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In John Baez’s paper, Quantum Techniques for Reaction Networks, it was proved that
d S\T
g N (t) = D r(m)(ti(7) = si(7)) (N2 Dap(8)).
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Definition 1. The rescaled number operators are defined as NZ = hN;.

Definition 2. The rescaled falling powers of number operators are defined as
N = N;(N; — B)(N; — 2h)...(N; — r;h + h) for a specific index i, and

Nt = N%N%]\Nf,:*k for a multt index .

Using these, we get

%%(Ni@b(t)) = Zr(T)(ti(T) — sz‘(T))<NS(T)¢(t)>h|sl(f)|
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Definition 3. The rescaled rate constants are (1) = . From now onwards, we consider

the 7(7)s to be constant instead of the original r(T)s.

Then, we get :

Definition 4. the rescaled master equation, %(N&(t)) = Z'F(T)(t(T) — s(T)(N2D (1)),
Here, (NO(1)) = (N0 (1)), (No (1)), .. (Niad(£))) and
t(r) — s(1) = (t1(7) — s1(7), ta(T) — $2(7).. b (T) — s(7T)).

This is a one parameter family of equations, depending on h € (0,00). We represent a solution of
this rescaled master equation by 1(t), but it is really one solution for each value of h.

Following the same procedure as above, we can rescale the rate equation, using the same definition
of the rescaled rate constants.

Definition 5. The rescaled number of instances of the i'" species is defined as T; = hx;, where x; is
the original number of instances of the it" species.



We get

d . ~
Definition 6. the rescaled rate equation, Ef(t) = ZT(T)(t(T) — s(1)Z(t)*™,
TeT
where T(t) = (z1(t), Ta(t), ....Tx(1)).

Therefore, to go from the rescaled master equation to the rescaled rate equation, we require
(N2 (1)) — (NT(8)) — (N (b)) as b — 0.

Then we can identify (Nt(t)) with Z(t).

To this end, we introduce a new definition:
Definition 7. A semiclassical family of states, v, where h € (0,00), is defined as the one pa-
rameter family of states, where

for everyr € N¥, as h — 0, <Nrwh> — ¢, for some ¢ € [0, 00)".

In particular, <j\7ﬂ/)h> — ¢; for every index i.

Proposition 1. If vy, is a semiclassical family as defined above, then in the h — 0 limit,
we have (N™) — ¢ as well.

Proof. For each index i,
(NFp) = (Ni(N; = B)(N; — 2h)...(N; — rh+ h))ip)
= (N7 + R NI B (= 1))

Now, by the definition of a semiclassical family,

lim (N7 + ﬁwﬁf—l F o H BTN = D))y =

h—0

Therefore, (N™);) — ¢, as h — 0.

]

Proposition 2. If vy, is a semiclassical family of states, then the centred moments of 1y tend to 0 as
h — 0.

Proof. Consider the 7 moment of 1 for the index i, {((N; — EZ)T@Z5>

Ti

Now, (8 =& dn = 3 () (¥ -z

p=0
T

- <p)<N%n> yer - Z() EP(E) = @) = 0.

p=0



For a general multi index r, (N — &)™) — 0 as i — 0.

]

It is interesting to note that we could have defined a semiclassical family of states in terms of mo-
ments going to 0, as h — 0.

Proposition 3. If for a state, ¥y, , the centred moments tend to 0 as h — 0, then (Kf”wh) — ", where
c is the mean.

Proof. Observe that (NI — &")¢y,) = i (2) (@) E (NG = &) Fe).
k=1

Therefore, if the moments tend to 0 as h — 0, we get <Nf1zh> =¢;" and in general, (NWZ;Q =c

]

Theorem 1. If J(t) s a solution of the rescaled master equation and also a semiclassical family for
the time interval [to,t1], then

a(t) = (NY(t)) is a solution of the rescaled rate equation for t € [ty t1].

An Example: Rescaled coherent states
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Consider the family of coherent states, ¥, = = using the notation developed in the earlier men-
e

tioned paper of John Baez.

In the same paper, it was shown that for any multi index m, and any coherent state W, (N2W) =
(NW)™,

Using this result for i/;h, we get

~m
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Note that N* = N; and (NXp) = & = ().

So, for all powers p, (F2)?5) = (&4n).

Now, by definition, Nlml = NZ(NZ - h)(lv, —m;h+ h), and N; = N}

Therefore, as (N;"¢y) = (((N})™ + b (= m (Nbyma=l o it (my — 1))aby)

= (@ 4 p sl et B (my — 1))

So, as h — 0, (NZTL'@/@ — (Nlmlbfﬁ

In general, ’1‘1111(1)<JA\7 ") = ¢, showing that our chosen v is indeed a semiclassical family.
_>

Intuitively, it can be seen that our definition of a semiclassical family implies that the original
probability distribution be sharply peaked with a very large mean.



