Lie 2-Groups, Lie 2-Algebras,
and Loop Groups

AlissaS. Crans

Joint work with:

JohnBaez
Urs Screiber
& Danry Stevenson

IN memory of
Saunders Mac Lane

April 8, 2006

N
Ui 32

/



In ternalization

Often a useful rst stepin the categori cationprocess
Involvesusingatediniquedeelopedby Ehresmanicalled
‘internalization.'

How do we do this?

Given someconceptexpressts de nition completely
In termsof comnutative diagrams.

Now interpret thesediagramsin someanbiert cate-
goryK.

Wewill considethe notionofa "categoryn K ' for various
categorieX .

A strict 2-group is a categoryin Grp, the categoryof
groups.

A 2-vector space isacategoryin Vect,the categoryof
vectorspaces.



A 2-vector space, V, consistof:

avector space of objects,On(V)

avector space of morphismsM or(V)
togetherwith:

linear sourceandtargetmaps
s;t:Mor(V)! OKV);
alinear idenrtity-assigningnap
1:Ob(V)! Mor(V);
alinear compsitionmap
:Mor(V) ogvyMor(V)! Mor(V)



sudt that thefollovingdiagramsomnute, expressinthe
usualcategorylaws:

laws specifyingthe sourceandtargetof idertity mor-
phisms:
OohV)-—"Mor(V) ObV)—Mor(V)

s Logv) 5

Oh(V) Oh(V)

lonv)

laws specifyingthe sourceand target of comsite
morphisms:

Mor(V) opv)yMor(V)——Mor(V)

P1 S

Mor(V) 3 'Ob(V)

Mor(V) opv)yMor(V)——Mor(V)

P2 t

M or(V) t 'Ob(V)



the assaiative law for compsitionof morphisms:
Mor(V) onvyMor(V) oy Mor(V) _ o M or(V) onvy Mor(V)

1 onv)

Mor(V) opv)yMor(V) 'Mor(V)

the left andright unit lawsfor compositionof
morphisms:
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2-V ector Spaces

We can alsode ne linear functors between2-\ector
spacesandlinear natural transformations between
these,n the obviousway.

Theorem. The 2-categoryof 2-vector spaceslinear
functorsand linearnatural transformationss equialent
to the 2-categonpof:

2-termchain complexe€ f Co,
chain mapsbetweenthese,
chain homotopiedbetweenthese.



Categoried Lie Theory,
strictly speaking...

A strict Lie 2-group G is a categoryin LieGrp,the
categoryof Lie groups.

A strict Lie 2-algebra L isacategoryin LieAlg, the
categoryof Lie algebras.

We canalsode ne strict  homomorphisms between
eat of theseandstrict 2-homomorphisms between
them, in the olviousway. Thus, we have two strict 2-
categoriesSLie2Grpand SLie2Alg

The picture hereis very pretty: JustasLie groupshave
Lie algebrasstrict Lie 2-groupsavestrict Lie 2-algebras.

Prop osition. Thereexistsa unique2-functor
d: SLie2Grp SLie2Alg



Examples of Strict Lie 2-Groups

Let G bealLie groupandg its Lie algebra.

Automorphism  2-Group

Objects: = Aut(G)
Morphisms = Go Aut(G)

Shifted U(1)

Objects: =
Morphisms = U(1)

Tangent 2-Group

Objects: = G
Morphisms go G=TG

Poincar e 2-Group

Objects: = SO(n;1)
Morphisms = R"o0 SO(n;1)= 1S0(n; 1)



Semistrict Lie 2-Algebras

A semistrict Lie 2-algebra consistof:
a 2-\ectorspacd.
equipped with:
a functor calledthe brac ket
[;]:L L! L
bilinear and skew-symmetri@s a function of objects
and morphisms,
a naturalisomorphisntalledthe Jacobiator
Ixyzt YLzt X [ys 2]+ [[X; 2] yl;
trilinearandanisymmetricasafunctionofthe objects
X, Y, Z,
sud that:
the Jacobiator identit y holds,meaninghe follow-

Ing diagramcomnutes:
klL[[W:X];y];z

[‘]W;X' R](kkk
lslkkkkkk)kk
[w;ylixz]+ [ wi[xy11:2] [[[w;x];y1:z]
‘][W;y];x;z +Jw;[x;y];z J[W;X];y;z
([w:yLzlx]+H[ wiyTi[x:z]] [[wxEzLyl+ [ wixTily;z]
+Hwi [y Lz]I+H[ wiz]; [yl
PBwy:z:X] Dwixz Y]
[([w;zyLx]+[[ wily;z]]x] [[w;[x;z1Ly]
HIwyLXGzI+H willxy Lzl wizli Xyl +[[w;|><|]i[y;Z]]+[[[W;Z];x};y]
| I l IJW' Xz ];
U I I l‘kll‘][w;Z];X:;/[ 4_‘]]?,/\/;)(; [y;z]

[[w:zLy XTI+ wiz]i Dy T+ wiy Lzl
HwixzLyl+Iwily:zix+ wilx; y;z]]]



Wecande nehomomorphisms betweenLie 2-algebras,
and 2-homomorphisms betweenthese.

Given Lie 2-algebrag andL® a homomorphism
F:L! L%consistof:

a functor F from the underlying2-vector spaceof L
to that of L? linearon objectsand morphisms,

a naturalisomorphism

Fa;y): [F(X)FMD Y FIX Y]
bilinearand skew-symmetri@asa functionof the
objectsx;y 2 L,

sud that;

the following diagramcomnutesfor all objects
X;y;z2 L:

[F(x); [F(y);F(2)]] FOTDED I (x); F (W] F (2] + [F (v); [F (0 F )]

[LF2] [F2;1]+[1;F2]
[F (x); Fly; z]] [FIX; ¥yl F(2)] + [F(y); FIx; z]]
F, Fa+Fz
F[x; [y; Z]] Py ) F Xyl 2]+ Fly;[x 2]



Theorem. The 2-categoryof Lie 2-algebrashomo-
morphismsand 2-homomorphisms equialent to the
2-categonpf:

2-termL , -algebras,
L, -homomorphismisetweenthese,
L, -2-homomorphismzetweenthese.

The Lie 2-algebrag andL®areequiv alent if thereare
homomorphisms

f:L! L f:L% L
that areinversesip to 2-isomorphism:
ff =1 ff =1

Theorem. Lie2-algebraareclassi edupto equinalence
by quadruplesonsistingof:

a Lie algebrag,

anabelianLie algebra(= vectorspaceh,
arepresetation ofgonh,
anelemen[j] 2 H3(g; h).



The Lie 2-Algebra gy

Supmseg is a nite-dimensionakimpleLie algebraover
R. Togeta Lie 2-algebrdhaving g asobjectswe need:

a vectorspaceh,
arepresetation ofgonh,
anelemen[j] 2 H3(g;h).

Assumewithout lossof generaly that is irreducible.
To getLie 2-algebrasvith nortrivial Jacobiatorwe need
H3(g; h) 8 0. By Whitehead'demma,this only happens
whenh = R isthe trivial represetation. Thenwe have

H3gR) =R
with a nortrivial 3-cayclegivenhby:

(X;y;2) = Hx;y] zi:

The Lie algebrag togethemwith thetrivial represetation

of g on R and k timesthe above 3-cayclegive the Lie
2-algebrayy.

In summary:every simple Lie algeba g givesa one-
parameter family of Lie 2-algebas, gk, which reduaes
to g whenk = 0!

Puzzle: Doesgx comefroma Lie 2-group?



Coherent 2-Groups

A coherent 2-group is a weakmonoidalcategoryin
whidh every morphismis invertible and every object is
equipgedwith an adjoirt equialence.

A homomorphism betweencoheren2-groupssaweak
monoidalfunctor. A 2-homomorphism is a monoidal
natural transformation. The cohereh 2-groupsX and
X Yareequiv alent if therearehomomorphisms

f:x1 X% f:x°% X
that areinversesip to 2-isomorphism:
ff =1, ff =1

Theorem. Coherenh2-groupsareclassi edup to equiv-
alenceby quadruplesonsistingpf:

a groupG,

an abeliangroupH,

anaction of G asautomorphismefH,
anelemen[a] 2 H3(G; H).



Supmsewe try to copy the constructionof gx for a par-
ticularly nice kind of Lie group. Let G be a simply-
connecteccompactsimplelLie groupwhoselie algebra
IS g. We have

H3G;U()! 2! R=H¥gR)

Usingthe classi cationof 2-groupswe canbuild a
skeletal2-groupGyg fork 2 Z:

G asits groupof objects,
U(1) asthe groupof automorphismef any object,
the trivial actionof G on U(1);

[a] 2 H3(G; U(1)) givenby k [ ]; which is nortrivial
whenk 6 0.

Question: CanGg be madeinto a Lie 2-group?

Here'sthe bad news:

(Bad News) Theorem. Unlessk = 0O, thereis no
way to givethe 2-groupGy the structureofaLie 2-group
for which the group G of objectsandthe groupU(1) of
endomorphismef any object aregiventheir usual

topology



(Good News) Theorem. Forary k 2 Z, thereis
a Fredet Lie 2-groupP G whoseLie 2-algebraPg Is
equialert to g.

An objectof Py G isasmath pathf : [G;2 |! G start-
Ing at theidertity. A morphisnmfromf ; to f, isanequiv-
alenceclassof pairs(D; ) consistingdf a disk D going
fromf to f, togetherwith 2 U(1):

@

\ 97

For any two sud pairs(Dy; 1) and(D»,; ») thereisa
3-ballB whoseboundaryis D, [ D»,, andthe pairsare
equialert when

exp2|k = 2= 1
B

where Isthe left-invariart closed3-formon G with
(X;y:2) = hx; y]; zi

andh; I isthe smallestnvariart innerproductong su
that givesanintegralcohomologyglass.



PG and Loop Groups

We canalsodescrile the 2-groupP G asfollows:

An object of PG is a smath path in G starting at
the idertity.

Givenobjectsf ;f, 2 PG, a morphism

b: f]_ I f2
isanelemen P2 [ G with
p(kﬁ = fo=f,

wherel G is the lewelk Kac{Moody ceriral
extensiorof the loop group G:

1tup ! [P G111

Remark:p(@ Isaloopin G. Wecangetsud aloopwith

p(g = fo=f4
fromadiskD likethis:

© (dats

\



The Lie 2-Group PG

Thus, PG is descriled by the follovingwherep 2 PG
and” 2 [ G:

A FredtetLie groupof objects:
Ob(PkG) = PoG

A Fredet Lie groupof morphisms
Mor(P«G) = PG n | G

source map: s(p;™) = p

target map: t(p;") = p@”") where@is de ned as
the composite

[.c P G!' PG

composition : (p1; ) (P2 ™») = (p; 1) when
t(p; ™) = s(p2; %), or p2 = p1@%)

iIdentities : i(p) = (p;1)



Topology of PG

The nerv e of any topological2-groupis a simplicial
topologicalgroup and thereforewhenwe take the geo-
metric realization we obtaina topologicalgroup:

Theorem. Forany k 2 Z, the geometriaealizationof
the nene of PG is a topologicalgroupjP «Gj. We have

3(PkG)) = Z=kZ
Whenk = 1,
P«Gj ' ®;
whid is the topologicalgroup obtainedby killing the
third homotoly groupof G.

WhenG = Spinf), @ is calledString(n). When
k= 1,jPGj' @.



The Lie 2-Algebra Pyg

PG is a particularly nicekind of Lie 2-group:a strict
one! Thus,its Lie 2-algebras easyto compute.
Morewer,

Theorem. Pyg' 0o«



Questions

We know how to get Lie n-algebragrom Lie algebra
cohomologyWe should:

Classifytheir represetations
Find their correspndingLie n-groups
Understandheir relationto higherbraid theory



