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In ternalization

Often a useful�rst step in the categori�cationprocess
involvesusingatechniquedevelopedby Ehresmanncalled
`internalization.'

How do we do this?

� Givensomeconcept,expressits de�nition completely
in termsof commutative diagrams.

� Now interpret thesediagramsin someambient cate-
goryK .

Wewill considerthenotionofa`categoryin K ' forvarious
categoriesK .

A strict 2-group is a categoryin Grp, the categoryof
groups.

A 2-vector space is a categoryin Vect,the categoryof
vectorspaces.



A 2-vector space, V, consistsof:

� a vector space of objects,Ob(V)

� a vector space of morphisms,M or(V)

togetherwith:

� linear sourceandtargetmaps

s; t : M or(V) ! Ob(V);

� a linear identit y-assigningmap

i : Ob(V) ! M or(V);

� a linear compositionmap

� : M or(V) � Ob(V) M or(V) ! M or(V)



such that thefollowingdiagramscommute,expressingthe
usualcategorylaws:

� lawsspecifyingthe sourceandtargetof identit y mor-
phisms:

Ob(V) i //

1Ob(V) &&NNN
NNN

NNN
NN

M or(V)
s

��

Ob(V)

Ob(V) i //

1Ob(V) &&NNN
NNN

NNN
NN

M or(V)
t

��

Ob(V)

� laws specifying the sourceand target of composite
morphisms:

M or(V) � Ob(V) M or(V) � //

p1

��

M or(V)

s

��

M or(V) s //Ob(V)

M or(V) � Ob(V) M or(V) � //

p2

��

M or(V)

t

��

M or(V) t //Ob(V)



� the associative law for compositionof morphisms:

M or(V) � Ob(V ) M or(V) � Ob(V ) M or(V)
�� Ob(V ) 1 //

1� Ob(V ) �

��

M or(V) � Ob(V ) M or(V)

�

��
M or(V) � Ob(V ) M or(V) � //M or(V)

� the left andright unit lawsfor compositionof
morphisms:

Ob(V) � Ob(V ) M or(V) i � 1//

p2

((QQQQQQQQQQQQQQQQQQQQQQQQQQQQ
M or(V) � Ob(V ) M or(V)

�

��

M or(V) � Ob(V ) Ob(V)1� ioo

p1

vvmmmmmmmmmmmmmmmmmmmmmmmmmmmm

M or(V)



2-Vector Spaces

We can alsode�ne linear functors between2-vector
spaces,andlinear natural transformations between
these,in the obviousway.

Theorem. The 2-categoryof 2-vector spaces,linear
functorsand linearnatural transformationsis equivalent
to the 2-categoryof:

� 2-termchain complexesC1
d� ! C0,

� chainmapsbetweenthese,

� chainhomotopiesbetweenthese.



Categori�ed Lie Theory ,
strictly speaking...

A strict Lie 2-group G is a categoryin LieGrp, the
categoryof Lie groups.

A strict Lie 2-algebra L is a categoryin LieAlg, the
categoryof Lie algebras.

We canalsode�ne strict homomorphisms between
each of theseandstrict 2-homomorphisms between
them, in the obviousway. Thus, we have two strict 2-
categories:SLie2GrpandSLie2Alg.

The picturehereis very pretty: Just asLie groupshave
Liealgebras,strict Lie2-groupshavestrict Lie2-algebras.

Prop osition. Thereexistsa unique2-functor

d: SLie2Grp! SLie2Alg



Examples of Strict Lie 2-Groups

Let G be a Lie groupandg its Lie algebra.

� Automorphism 2-Group

Objects: = Aut(G)
Morphisms: = G o Aut(G)

� Shifted U(1)

Objects: = �
Morphisms: = U(1)

� Tangent 2-Group

Objects: = G
Morphisms: = g o G �= TG

� Poincar �e 2-Group

Objects: = SO(n; 1)
Morphisms: = Rn o SO(n; 1) �= I SO(n; 1)



Semistrict Lie 2-Algebras

A semistrict Lie 2-algebra consistsof:
� a 2-vectorspaceL

equippedwith:
� a functorcalledthe brac ket :

[�; �]: L � L ! L

bilinearand skew-symmetricasa functionof objects
andmorphisms,

� a natural isomorphismcalledthe Jacobiator :

Jx;y;z : [[x; y]; z] ! [x; [y; z]] + [[x; z]; y];

trilinearandantisymmetricasafunctionof theobjects
x; y; z,

such that:
� theJacobiator iden tit y holds,meaningthe follow-

ing diagramcommutes:
[[[w;x];y];z]

[[[w;y];x];z]+[[ w;[x;y]];z] [[[w;x];y];z]

[[[w;y];z];x]+[[ w;y];[x;z]]
+[ w;[[x;y];z]]+[[ w;z];[x;y]]

[[[w;x];z];y]+[[ w;x];[y;z]]

[[[w;z];y];x]+[[ w;[y;z]];x]
+[[ w;y];[x;z]]+[ w;[[x;y];z]]+[[ w;z];[x;y]]

[[w;[x;z]];y]
+[[ w;x];[y;z]]+[[[ w;z];x];y]

[[[w;z];y];x]+[[ w;z];[x;y]]+[[ w;y];[x;z]]
+[ w;[[x;z];y]]+[[ w;[y;z]];x]+[ w;[x;[y;z]]]

Jw;[x;z ];y
+ J[w ;z ];x;y + Jw;x; [y ;z ]

[Jw;x;y ;z]

uukkkkkkkkkkkkkkkk
1

))SSSSSSSSSSSSSSSS

J[w ;y ];x;z + Jw;[x;y ];z

��

[Jw;y ;z ;x]
��

J[w ;x ];y ;z

��

[Jw;x;z ;y]

��

[w;Jx;y ;z ] ))RRRRRRRRRRRRRRRRR
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Wecande�nehomomorphisms betweenLie2-algebras,
and2-homomorphisms betweenthese.

GivenLie 2-algebrasL andL 0, a homomorphism
F : L ! L0 consistsof:

� a functor F from the underlying2-vectorspaceof L
to that of L 0, linearon objectsandmorphisms,

� a natural isomorphism

F2(x; y) : [F (x); F (y)] ! F [x; y];

bilinearandskew-symmetricasa functionof the
objectsx; y 2 L,

such that:
� the followingdiagramcommutesfor all objects

x; y; z 2 L:

[F (x); [F (y); F (z)]]
JF (x ) ;F (y ) ;F (z) //

[1;F2]

��

[[F (x); F (y)]; F (z)] + [F (y); [F (x); F (z)]]

[F2;1]+[1;F2]

��
[F (x); F [y; z]]

F2

��

[F [x; y]; F (z)] + [F (y); F [x; z]]

F2+ F2

��
F [x; [y; z]]

F (Jx;y ;z )
//F [[x; y]; z] + F [y; [x; z]]



Theorem. The 2-categoryof Lie 2-algebras,homo-
morphismsand 2-homomorphismsis equivalent to the
2-categoryof:

� 2-termL1 -algebras,

� L1 -homomorphismsbetweenthese,

� L1 -2-homomorphismsbetweenthese.

The Lie 2-algebrasL andL 0areequiv alent if thereare
homomorphisms

f : L ! L0 �f : L0 ! L

that areinversesup to 2-isomorphism:

f �f �= 1; �f f �= 1:

Theorem. Lie2-algebrasareclassi�edupto equivalence
by quadruplesconsistingof:

� a Lie algebrag,

� an abelianLie algebra(= vectorspace)h,

� a representation � of g on h,

� an element [j ] 2 H 3(g; h).



The Lie 2-Algebra gk

Supposeg is a �nite-dimensionalsimpleLie algebraover
R. To geta Lie 2-algebrahaving g asobjectswe need:
� a vectorspaceh,

� a representation � of g on h,

� an element [j ] 2 H 3(g; h).

Assumewithout lossof generality that � is irreducible.
To getLie 2-algebraswith nontrivial Jacobiator,weneed
H 3(g; h) 6= 0. By Whitehead'slemma,this onlyhappens
whenh = R is the trivial representation. Thenwe have

H 3(g; R) = R

with a nontrivial 3-cocyclegivenby:

� (x; y; z) = h[x; y]; zi :

TheLie algebrag togetherwith the trivial representation
of g on R and k timesthe above 3-cocyclegive the Lie
2-algebragk.

In summary:every simple Lie algebra g givesa one-
parameter family of Lie 2-algebras, gk, which reduces
to g whenk = 0!

Puzzle: Doesgk comefrom a Lie 2-group?



Coheren t 2-Groups

A coheren t 2-group is a weakmonoidalcategoryin
which every morphismis invertible and every object is
equippedwith an adjoint equivalence.

A homomorphism betweencoherent 2-groupsisaweak
monoidalfunctor. A 2-homomorphism is a monoidal
natural transformation. The coherent 2-groupsX and
X 0 areequiv alent if therearehomomorphisms

f : X ! X 0 �f : X 0 ! X

that areinversesup to 2-isomorphism:

f �f �= 1; �f f �= 1:

Theorem. Coherent 2-groupsareclassi�edup to equiv-
alenceby quadruplesconsistingof:

� a groupG,

� an abeliangroupH ,

� an action� of G asautomorphismsof H ,

� an element [a] 2 H 3(G; H ).



Supposewe try to copy the constructionof gk for a par-
ticularly nice kind of Lie group. Let G be a simply-
connectedcompactsimpleLie groupwhoseLie algebra
is g. We have

H 3(G; U(1))
�

,! Z ,! R �= H 3(g; R)

Usingthe classi�cationof 2-groups,we canbuild a
skeletal2-groupGk for k 2 Z:

� G asits groupof objects,

� U(1) asthe groupof automorphismsof any object,

� the trivial actionof G on U(1);

� [a] 2 H 3(G; U(1)) givenby k �[� ]; which is nontrivial
whenk 6= 0.

Question: CanGk be madeinto a Lie 2-group?

Here'sthe badnews:

(Bad News) Theorem. Unlessk = 0, there is no
way to givethe2-groupGk the structureof a Lie 2-group
for which the groupG of objectsand the groupU(1) of
endomorphismsof any object aregiventheir usual
topology.



(Go od News) Theorem. For any k 2 Z, there is
a Fr�echet Lie 2-groupPkG whoseLie 2-algebraPkg is
equivalent to gk.

An object of PkG isa smooth path f : [0; 2� ] ! G start-
ingat the identit y. A morphismfromf 1 to f 2 isanequiv-
alenceclassof pairs(D; � ) consistingof a disk D going
from f 1 to f 2 togetherwith � 2 U(1):

�

�

G
1

f 1 f 2D
+3

For any two such pairs (D1; � 1) and (D2; � 2) there is a
3-ballB whoseboundaryis D1 [ D2, and the pairsare
equivalent when

exp
�

2� ik
Z

B
�
�

= � 2=� 1

where� is the left-invariant closed3-formon G with

� (x; y; z) = h[x; y]; zi

andh�; �i is thesmallestinvariant innerproductong such
that � givesan integralcohomologyclass.



PkG and Lo op Groups

We canalsodescribe the 2-groupPkG asfollows:

� An object of PkG is a smooth path in G starting at
the identit y.

� Givenobjectsf 1; f 2 2 PkG, a morphism
b̀: f 1 ! f 2

is an element b̀2 [
 kG with

p(b̀) = f 2=f1

where[
 kG is the level-k Kac{Moody central
extensionof the loop group
 G:

1� ! U(1)� ! [
 kG
p

� ! 
 G � ! 1

Remark:p(b̀) isa loopin G. Wecangetsuch a loopwith

p(b̀) = f 2=f1

from a diskD like this:

�

�

G
1

f 1 f 2D
+3



The Lie 2-Group PkG
Thus,PkG is describedby the following wherep 2 P0G
and 
̂ 2 [
 kG:

� A Fr�echet Lie groupof ob jects :

Ob(PkG) = P0G

� A Fr�echet Lie groupof morphisms :

Mor(PkG) = P0G n [
 kG

� source map : s(p; 
̂ ) = p

� target map : t(p; 
̂ ) = p@(
̂ ) where@is de�ned as
the composite

[
 kG
p

� ! 
 G
i

,! P0G

� comp osition : (p1; 
̂ 1) � (p2; 
̂ 2) = (p1; 
̂ 1
̂ 2) when
t(p1; 
̂ 1) = s(p2; 
̂ 2), or p2 = p1@(
̂ 1)

� iden tities : i (p) = (p;1)



Topology of PkG
The nerv e of any topological2-groupis a simplicial
topologicalgroupand thereforewhenwe take the geo-
metric realization we obtaina topologicalgroup:

Theorem. For any k 2 Z, the geometricrealizationof
the nerve of PkG is a topologicalgroupjPkGj. We have

� 3(jPkGj) �= Z=kZ

Whenk = � 1,
jPkGj ' bG;

which is the topologicalgroup obtainedby killing the
third homotopy groupof G.

WhenG = Spin(n), bG is calledString(n). When
k = � 1, jPkGj ' bG.



The Lie 2-Algebra Pkg

PkG is a particularly nicekind of Lie 2-group:a strict
one!Thus,its Lie 2-algebrais easyto compute.
Moreover,

Theorem. Pkg ' gk



Questions

We know how to getLie n-algebrasfrom Lie algebra
cohomology!We should:

� Classifytheir representations

� Find their correspondingLie n-groups

� Understandtheir relationto higherbraid theory


