooh @(h%):
g’

t(h (9)(h%)

So, the group of 2-morphisms of G is the semidirect product G n H, de ned
using the action
Following this line of thought, the reader can ched the following:

Theorem 2. Given a cross@ module (G;H;t; ), thereis a unique 2-group G
wheee:

the group of morphismsis G,

a 2-morphism :g) g%is the sameas a pair (g;h) 2 G H with g°=
t(h)g,

the vertical composite of (g; h) and (g% h%, whenthey are composable, is
given by
(g:h) (g%h% = (g%hh%;
the horizontal composite of (g; h) and (g% h9 is given by
(g:h) (9%h%) = (g¢%h (9)(h%):

Conversely, given a 2-group G, there is a unique cross@ module (G;H;t; )
where:

G is the group of morphisms of G,
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H is the group of 2-morphisms with source equalto 1 ,
t:H ! G assignsto each 2-morphism in H its target,

the action of G on H is given by

(9h=13 h 14 ::

Indeed, these two processesset up an equivalence between 2-groups and
crossedmodules, as described more formally elsewhere[13 51]. It thus makes
senseto de ne a Lie 2-group to be a 2-group for which the groupsG and H in
its crossedmodule are Lie groups,with the mapst:H ! Gand :G! Aut(H)
being smooth. It is worth emphasizingthat in this context we use Aut (H) to
mean the group of smath automorphismsof H. This is a Lie group in its own
right.

In Sectiond we will use Theorem[ to construct many examplesof Lie 2-
groups. But rst we should nish explaining 2-connections.

3.4 2-Connections

A 2-connection is a recipe for parallel transporting both 0-dimensional and
1-dimensional objects|sa y, particles and strings. Just as we can describe a
connection on a trivial bundle using a Lie-algebra valued di erential form, we
can describe a 2-connection using a pair of di erential forms. But there is a
deeper way of understanding 2-connections. Just as a connection was revealed
to be a smooth functor

hol:P;(M)! G

for somelLie group G, a 2-connectionwill turn out to be a smooth 2-functor
hol:P,(M) ! G

for somelLie 2-group G. Of course,to make senseof this we needto de ne a
“2-functor’, and say what it meansfor such a thing to be smooth.

The de nition of 2-functor is utterly straightforward: it is a map between
2-categoriesthat preseneseverything in sight. So, given 2-categoriesC and D,
a 2-functor F:C! D consistsof:

a map F sendingobjects in C to objectsin D,

another map called F sendingmorphismsin C to morphismsin D,

a third map called F sending 2-morphismsin C to 2-morphismsin D,
suc that:

givena morphismf:x! yin C,wehaveF(f):F(x)! F(y),
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F presenescomposition for morphisms, and identit y morphisms:
F(fg) = F(f)F(9)
F(1x) = r )
givena 2-morphism :f ) gin C,wehaveF( ):F(f)) F(g),

F presenes vertical and horizontal composition for 2-morphisms, and
identit y 2-morphisms:
F(C )=F() F()
FC )=F() F()
F(Lf) = Lr¢ry:

There is a generaltheory of smooth 2-groupoids and smooth 2-functors [,
88). But here we prefer to take a more elemenary approach. We already know
that for any Lie 2-group G, the morphismsform a Lie group. In the next section
we sa that the 2-morphismsalsoform a Lie group, with horizontal composition
as the group operation. Given this, we can say that for any smooth manifold

M, a 2-functor
hol: P,(M)! G

is smooth if:

For any smoothly parametrized family of lazy paths s (s 2 [0;1]") the
morphism hol( s) dependssmoothly on s, and

For any smoothly parametrized family of lazy surfaces s (s 2 [0; 1]") the
morphism hol( ) dependssmoothly on s.

With thesede nitions in hand, we are nally ready to understand the basic
result about 2-connections. It is completely analogousto Theorem [

Theorem 3. For any Lie 2-group G and any smath manifold M, there is a
one-to-one correspndene between:

1. 2-connections on the trivial principal G-2-bundle over M ,

2. pairs consisting of a smmth g-valued 1-form A and a smooth h-valued
2-form B on M, suchthat

t(B)= dA+ ANA

where weuset:h! g, the dier ential of themapt:H ! G, to convert B
into a g-valued 2-form, and

3. smamoth 2-functors
hol: Po,(M) ! G

where P,(M) is the path 2-groupoid of M .
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This result was announcedby Baez and Screiber [16], and a proof can be
be found in the work of Schreiber and Waldorf [88. This work was deeply
inspired by the ideas of Breen and Messing [29, [30], who considereda special
classof 2-groups,and omitted the equationt(B) = dA+ A" A, sincetheir sort
of connection did not assignholonomiesto surfaces. One should also compare
the closelyrelated work of Mackaay, Martins, and Picken [64, 69, and the work
of Pfei er and Girelli [78, 58].

In the abovetheorem,the rst item mentions “2-connections'and “2-bundles’|
conceptsthat we have not de ned. But since we are only talking about 2-
connections on trivial 2-bundles, we do not need these general concepts yet.
For now, we can take the third item asthe de nition of the rst. Then the con-
tent of the theorem liesin the di erential form description of smooth 2-functors
hol: P,(M) ! G. This is what we needto understand.

A 2-functor of this sort must assign holonomies both to paths and sur-
faces. As you might expect, the 1-form A is primarily responsible for de n-
ing holonomies along paths, while the 2-form B is responsible for de ning
holonomiesfor surfaces. But this is a bit of an oversimpli cation. When com-
puting the holonomy of a surface,we needto use A aswell asB!

Another surprising thing is that A and B needto be related by an equation
for the holonomy to be a 2-functor. If we ponder how the holonomy of a surface
is actually computed, we can seewhy this is so. We shall not be at all rigorous
here. We just want to give a rough intuitiv e idea of how to compute a holonomy
for a surface,and wherethe equationt(B) = dA+ A" A comesfrom. Of course

dA+ ANA=F

is just the curvature of the connection A. This is a big clue.

Supposewe are trying to compute the holonomy for a surfacestarting from
a g-valued 1-form A and an h-valued 2-form B. Then following the ideas of
calculus, we can try to chop the surfaceinto many small pieces, compute a
holonomy for ead one,and multiply thesetogether somehav. It is easyto chop
a surfaceinto small squares. Unfortunately, the de nition of 2-categorydoesn't
seemto know anything about squares! But this is not a seriousproblem. For
example, we can interpret this square:

as a 2-morphism :fg ) hk. We can then compose a bunch of such 2-
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morphisms:

ok ok ok o)
RARaS
ok ok ok o)
R ‘
(o] (o] (0]

with the help of a trick called “whiskering'.
Whiskering is a way to composea 1-morphism and a 2-morphism. Suppose
we want to composea 2-morphism  and a morphism f that sticks out like a

whisker on the left:
g

W T
P

go

f
z &y

We can do this by taking the horizontal composite 1;

f g

f g°

We call the result f , or left whisk ered by f. Similarly, if we have a
whisker sticking out on the right:

we can take the horizontal composite 1 :

g f
zy/H\yW/Hlf\x
ol e

9

and call the result f,or right whisk ered by f.

With the help of whiskering, we can compose 2-morphisms shaped like ar-
bitrary polygons. For example, supposewe want to horizontally composetwo
squares:

A

{‘s“ ‘ . {‘s‘

Q. o
k Kk

fO
d— o
)

h g
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To do this, we can left whisker by f, obtaining this 2-morphism:

f ff%) fk°

i
(o
kO
Then we can right whisker by k° obtaining

k% k%) hkk®

Then we can vertically composetheseto get the desired 2-morphism:

( kO) (9 ) ffog) hkk®
P— P o
& ‘ Ak
o o

k KO

h

The samesort of trick lets us vertically composesquares.By iterating these
procedureswe can de ne more complicated composites, lik e this:

RAEaEars
PF— F—F—F—o
{5“ {s“ ~ {5“ ‘
0 (0] 0 0

Of course,one may wonder if thesemore complicated compositesare unambigu-
ously de ned! Luckily they are, thanks to assaiativit y and the interchangelaw.
This is a nontrivial result, called the “pasting theorem' [74].

By this method, we can reduce the task of computing hol() for a large
surface to the task of computing it for lots of small squares. Ultimately, of
course,we should take a limit asthe squaresbecomesmaller and smaller. But
for our nonrigorous discussion,it is enoughto considera very small squarelike
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this:

2

We can think of this squareas a 2-morphism

1) 2

where ; is the path that goesup and then across,while , goesacrossand
then up. We wish to compute

hol(): hol( 1)) hol( 2):

On the one hand, hol() involve the 2-form B. On the other hand, its source
and target depend only on the 1-form A:
z z
hol( 1) = P exp A hol( 2) = P exp A
i 2
So, hol() cannot have the right sourceand target unlessA and B are related
by an equation!
Let ustry to guessthis equation. Recall from TheoremPthat a 2-morphism
'01) @ in Gis determined by an elemert h 2 H with g, = t(h)g;. Using
this, we may think of hol(): hol( 1) ! hol( ,) as determined by an elemen
h 2 H with 7 7
P exp A =t(h)Pexp A
2 1

or in other words d
t(h) = Pexp A Q)
@

wherethe loop @ = ; ; 1 goesaround the square . For a very small square,
we can approximately compute the right hand side using Stokes' theorem:
z z
P exp A exp F
@

On the other hand, there is an obvious guessfor the approximate value of h,
which is supposedto be built using the 2-form B:
z

h exp B

For this guessto yield Equation (), at leastto rst order in the size of our
square,we need 7 z

t(exp B ) exp F
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But this will be true if
t(B) = F:

And this is the equation that relates A and B!
What have we learnedhere? First, for any surface: 1) 2, the holonomy
hol() is determined by an elemert h 2 H with

z z
P exp A =t(h)Pexp A

2 1

In the limit where is very small, this elemert h dependsonly on B:
z
h exp B

But for a nite-sized surface, this formula is no good, sinceit involvesadding
up B at dierent points, which is not a smart thing to do. For a nite-sized
surface, h dependson A as well as B, since we can approximately compute h
by chopping this surfaceinto small squares,whiskering them with paths, and
composingthem|and the holonomiesalong thesepaths are computed using A.

To get the exact holonomy over a nite-sized surface by this method, we
needto take a limit where we subdivide the surfaceinto ever smaller squares.
This is the Lie 2-group analogueof a Riemann sum. But for actual calculations,
this processis not very corveniert. More practical formulas for computing
holonomies over surfacescan be found in the work of Screiber and Waldorf
[88], Martins and Picken [69].

4 Examples and Applications

Now let us give some examples of Lie 2-groups, and seewhat higher gauge
theory can do with theseexamples. We will build these examplesusing crossed
modules. Throughout what follows, G is a Lie 2-group whose corresponding
crossedmodule is (G; H;t; ).

4.1 Shifted Ab elian Groups

Any group G automatically givesa 2-group where H is trivial. Then higher
gaugetheory reducesto ordinary gaugetheory. But to seewhat is new about
higher gaugetheory, let us instead supposethat G is the trivial group. Then
t and are forcedto be trivial, andt is automatically G-equivariant. On the
other hand, the Pei er identity

(t(h))h°= hh% 1!

is not automatic: it holdsif and only if H is abelian!
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There is also a nice picture proof that H must be abelian when G s trivial.
We simply move two elemeris of H around ead other using the interchange
law:

:
:
>

@

=

B G

g
%

0 = \ \
bqh/ o L

"

>

Y ho

-
C

As a side-bene t, we seethat horizontal and vertical composition must be equal
when G is trivial. This proof is called the "Eckmann{Hilton argumert’, since
Eckmann and Hilton usedit to show that the secondhomotopy group of a space
is abelian [43).

So, we can build a 2-group where:

G is the trivial group,

H is any abelian Lie group,
is trivial, and

t is trivial.

This is called the shifted versionof H, and denoted bH .

In applications to physics, we often seeH = U(1). A principal bU(1)-2-
bundle is usually called a U(1) gerb e, and a 2-connectionon sud a thing is
usually just called a connection. By Theorem[3, a connectionon a trivial U(1)
gerbe is just an ordinary real-valued 2-form B. Its holonomy is given by:

V—

hol: 7! 1

/\ Z
hol: iH/ 7" exp i B 2U(L):
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The book by Brylinski [31] gives a rather extensive introduction to U(1)
gerbes and their applications. Murray's theory of "bundle gerbes' gives a dif-
ferent viewpoint [74, BY. Here let us discusstwo placeswhere U(1) gerbes
showv up in physics. One is “multisymplectic geometry'; the other is “2-form
electromagnetism'. The two are closely related.

First, let us remember how 1-forms show up in symplectic geometry and
electromagnetism. Supposewe have a point particle moving in some manifold
M. At any time its position is a point g2 M and its momertum is a cotangert
vector p2 T, M. As time passesijts position and momertum trace out a curve

011 T M:
The action of this path is given by
Z
S()= pd H(gp dt
whereH:T M ! R is the Hamiltonian. But now supposethe Hamiltonian
is zero! Then there is still a nontrivial action, due to the rst term. We can
rewrite it as follows: d

S()=

where the 1-form _
= pidd
is a canonical structure on the cotangert bundle. We can think of asconnec-
tion on a trivial U(1)-bundle over T M. Physically, this connection describes
how a quantum particle changesphaseeven when the Hamiltonian is zero! The
changein phaseis computed by exponertiating the action. So, we have:
z
hol( ) =exp i

Next, supposewe carry our particle around a small loop which bounds a
disk D. Then Stokes'theorem gives
Z z

S()= = d

Here the 2-form _
l'=d =dp"dd

is the curvature of the connection . It makesT M into a symplectic man-
ifold , that is, a manifold with a closed2-form ! satisfying the nondegeneracy
condition

8v!(uyv)=0=) u=0:
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The subject of symplectic geometryis vast and deep,but sometimesthis simple
point is neglected: the symplectic structure describesthe changein phaseof a
quantum particle aswe move it around a loop:

z

hol( ) =exp i !
D
Perhapsthis justi es calling a symplectic manifold a “phasespace’,though his-
torically this seemsto be just a coincidence.

It may seemstrange to talk about a quantum particle tracing out a loop
in phasespace,sincein quantum mecdanics we cannot simultaneously know a
particle's position and momertum. However, there is a long line of work, begin-
ning with Feynman, which computestime ewolution by an integral over paths
in phasespace[4(]. This ideais alsoimplicit in geometric quantization, where
the rst stepis to equip the phasespacewith a principal U(1)-bundle having a
connection whosecurvature is the symplectic structure. (Our discussionso far
is limited to trivial bundles, but everything we say generalizesto the nontrivial
case.)

Next, considera charged particle in an electromagnetic eld. Supposethat
we can describe the electromagnetic eld using a vector potential A which is
a connection on trivial U(1) bundles over M. Then we can pull A bad via
the projection :T M ! M, obtaining a 2-form A on phasespace. In the
absenceof any other Hamiltonian, the particle's action as we move it along a
path in phasespacewill be

z

S()= +e A

if the particle has charge e. In short, the electromagnetic eld changesthe
connection on phasespace from to + e A. Similarly, whenthe path isa
loop bounding a disk D, we have

z

S()= Il +e F
D

where F = dA is the electromagnetic eld strength. So, electromagnetismalso
changesthe symplectic structure on phasespacefrom! to! + e F. For more
on this, seeGuillemin and Sternberg [60], who alsotreat the caseof nonabelian
gauge elds.

All of this has an analogwhere particles are replacedby strings. It hasbeen
known for sometime that just asthe electromagneticvector potential naturally
couplesto point particles, there is a 2-form B called the Kalb{Ramond eld
which naturally couplesto strings. The action for this coupling is obtained
simply by integrating B over the string worldsheet. In 1986, Gawedski [54]
showed that the B eld should be seenas a connectionon a U(1) gerbe. Later
Freed and Witten [52] showed this viewpoint was crucial for understanding
anomaly cancellation. Howewer, these authors did not actually usethe word
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‘gerbe’. The role of gerbes was later made explicit by Carey, Johnson and
Murray [34], and even more so by Gawedski and Reis [55].

In short, electromagnetismhas a “higher version'. What about symplectic
geometry? This also has a higher version, which dates badk to 1935 work by
DeDonder [39] and Weyl [97]. The idea hereis that an n-dimensional classical
eld theory hasa kind of nite-dimensional phasespaceequipped with a closed
(n+ 2)-form ! which is nondegenerate in the following sense:

8vi;iiiiVnsr '(Upvyiiisvp) =0 =9) u=0:

Sudc a n-form is called a multisymplectic  structure , or more speci cally, an
n-plectic structure For a nice introduction to multisymplectic geometry, see
the paper by Gotay, Isenberg, Marsden, and Montgomery [54].

The link between multisymplectic geometry and higher electromagnetism
was made in a paper by Baez, Ho n ung and Rogers[I0. Everything is closely
analogousto the story for point particles. For a classicalbosonic string prop-
agating on Minkowski spacetime of any dimension, say M, there is a nite-
dimensional manifold X which seresas a kind of “phasespace'for the string.
There is a projection :X ! M, and there is a god-given way to take any map
from the string's worldsheetto M and lift it to an embedding of the worldsheet
in X. So, let uswrite  for the string worldsheet consideredas a surfacein X.

The phasespaceX is equipped with a 2-plectic structure: that is, a closed
nondegenerate3-form, say ! . But in fact, ! = d for some2-form . Even
when the string's Hamiltonian is zero, there is a term in the action of the string

coming from the integral of
Y4

S() =

We may also considera charged string coupledto a Kalb{Ramond eld. This
beginslife asa 2-form B on M, but we may pull it back to a 2-form B on X,
and then Z

S() = +e B:

In particular, suppose is a 2-spherebounding a 3-ball D in X. Then by

Stokes' theorem we have
Z

S() = !+e Z
D

where the 3-form
Z =dB

is the Kalb{Ramond analog of the electromagnetic eld strength, and e is the
string's charge. (The Kalb{Ramond eld strength is usually called "H' in the
physics literature, but that conicts with our usageof H to meana Lie group,
sowe shall call it “Z".)

In summary: the Kalb{Ramond eld maodi es the 2-plectic structure on the
phasespace of the string. The reader will note that we have coyly refusedto
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describe the phasespaceX or its 2-form . For this, seethe paper by Baez,
Ho n ung and Rogers|I0. In this paper, we explain how the usual dynamics of a
classicalbosonicstring coupledto a Kalb{Ramond eld can be described using
multisymplectic geometry. We also explain how to generalizePoissonbrackets
from symplectic geometryto multisymplectic geometry. Just asPoissonbrackets
in symplectic geometry make the functions on phasespaceinto a Lie algebra,
Poissonbrackets in multisymplectic geometry give rise to a "Lie 2-algebra'. Lie
2-algebrasare alsoimportant in higher gaugetheory in the sameway that Lie
algebrasare important for gaugetheory. Indeed, the “string 2-group' described
in Section.d was constructed only after its Lie 2-algebrawasfound [[7]. Later,
this Lie 2-algebrawas seento arise naturally from multisymplectic geometry
[15).

4.2 The Poincar e 2-Group

Supposewe have a represenation  of a Lie group G on a nite-dimensional
vector spaceH . We canregard H asan abelian Lie group with addition asthe
group operation. This lets us regard as an action of G on this abelian Lie
group. So, we can build a 2-group G where:

G is any Lie group,
H is any vector space,

is the represenation of G on H, and
t is trivial.

In particular, note that the Peier identity holds. In this way, we seethat
any group represertation givesa crossedmodule|so group represertations are
secretly 2-groups!
For example, if we let G be the Lorentz group and let  be its obvious
represenation on R*:
G = S0O(31)

H=R*

we obtain the so-calledPoincar e 2-group , which hasthe Lorentz group asits
group of morphisms, and the Poincare group asits group of 2-morphisms|[13].
What is the Poincare 2-group good for? It is not clear, but there are some
clues. Just as we can study represenations of groups on vector spaces,we can
study represenations of 2-groupson “2-vector spaces'[6, 24, 38, 4g]. The rep-
resertations of a group are the objects of a category, and this sort of category
can be usedto build “spin foam models' of background-free quantum eld theo-
ries [5]. This endearor has beenmost successfulwith 3d quantum gravity [53],
but everyoneworking on this subject dreams of doing something similar for 4d
quantum gravity [80]. Going from groupsto 2-groups boosts the dimension of
everything: the represenations of a 2-group are the objects of a 2-category, and
Crane and Sheppeard outlined a program for building a 4-dimensionalspin foam
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model starting from the 2-category of represenations of the Poincare 2-group
[348].

Crane and Sheppeard hoped their model would be related to quantum grav-
ityin 4 spacetimedimensions. This hasnot cometo pass,at least not yet|but
this spin foam model does have interesting connectionsto 4d physics. The spin
foam model of 3d quantum gravity automatically includes point particles, and
Baratin and Freidel have shown that it reducesto the usual theory of Feynman
diagrams in 3d Mink owski spacetimein the limit where the gravitational con-
stant Guewon  goesto zero [Z1]. This line of thought led Baratin and Freidel to
construct a spin foam model that is equivalert to the usual theory of Feynman
diagramsin 4d Mink owski spacetime[2Z]. At rst the mathematics underlying
this model wasa bit mysterious|but it now seemsclearthat this model is based
on the represertation theory of the Poincare 2-group! For a preliminary report
on this fascinating researd), seethe paper by Baratin and Wise [Z23].

In short, it appearsthat the 2-category of represenations of the Poincare
2-group givesa spin foam description of quantum eld theory on 4d Mink owski
spacetime. Unfortunately, while spin foam models in 3 dimensionscan be ob-
tained by quartizing gaugetheories, we do not seehow to obtain this 4d spin
foam model by quartizing a higher gaugetheory. Indeed, we know of no classi-
cal eld theory in 4 dimensionswhosesolutions are 2-connectionson a principal
G-2-bundle where G is the Poincare 2-group.

However, if we replace the Poincare 2-group by a closely related 2-group,
this puzzle does have a nice solution. Namely, if we take

G=S0(31)
H = s0(3;1)

and take to be the adjoint represenation, we obtain the “tangert 2-group' of
the Lorentz group. As we shall see,2-connectionsfor this 2-group arise naturally
as solutions of a 4d eld theory called “topological gravity'.

4.3 Tangent 2-Groups

We have seenthat any group represeration givesa 2-group. But any Lie group
G hasarepresenation on its own Lie algebra: the adjoint represenation. This
lets us build a 2-group from the crossedmodule where:

G is any Lie group,

H is g regardedas a vector spaceand thus an abelian Lie group,
is the adjoint represenation, and

t is trivial.

We call this the tangent 2-group T G of the Lie group G. Why? We have
already seenthat for any Lie 2-group, the group of all 2-morphisms is the
semidirect product Gn H. In the caseat hand, this semidirect product is just
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G n g, with G acting on g via the adjoint represertation. But as a manifold,
this semidirect product is nothing other than the tangent bundle T G of the Lie
group G. So,the tangent bundle TG becomesa group, and this is the group of
2-morphismsof T G.

By Theorem[3, a 2-connectionon atrivial T G-2-bundle consistsof a g-valued
1-form A and a g-valued 2-form B such that the curvature F = dA+ A" A
satis es

F=0

sincet(B) = 0in this case.Where canwe nd sud 2-connections?We can nd
them as solutions of a eld theory called 4-dimensional BF theory!

BF theory isaclassical eld theory that worksin any dimension. So,takean
n-dimensional oriented manifold M as our spacetime. The elds in BF theory
are a connection A on the trivial principal G-bundle over M, together with a
g-valued (n  2)-form B. The action is given by

Z

S(A;B) = tr(B N F):
M

Setting the variation of this action equal to zero, we obtain the following eld
equations:
dB+ [A;B]=0;, F=0:

In dimension 4, B is a g-valued 2-formjand thanks to the secondequation, A
and B t together to de ne a 2-connectionon the trivial T G-2-bundle over M .

It may seemdull to study a gaugetheory where the equations of motion
imply the connectionis at. But there is still room for somefun. We seethis
already in 3-dimensionalB F theory, where B is a g-valued 1-form rather than a
2-form. This lets us padkageA and B into a connectionon the trivial T G-bundle
over M. The eld equations

dB+[A;B]=0; F=0

then say preciselythat this connectionis at.

When the group G is the Lorentz group SO(2; 1), TG is the corresponding
Poincare group. With this choice of G, 3d BF theory is a version of 3d general
relativity. In 3 dimensions, unlike the more physical 4d case,the equations
of general relativit y say that spacetimeis at in the absenceof matter. And
at rst glance,3d BF theory only describes generalrelativit y without matter.
After all, its solutions are at connections.

Nonetheless,we can consider 3d BF theory on a manifold from which the
worldline of a point particle has beenremoved. In the Bohm{Aharonov e ect,
if we carry a chargedobject around a solenoid, we obtain a nontrivial holonomy
even though the U(1) connectionA is at outside the solenoid. Similarly, in 3d
BF theory, the connection (A; B) will be at away from the particle's world-
line, but it can have a nontrivial holonomy around a loop that encirclesthe
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worldline:

-

This holonomy says what happenswhen we parallel transport an object around
our point particle. The holonomy is an elemen of Poincare group. Its conjugacy
classdescribes the mass and spin of our particle. So, massiwe spinning point
particles are lurking in the formalism of 3d BF theory!

Even better, this theory predicts an upper bound on the particle's mass,
roughly the Planck mass. This is true even classically This may seemstrange,
but unlike in 4 dimensions,where we needc, Gy and ~to build a quantity
with dimensionsof length, in 3-dimensionalspacetimewe can do this using only
¢ and Gyewon - SO, ironically, the "Planck mass' does not depend on Planck's
constart.

Furthermore, in this theory, particles have “exotic statistics', meaning that
the interchange of identical particles is governed by the braid group instead of
the symmetric group. Particles with exotic statistics are alsoknown as “anyons'.
In the simplest examples,the anyonsin 3d gravity reduceto bosonsor fermions
in the Gyewon ! O limit.

There is thus a wealth of interesting phenomenato be studied in 3d BF
theory. Seethe paper by Baez, Crans and Wise [9] for a quick overview, and
the work of Freidel, Louapre and Baratin for a deep treatment of the details
273, 53]

The caseof 4d BF theory is just as interesting, and not as fully explored.
In this casethe eld equationsimply that A and B de ne a 2-connectionon
the trivial T G-2-bundle over M . But in fact they say more: they say precisely
that this 2-connectionis at . By this we meantwo things. First, the holonomy
hol( ) alongapath doesnot changewhenwe changethis path by a homotopy.
Second,the holonomy hol() alongasurface doesnot changewhenwe change
this surface by a homotopy. The rst fact here is equivalernt to the equation
F = 0. The secondis equivalent to the equation dB + [A; B] = O.

When the group G is the Lorentz group SO(3;1), 4d BF theory is sometimes
called "topological gravity'. We canthink of it asa simpli ed versionof general
relativit y that acts more like gravity in 3 dimensions. In particular, we can
copy what we did in 3 dimensions, and consider4d BF theory on a manifold
from which the worldlines of particles and the worldshests of strings have been
removed. Someof what we will do here works for more general groups G, but
let ustake G = SO(3;1) just to be speci c.

First considerstrings. Take a 2-dimensional manifold X embeddedin a 4-
dimensionalmanifold M, and think of X asthe worldsheetof a string. Suppose
we can nd asmallloop that encircles in such away that is contractible
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in M but notin M X. If wedo4d BF theory on the spacetimeM X, the
holononmy

hol( ) 2 SO(3;1)
will not changewhen we apply a homotopy to . This holonomy describesthe
“massdensity’ of our string [9, Z0].

Next, considerparticles. Take a curve C embeddedin M, and think of C as
the worldline of a particle. Supposewe can nd a small 2-sphere inM C
that is cortractible in M but not M C. We can think of this 2-sphereas a
2-morphism : 1, ) 1 in the path 2-groupoid of M. If we do 4d BF theory
on the spacetimeM  C, the holonomy

hol() 2 so(3;1)

will not changewhen we apply a homotopy to . So, this holonomy describes
someinformation about the particle|but sofar aswe know, the physical mean-
ing of this information has not beenworked out.

What if we had a eld theory whosesolutions were at 2-connectionsfor the
Poincare 2-group? Then we would have

hol() 2 R*

and there would be a tempting interpretation of this quartity: namely, as the
energy-momenum of our point particle. So,the puzzle posedat the end of the
previous sectionis a tantalizing one.

One may rightly askif the “strings' described above bear any relation to those
of string theory. If they are merely surfacescut out of spacetime,they lack the
dynamical degreesof freedom normally assaiated to a string. Certainly they
do not have an action proportional to their surface area, as for the Polyakov
string. Indeed, one may ask if “area' even makessensein 4d BF theory. After
all, there is no metric on spacetime: the closestsubstitute is the so(3; 1)-valued
2-form B.

Someof these problems may have solutions. For starters, when we remove
a surfaceX from our 4-manifold M ,éhe action

S(A;B) = - tr(B " F)

is no longer gauge-irvariant: a gaugetransformation changesthe action by a
boundary term which is an integral over X . We can remedy this by introducing
elds that liveon X, and adding a term to the action which is anintegral over X
involving these elds. There are a number of ways to do this [14, 49, 53, B0, [73).
For some,the integral over X is proportional to the areaof the string worldsheet
in the special casewherethe B eld arisesfrom a cotetrad (that is, an R*-valued
1-form) asfollows:

B=eMe
where we usethe isomorphism 2R* = so(3;1). In this casethere is closerela-
tion to the Nambu{Goto string, which hasbeencarefully examinedby Fairbairn,
Noui and Sardelli [50].
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This is especially intriguing becausewhen B takesthe above form, the BF
action becomesthe usual Palatini action for generalrelativit y:
Z

S(A;e) = tr(e™ e™ F)
M

where “tr' is a suitable nondegeneratebilinear form on so(3;1). Unfortunately,
solutions of Palatini gravity typically fail to obey the condition t(B) = F when
wetakeB = eMe. So,we cannotconstruct 2-connectionsin the senseof Theorem
B from thesesolutions! If we want to treat generalrelativit y in 4 dimensionsas
a higher gaugetheory, we needother ideas. We describe two possibilities at the
end of SectionEER

4.4 Inner Automorphism 2-Groups

There is also a Lie 2-group where:
G is any Lie group,
H =G,
t is the identity map,

is conjugation:
(9h = ghg *:

Following Roberts and Screiber [79] we call this the inner automorphism
2-group of G, and denoteit by I NN (G). We explain this terminology in the
next section.

A 2-connectionon the trivial | N N (G)-2-bundle over a manifold consistsof
a g-valued 1-form A and a g-valued 2-form B sud that

B=F

sincet is now the identity. Intriguingly, 2-connectionsof this sort show up as
solutions of a slight variant of 4d BF theory. In a move that he later called his
biggest blunder, Einstein took generalrelativit y and threw an extra term into
the equations: a "cosmologicalconstart' term, which givesthe vacuum nonzero
energy We can do the samefor topological gravity, or indeed 4d BF theory for
any group G. After all, what counts as a blunder for Einstein might count asa
good idea for lessermortals such as ourseles.

So, X a4-dimensionaloriented manifold M asour spacetime. As in ordinary
BF theory, takethe elds to be aconnectionA on the trivial principal G-bundle
over M, together with a g-valued 2-form B. The action for BF theory “with
cosmologicalconstart' is de ned to be

z

S(A;B)= t(B~F =B"B):
" 2
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Setting the variation of the action equalto zero, we obtain these eld equations:
dB+ [A;B]=0; F= B:

When = 0, theseare just the equationswe saw in the previous section. But
let us considerthe case 6 0. Then theseequationshave a drastically di erent
character! The Bianchi identity dF + [A; F] = 0, together with F = B,
automatically implies that dB + [A; B] = 0. So,to get a solution of this theory
we simply take any connection A, compute its curvature F and setB = F= .

This may seemboring: a eld theory where any connection is a solution.
But in fact it has an interesting relation to higher gaugetheory. To seethis,
it helps to change variables and work with the eld = B . Then the eld
equationsbecome

d +[A; ]1=0, F=

Any solution of these equations gives a 2-connection on the trivial principal
I NN (G)-2-bundle over M !

There is also a tantalizing relation to the cosmologicalconstart in general
relativity. If the B eld arisesfrom a cotetrad as explained in the previous
section:

B =e"e
then the above action becomes
z
S= tr(ere"F —ere™ele):
M 2
When we choosethe bilinear form “tr' correctly, this is the action for general
relativit y with a cosmologicalconstart proportional to

There is someevidence[d] that BF theory with nonzerocosmologicalcon-
stant can be quantized to obtain the so-called Crane{Yetter model [35, [34],
which is a spin foam model based on the category of represenations of the
quantum group assaiated to G. Indeed, in some circles this is taken almost
as an article of faith. But a rigorous argumert, or even a fully cornvincing
argumert, seemsto be missing. So, this issuedesenesmore study.

The ! O0limit of BF theory is fascinating but highly singular, since for

6 0 a solution is just a connection A, while for = 0 a solution is a at
connection A together with a B eld suc that dB + [A;B] = 0. At least
in somerough intuitiv e sense,as ! 0 the group H in the crossedmodule
corresponding to | N N (G) “expandsand attens out' from the group G to its
tangent spaceg. Thus, | N N (G) degeneratesto the tangent 2-group TG. It
would be nice to make this preciseusing a 2-group versionof the theory of group
cortractions.

4.5 Automorphism  2-Groups

The inner automorphism group of the previous sectionis closely related to the
automorphism 2-group AUT (H), de ned using the crossedmodule where:
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G = Aut(H),
H is any Lie group,

t:H ! Aut(H) sendsany group elemert to the operation of conjugating
by that elemen,

;Aut(H) ! Aut(H) is the identity.

We usethe term “automorphism 2-group' becauseAU T (H) really is the 2-group
of symmetries of H. Lie groups form a 2-category any object in a 2-category
has a 2-group of symmetries, and the 2-group of symmetries of H is naturally
a Lie 2-group, which is none other than AUT (H). See|13] for details.

A principal AUT (H)-2-bundle is usually called a nonab elian gerb e [Z9].
Nonabelian gerbesare a major test casefor ideasin higher gaugetheory. Indeed,
almost the whole formalism of 2-connectionswasworkedout rst for nonabelian
gerbesby Breen and Messing[30]. The one aspect they did not consideris the
one we have focusedon here: parallel transport. Thus, they did not imposethe
equationt(B) = F, which we needto obtain holonomiessatisfying the conditions
of Theorem@ Nonetheless,the quantity F  t(B) plays an important role in
Breen and Messing'sformalism: they call it the fake curv ature . Generalizing
their ideas slightly, for any Lie 2-group G, we may de ne a connection on a
trivial principal G-2-bundle to be a pair consisting of a g-valued 1-form A and
an h-valued 2-form. A 2-connectionis then a connection with vanishing fake
curvature.

The relation between the automorphism 2-group and the inner automor-
phism 2-group is nicely explainedin the work of Roberts and Screiber [79]. As
they discuss,for any group G there is an exact sequenceof 2-groups

1! Z(G)! INN(G)! AUT(G)! OUT(G)! 1

whereZ (G) is the certer of G and OUT (G) is the group of outer automorphisms
of G, both regardedas 2-groupswith only identit y 2-morphisms.

Roberts and Schreiber go on to consideran analogoussequenceof 3-groups
constructed starting from a 2-group. Among these, the “inner automorphism
3-group' I NN (G) of a 2-group G plays a special role [8€]. The reasonis that
any connection on a principal G-2-bundle, not necessarilyobeying t(B) = F,
givesa at 3-connectionon a principal | N N (G)-3-bundle! This in turn allows
usto de ne a version of parallel transport for particles, strings and 2-branes

This may give away to understand generalrelativit y in terms of higher gauge
theory. As we have already seenin Section3, Palatini gravity in 4d spacetime
involves an so(3; 1)-valued 1-form A and an so(3; 1)-valued 2-form B = e” e.
This is precisely the data we expect for a connectionon a principal G-2-bundle
where G is the tangent 2-group of the Lorentz group. Typically this connection
fails to obey the equationt(B) = F. So,it is not a 2-connection. But, it givesa
at 3-connectionon an | N N (T SO(3; 1))-3-bundle. So, we may optimistically
call | NN (T SO(3;1)) the gravity 3-group .
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Doesthe gravity 3-group actually shedany light on generalrelativit y? The
work of Martins and Picken [7(] establishesa useful framework for studying
theseissues. They de ne a path 3-groupoid P3(M) for a smooth manifold M .
Given a Lie 3-group G, they describe 3-connectionson the trivial G-3-bundle
over M as 3-functors

hol: P3(M)! G

Moreover, they shaov how to construct these functors from a 1-form, a 2-form,
and a 3-form taking valuesin three Lie algebrasassaiated to G. In the case
where G = | NN (T SO(3;1)) and hol is a at 3-connection, this data reduces
to an sq(3;1)-valued 1-form A and an so(3; 1)-valued 2-form B.

4.6 String 2-Groups

The Lie 2-groupsdiscussedso far are easyto construct. The string 2-group is
considerably more subtle. Ultimately it forcesupon us a deeper conception of
what a Lie 2-group really is, and a more sophisticated approac to higher gauge
theory. Treated in proper detail, these topics would carry us far beyond the
limits of this quick introduction. But it would be a shamenot to mention them
at all.

Suppose we have a certral extension of a Lie group G by an abelian Lie
group A. In other words, supposewe have a short exact sequenceof Lie groups

11 Al HI'G! 1

where the image of A lies in the certer of H. Then we can construct an action

of G on H asfollows. The map t:H ! G describesH asa b er bundle
over G, so choosea section of this bundle: that is, a function s:G! H with
t(s(g)) = g, not necessarilya homomorphism. Then set

(9h = s(g)hs(g) *:

Since A is included in the certer of H, is independen of the choice of s.
Thanks to this, we do not needa global smooth section s to ched that (g)
depends smoothly on g: it suces that there exist a local smooth section in
a neighborhood of eah g 2 G, and indeed this is always true. We can use
these local sectionsto de ne  globally, since they must give the same on
overlapping neighborhoods.

Given all this, we can ched that t is G-equivariant and that the Peier
identit y holds. So, we obtain a Lie 2-group where:

G is any Lie group,
H is any Lie group,
t:H ! G makesH into a certral extensionof G,

is givenby (g)h = s(g)hs(g) * wheres:G! H is any section.
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We call this the central extension 2-group C(H " G).

To get concrete examples,we need examplesof certral extensions. For any
choiceof G and A, we can alwaystake H = G A and usethe “trivial' certral
extension

1" Al A G! G! L

For more interesting examples, we need nontrivial certral extensions. These
tend to arisefrom problemsin quantization. For example,supposeV is a nite-

dimensional symplectic vector space: that is, a vector spaceequipped with

a nondegenerateantisymmetric bilinear form

v VI R:

Then wecanmakeH = V R into a Lie group called the Heisen berg group ,
with the product

(u;a)(v;b) = (u+ v;a+ b+ ! (u;v)):

The Heiserberg group plays a fundamertal role in quantum medanics, because
we can think of V as the phase spaceof a classical point particle. If we let
G stand for V regarded as an abelian Lie group, then elemeris of G describe
translations in phasespace:that is, translations of both position and momen-
tum. The Heiserberg group H describes how these translations commute only
‘up to a phase' when we take quantum medanics into accourt: the phaseis
given by exp(i! (u;Vv)). There is a homomorphismt:H ! G that forgets this
phaseinformation, given by
t(u;a) = u:

This exhibits H asa certral extensionof G. We thus obtain a certral extension
2-group C(H f G), called the Heisen berg 2-group of the symplectic vector
spaceV.

The applications of Heiserberg 2-groupsseemlargely unexplored, and should
be worth studying. Sofar, much more work hasbeenput into understanding 2-
groupsarising from certral extensionsof loop groups. The reasonis that certral
extensionsof loop groups play a basicrole in string theory and conformal eld
theory, as nicely explained by Pressleyand Segal[7g].

Suppose that G is a connected and simply-connected compact simple Lie
group G. De ne the loop group G to bethe setof all smooth paths :[0; 1]!
G that start and end at the identit y of G. This becomesa group under pointwise
multiplication, and in fact it is a kind of in nite-dimensional Lie group [[71].

For ead integer k, called the level, the loop group has a certral extension

11 uy! [l o1 1

Theseextensionsare all di erent, and all nontrivial exceptfor k = 0. In physics,
they arise becausethe 2d gaugetheory called the Wess{Zumino{Witten model
has an "anomaly'. The loop group G acts as gauge transformations in the
classicalversionof this theory. However, whenwe quantize the theory, we obtain
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arepresertation of G only "upto a phase'|that is, a projectiverepresenation.
This can be understood as an honest represertation of the certral extension
[ «G, where the integer k appears in the Lagrangian for the Wess{Zumino{
Witten model.

Starting from this certral extension we can construct a certral extension
2-group called the level-k loop 2-group of G, Lx(G). This is an in nite-
dimensional Lie 2-group, meaning that it comesfrom a crossedmodule where
the groups involved are in nite-dimensional Lie groups, and all the maps are
smooth. Moreover, it ts into an exact sequence

1! Ly (G)! STRING(G) ! G! 1

where the middle term, the level-k string 2-group of G, hasvery interesting
properties [8].

Since the string 2-group STRI N G((G) is an in nite-dimensional Lie 2-
group, it is a topological 2-group. There is a way to take any topological 2-
group and squashit down to a topological group [8, [I8. Applying this trick
to STRI N G((G) whenk = 1, we obtain a topological group whosehomotopy
groups match those of Glexcept for the third homotopy group, which hasbeen
made trivial. In the special casewhere G = Spin(n), this topological group is
called the “string group’, sinceto consisterilly de ne superstrings propagating
on a spin manifold, we must reduce its structure group from Spin(n) to this
group [94]. The string group also plays a role in Stolz and Teichner's work on
elliptic cohomology which involvesa notion of parallel transport over surfaces
[@0]. There is a lot of sophisticated mathematics involved here, but ultimately
much of it should arise from the way string 2-groupsare involved in the parallel
transport of strings! The work of Sati, Schreiber and Stashe [83] provides good
evidencefor this, as doesthe work of Waldorf [91].

In fact, the string Lie 2-group had lived through many previousincarnations
before being constructed as an in nite-dimensional Lie 2-group. Brylinski and
McLaughlin [33 thought of it asa U(1) gerbe over the group G. The fact that
this gerbe is “multiplicativ €' makesit something like a group in its own right
[32]. This viewpoint was also beenexplored by Murray and Stevenson[[75].

Later, Baezand Crans [[7] constructed a Lie 2-algebrastring, (g) correspond-
ing to the string Lie 2-group. For pedagogicalpurposes,our discussionof Lie
2-groups has focusedsolely on “strict' 2-groups, where the 1-morphisms satisfy
the group axioms strictly, as equations. However, there is also an extensive
theory of “weak' 2-groups, where the 1-morphisms obey the group axioms only
up to invertible 2-morphisms[L13. Following this line of thought, we may also
de ne weak Lie 2-algebras[&1], and the Lie 2-algebrastring, (g) is one of these
where only the Jacobiidentit y fails to hold strictly .

The beauty of weakLie 2-algebrasis that string, () is very easyto describein
theseterms. In particular, it is nite-dimensional. The hard part is constructing
aweak Lie 2-group corresponding to this weak Lie 2-algebra. It is easyto chedk
that any strict Lie 2-algebrahasa corresponding strict Lie 2-group. WeakLie 2-
algebrasare more tricky [L3. Baez, Crans, Schreiber and Stevenson[8] dodged
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this problem by showing that the string Lie 2-algebrais equivalent (in some
precisesense)to a strict Lie 2-algebra, which however is in nite-dimensional.
They then constructed the in nite-dimensional strict Lie 2-group corresponding
to this strict Lie 2-algebra. This is just ST RI N Gx(G) as described above.

On the other hand, a nite-dimensional model of the string 2-group was
recently introduced by Schommer-Pries[85]. This usesan improved de nition
of "weak Lie 2-group', based on an important realization: the correct maps
between smooth groupoids are not the smooth functors, but something more
general [64]. We have already mentioned this in our discussionof connection:
a smooth functor hol:P;(M) ! G is a connection on the trivial principal G-
bundle over M, while one of these more general maps is a connection on an
arbitrary principal G-bundle over M . If we take this lessonto heart, we are led
into the world of “stadks'|and in that world, we can nd a nite-dimensional
version of the string 2-group.

There has also been progresson constructing weak Lie n-groups from weak
Lie n-algebrasfor n > 2. Getzler [56] and Henriques [61] have developed an
approach that works for all n, evenn = 1 . Their approach is able to handle
weak Lie 1 -algebrasof a sort known as 'L; -algebras'. Quite roughly, the
ideais that in an L, -algebra, the Jacobiidentity holds only weakly, while the
antisymmetry of the bracket still holds strictly .

In fact, L, -algebraswere deweloped by Stashe and collaborators [68, 84]
before higher gaugetheory becamerecognizedas a subject of study. But more
recenly, Sati, Schreiber, Stashe [82, 83 have dewveloped a lot of higher gauge
theory with the help of L; -algebras. Thanks to their work, it is becoming
clear that superstring theory, supergravity and even the mysterious "M -theory'
have strong ties to higher gauge theory. For example, they argue that 11-
dimensional supergravity can be seenas a higher gaugetheory governed by a
certain "Lie 3-superalgebra’' which they call sugra(10;1). The number 3 here
relates to the 2-brane solutions of 11-dimensionalsupergravity: just as parallel
transport of strings is described by 2-connections,the parallel transport of 2-
branesis described by 3-connections,which in the supersymmetric caseinvolve
Lie 3-superalgebras.

In fact, sugra(10; 1) is one of a family of four Lie 3-superalgebrasthat extend
the Poincare Lie superalgebrain dimensions4, 5, 7 and 11. These can be built
via a systematic construction starting from the four normed division algebras:
the real numbers,the complex numbers, the quaternions and the octonions [11].
Thesefour algebrasalso give rise to Lie 2-superalgebrasextending the Poincare
Lie superalgebrain dimensions3, 4, 6, and 10. The Lie 2-superalgebrasare
related to superstring theories in dimensions 3,4,6, and 10, while the Lie 3-
superalgebrasare related to super-2-branetheoriesin dimensions4,5,7 and 11.
All thesetheories, and even their relation to division algebras,have beenknown
since the late 1980s[47]. Higher gaugetheory provides new insights into the
geometry of thesetheories. In particular, the work of D'Auria, Castellani and
Fre [41] can be seenasimplicitly making extensive useof Lie n-superalgebras|
but this only becameclear later, through the work of Sati, Schreiber and Stashe
[83.

43



Alas, explaining these fascinating issuesin detail would vastly expand the
scope of this paper. We should instead return to simpler things: gaugetrans-
formations, curvature, and nontrivial 2-bundles.

5 Further Topics

Sofar our introduction to higher gaugetheory hasneglectedthe mostimportant
topic of all: gaugetransformations! We have also said nothing about curvature
or nontrivial 2-bundles. Now it is time to begin correcting these oversighs.

5.1 Gauge Transformations

First considerordinary gaugetheory. Supposethat M is a manifold and G is
a Lie group. Then a gauge transformation on the trivial principal G-bundle
over M simply amounts to a smooth function

gM! G;

while a connection on this bundle can be seenas a g-valued 1-form. A gauge
transformation g acts on a connectionA to give a new connection A° as follows:

A= gAg 1+ gdg

This formula makesliteral senseif G is a group of matrices: then g also consists
of matrices, so we can freely multiply elemens of G with elemens of g. If G

is an arbitrary Lie group the formula requiresa bit more careful interpretation,

but it still makes sense. A well-known calculation says the curvature F° =

dA%+ A%~ ACof the gauge-transformedconnection s just the curvature of the
original connection conjugated by g:

FO=gFg %

In higher gaugetheory the formulas are similar, but a bit more complicated.
SupposeM is a manifold and Gis a Lie 2-group with crossedmodule (G;H;t; ).
It will be helpful to take everything in this crossedmodule and di eren tiate it.
Doing this, we get:

the Lie algebrag of G,
the Lie algebrah of H,

the Lie algebrahomomorphismt:h! g obtained by di erentiating t:H !
G, and

the Lie algebrahomomorphism _:g! aut(H) obtained by di eren tiating
:G! Aut(H).
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Here aut(H) is the Lie algebraof Aut(H). It is bestto think of this asthe Lie
algebraof deriv ations of h: that is, linear mapsD:h! h sud that

D[x;y]l = [Dx;y]+ [x; Dyl

If we di erentiate the two equationsin the de nition of a crossedmodule, we
obtain the g-equiv ariance of t:

L)) = [ ty)]

and the in nitesimal  Peier identity:

_tM% = v;y9

wherex 2 gandy;y°2 h. In casethe readeris curious: we write t and __ instead
of dt and d becauselater we will do computations involving these maps and
alsodi erential forms, where d stands for the exterior derivatve.

A quadruple (g; h;t; ) of Lie algebrasand homomorphisms obeying these
two equations is called an in nitesimal  crossed module. Just as crossed
modules are a way of working with 2-groups,in nitesimal crossedmodules are
a way of working with Lie 2-algebras[[4]. Any in nitesimal crossedmodule
comesfrom a Lie 2-group, and this Lie 2-group is unique if we demandthat G
and H be connectedand simply connected.

But we digress! We have intro ducedin nitesimal crossedmodulesin order to
say how gaugetransformations act on 2-connections. A gauge transformation
of the trivial G-2-bundle over M consistsof two piecesof data:

a smooth function g:M | G,
an h-valued 1-formaon M.

Why two piecesof data? Perhapsthis should not be so surprising. Remenber,
a 2-connectionalso consistsof two piecesof data:

a g-valued 1-form A on M,
an h-valued 2-form B on M satisfying t(B) = F.

Breenand Messing[30] worked out how gaugetransformations act on connec-
tions on nonabelian gerbes,and their work waslater generalizedto 2-connections
on arbitrary principal 2-bundles[18, [88]. Here we merely presen the formulas.
A gaugetransformation (g;a) acts on a 2-connection (A; B) to give a new 2-
connection (A% B9 as follows:

A° = gAg ! + gdg ! + t(a)

BO (9)(B) + (A9"a + da+ a”a

The secondformula requiresa bit of explanation. In the rst term we compose
:G ! Aut(H) with g:M ! G and obtain an Aut (H)-valued function (g),
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which then actson the h-valued 2-form B to give a new h-valued 2-form (g)(B).
In the secondterm we start by composing A°with _ to obtain an aut(H )-valued
1-form _(A9. Then we wedgethis with a, letting aut(H) act on h as part of
this process,and obtain an h-valued 2-form.

As a kind of consistency ched and test of our understanding, let us see
why the gauge-transformed2-connection (A% B9 satis es the equation t(B9) =
FO First let us compute the curvature 2-form F° of the gauge-transformed
2-connection:

dA%+ A0A A0
d(gAg '+ gdg '+ t(a) +
(0Ag '+ gdg '+ t(a))  (gAg '+ gdg !+ t(a))

FO

This lookslike a mess|but exceptfor the terms containing t(a), this is just the
usual messwe get in ordinary gaugetheory when we compute the curvature of
a gaugetransformed connection. So, we have:

FO = gFg !+ d(t(a) + t(a" A+ A% (a)
gFg * + t(da) + [t(a);AY

where we usethe fact that d(t(a)) = t(da) and rewrite A%~ t(a) + t(a) » A®as
a graded commutator.
On the other hand, we have

t(B9Y = t( (9)(B) + t(_(A)"a) + t(da+a” a)

The G-equivarianceoft implies that t( (g)(B)) = gt(B)g !, andthe g-equivariance
of t implies that t(_(A9) ~ a) = [A% t(a)]. So,we seethat

t(B9 = gt(B)g ' + [A%di(a)] + t(da+ a” a)

and thus t(B9 = F9, asdesired.

5.2 Curv ature

SupposeGis a Lie 2-groupwhosecrossedmoduleis (G;H;t; ), andlet (g; h;t; )
be the corresponding di erential crossedmodule. Supposewe have a connec-
tion on the trivial G-2-bundle over M : that is, a g-valued 1-form A and an
h-valued 2-form B.

As in ordinary gaugetheory, we may de ne the curv ature of this connection
to be the g-valued 2-form given by:

F=dA+AMNA

We also have another g-valued 2-form, the fake curv ature F t(B). Recall
from Section3@that only a connectionwith vanishing fake curvature courts asa
2-connection. In other words, we needt(B) = F to obtain well-de ned parallel
transport over surfaces.
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We may alsode ne the 2-curv ature of a connectionin higher gaugetheory.
This is the h-valued 3-form given by:

Z=dB+ (A)"B:

In the secondterm here,we compose_:g! aut(H) with the g-valued 1-form A
and obtain an aut(H )-valued function _(g). Then we wedgethis with B, letting
aut(H) act on h as part of this process,and obtain an h-valued 2-form.

The intuitiv e idea of 2-curvature is this: just asthe curvature describesthe
holonomy of a connectionaround anin nitesimal loop, the 2-curvature describes
the holononmy of a 2-connectionover an in nitesimal 2-sphere.This canbe made
preciseusing formulas for holonomiesover surfaces[eY, [8¢]

If the 2-curvature of a 2-connectionvanishes,the holonomy over a surface
will not changeif we apply a smooth homotopy to that surface while keeping
its edges xed. A 2-connection whose curvature and 2-curvature both vanish
truly desenesto be called at . We have seen at 2-connectionsalready in
our discussionof 4-dimensional BF theory in SectionE.3 the solutions of this
theory are at 2-connections.

5.3 Nontrivial 2-Bundles

So far we have implicitly been looking at 2-connectionson trivial 2-bundles.
This is ne locally. But there are also interesting issuesinvolving nontrivial
2-bundles, which becomecrucial when we work globally.

A careful treatment of 2-bundles would require somework, and the reader
interested in this topic would do well to start with Moerdijk's introductory
paper on “stadks' and “gerbes' [7Z]. Here we take a lesssophisticated approach:
we simply describe how to build a principal 2-bundle and put a 2-connection
on it. Since we do not say when two principal 2-bundles built this way are
“same',our treatment is incomplete. The readercan nd more details elsewhere
[18, 19 25, 128, 129, 30, BY). We warn the readerthat almost every paper in the
literature usesdi erent notation, sign cornvertions, and so forth.

First recall ordinary gaugetheory: supposeG is a Lie group and M a man-
ifold. In this casewe can build a principal G-bundle over M using transition
functions. First, write M asthe union of open setsor patches Uy M

[
M = Ui:

Then, choose a smooth transition function on ead double intersection of
patches:
Jij 1U; \ Uj I G

Thesetransition functions give gaugetransformations. We can build a principal
G-bundle over all of M by gluing together trivial bundles over the patcheswith
the help of these gauge transformations. However, this procedure will only
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succeedf the transition functions satisfy a consistencycondition on ead triple
intersection:

gj (X)gik(X) = gk (x)
for all x 2 Ui\ U; \ Ux. This equation is called a cocycle condition . We can
visualize it asa triangle:

gij i k

og—
ik
where we suppressthe variable x for the sake of readability. The idea is that
this triangle should ‘commute'; the direct way of identifying points in the trivial
bundle in the ith patch to points in the trivial bundle over the kth patch should
match the indirect way which proceedsvia the jth patch.

A similar but more elaborate recipe works for higher gaugetheory. Now let
G be a Lie 2-group with crossedmodule (G;H;t; ). To build a G-2-bundle, we
start by choosingtransition functions on double intersections of patches:

gij:Ui\ Uj! G

However, now it makes senseto replace the equation in the cocycle condition
by a 2-morphism! So, for ead triple intersection we choose2-morphismsin G:

i k()05 (X)gk(X)) Gk (X)

depending smoothly on x 2 Ui\ U; \ Uc. We can again visualize these as

triangles:
gij i k
ij k
o
Gik

But now we demandthat these2-morphismsthemselvesobey a cocycle condition
on quadruple intersections of patches. As we ascendthe ladder of higher gauge
theory, triangles becometetrahedra and then higher-dimensional simplexes. In
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this case,the cocycle condition says that this tetrahedron commutes:

9k

[a]
P - P
’)'391 I Ok .
- .-‘\
- 3'. ')
9ij v # ’)’),g Ok1
#+ - -
T ._
-
*-”HJJ'
e

gil

By saying that this tetrahedron “comnutes', we meanthat the composite of the
front two sidesequalsthe composite of the badk two sides:

9i k

'2‘) ikl s‘ © %55 glk.. ©
Gk = dij ik .-' k1
%u | 2%; .0.. ik |

We needwhiskering to composethe 2-morphismsin this diagram, as explained
near the end of Sectionl Soin equations, the tetrahedral cocycle condition
says that:

it (G jk) = Cijk Ok) kit
where stands for vertical composition and stands for whiskering.

We can describe this cocycle condition in a more down-to-earth manner if
we use Theorem[, which says that a 2-morphism

ik Gi Gk ) Ok
is the sameas an element h; 2 H sud that
t(hij k) gj Gk = Ok:

This theorem also gives formulas for vertical and horizontal composition in
terms of the groups G and H. Since whiskering by a morphism is horizontal
composition with its identity 2-morphism, we can also expresswhiskering in
these terms. So, a little calculation|]a wonderful exercisefor the would-be
higher gaugetheorist|sho ws that:

hii (g )(hjki) = hij k hi

where is the action of G on H.
There is no needto have gi = 1 in this formalism; we should really choose
a 2-morphism from g; to 1. However, without lossof generality, we can assume
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that gi = 1 and setthis 2-morphism equalto the identit y. We can also assume
that hj« = 1 whenewer two or more of the indicesi; j; k are equal. The reason
is that Bartels [25] has shown that any principal 2-bundle is equivalert to one
for which these simplifying assumptionshold. We will make these assumptions
in what follows. For the full story without theseassumptions,seeSdreiber and
Waldorf [89].

Now consider connections. Again, it helpsto begin by reviewing the story
for ordinary gaugetheory. Supposewe have a manifold M written as a union
of patches U;, and suppose we have principal G-bundle over M built using
transition functions g; . To put a connection on this bundle, we rst put a
connectionon the trivial bundle over ead patch: that is, for eac i, we choose
a g-valued 1-form A; on U;. But then we must ched to seeif these t together
to give a well-de ned connection on all of M. For this, we need the gauge
transform of the connectionon the j th patch to equalthe connectionon the ith
patch:

Ai = gj Ajg; L+ g dg; !

on ead double intersection U; \ U;.

The story is similar for 2-connections. Suppose we have a principal G-2-
bundle over M built using transition functions g; and hj x as described above.
To equip this 2-bundle with a 2-connection,we rst put a 2-connectionon the
trivial 2-bundle over each patch. So, on ead open set U; we choosea g-valued
1-form A; and an h-valued 2-form B; with t(B;) = F;. But then we must t
thesetogether to get a 2-connectionon all of M.

For this, we should follow the ideasfrom SectionE on how gaugetransfor-
mations work in higher gaugetheory. So, we choosean h-valued 1-form &; on
ead double intersection U; \ U;, and require that

Al = giAjgt+ gidg '+ ta)
Bi = (gi)Bj)+ _(A)"ay + day + a " a:

Theseequations say that the 2-connection(A;;B;) is a gauge-transformedver-
sion of (Aj;Bj). The appearanceof A; on the right-hand side of the second
equation is not a typo! Finally, the 1-forms a; must obey a consistencycondi-
tion on triple intersections:

hi s _(AD(hi ) + hyicdhie + (g )(ak) + & = hycax hjx (2

Where doesthis consistencycondition come from? Indeed, what doesit even
mean? We have not yet de ned "h *_(A)(h)' when A 2 g and h is an elemeri
of the group H.

We could systematically derive this condition from a more conceptual ap-
proach to 2-connections|1g, [89], but it will be marginally lessstressfulto mo-
tivate it as follows. For every triple intersection U; \ U; \ Ui we have three
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equationsrelating Aj; A; and Ag:

Al = g Ajg T+ g dgt + t(ay)
Ai = GikAKG, * gkdg, + t(ak)
A = GiAigt + gadggt + t(aa)

The rst equation expressesA; in terms of A;. We can substitute the second
equation in the rst to get a formula for A; in terms of Ax. Then we can use
the third equationto get a formula for A; in terms of itself! We would liketo be
able to simplify this formula to get simply A; = A;. The consistencycondition,
Equation (), ensuresthat we can do this.

This calculation is a bit of a workout; let us seehow it goes. We begin by
doing the substitutions:

Al = g Ajgt+ gidg '+ ta)

G GkAkG, *+ gkdg, ' + t(ak) g+ gj dgt + t(ay)

Gi Gk GiAigg + Gidggt + taki) g, + grdg,+ tak) g+
g; dg; ' + t(ay ):
Then we do a bit of simpli cation:
A = i GkOkiAi(Gj GrOi) 1+ g gjkgkig(gij GikOki) '+
gi gkt(ai)(gi gk) * + gjt(ak)g ~ + t(a):
Sincet(hjj k) gj gk = gk and we are assumingthat gikl = Ok, we have
Gj GOk = t(hji) *
so
0 = t(hje) "Aitthie)  Ai + t(hyk) tdt(hye)+ 3)
t(hj k) gk t(ai)gy t(hi k) + gj ta)g ' + t(ay):
Now, if G is a matrix group, we can freely multiply group elemers and Lie
algebraelemens. Then for any h2 H and A 2 g we have

t(h) At(h) A= th) YA t(h): (4)

This will allow usto simplify the rst two terms in Equation (i3). Moreover, for
any g2 G, h2 H we have

tth * (g)h) = t(h) "t( (g)(h) = t(h) *gt(h)g *:

Taking g = exp(sA) for A 2 g and di erentiating this equation with respect to
sat s= 0, we get

tth *_(A)(h) = t(h) *At(h) A ®)
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where on the left side _ meansthe derivative of the map :G H ! H with
respectto its rst argumert, while t is the derivative of t. Here are we extending
our previous de nitions of _ and t. Combining Equations (@ and (B we see
that

t(h) Y[A;t(h)] = dt h d (A)h) :

In fact this result holds even when G is a non-matrix Lie group, aslong aswe
carefully make senseof both sides.
Using this result, we can rewrite Equation (3) asfollows:

0 = t(hyk _(A)(hji) + t(hjx) *dt(hi) +
t(hjx) ‘g t(an) g ttthi) + g L) gt + tay)
Each term in the above equation is t applied to an h-valued 1-form. Writing

down all theseh-valued 1-forms, we seethat the above equation will be true if
this condition holds:

0= hy_(A)(hjk) + hyidhyc + hyi (gi)(akidhyc + (g5 )ajk) + &
This is our consistency condition in disguise! To remave the disguise, let us
simplify it a bit further. Wheni = j this condition reducesto
ai +  (gk)(aki) = 0:
Reinserting this result we obtain
0 = hy_(A(hjk) + hypdhje  hyjcaw hje + (g )(ak) + &
Voila! This is clearly equivalent to the consistencycondition we stated in the
rst place, Equation ([2):
hi k —(AD(hi k) + hyidhie + (g5 )(ak) + & = hy ¢ ak hj«

Now let us consider some examples. Recall from SectionE that bU(1) is
2-group with one morphism and U(1) as its group of 2-morphisms. A U(1)
gerb e is principal bU(1)-2-bundle. Let's look at principal U(1)-bundles and
then U(1) gerbes,to get a feel for how they are similar and how they di er.

To build a principal U(1)-bundle with a connectionon it, we choosetransi-
tion functions

Gij (Ui Uj ! U(l)
suc that
Gi 9k = Gk
on ead triple intersection. To put a connectionon this bundle, we then choose
a 1-form A; on ead patch sud that

Ai = Aj + gj dg; *

52



on ead double intersection U; \ U;. The curvature of this connectionis then
Fi = dAi

on the ith patch. Note that Fi = F; on U\ U;, so we get a well-de ned
curvature 2-form F on all of M.
To build a U(1) gerbe, we choosetransition functions hj : Ui\ Uj \ Uy !
U(1) suc that
hjkihij1 = hij khig
on ead quadruple intersection. Remenber, the 2-group bU(1) has only one
morphism, the identity, so the transition functions g; are trivial and can be
ignored. To put a 2-connectionon this gerbe, we must rst choosea 2-form B;
on ead patch. Then we must choosea 1-forms a; on ead double intersection.
We require that
Bi=B; + da,-j

on ead double intersection, and
aj + ajx = ak + h; kdhijﬁ
on ead triple intersection. The 2-curv ature of this 2-connectionis then
Z; = dB;

on the ith patch. Note that Z; = Z; on Ui \ U;, so we get a well-de ned
2-curvature 3-form Z on all of M.

There is a nice link betweenU(1) gerbesand cohomology which in fact is
the reasonthey wereinvented in the rst place. For any principal U(1)-bundle
with connection, the curvature F is integral :

Z

F227Z7

for any closedsurface mapped into M. In addition, F is closed:
dF = 0

Conversely any closed,integral 2-form F on M is the curvature of somecon-
nection on a principal U(1)-bundle over M. Two di erent connectionson the
samebundle have curvature 2-forms that dier by an exact 2-form, so we get
a well-de ned elemen of the deRham cohomologyH ?(M ;R) from a principal
U(1)-bundle. This ideacanbere ned further, and the upshot is that principal
U(1)-bundles over M are classi ed by the cohomologygroup H?(M; Z).

Similarly, for any U(1) gerbe, the curvature 3-form Z is closedand integral,
where the latter term now meansthat

z

2227
Y
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for any closed3-manifold Y mappedinto M. Conversely any such 3-form is the
2-curvature of some 2-connectionon a U(1) gerbe over M |Jand in fact, U(1)
gerbesover M are classi ed by H3(M; 2).

This is just the beginning of a longertale: namely, the story of characteristic
classesin higher gaugetheory [18, 83]. Indeed, though higher gaugetheory is
only in its infancy, there is much more to say. But our story ends here. We
invite the readerto go further.
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