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ELEMENTARY RESEARCHES IN THE ANALYSIS OF

COJ\IBINATORIAL AGGREGATION.

[Philosophicctl Maga zine, XXIV. (1844), pp. 2R5-296.]

THE ensuing inquiries will be found to relate to combinati on-systems,
that is, to combinations viewed in an aggregative capacity, whose species
being given, we shall have to discover rules for ranging or evolving th em in
classes amenable to certa in prescrib ed condit ions. Th e qu estion of numeri cal
amount will only appear incid entally, and never be made th e primary object
of investigation".

Th e number of things combin ed will be termed th e modulu s of the system
to which th ey belong. Th e elements taken singly, or combin ed in twos,
threes, &c., will be denominated accordingly th e monadic, duadic. triadic
elements, or simply th e monad s, duads, or triads of th e syst em.

Let us agree to denote by th e word synt heme t any aggregate of com
binations in which all th e monads of a gi ven syste m appeal' once, and
once only.

It is manifest that many such synthemes totally diverse in e\'ery term
may be obtained for a given syste m to any modulus, and for any order of
combina tion.

Let us begin with considering the case of duad synthemes, Tak e th e
modulus 4 and call th e clements Ct, b, c, d.

(ab, cd), (ae, bel ), (ad , cb) constitute three perfectly indepondeut
synthemes, and th ese three synt hemes include betwe en them all the du ad
clements, so that uo more ind ependent synthernes can be obtai ned from th em.

* Th e present th eory may be considered as belo nging to a part of mathemati cs which bea rs
to th e combi na torial analys is m uch th e same rela tion as th e geome try of positi on to th ai of
measure, or th e theory of nu mbers to computa tive ar ithmet ic ; number, place, an d combination
(as it seems to tile a uthor of th is pap er) being th e thr ee intersecting but disti nct spheres of
th ought to which all mathemat ical ideas admit of being re ferred.

t F rom <Ti,. and Ti07l1-u .
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Again, let a, b, e, d, e, fb e th e monads; we can wri te down five independ en t
synthemos, to wit ,

ab, cd , ef )
ad, cf, eb l
ac, de, fb J .
af, bd, ee

ae, df, be

\Ye can write no more tha n these with out rep eating duads which ha ve
already appeared".

We propose to ourse lves t his problem :--A system to any event modulus
being given, to arrange the whole of its duudst i ll the f01'1II of sy nthemes; or in
other words, to evolve u Tot ul of duad sy nthemes to any given even m odulus §.

When the modulus is odd, as before remarked, th e formati on of a duad
synthe me is of course impossibl e, for auy number of duad s mu st necessarily
con tain an even number of monadic cleme n ts ; but th ere is nothing to
pr even t us from forming in utl cases what may be termed a bisyntherne 01'

diplothem e, that is, an aggregate of combinations, where eac h element occurs
twice and no more.

F or ins tance, if the elements be call ed after the letters of th e alphabe t,

I (
ab, be, cd, de, ea ) h b' h . I d I - d 'we lave b bd d ,t e rsynt ematrc tota to 1110 u us o ; an III
ae, ee, e , , a

.. Suc h an uggrrgu lc of syn themes may be th erefore term ed a Total.
t The modnlu s m ust be even, as otherwise it is manifest no single syn the me can be formed.

We shall before long extend the scope of our inqui ry so as to ta ke in th e cas e of odd moduli.
::: Triadic sys tems will be treated of hereaft er.
§ It is scarcely necessary to ad vert here to th e fact of th e pr oblem bein g in gener al indeter-

minate a nd adm it t ing of a great variety of solutions. ,
When th e modulus is four th ere is onl y one synthe matic arrangement possible, a nd th ere is

no indeterminateness of an y kind; from this we can inf er, iI priori, th e reduc ibility of a biquad
ratic equation; for usinge, f, F to deno te rational symme trica l form s of function, it follows that

{

f { II> (a , bl, II> (c, tI)}}
F f { <t> (a, c), <t> (b, dl) is itself a rational symme tric fun ct ion of a, b, c, d.

f { <t> (a, tI), II> (b, c)}

Wh ence it follows tha t if a, b, c, tI be th e roots of a biquad ratic equat ion, f { <t> (a, h), <t> (e, tI) I can
be found by th e solution of a cubi c : for instance, (a + b) x (c + tI) can be th us determined, when ce
imm ediately th e sum of an y two of th e roots com es ont from a quadratic equa tion ,

To th e modulus 6 th ere are fifteen different syn themes cap abl e of being cons tructed ; at first
sigh t it might be sup posed th at th ese could be classed in natu ral families of three or of five each ,
on whi ch suppos it ion the equa tion of th e sixth degree could be depressed; but on inq uiry this
hop e will prov e to be futile, Dot but what natural a ffinities do exist between th e totals ; but in
order to separate th em into families each will have to be taken twice over, or in othe r words,
th e fifteen synt he rnes to modulus li bein g reduplicated subd ivide in to six natural families of five
each. Agai n, it is true th at the triads to modulus 6 (jus t lik e th e duads to modulus 4) admit of
being thrown in to but one syn the matic total, but th en this will conta in ten synthernes, a nu mber
great er tha n th e modulus itse lf.
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ab, be, cd, de, if, fg, gal
ae, ee, eg, gb, bel, elf, fa th e to tal t o modulus 7.

iul, elg, ge, cf , fb , be, ea

In gen eral , if n be the modnlus, the Dumber of duads is n n; 1 ; n bein g

even, ~ duads go to each synthe me, and therefore the total contains (n - 1)

of these. If n be odd, th en, since a lways n duads go to a bisynthem e, the

b f h i h ' l , n - 1num er 0 sue III t e tota IS 2 .

Befort! pr oceeding to t he solut ion of the problem first proposed, let us
investigate the th eory of diploth em atic a rra nge ment. Here we shall find
an other term convenient to employ. By a cyclot heme, I designate a fixed
arrange me nt of the ele ments in one or more circles, in which, although for
ty pogra phica l purposes th ey are written out in a straight lin e, the last term
is to be viewed as con tig uous and antecede n t to tho first ; the recurrence
may be denoted by laying a dot up on t he two ope ned euds of t he circle;
it. b.e. d . e will t hus denote a cyclothe me to modulus 5 ; r{,. b. e. d. e .f. g.lt. k
the same to modulus 9 ; so also is a. b . c, rl. e.f (j. h . ic a cyclot he me of
another species t o t he sa me modu lus. In ge nera l t he numbcr of te rms will
be alike ill each di vision of a cyclothe me.

N ow it is evident tha t every cyclothem e, on taking together th e elements
tha t lie in conjunction, may be dev eloped into a diplothem e. Thus

i . ~ . ;3 = 12, 23, 31,

i .2.;3.4=12, 2;3, 3+, 41 ,

(
12, ~3, 31)

(i. 2 . ;{ ; 4. .5. (j ; '7.8.0) = 45, ,1';6, 64 .
7::3, 89, D7

Hence we shall derive a rule for throwing th e dnads of an y syste m into
bisynthem es.

Let m = 3, we have simply aM,
m = 5, we write u. b . G , el ,e,

ft . e , e. b .d,

t he second bein g derived from th e ' first by omi t ting eve ry alternate term;
similarly below, the lin es are derived each from its antecedent.

m=7, we ha ve a.b.e . d . e.j. (j,

a.e . e. g. b. d .j,
a,e . b . j. e . 9 . ri.
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A very little consideration will serve to prove that in this way, n: being
. 1n-1

a pnrne number,~ cyclothem es may be form ed , such that no elem ent

will ever be found more than once in con tact on either side with any other ;
whence the rul e for ob taining th e diplothematic total to any prime-number
modulus is apparent.

For example, to modulus 7 the total reads thus :

1st. ab, be, cd, de, if, ts. gal
2nd. ae, ee, eg, gb, bd, dJ~ fa ,
3rd. ae, eb, bf, fc, eg, gd, da

and no more remains to be said on this special case.

Let us now return to th e t heory of even moduli, and show how to apply
what has been just don e to const ructing a synthematic total to a modu lus
which is the double of a prime number.

Suppose the modulus to be six, the number of synthe mes is five. Let the
six elements, a, b, c, d, e. ], be taken in three parts, so that each part contains
two of th em ; let th ese parts be call ed A , B, 0, where A denotes ab, B, cd,
and 0, ef

Now th e duads will evide ntly admit of a distincti on into two classes,
those th a t lie in one part, and th ose that lie between two ; thus ab, cd, ef
will be eac h unipartite duads, the rest will be bipartit e.

The uuipartite duads ma y be conveniently formed into a synt herne by
th emselves ; it only remains to form th e four remaining bipartite duad
synthe rnes,

Write the parts in cycloth ematic order , as bel ow :

LiBG.
I t will be obse rved that each part may be written in two positions; thus

a b
it may be expressed by b or by a '

B
e «

" d " e

°
e f

" " f e

Now we may form a cyclic table of positions as below:

ABC
11 1
1 2 2
212
2 21
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H ere th e numbers in each horizontal line denote th e synchronic posi ti ons
of th e parts.

On inspecti on it will be discovered that A will be found in each of it s
two positions, with 11 in each of it s two ; similarly B with a, and awith A.
In fact the four permutations, 11, 12, 21, 22, occur, though in differen t
ord ers, in any two assign ed vertical columns.

:Kow develope th e preceding tabl e, and we have

ace ltdj icj ide,
bdf be e ad e acf;

and th ese being read off (the superior of each antecedent with t he in ferior
of each consequ ent *) must manifestly give the four independen t bipartite
synthemes which we were in quest of, videlicet

(ad; cf, eb), (nc, de, fb ), (bd , ce, fn) , (be, df, en) ;

these four, together with th e synthe me first described «(lb, cd , ef), const it ute
a du ad synt hematic total to modulus 6.

Before proceeding further let us tak e occasion t o remark t hat the fore
going tabl e of positions may evide nt ly be extended to any odd nu mber
of te rms by repetition of th e second and t hird pla ces, as seen in the annexed
tables of positi on.

i.l.1 .1.i i.l .1 .1 .1.1.i,

i.2 .~.2.~ i.:L2.2.2.2.2t,

:2 . 1 . 2 . 1 .:J. :J. . 1 . 2 . 1 . 2 . 1 . ~,

2.2 .1.2 .i 2 . 2. 1 . 2 . 1 . 2 . i.

Now let 10 be the modulus.

As before divide the elements into five parts, which call A , B, a,D, E.

The unipartite duads fall into a single synt heme ; the eight remaining
bipartite synthemes may be found as follows :-

Arrange in cyclothernes C~; 1 in number) the odd modulus system

A , s. a,D, E. We have thus

ABODE,

AaEED.

* Any other fixed order of successive conjunction would answer equally well.
t It will not fail to be borne in mind that in operating with theso tables only cont inuous

elem ent s are taken in conjunction . th e first with th e second, th e second with th e thi rd , th e
third with th e fourth , &c., and th e la st with th e first; no two terms but such as lie together are
in any manner conjugated with one another.
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Let each cyclothems be taken in the four positions given In the table
above, we have thus 2 x 4, that is, eight arguments.

dbcd~.d878i.jb7di.~8c8~

2878€, abode, a808e, ab7d€,

(i c e bd . a7 € 8 i . ac eb S. a. 7 e8 d,

a'Y e88, 2 C e b d, it 7 e8 d, (t C e b O.

And each of th ese arguments will furnish one bipartite syntheme, by reading
off, as before, the superior of each antecedent with the inferior of each
consequent; and the least reflection will serve to show that the same duad
can never appear in two distinct arguments.

In like manner, if the modulus be 14 and seven parts be taken, th e
bipartite synthemes, twelve in number, may be expressed symbolically thus:

(
i.1.1.1.1.1.i

1

· .
+ j .~ .2.2.2.2.2 r ~.B.O.D.E.F'~J

-; . ' j" x 1+ A . O. E. G . B . D . F .
+~.1.2.1.2.1.2 . .

l . . +A.E.B.F.O.G.D+ 2.2.1.2.l.2.1

xay more, from th e above table, if we agree to nam e th e elements ~: ~: ' &c.,

we can at once proceed to calculate each of th e twelve synthemes in question
by an easy algorithm. For instance,

(1 . 2. 2. 2 . 2 . 2 .2) x (.A . O. B. G. R . D. if)

= (A IOI, O.EI, E.GI , G2BI • B2DI , D.Ji'1> F.A 2) ·

And again
(2 . 1. 2 .1. 2.1. 2) x (A .E .B. F . O. G. iJ)

,.
= A.B2, EIBI, R2}t~, FlOI, 02G2. GIDI, D2AI j

each figure occurring once unchanged as an antecedent and once changed
as a consequ ent.

If it were thought worth while it would not be difficult, by using numbers
instead of letters , to obtain a general analytical formula, from which all
similarly constituted synthemes to any modulus migbt be evolved.

But th e rule of proceeding must be D OW suffi cient ly obvious; the modulus
being 2p, we divid e th e clements into p classes ; th ese may be arranged into

p - 1 distinct forms of cyclothcmatie arrangement, and each of the cyclo
2

themes taken in four positions, thus giving '* x p ~ 1 , that is, 2p - 2 bipartite

synthemes, th e whole number that can be formed to the given modulus 2p.
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(~ b2 ' bl c2 , cl a~,

aab. , bac., caa•.

I sha ll now proceed to the theory of bipartite synthemes to th e modulus
2m x p , by which it is to be underst ood that we have p parts each containing
2m term s, and p is a t present supposed to be a prim e num ber ; the total
number of synthemes to t he modulus 2mp being 2mp - 1, and 2m - 1 of
these evident ly being capabl e of being mad e unipartite ; the remai nder,
2mp - 2m, that IS, (p - 1) 2m , will be th e number of bipar tites to be
obtained·;

p-1
2m (p - 1) = - 2- x 4m ;

p; 1 denot es the total number of cyclothemes to modulus p ; 4m, as will be

presen tly shown, t he number of lines or syzygies in th e Table oj position.

To fix our ideas let th e modulus be 4 x 3. and let A , B, abe three parts:

([I a2 aa a.l
i ; i , ba b. t heir consti tu ents respect ively.

CI C2 Ca c.

Give a fixed order to the constituen ts of each part, then each of them JIlay
be taken in four positions ; thus A may be writte n

UI a2 aa a. ,

a2 a3 U. ( ll'

aa a. al a2 ,

a.uI a~ ([3'

Assume some particular position for each, as, for instance,

al bIC!>
([2 b2 C2 ,

a3 baca,

a. b. C.,

and read off by coupling the first and third ver tical places of each ante
ceden t with the second and fourth respectively of eac h conseq uent; we have
accordingly,

It is apparen t that the same combinations will recur if any two contigu ous
parts revolve simultaneously through t wo steps; or in ot her words, that
ArB. = A r+2B.H , where f.L is any nu mb er, odd or even.

* In general, if there be 7r parts of p. term s each, and 1J.7r be even. the nu mber of bip artit e
synthemes is (1r- 1) p., as is easily shown from divid ing the whole number of bipart it e duads
by the semi-modulus,

L 7
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Symbolically speaking, t herefore, as regard s our tabl e of position,

r : s = r + 2 : s + 2,

[17

or more generally ,

So that
= r + 2 ± 4i :s + 2 ± 4i.

1: 1 = 3: 3,

1: 2 = 3: 4,

1:3=:3.1 ,

1: 4 = 3.2,

2: 1 = 4 : 3,

~. 2 = 4: 4,

2.3 = 4: 1,

2.4 = 4: 2.

T here are t herefore no more than eight independent un equi valen t permuta
tions to every pair of parts. Now inspect th e following table of position :-

i. 1. i ,
1 .2.3,
1 .3.2,
1 .4 .4,

2 .1.2,
2 .2.4,
2. 3.1,

2 .4 .3.

I t will be seen t hat in the first and second, second and t hird, th ird and
first . places, all th e eight independent permu tations occur under different
no Illes; the la w of formati on of such and similar tables will be explained
ill due t ime; enough for our present object to see how, by means of this
table, we are ab le to obta in the bipartit e synthemes to the given modulus

:3-1
4 x :3; th e num ber according to our formula is 2 x 4 x 2 - = 8, and they

may be denoted symbolically as follows :-

(1 B 6) ( 1. 1 . 1 + 1 .2 .3 + 1 . 3. 2 + 1 . 4 .4)
.. +2.1.2 +2.2.4 +2.3.1+2 .4 . 3 '

Each of th e eight terms connected by t he sign of + gives a distinct syntheme ;
for example, let us opera te on

A .B . ox (2. :3. 1).

2 .3 .1 denotes 2. 3, 3. 1, 1.2.

2.3 gi ves rise to 2 (3 + 1) + (2 + 2) . (3 + 3) = 2.4 + 4 .2.

3.1 gives rise to 3 (1 + l ) + (:3 + 2). (1 + :3) = 3. 2 + 1. 4.

1. 2 gives rise to 1 (2 + 1) + (1 + 2) . (2 + 3) = 1 . 3 + 3 . 1.

The syntheme in qu est ion is th erefore

A ,B. , A.B., B3 C., BIC., C1A 3 , C3 .:1 1 ,

and so on for all the rest , t he rul e being that

1': S= 1'(S + 1) + (1'+2)(s+:3).
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Now, as before, it is evident that if we look only to cont iguous terms, the
ab ove table of position may be exte nded to any number of odd terms, simply
by repetition of th e second and third figures in each syzygy; and hence the
rul e for obtaining th e bipartite synthemes to th e modulus 4 x p is apparen t.

For instance, let p = 7, there will be 8 x 7 ; 1 , that is, 8 x 3 of them den oted

as follows :-

. . j' 1. 1. 1. 1. 1. 1. 1 + 2 . 1. 2 . 1. 2. 1. 2)

1
A.B.O.D.E.F.G} ') ') o ') ')

+A.O.E.G .B.D.F x + 1. 2 . 3 . ~ . 3 . ~ . 3 + ~ . ~ . 4 . ~ . 4 . 2 . 4 ,_ .

+ A. E. B. F. O . c .» + 1. ~. 2 .3.2.3.2 + 2.3.1.3 . 1 .3.1 1'
+1.4.4 .4.4.4.4+2 .4.3 .4.3.4 .3

As an example of the mode of developm ent, let us take the t erm

A .E. B. F. 0 . G . iJ x 2. 4 . 3 . 4 . 3 . 4 . 3,
2 .4. 3. 4. 3. 4 . :3 = (2 : 4, 4: :3, 3 : 4, 4: :3, 3 : 4, 4: 3, 3: 2)

(
2.1) 4 . 4} 3 . I } 4. 4o} 3. I} 4.4} 3. 3})

= +4, 3)+2.2 +1.3 +2.2 +1.3 +2 .2 +1.1 '

A .E.B .P. O.G.D=A .E, E.B, B.P, F. O, O. G, G .D, D.A ,

and the product

= (A 2EI , E4R4 , BsFI , P404 , OsGI , G4 ])4 , DsAs)
A4Es, E2B2 , BIFs, F2 02 , OlGS' G2D2 , DIA l '

Let the modulus be G x 3 ; as before, gi ve a fi eed cyclic order to th e
constituents of each part, and each will ad mit of be ing exhibite d in six
positions.

Write similarly as before,
{II b1 Cl ,

(/ '2 b2 c2 ,

as b, Ca,

a4 b, c. ,
(/ 5 b, c5 ,

(/ 6 b6 C6 ,

a nd tak e th e odd plac es of each anteced ent with th e eve n places of each
consequ en t ; it will now be seen th at

r :s = l' + 2 : s + 2 = l' + 4 : s + 4,

d h b f · d d ., 6.6 s .u d .an t 0 num er 0 in epon ent permutations I S :3 = z . ; an so III

general , if there be 2m constituen ts in a part, the number of independ ent

. . 2m. 2m 4
permutations IS = m.

1n

"2
;-2
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The rul e for the formation of the table will be apparent on inspection .
I suppose only three parts, as the rul e may always be extended to any
number by reiteration of th e second and third term s. The table will be
found to resolve its elf naturally into four parts, each containing ni lines.

Let 1n = 1, we have

1n = 2, we have

m= 3, we have

1n = 4, we have

1.1. 1 2.1. 2
1. 2.2 2.2.1

1.1.1 2.1. 2
1. 2.3 2.2.4
1.3.2 2.3.1
1.4.4 2.4.3

1.1.1 2.1. 2
1. 2.3 2.2.4
1. 3.5 2.3.6
1. 4 .2 2.4,]
1. 5. 4 2.5, :3
1. G, G 2.G.5

1.1.1 2 .1. 2
1 .2.3 2.2.4
1. 3.5 2.3.6
1. 4. 7 2.4.8
1. 5.2 2.5 .1
1. 6.4 2 . G.:3
1. 7 . 6 2.7.5 ,.
1.8.8 2.8.7

So that to, going through all its values from 1 to m, th e general expreSSIOIl
for the four parts is

" {I . a: (2x - 1) + 1 (11~ + x ) 2x )
- +2 ..v . 2x +2(m+ x)(2x-1)J'

To show th e use of this formula, let us suppose that we have seven parts,
each containing ten terms, th e gen eral expression for th e bipartite duad
synthemes is

. . {1. :V(2X-1) X(2X-1) X(2 X_1) )

{

A ,B. a.D.E.F. G)' + ') '), 2 ') ~_ . x . • x . x . x . x , _."
+ A .a. E. G.B, D. F x:S + 1 (5 + x ) 2x (5 + x ) 2x (5 + x ) 2x r.
+ A.E.B.F.a.G.D + 2 (5 + x)(2x-1)(5+ x)(2x-l) (5+ x)(2x-l))
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6. 4} 3.7) 6.4 I 3. 7} 6.3)
+ 8.6 +5.9 \ + 8 .6 +5.9 + 8 . 5
+10. 8 +7.1 +10.8 +7.1 + 10 . 7
+ 2. ~O + 9. ;~ r + 2 .~) + g . ~ + 2)
+ 4.:.. . + 1 . ,') + 4. _ } + 1 . :) + 4. I J

Make, for example, a: = 3, one of th e synthemes in qu estion out of the
twelve corresponding t o this valu e will be

A . C. B. G .B .D . F x 2 . 3 . 6 . 3 . G. 3 . 6.
H ere

A .C.B.G .B .D.F=AC, CE , EG, GB, BD, DF, FA ,

2 .3 .6 .3.6 .3.6=

= 2 .4

1

:L7
+ 4 .6 +;) .9
+ 6.8 ( + 7 . 1
+ 8 . 10 j +9 .3
+ 10 .2 + 1 . 5

and th e product

= A .C. , CsE7 , BsG" GSB7 , BsD~, DsF7 , F6A s

A,Cs, C~E9' e.o: G.Bg , n,»; D.Fg , FaA. ,

&c. &c.· &c.

To prove the rill e for the tabl e of formation, it will be sufficient to show
that no tw o cont iguous du ads ever conta in the same or equivalent permutations;
the equation of equivalence it will be remembered is

r : 8 = r + 2£± 2m : 8 + 2i ±2m.

N ow, as regards th e first and second t erm s, it is manifest that 1 : a: cannot be
equivalent, eit her to 1 : x' nor to 2: ai , nor to 2: x', where a:' is any number
differing from ai.

Similarl y, as regards the last and first terms, x: 1 cannot be equivalent to
x' : I , nor to x : 2, nor to x' : ::! ; therefore there is no danger as far as th e first
t erm is concerned, eit her as antecedent or consequ ent.

Again, it is clear that x: (2x - 1) cannot interfere with ai: 2x', nor
(m + x): 2x with (m + x'): (2:r,' -1) ; neither can (2x - 1): a: with 2x': x', nor
2x: (m + x ) with (2x' - 1) : (m + x' ).

Again, if possib le, let

x :(2x - 1) =(m + x') :(2x' -1 );
th en

m + x'- x=2i,
and

2x' - 2x = 2i,
therefore

2m = 2i,
or

11£= t,

which is impossible, since + i is th e difference between two indices, each
less than Tn.
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Similarly,
112+ a: : 2x cannot = x' : 2a/ ,

and vice versa, with th e terms changed

2a: : (m + x ) cannot = 2x' : x',
and

(2x -1) : x cannot = (2x' - 1): (112 + x' ),

which proves the rul e for the table of formation.

So much for th e bipartite duad synthemes, As regards the unipartitc
syn t hemes little need be said, for every part may be treated as a separate
syste m, and as each will produce an equal number of synthemos, th ese being
taken one with an other, will furnish just as many unipartite synthe mes of
the whole system as there are synthemes du e to each part. Thus then the
synthe rnat ic resolution of th e modulus 2m x p may be mad e to depend on
the synthematization of 2m and the cyclothematization of p. This has been
already shown (whatever 112 lIlay be) for the case of P being a prime number ;
but I proceed now to extend the rul e to the more general case of p being
any number whatever.

"


