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Introduction

One feature that makes quantum groups and braided monoidal categories valuable for physicists
is their supplying solutions of the Yang-Baxter equation, a symmetry equation that has many
applications in different physical and mathematical subjects such as knot theory, 3-dimensional
Topological Quantum Field Theory and the 2-dimensional lattice models of statistical mechan-
ics [Dri, Fr, Tur, DW]. Roughly speaking the Yang-Baxter equation is an algebraic version of
the following fundamental braid identity:

{/ V
\ ) )\
The Yang-Baxter equation

Solutions for this equation are yielded by certain symmetry structures in monoidal categories,
called braidings, or in Hopf algebras, where they are called quasitriangular structures. Via
representation theory and Tannaka duality, braidings in the categories of representations of
Hopf algebras correspond to the quasitriangular structures in the Hopf algebras. This interplay
between the category and the Hopf algebra has been thoroughly examined during the last years
[JS1, Sch2, Maj, Par3].

There are also higher dimensional versions of the Yang-Baxter equation, which have the same
relevance to higher dimensional analogs of the applications mentioned above as 4-dimensional
TQFTs, 3-dimensional lattice models or the theory of 2-knots (a 2-knot is an embedding of the
2-dimensional sphere into R*). Zamolodchikov [Za] introduced a class of such equations that
he called tetrahedron equations, which are motivated by the theory of exactly solvable models
and he also conjectured a solution for them. Though meanwhile some solutions are known,

these complex equations are still not very well understood.

Recently, there has been an attempt in mathematics and mathematical physics to handle
problems in higher dimensions by the new concept of higher dimensional algebra. In [BD] an
overview over this new discipline and its connections to mathematical physics can be found.
Let us review 2-categories, being the basic concept from higher dimensional algebra that is

of most importance for this work. A 2-category is a category where for any pair of objects
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A, B the ‘set” of morphisms Hom(A, B) is not merely a set, but a category. Objects of this
category are called 1-morphisms and can be thought as morphisms A — B, while morphisms
in Hom(A, B), are called 2-morphisms, and should be thought as morphisms of morphisms
or as ‘homotopies’ a : f = g : A — B. Furthermore there are various obvious composition
laws for 1- and 2-morphisms. This concept is familiar from homotopy theory, which gives
rise to a first example of a 2-category. Topological spaces serve as objects, continuous maps
as l-morphisms and for two continuous maps f, g between spaces C' and D, there may exist

homotopies a : f = g which can be interpreted as 2-morphisms from f to g.

A monoidal 2-category then, is endowed with an appropriate multiplication, i.e. for any pair of
objects A, B there exists a "tensor product® AX B, satisfying various coherence laws. In [KV] it
has been outlined how symmetries in monoidal 2-categories can be used to construct solutions
of the Zamolodchikov equation. Such braided monoidal 2-categories are highly nontrivial math-
ematical structures and examples are not close at hand. Several approaches towards braided
monoidal 2-categories have been undertaken. The theory of 2-braids, 2-tangles and 2-knots
furnishes geometric examples having a universal property. This connection is examined e.g. in
[BL, CS]. The intimate relation between topological quantum field theories and higher dimen-
sional category theory has been outlined in a number of papers [At, Fr, CY1, BD]. In [BN]
semistrict braided 2-categories were accessed by a ‘center’ construction, starting from a given

monoidal 2-category. Other examples are also known [DS, Yet].

However, a general framework that works out braided monoidal 2-categories as a sort of rep-
resentation of some lower dimensional algebraic data is missing so far. Of course, even less is
known about the inverse procedure of reconstructing this lower dimensional structure from a

given monoidal 2-category.

In this paper we make a first step towards such a theory. We obtain monoidal 2-categories
as representations of Hopf categories, a higher dimensional analog of the concept of a Hopf
algebra. A first attempt towards Hopf categories has been made in [CF]. This paper also gave
the first impetus for this work. A Hopf category, or rather a bimonoidal category, is a monoidal
category H together with a second algebraic structure, shaped in such a way as to endow the
2-category of representations of H with a tensor product. The aim of this paper is to give
a concise definition of Hopf categories and to examine their representation theories. We put
special emphasis on the question when the resulting 2-category is supplied with a braiding. If
a monoidal 2-category happens to be the category x9N of representations of a Hopf category
'H, can we express all possible braidings purely in terms of the Hopf category? In other words,
is there a notion of quasitriangularity for a Hopf category H, wide enough to cover all possible
braidings on 97

It appears that to answer this question one has to take into account what is generally known
as the quantum hierarchy of higher dimensional algebra (c.f. [BD]), or the Main Principle in
Category Theory (c.f. [KV]). According to this principle it is unnatural and undesirable to
speak about equality of two objects in any category. If we consider for example the category of
vector spaces this principle says that it is not important (or even not possible) to know whether
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two vector spaces are equal, but only whether they are isomorphic. The Cartesian product
of vector spaces, say, is not associative, but only associative up to a canonical isomorphism.
However, it appears that it is of importance to know the isomorphism, since to be an admissible
morphism in the sense of a certain theory, it has to satisfy equations of its own. For two
vector spaces X and Y, say, the linear map 7xy : X @Y 220y~ —y@2 €Y @ X is
a canonical isomorphism of vector spaces, however it is not coherent. The fusion equation
YOrxz)o(txy @Z)=Txyez : XQY ®Z —Y @ Z® X is not satisfied.

This principle becomes even more important if we apply it to higher category theory. By
definition 2-categories are categories and composition of morphisms in categories is associative.
However, morphisms in 2-categories are also objects in 1-categories and therefore associativity
of composition should be replaced by associativity up to isomorphism. Bénabou [Ben] was the
first to advocate this viewpoint. He developed a theory of weak 2-categories called bicategories,
where he also replaced 2-functors (with their strict composition law F(f)oF(g)= F(fog)) by
pseudo functors (F(f)oF(g)= F(fog)) and similarly for morphisms of 2-functors. Generally,
coherence laws for morphisms in a 1-category become replaced in 2-categories by isomorphisms
satisfying coherence laws of their own and the problem often consists in figuring out these laws.

Let us apply these considerations to the question of commutativity raised above. Commutativ-
ity for (usual) algebras is a mere property. In a monoidal category it is not sensible to require
strict commutativity, as A ® B = B ® A. This is violated even for the cartesian product of
sets. Rather we require the existence of an isomorphism 7 : A ® B = B ® A, fulfilling some
axioms (the two celebrated fusion triangles which imply the Yang-Baxter equation). So, in a
commutative monoidal category we are so sloppy to not require commutativity on the nose,
but only up an isomorphism, but we are pedantic enough to want this isomorphism specified.
Such an isomorphism we then call a braiding. Since there may be different braidings for a
monoidal category, commutativity is now a set rather than a condition; namely the set of all
possible braidings. In a monoidal 2-category (€, X) finally, we would not speak of equality
of two braidings, but only of isomorphy. Therefore, commutativity is no longer a set, but a
category. Likewise, it is not sensible to require the fusion triangles of a 1-braiding commuting
on the nose. An object of this ‘braid-category’ is therefore a triple (R, Ry, Rz), consisting of
a pseudo natural transformation R4 5 : AKX B = BX A and isomorphisms of pseudo natural
transformations called modifications R, and R, sitting inside the fusion triangles and fulfilling
axioms of their own. Morphisms of braidings then are modifications r : R = R’ compatible
with the additional structure.

Therefore the best we can hope for in order to answer our original question is a category
equivalence between the category of braidings for the monoidal 2-category »9 and the to
be defined category of quasitriangular structures for the Hopf category H. An appropriate
definition for the latter which allows to establish this equivalence is given in chapter 5.

What is the use of explaining the poorly understood braided monoidal 2-categories by new
structures equally complicated? In the first place, this new structure is of one lower algebraic
dimension and it should be easier to find examples for quasitriangular Hopf categories than
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for braided monoidal 2-categories. An interesting class of examples can be constructed via
a higher dimensional Drinfeld Double construction from any finite group. In this example,
the 2-braidings are described by the second cohomology group of a certain cochain complex
constructed from the group. To the best of the author’s knowledge this is the first explicit alge-
braic construction of a nontrivial 2-braiding. Furthermore it is a commonplace in mathematics
that examining the same thing from different points of view often yields a better understand-
ing of the matter. In a joint work with John Baez [BN] the author showed by carrying out
a general algebraic construction that the original definition of braided monoidal 2-categories
due to Kapranov and Voevodsky had a gap. A new axiom had been added which by now is
generally accepted as being indispensable.

Recently, Street [DS] gave an interesting interpretation to this new axiom. It is well known
that commutativity for an algebra is equivalent with the multiplication V : A®@ A — A
being a morphism of algebras and with (A, V,7) being an algebra in the category of algebras
(A,V,n) € (C-Alg)-Alg. In the same way, for a monoidal category (C,®, I, o, A, p,T) carrying
a braid structure is equivalent with the functor ® : C ®C — C carrying the structure of a
monoidal functor, or with (C,®, I, @, A, p) being a 2-algebra object in the monoidal 2-category
of 2-algebra objects in Cat. This equivalence was first proved in [JS1]. Obviously, the second
condition implies the first, since being a morphism in €-Alg, ® is a monoidal functor. But for
the first condition to imply the second, we have to verify that the coherence morphisms «, A
and p are monoidal transformations, which as a matter of fact is true. Now we can examine
the definitions of braided monoidal 2-categories given in [KV] and [BN] in the light of these
considerations. It is a routine exercise to verify that the axioms in [KV] supply B: € x ¢ — ¢
with the structure of a monoidal 2-functor (see [DS]). However, the coherence morphisms of
X are not supplied with a monoidal structure. To ensure this we need the axiom introduced
in [BN].

Also this work gives evidence for the singular character of the new axiom, which separates it
from the remaining ones. In the group theoretic example mentioned before, we can interpret
the three original axioms in terms of cocycles and coboundaries on the group, while the fourth
is of a completely different type, and it is this axiom that makes the theory work so smoothly.
As the theory will show, the pseudo natural transformation R and the modifications R; and
R, constituting a 2-braiding are determined by three maps o,a,8 : G X G X G — k*, where
G denotes the finite group. The coherence axioms of pseudo natural transformations and
modifications then translate into four lengthy and complicated conditions on these maps. The
three original axioms of a 2-braiding due to Kapranov and Voevodsky say that the pair (o, 3)
is a 2-cocycle in the total complex of a double complex constructed from the group. The
new axiom claims that ¢ is already determined by a and § and it turns out that the four
lengthy conditions then are satisfied automatically. Therefore, any 2-braiding is completely
determined by a and 3. Since any braided monoidal 2-category gives rise to a solution of the
Zamolodchikov equation, we can construct solutions out of any finite group, provided it has a
nontrivial second cohomology group.
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Going into this matter of higher dimensional algebra, one has to exploit the algebraic structures
living in different algebraic dimensions that arise from the different levels of duality. Let us now
give an overview over these structures. In a zero dimensional algebra, the structure morphism,
the multiplication, becomes the identity. Hence, a zero dimensional algebra is an idempotent.
To talk about an idempotent a only makes sense if one also gives the corresponding algebra
A that a lives in. An idempotent can then be defined as a multiplicative mapping a : k — A,
where k is the ground field, or, in a sense to be made precise, the trivial algebra. The algebra
itself lives in a category A that, to be able to define the notion algebra, has to be monoidal. An
algebra is defined as a weak monoidal functor A : 7 — A, where again 7 is the trivial monoidal
category, depending on the theory one works in. Monoidal categories are algebra objects (also
called 2-dimensional algebras) in monoidal 2-categories, which can be interpreted as algebra
objects (3-dimensional algebras) in monoidal 3-categories. This view can be continued at
will. A conceptual definition of an n-dimensional algebra can be formulated only in an n + 1-

dimensional algebra.

Making use of duality in the different levels of this framework we get new algebraic structures.
Since there are no morphisms in 0-categories, the notion idempotent is selfdual. Dual to
algebras are coalgebras, which are also defined as weak monoidal functors, but with coherence
morphisms pointing in the opposite direction. A comultiplicative morphism & — C' into a
coalgebra (' is usually called a grouplike element. In the same way we can dualize monoidal
categories and define comonoidal categories. We shall call a weak comonoidal functor Z — C
into a comonoidal category C a C-cogebra or a dual C-cogebra, respectively, depending on the

direction of the coherence morphisms.

We can arrange all algebras and their duals up to dimension 3 in the following tree.

monoidal 2-category

monoidal category comonoidal category
algebra coalgebra cogebra dual cogebra

idempotent grouplike

Note that because of the absence of a trivial cogebra in a comonoidal category it is not possible
to define anything like coidempotents in cogebras.
We will develop the appropriate representation theories in any dimension and examine what

influence the presence of additional algebraic structure has for the particular representation
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theory. The bimonoidal categories, mentioned before are monoidal categories equipped with a
compatible comonoidal structure. It is well known that monoidal categories can be obtained
as representations of algebras A that are equipped with a compatible coalgebra structure. It
turns out that in the same way the presence of a cogebra structure on an algebra A endows
4 M with a comonoidal structure. Moreover, if A carries a coalgebra and a cogebra structure
and if these two are compatible (in which case we call A a trialgebra), then 4 M is in fact a
bimonoidal category.

It is well known that a braiding 7 for a monoidal category is a monoidal transformation, if and
only if it is a symmetry, a fact which causes many problems when one wants to deal with Hopf
algebras in braided categories, since monoidality of 7 is needed, symmetry however not wanted
(c.f. [NS]). For cobraidings it is a much more natural condition to be monoidal. Therefore,
working with cogebras instead of algebras could be a chance to overcome some difficulties.
Yet, a comonoidal category is not as natural a mathematical structure as a monoidal category
and there are not very many obvious examples. However, since cogebras are 2-dimensional
grouplikes, they occur in all places where grouplikes occur in the 1-dimensional theory, a fact
which indicates their importance and which should eventually lead to examples.

The outline of the paper is as follows. In chapter 1 we start from scratch. We define bicategories
in their weakest versions and develop the appropriate versions of monoidal and braid structures
for them. In our setup the braiding is not necessarily an equivalence, whence need arises for
new axioms describing the behavior of the braiding on the unit objects. In the last section we

introduce bicategories with only one object, which can be identified with monoidal categories.

To be able to define Hopf categories one first has to fix a braided monoidal 2-category where
everything takes place. This is done in chapter 2. In this paper we work constantly in the
2-category € of k-linear additive small categories, where k is an algebraically closed field. We
develop the monoidal structure and the braiding for this 2-category and develop the category
of 2-vector spaces as defined in [KV] as a sub-2-category.

In the third chapter comonoidal categories as formal duals to monoidal categories and bi-
monoidal categories as a connection of monoidal and comonoidal categories are introduced.
We prove some basic lemmas for bimonoidal categories. Furthermore we define Hopf cate-
gories as bimonoidal categories supplied with an antipode functor. This antipode is modeled
in a way as to induce a rigid structure on the 2-category of representations of the Hopf category.
In the next section we develop bigebras and trialgebras as the extra algebraic structure needed
for an algebra A to equip the category of A-modules with a comonoidal, resp. a bimonoidal
structure. These are in a sense negative results, since it turns out that in the category of vector
spaces the only algebras admitting a bigebra structure are the commutative ones.

The next chapter develops the theory of representations of a monoidal category. Categories
that are acted on by monoidal categories were first defined in [Parl]. Here we consider for a
fixed monoidal category C the collection of all such categories, together with the actions and
all functors and natural transformations compatible with these actions. This way we obtain
the 2-category 9 of representations of C. Monoidal functors between monoidal categories
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C and D then induce 2-functors between 9N and 9 and monoidal transformations induce
2-natural transformations. However this seems to be too restricted. According to the main
principle we would rather be interested in the weakened versions, bicategories, pseudo-functors
and pseudo-natural transformations. We do not address this problem as far as 0- and 1-cells
are concerned. For 2-cells, however we show how this problem can be overcome, using a
natural weakening of the notion of a monoidal transformation, which we call quasi monoidal
transformation. Not only does it appear that these induce pseudo natural transformations
as desired, it is even true that in a way all pseudo natural transformations are induced by
quasi monoidal transformations. More exactly we prove that if §F, & are 2-functors induced
by monoidal functors F, G, respectively, then the category of pseudo natural transformations
F = & is equivalent to the category of quasi monoidal transformations 7 = G. This result is
the first step towards a reconstruction theory for 2-categories. It yields as a direct corollary

that any monoidal category can be reconstructed from its 2-category of representations.

The last chapter then deals with representations of Hopf categories. A Hopf category H is
supplied with a monoidal functor, the diagonal, which is responsible for the monoidal struc-
ture on x9M. The same procedure as in the last chapter can then be applied to bimonoidal
functors and bimonoidal transformations. They induce monoidal 2-functors and monoidal 2-
natural transformations, respectively. We can also apply our weakening procedure by passing
from monoidal transformations to quasi monoidal transformations. We will see that monoidal
pseudo natural transformations are induced if and only if the corresponding quasi monoidal
transformation carries a cogebra structure.

Since we know already that any pseudo transformation is induced by a quasi monoidal trans-
formation, to prove our main theorem mentioned before we only have to translate the axioms
of a 2-braiding into axioms for the corresponding quasi monoidal transformation. We also show
that, analogous to the 1-dimensional case, quasitriangular structures on finite Hopf categories
‘H induce bimonoidal functors H* — H°P. In a last section we give the group theoretic example
of the theory we mentioned already.

In the whole paper we use the following convention concerning axioms and proofs in 2-
categories. These have the shape of convex polytopes and if possible we write them so. We
then indicate by using bold lines which are the source and target 1-morphisms. We use dashed
lines to draw the covered edges. If that 3-dimensional designing becomes too unclear we cut the

polytopes along their common source and target 1-morphism and write both faces separately.

I want to express my deep thanks to Professor Dr. Bodo Pareigis for suggesting the subject of
this work and for many helpful discussions. I owe special thanks to Dr. Peter Schauenburg for
valuable discussions, encouragement and many helpful hints. I thank the working team, Frank
Halanke, Harald Ludwig, Ho Hai Phung and Yorck Sommerhiuser for many discussions. I am
deeply grateful to the Graduiertenkolleg Mathematik im Bereich ihrer Wechselwirkung mit der
Physik, for the financial support.



Chapter 1

Bicategories and Braided Monoidal
2-Categories

In this chapter we collect the basic notions from the theory of 2-categories and monoidal 2-
categories. We define a version of braided monoidal 2-category, suited for our applications in
the later chapters. Additionally we examine the theory of bicategories with just one object,
which can be identified with monoidal categories and are of special interest for us. We prove

that braided 2-categories with one object are symmetric categories via this identification.

1.1 Bicategories

The notion bicategory goes back to Bénabou [Ben]. The striking difference to 2-categories
consists in the fact that bicategories do not admit an underlying category, since the associativity
law and the unitary law for the composition of 1-morphisms hold only up to an isomorphism.

1.1. Definition: A bicategory 2 consists of

(1) a class || = Obj(A) of objects, also called 0-cells

(2) for any pair A, B € || of objects, a small category U(A, B) := Morg(A, B), whose
objects f : A — B are called 1-morphisms or 1-cells. Morphisms vy : f = g: A— B in
Mory(A, B) are called 2-morphisms or 2-cells.

(3) for any triple A, B,C € ||, a functor
capc Morg(A, B) X Morg(B,C') — Mory(A,C)
(f,9) — gof:=capc(fg)

(4) for any 0-cell A € |4, a 1-cell T, :=1d, € Morg(A, A)
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(5) for each quadruple of objects A, B,C, D € 2 an isomorphism, natural in A LpLcoch
D called the associativity law

apgriho(gof)=(hog)of.

and for each pair of objects A, B € % two in [ : A — B natural isomorphisms, called the
left- and the right unitary law, respectively.

Apildpof=f  pp:folda=f

such that the following diagrams commute for all A Lpltcoclrhptp

ko(ho(gof))%ko((hog)of) @ (ko(hog))of
o aol

(koh)o(gof) @ ((koh)og)o f

go(ldgo f) %~ (goldp)o f

1o /01

gof

A bicategory is called a 2-category, if the morphisms a, A and p are the identical morphisms,
respectively.

The composition c4 p ¢ is called strong and will be referred to by fog. Strong composition of
2-morphisms is often called horizontal composition. The composition inside the Mor-categories
is called weak or vertical composition and is denoted by «a - 8. If no confusion is possible, we
refer to either composition just by juxtaposition.

2-categories admit a more conceptual definition. A 2-category is a category, enriched in the
cartesian closed category Cat of all small categories. The paradigmatic example for a 2-category
is Cat. A famous example for a bicategory that is not a 2-category is the following one that
was invented by Bénabou.

1.2. Example: We define the bicategory Bim of bimodules. Objects of Bim are the unitary
rings. For two rings A, B we define Bim( A, B) as the category 4 Mp of (4, B)-bimodules and
for M € ,Mp and N € gM the composition is defined as the tensor product M ®p N over
B. The ring A viewed as (A, A)-bimodul is the unit in Bim(A, A) and a, A, p are the usual
coherence morphisms. Obviously, the coherence laws for a bicategory are satisfied.

Since the notion bifunctor is occupied already for functors of two variables, we use the notion
pseudofunctor for a homomorphism of bicategories.



1.1. BICATEGORIES 3

1.3. Definition: A lax pseudofunctor F : A — B between bicategories A, B consists of
(1) an object F(A) € B for each object A € A
(ii) for each A, B € || a functor

Fap:Morg(A, B) — Morg(FA, FB)

(iii) for each A L B L C the natural morphisms

E:Fpclg)oFap(f)=> Faclgof)

C :Id]:(A) = f(IdA)

such that for any A L B2 ™D the following diagrams commute.

F(hyo (F(g)o F(f) —24— F(hyo Flgo f) ——— F(ho (g0 f))
\ « \ Fla)
(F(hyo Flg))o F(f) — 2L v Flhog)o F(f) —S—~ F((hog)o f)

g o F(f) 2L F1ap) 0 F (1) —S v F(ldg o f)

T

F(f)

F(f)old, 25 F(f)o Fldy) —S— F(fol1ds)

f
p #0) (p)

A lax pseudofunctor is called a pseudofunctor, if all morphisms £ and { are isomorphisms. A

pseudofunctor is called a 2-functor, if all morphisms £ and { are the identical morphisms.

Lax pseudofunctors with coherence morphisms leading in the opposite direction do not occur
here. A lax pseudofunctor is called locally full (resp. faithful), if all functors F, p are full
(resp. faithful). It is called a local equivalence, if all functors F4 p are equivalencies. Note that
2-functors between 2-categories are Cat-functors in the sense of enriched category theory.

Lax pseudofunctors can be composed in a natural way. The coherence morphisms £, then

are defined as: g7 : GF(g) 0o GF(f) & (F(g)o F(f)) Gter) GF(go f)and (gr : Idgr(a) &g

G(Idray) 7% GF(1d,).

Next we define homomorphisms of pseudofunctors. Our terminology here is not consistent
with the one in [Gray]. We pursue the policy that a laz notion has coherence morphisms, not
necessarily invertible, while we use the prefix pseudo to indicate that all occurring coherence

morphisms are isomorphisms.
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1.4. Definition: Let F,G : A — B be lax pseudofunctors between bicategories. A lax natural

transformation x : F = G consists of
(i) for each object A € A a 1-morphism x4 : F(A) — G(A)
(ii) for each pair of objects A, B € A a transformation, natural in f: A — B

Xf XBO fA,B(f) = gA,B(f) °Xa

such that for any A L B2 C the following diagrams commute.

(xe 0 F(g))o F() X220 (Flg) o xa) 0 G 2 Glg) o (v 0 F(F) 22X G(g) 0 (G(f) 0 xa)
Xa o (F(g)o F(f)) (G(9)0G(f)) o xa
l Lo&g fgol l
Xc o Flgo f) Xoed G(go f)oxa

-1

X4 ©Zra) L xa AT, Tgeayo xa
Lo¢r (gol

XA © ]:(IA) Aid g(IA) o Xa

If all 2-morphisms x; are isomorphisms x 1is called a pseudo natural transformation. If all

2-morphisms x; are identities X is called a 2-natural transformation.

For lax transformations a weak composition can be defined. If y : F = G and ¢ : G = H are
lax transformations, then the weak composition ¢ -y : F = H is defined by (x-9)4 1= xa0o 4
and (x-¥);: (Yaoxa)oF(f)= H(f)o(waoxa) by an appropriate composition of a, 1, x;
and a~!, respectively.

Strong composition of lax natural transformations is more subtle an affair. Let F, F': 2 — B
and G,G' : B — € be lax pseudofunctors and y : F = F' and ¢ : ¢ = G’ be lax natural
transformations. It is easy to see that o F : Go F = G' o F : % — € is again a lax natural
transformation. But we only can supply Goy:GoF = Go F': U — € with the structure of
a lax natural transformation, in case G is a pseudofunctor, since we have to define

(Gox)r:=G(x);: G() o GIF(F) £ Glx o F(F) “X GF () o) L GF(f)) o G(x).

If all occurring functors are pseudofunctors, then we can define strong composition in two
ways. Namely Joa:=(foF')-(Goa)and foa:= (G oa)-(foF). In case 3 is pseudo
natural these two compositions are isomorphic, via the modification 3,.

There is no canonical direction for the natural transformation y;. Following [Gray], we use
the notion colax natural transformation resp. copseudo natural transformation, if x leads in
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the opposite direction. In the sequel we will mostly be concerned with 2-categories. Because
of the strict associativity law in 2-categories we can make unlimited use of pasting-diagrams.
Therefore we give an equivalent objectwise definition for lax natural transformations.

1.5. Definition: Let A, B be 2-categories and F,G : A — B lax pseudofunctors. A lax natural
transformation x : F = G : A — B consists of a family of 1-morphisms x4 : F(A) — G(A) in
B and a family of 2-morphisms x; : xp o F(f) = G(f) o xa,

F(A) 2% G(A)
|t e
F(B) 5 6(B)

such that for any 2-morphism a : f = g : A — B the following diagram, which expresses
naturality of x; commutes.

' F(B G(B
Fgf) F(g) : (“( )
‘
F(C) Xc—ﬂﬁ‘”g(c*) Glg)
FA) = d()
\\} Idg(A)
3) x| & ¢ | gad,)
1 F(Idy)
v f1d
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In bicategory theory there also exist natural 2-morphisms between natural 1-morphisms, which

are called modifications.

1.6. Definition: Let x, ¢ : F = G : % — B be two lax natural transformations. A modifica-
tion a : y = 1 consists of a family of 2-morphisms a4 : xa = 4 where A € A, such that for
any 1-morphism f: A — B € 2 holds

(G(f)oaa)-x; =t (apoF(f)).

This can be expressed equivalently by the commutativity of the following diagram.

XA

f(A ~UzClA (A

o

F(f)

__-, TTXf
FOB) 1 ag g(B

\%/7

We define modifications between colax natural transformations by reversing the direction of

the vertical 2-morphisms in the diagram. This means we have the equation (ago F(f)) - x; =

bp - (G(f) o aa).

The following facts on bicategories are well known [Gray]. Given two bicategories 21, B we
define a new bicategory Pseud(%,B), consisting of pseudofunctors F : % — B, lax natural
transformations a : F = G between pseudofunctors and modifications a : @ = §. The
composition in Pseud (2, B) is the weak composition of lax natural transformations. Since this
composition is defined objectwise in 9B, the bicategory Pseud(,B) is a 2-category if B is. It
follows that Bicat, the collection of all bicategories, pseudofunctors, lax natural transformations
and modifications, is not a 3-category (3-categories are enriched in 2-Cat), but rather a strict
tricategory. (Strict since composition of pseudofunctors is of course associative.) Tricategories
have been defined in [GPS]. We will not go into the theory of tricategories here.

If F:2' — 2 is a pseudofunctor, then

F*:= Pseud(F,B): Pseud(A,B) — Pseud(A',B)
H — HoF
(a,o): H=>H +— aoF:=(ar,ar-):HF =>HF
a:a=> 08 — ar

is a 2-functor. Being a composition of two pseudofunctors, ‘H o F is a pseudofunctor as well.
We already indicated in the remark following definition 1.4 that a o F is in fact lax natural.
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Obviously, for any pair of composible modifications a,b € Pseud(,B), ar and by are modi-
fications as well and (a-b)r = ar - br. Note that for composible lax natural transformations

« and § holds
Frlaof) = (a-B)re) = areyoBre = F(a)o F(B),
whence Pseud(F,B) is always a 2-functor, even if F is only a pseudofunctor.

Now, let x : F = G : A — A be a lax natural transformation. Then, Pseud(x,®B) :
Pseud(F,B) = Pseud(G,B) : Pseud(A',B) — Pseud(A,B) is a colax natural transforma-
tion. For any object H € Pseud(2,B) we have a 1-morphism Pseud(y,B)y = H(x) :
HoF = HoG € Pseud(2,B). This is in fact a lax natural transformation as indicated in
the remark following definition 1.4. For any 1-morphism, (i.e. a lax natural transformation
a:H = H € Pseud(,B)) we define a 2-morphism (i.e. a modification) Pseud(y,B), :=
-yt G (a)oPseud(x,B)y = agoH(x) = H'(x)oar = Pseud(x,B)y oF*(a) € Pseud(A’,B)
by

H(F(X ) ~Z50 30(F (X))
XX \

T s, JH/(XX)
H(G(X) o H'(G(X))

Qg (x)

We do not give the lengthy proof that this defines in fact a colax natural transformation (note
that it is really colax). We shall prove a special case of this later on. In case we only handle with
pseudo natural transformations we can get rid of the prefix co-, by defining the modification
Pseud(y,B) as a;(lx) tH'(x)oar = agoH(x) and hence get the 2-morphisms pointing in the
right direction.

Note that even in the case when x is a 2-natural transformation, Pseud(y, ) is in general

only colax natural.

For bicategories there are three versions of duality defined, see [Ben].

e By A°P we denote the dual bicategory, defined by Morger (A, B) = Morg(B, A), Z°? =1
and

¢pec=copa : Morgo(A, B) X Morger (B, () = Mory(C, B) X Morg(B, A)
5(g,f)— fog € Mory(C,A) = Morger (A, )

Moreover ay" = a7, AP = p; and p}¥ = A

e By 2 we denote the conjugated bicategory, defined by Mormco(A B) = Morm(A B)°P
I =7 and {3 g o) = C(CBA) Moreover a°, , = a7, ,, A% = A7' and pf° = p; .

o The symmetric bicategory arises as a connection of both and it holds QAP ~ Q|°Pco,
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1.7. Example: Let (C,®, ) be a monoidal category. We define a 2-category C-Alg. The class
of objects of C-Alg consists of the algebras in C. The 1-morphisms of C-Alg are defined to be
the algebra morphisms. If f,g: (A, V.a,n4) — (B, Vp,np) are algebra morphisms in C, a 2-cell
R : f = gis defined to be a morphism R : [ — B, such that Vgo(R® f) = Vgo(g@R): A — B.
We write g« R:=Vo(g® R) and R+ f:=Vo(R® f). Then, C-Alg(A, B) is a category for
any A, B € C-Alg, where the weak composition of 2-cells R : f = g and T : g = h is defined
byT-R:=ToR: 1211 — B~ YZ B. This composition is known as convolution.
The strong composition of 1-morphisms is the composition in C. For R: f = g: A — B and
T:f’:>g’:B—>C,Wedeﬁnef’oR:IgBLCandTof:ILC. It is readily verified
that this defines a 2-category.

There is a 2-functor * : C-Alg — Cat, which maps a C-algebra A to the category of A-modules
and an algebra morphism f: A — B to the functor

f./\/l . BM — AM
(M,BoM L M) — M, Ao M2 Ba M T M)
h — h

If R: f = ¢gis a 2-morphism then the family of morphisms, defined for any M € g M by

Ry« M M B @ M £ M is a natural transformation s M = ;M. Naturality is plain, since

for each B-module morphism h: M — N we have
JM(RYo Ry = hopp yo(ROM) = pup yo(B@h)o(ROM) = g yo(RON)oh= Ryo M(h)

Moreover R is an A-module morphism, since the following diagram commutes.

Ao ACROM gy AR aoy
JoM g B M g M
BoM BoBoM 22t pou
o VoM o
v RoM 1 M

The two right inner squares are obvious. The left inner part, together with the morphism
p:B®M— M, commutes since [+ R = Rx*g.

It is well known that in case A is a C-bialgebra, the algebra morphisms A : A — A® A4 and
¢ : A — I induce a monoidal structure on 4 M. Bialgebra morphisms f: A — B then induce
monoidal functors ;M : gM — gM and a 2-cell R: f = g : A — B induces a monoidal
transformation, if R : I — B is a coalgebra morphism (i.e. R is grouplike and ¢(R) = 1).



1.2. SEMISTRICT BRAIDED MONOIDAL 2-CATEGORIES 9

1.2 Semistrict Braided Monoidal 2-Categories

Using the notion of a tricategory, general monoidal bicategories were defined in [GPS]. Here
we do not give the general definition, but make do with a strictified version, the so called
semistrict monoidal 2-categories. In [GPS] it was proved that any monoidal bicategory is
equivalent to a semistrict monoidal 2-categories. Following [DS], we will refer to semistrict

monoidal 2-categories by the shorter name Gray monoid.

1.8. Definition: A semistrict monoidal 2-category consists of a 2-category € together with

the following data:

1. An object I € €.

2. For any object A € € two 2-functors L, == AR-:€ = Cand Ry :=-KA:C — ¢, such
that Lo(B) = Rg(A) for any pair of objects A, B € €.

3. For any two I-morphisms f: A — A" and g : B — B’ a 2-isomorphism

ANy
AR B — AR B
f&B U/gm f&B/

AR B ARB

A'Ryg
Moreover, these data must satisfy the following conditions.
(i) The following holds as an equation of 2-functors: -R I =1K-=1d: ¢ — €&

(i1) We have the following equalities of 2-functors: AR(BK- )= (ARB)X- , AK(- BB) =
(AR- )®Band -K(AXKB)=(-KHA)RX B.

(7ii) For any I-morphisms f: A — A', g: B — B and h: C — C" in € we have Byg,; =
AKX ‘Zlg,h; |Z|f|ZIB,h = ‘Zlf,BXIh and ‘Zlf,gXIC = ‘Zlf,g X C.

(iv) For any 1-morphism f: A — A’, any 1-morphisms g,q9' : B — B’, and any 2-morphism
B g = g the following diagram commutes:

AR B $ ARS AR B
v
&y g
lLgfyg
A/®B \U/A/&ﬁ A/®B/
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(v) For any I-morphism g : B — B’, any I-morphisms f, f' : A — A’, and any 2-morphism
a: [ = [, the following diagram commutes:

AR B bamB AR B
\_/
ﬂgf’,g
ﬂgf,g

.
- o il T

L
ABB  .mw AR B

v

vi) For any I-morphisms f : A — A, g: B — B’ and ¢’ : B — B" the 2-isomorphism ®;
f.99
coincides with the pasting of Ry , and By ,» as in the following diagram.
AR B—>AK B —>AK B"
4 Oy 4 By g
AKX B——>A'"K B —>A" K B

(vii) For any I-morphisms f: A — A', f': A’ — A" and g : B — B’ the 2-isomorphism B;; ,
coincides with the pasting of Ry , and By ,» as in the following diagram.

AR B~ AR B ez AT KB
Ry, &y,

AR B'——2>A" K B —2A" K B’

Note that there are two possibilities to define the tensor product f X ¢ of two 1-morphisms f
and g. We definefor f: A — A", g: B — B

fRg:=(fR®B)o(ARg): ARB— A KB

as the source of the 2-morphism ®; , and similar for 2-morphisms.

We call the morphism ®._ the Gray morphism of the semistrict monoidal 2-category. Note
that we can replace the clauses (iv) and (v?), by requiring that for any 1-morphisms f: A — A’

(fR- B ) AR- => A K-
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be a pseudo natural transformation. We can replace the clauses (v) and (vi¢), by requiring
that for any 1l-morphisms g : B — B’

(Kyg,®,):-RB=-KB

be a copseudo natural transformation. Indeed, the conditions (v7) and (vii) and the invertibility
of the 2-morphism ®;, imply that ®;,, , = 1, and ®;;, = 1;, for any f : A — A’ and any
g : B — B’. Thus the coherence axiom for the unit of a pseudo natural transformation is
satisfied automatically. Moreover, it follows that a ®- (resp. - ® ) is a modification for any
2-morphism o : f = f': A— A, (resp. f:9=¢ : B — B).

The definition of Gray monoids can be stated more elegantly using the notion of a cubical
functor that was introduced in [GPS].

1.9. Definition: A semistrict monoidal 2-category consists of a 2-category €, together with

1. an object T € €, the unit or neutral object

2. a cubical functor ¥ : € X € — €, the tensor product
such that:

e Mo(lxKX)=Ko (KW x 1) holds as an equation of cubical functors

o IX- =-MN7Z=Id:¢—=¢

It is easy to verify that both definitions are in fact equivalent.

We write €™ := (&, K™ T) for the Gray monoid obtained from (€, X,7), by reversing the
tensor product A ®¥™ B := B K A. Note that the Gray morphism then reads ®7" := ®;}.
We also need the monoidal versions of pseudofunctors, lax natural transformations and modi-
fications. But to avoid an overloading of this chapter with definitions, we shift the definitions

of these entities to the appendix.

Now we want to equip the Gray monoids with the appropriate notion of braiding. Braided
Gray monoids were first defined in [KV] and modified in [BN], where a new axiom has been
added. In the definition we state here, we do not assume the braiding to be an equivalence
(which does not hold in our applications). Rather we include new data and axioms for the
behavior of the braiding on the unit object, which then become necessary.

1.10. Definition:. Let (€,X,7) be a Gray monoid. A 2-braid structure for € consists of

1. A pseudo natural morphism R : X = XY™

2. Two invertible modifications R1(-|-,-) and fiz(_ﬂ_), giving for any objects A, B, € € the
following 2-isomorphisms
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A ,BRC A|ZIB C

ARBR(C —BXR(CKA ARBR(C ——(CKAKXB
RAB®N<AB%&RAC A&RN“B%C&B
BRARC ARCK B
3. Two invertible modifications v; and to, giving for any object A € € the following 2-

isomorphisms
1d 1d
m m
'RAJ RI,A
ARIT IXA IR A ART

These data must satisfy the following relations. For any objects A, B,C, D € € the following
diagrams commute:

(eNoeXe)Xeo)

1. RZ(A!ZIB,ClD) 2. = f:%z(A,Bw) X
= AW Rycipy 4. = Ry srcp)

(eR(eXeXe))
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1. = }:21(A|B,C|ZID) 2. = 1?®R1(A|C,D)

= Riya,cy®D 4. = RiaBrep)

1. = @2(A,B|C)®D 2. = C:&RQ(A73|D) 3 - A&R1(3|07D)
Ryajepy®B 5. = Ryapieapy 6. = Bir, o Rpp)
7. = Riamsic,p)
(5t = 57)
For any objects A, B,C € C, the following 2-isomorphisms corresponding to the two proofs of

the Yang-Baxter hexagon in a braided monoidal category have to agree:

BAC —=B(CA BAC —=BCA
W \ / %
YR R o) SRR (4 5y0)
%7 m

ACB*" CAB ACB%CAB
We refer to these 2-morphismen as S;'LB’C and Sy p o, respectively.

The following seven axioms are the new axioms for the unit object.
For any objects A, B € €, the following four compositions agree with the identity 2-morphism

id : RA,B = RA,B-
(eX (I X)) (e X (e X 1))
Rame=Ras Rasur=Rasn
AR BRI

AXRIX B IXBX A
Y Riar,m) f Ricam,1)
Ra,B
f Ra,p
14 X B ’
id BRARI i

IRNAR B

BXRIKA
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(X)X ) (IXe)Xe)
Ramr,s = Ram Rimas=Ran
ARIK B BXRAKXI/ IKAX B BXRIXKA
f R2(A,I|B) fr Ba(s,a18)
Ra,B
f Ra,p
AKX top )
id
AR BRI IKBX A id

For any objects A, B € €, the following two diagrams commute. Here we identify along the
identity 1-morphisms.

(e XNe)XT) d (UK (e X)) 14
ARB,I I,ARB
AR BRI IKAX B IRAX B AR BRI
R R
AR R f Raoca,B|1) Ria®B T Ri114,B)
i f
ARt g Rar R B t24 X B AXR: B
Id Id 1d Id

ANIX B ARIX B

Last we require t1; = tor

(IRI) .

m

IRT LI IRT

w

Id

In [BN] we gave un unraveled version of this definition, though without the unit axioms. We
used the hieroglyphical notion introduced in [KV] for the operations and axioms that emerge
from this unpacking. In the sequel we make freely use of these hieroglyphs. The new data
vy and vy being modifications give rise to two new hieroglyphs in the unpacked version of the

definition, namely:

For any 1-morphism f: A — B, the following prisms commute:
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(— X®I) (IR —)
idA 1dA
/"—N /—\
A&I UtlA IIEA IIEA »U«tQA A&I
\/
MR ys1 Rar R, s Rra
XTI i I IX i XTI
/ ’__.1‘.1§\£id ! ! ‘___@E\‘ﬂid !
BRI yuy IXB IXB Jwg BKXI
T~ T~ T
RBJ 7zI,B

The axioms concerning the unit objects are new. They are shaped in a way to fit the require-
ments of a 2-quasitriangular structure in chapter 5.

1.11. Lemma: Let (R,fil(_h_),Rz(_y_|_),t1,tz) be a 2-braid structure for a Gray monoid
(¢,K,1). We have:

1. R1(1|1,1) = Rz([,m)

2. Rsr =Ry s for any 1-morphism f:1 — 1

Proor:

If we specialize A = B = [ in the axioms ((¢ X ¢)X /) and (/ X (e X o)), then from (I X [)
follows that Rl(III,I) = Rzuﬂj). Also, if we specialize A = [ in (— ®I) and (/X —), then
(I ®I) ensures that R;; = Ry ; for any l-morphism f: 1 — [I. O

As noted before, End(X') is a monoidal category for any Gray monoid € and any X € €. Now,
given a 2-braid structure (R, Ry, Ro, 1y, t3) it is an interesting observation that (Rx r, Ry, ty)is
an algebra in End(X). The associativity follows from ((e X e X e)X ), the unitary laws from
(eX(/Ke))and (e X (e X I)), respectively. Since R is pseudo natural, Rx s is an object in
the center Z(End(X)) of the monoidal category End(X). Since R, is a modification, R ; is
even as an algebra in Z(End(X)).

1.12. Definition: A semistrict braided monoidal 2-category consists of a Gray monoid, to-

gether with a 2-braid structure.

The definitions of the appropriate notions of morphisms and 2-morphisms of semistrict braided
monoidal 2-categories can be found in the appendix. As pointed out in [DS], a 2-braiding
supplies the functor X with a monoidal structure in the sense of A.1.

As noted in the introduction, the 2-braid structures for a given Gray monoid form a category.
Now we define the morphisms of this category.
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1.13. Definition: Let (R, Rl(-|-,-)7 f{z(_ﬂ_),tl,tz) and (7, Tl(_|_7_),Tz(_7_|_),t1,t2) be two 2-braid
structures for a Gray monoid (€,R,7). A modification a : R = 7 is called a morphism of
2-braid structures, if:

1. for any object A € € holds: a,;-vi4 =1
2. for any object A € € holds: aj 4 -to, =15

3. for any objects A, B,C' € € the following equations hold

T4 prc
ABC BCA ABC APEC BCA
R4 Brc 0B £ T
1(A|B,C) ABC) g The
B 0
RA,BIEC B®RA,C 7:473|EC BXaac
BAC RAyB&C BAC B&RA,C
Tawmp,c
i) GARB,C T
ABC CAB ABC ARB.C CAB
R amp.c 0B "
2(4,B|C) 2(A,B|C) 1o
N f
A®RB,C RA70®B AgTB,C C(Ayc|Z|B
ACB AW Rpc ACB Rac®B

The category of 2-braid structures for a Gray monoid (¢, X, 7) is called 2-Braid(<). Note that
a: R = 7 is a morphism of 2-braid structures, if and only if (id,a) : (B, R) = (K, 7) :
¢ X ¢ — ¢ is a monoidal lax natural transformation (c.f. definition A.2).

According to the quantum hierachy and unlike in the case of 1-categories, being a symmetry
is a new datum for a 2-braid structure rather then a condition. We call this new datum an
involutor for the braiding. The following definition is the same as in [DS].

1.14. Definition: Let (€,X,7) be a Gray monoid and (R,Rl,Rz,tl,tz) a 2-braid structure.
An involutor for R is an invertible modification given for any pair of objects X, Y € € by

isomorphisms J : ldamp = Ra p o Rp,a, such that the following equations hold.



1.2. SEMISTRICT BRAIDED MONOIDAL 2-CATEGORIES 17

ARBRC 1 AR BRC ARBRC 1 ARBRC
V1RTIpe /
IXRgc ~ Rceame ~— 1M Rpc ARCRB = |Rcuams
t Ra(as10) /;C a ;\
ABCEB —f—pp-(BABB ABCEB g CBABB
ARBRC 1 AR BRC ARBRC 1 ARBRC
U 34 5uc N JapRC
R4 prc ~RBm,A Rpa®C= Rupac| € BRARC RpaRC
ft Ragz.010) ‘////géaJA;\\\\\\
BRCHA—pgp—BEARC BRCH A B;RCA BRARC

An involutor is called a strong involutor or a symmetrizer, if the following pasting of 2-
morphisms is the identity morphism on Rxy.

XKY

YRX

It can be proved that for any involutor holds Jx ; = v1x and J; x = tox. Only 1-morphisms of
braided Gray monoids can be sensitive to involutors. We state the definition of an involutory
braided pseudofunctor in the appendix.

1.15. Definition: If (R,Jz) and (7,37) are two involutory 2-braid structures for a Gray
monoid (€,®) and a: R = 7T is a morphism of 2-braidings, then a is called involutory in case,
the following equation holds.

Id
AX B AX B AX B
U7
b Th.a
N i)
Ras Rp,a aB,A

BR A RaB BR A Rpa
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1.3 One Object Bicategories are Monoidal Categories

The following construction is essential for the sequel. We can identify monoidal categories with
bicategories with just one object. Let (C,®¢,Z¢, &, ;\,,6) be a monoidal category. We define a
bicategory U(C). Therefore, we choose a one object set {*}, say and define the following data
of a bicategory.

Morﬂ(c)(*, x) = C
Cope = Qe:CxC—=C
Iu(c) = IC

and for any A, B,C € C we define ay pc 1= aapc, Aa i= ;\A and py := py. Obviously,
these data satisfy the axioms of a bicategory. As noted before, for any bicategory € and any
X € |¢], the category Morg( X, X ) is equipped with a monoidal structure. Especially, to any
bicategory € with just one object {*}, there belongs a monoidal category €% := Morg(x, ). If
the coherence morphisms a, A and p are identities, and hence € is a 2-category, then €° is a
strict monoidal category. Combining these observations, we can identify monoidal categories
with bicategories consisting of one single object.

If (F,F.:,6,() : € — D is a pseudofunctor between bicategories with one object, then
(Feus €,C) : Morg(*,*) — Morg(*,*) is a monoidal functor. On the other hand, a monoidal
functor F : C — D induces a pseudofunctor F : U(C) — YU(D). Therefore, pseudofunctors
correspond to monoidal functors and, obviously, 2-functors to strict monoidal functors.

One might think that due to this identification lax natural transformations between pseudo-
functors correspond to monoidal transformations. This is not the case. Rather we define lax
quasi monoidal transformations between monoidal functors as lax transformations between
the corresponding pseudofunctors. It is easy to see that this is equivalent to the following
definition. (Do not confuse this notion with the monoidal lax transformations, defined in the
appendix.)

1.16. Definition: Let (C,®,I,a, A, p) and (D,®,1,a,\,p) be two monoidal categories and
(F,&x,(7), (G, &6, (g) : C — D be monoidal functors. A lax quasi monoidal transformation
(X,x)  (F,&r,(r) = (G,&,(g) is a pair (X, x) consisting of an object X € D and a natural
transformation x : X @ F = G ® X, such that the following diagrams commute.

Yo rc)e Fp) X2 gy x o F(0) 22X gy o gDy o X

\1®£F £g®1J

X @ F(C @ D) X GCoD)oX
p

Xl

Jl@ér @@1\
X o F(I) X G o X
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A lax quasi monoidal transformation is called quasi monoidal if x is an isomorphism.

Now we can define ®-modifications between lax quasi monoidal transformations as modifica-

tions between the corresponding lax transformations.

1.17. Definition: Let (X, x),(Y,¥): F = G be lax quasi monoidal transformations between
monoidal functors. A ®-modification f : (X, x) = (Y,v) is a morphism f: X — Y in D,
such that the following diagram commutes.

X0 FCO)—2~g(C)o X
foil 167
Y @ F(C) GC)aY

(8

Lax quasi monoidal transformations F = G together with their ®-modifications constitute a

category QMon(F,G).
1.18. Remark: Note the following special cases of this definition.

(i) If X =1, then x : FEIQF % Gl = G is a monoidal transformation. If x,v: G = F
are monoidal transformations, a @-modification f is an endomorphism of the neutral
object I such that

fox=4vof

for the action induced by f on the objects F(C') and G(C'), respectively.

(ii) If F = G =1d : C — C, then a quasi monoidal transformation (X, x) is an object in
Z(C), the center of the monoidal category C, as defined in [JS2]. A @-modification is
then a morphism in the center of C, whence we have established a category equivalence
Z(C) ~ QMon(Id, Id) that is monoidal, as can easily be checked.

(iii) 2-natural transformations F = G correspond to objects X € D with X @ F = G ® X as

an equation of functors.

Note that a lax quasi monoidal transformation (X, x) : F = G can also be understood as a
colax natural transformation G = F. Via our identification we recover Mon as a subtricategory
of Bicat.

Next we examine, what happens with the monoidal category ¢, if the given one object 2-
category € is equipped with a Gray monoid structure. Of course, the functors - & * and * X -
are the identity functors and the unique object serves as the unit object. But now, for any pair
of 1-morphisms f,¢ € ¢, and thus for any pair of objects 4, B € ¢, we have a 2-isomorphism

Ryt fog=(fH*)o(xHyg)= (*xRg)o(fR=x*)=go [
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Hence, this 2-isomorphism corresponds to an isomorphism o45: A@ B — B ® A in €°. By
clauses (iv) and (v) of definition 1.8, ¢ is natural in both its arguments. The clauses (v7) and
(vit) correspond to the two coherence axioms of a braiding, respectively. Thus we have proved

the following theorem.

1.19. Theorem: Via the described identification, Gray monoids with one object correspond

to braided strict monoidal categories.

Of course this theorem holds analogously for arbitrary monoidal bicategories. But since we
have not defined this more general notion we do not want to use it here. As the last step in
this quantum hierarchy we show that if a one object Gray monoid becomes equipped with a
2-braid structure, the effect for the corresponding 1-category is that the braiding becomes a

symmetry. As far as known to the author, this result has not been proved yet.

1.20. Theorem: Let (¢€,K) be a one object Gray monoid. There exists a 2-braid structure R
for C, if and only if the braided monoidal category (€%, @, 0) is symmetric.

Proor:

It is easily verified that in case €° is symmetric, the unit object I € €°, serves as a 2-braid
structure for €. For the proof of the reverse statement we use the axioms corresponding to
the hieroglyphs (— & —) which is diagram 1.5(1) applied to the 2-morphism o, g, (—— Ke)
which is an application of diagram 1.5(2) and (|} Ke) which is an application of diagram 1.5(1)
(c.f. [BN]).

Let (¢,X) be a one object Gray monoid that is equipped with a 2-braid structure R and let
¢ be the corresponding braided monoidal 1-category. Let A, B be arbitrary objects in €% (or
equivalently 1-morphisms in €). The 2-braiding R of € gives rise to a distinguished object in
the braided monoidal category (€%, @, 0), called R and the pseudo natural structure of R gives
rise to two natural isomorphisms R4 . : AQR — R@Aand R, 4 : AQR — R®A. By lemma
1.11 these isomorphisms are equal. In €° the axiom (— K —) can be stated in the following
form.

A ® RB,* R*,A ® B

AR B® R

AQR®B

R®A®B

1
1) oa @R R®U§,1A

B R, Rp.® A
BoAoR @ Fu 4 B« ®

Bo@R®A

RaB®A

Recall that €™ is a Gray monoid with Gray morphism xi{?; = &;A, whence we have an
occurrence of ¢~! here and in axiom (— K —). Since we know R, 4 = R, . for any A € ¢°

we can apply axiom (—— ®e), which reads:
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Ragn
A9BoR—"2"~Ro Ba A
A®RB,* RA,*®B

AQR®B
Thus we can rewrite (1) as

Ragn

A9BOR—""~R0o A0 B
(2) oap @ R R®@op a

B A®R R®B®A

RB@A,*

By definition of a pseudo natural transformation R, . is natural in A (a fact, we expressed by
(| Re) in the hieroglyphical notation). Applying this to the morphism op 4 in (2), we get

RA@B,*

AR B®R R A® B
oap @R Ragp

B@A®R

AR B
opa @R ®BQkK

which yields the result, since R gp . is invertible. O
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Chapter 2

2-Dimensional Linear Algebra

In this chapter we develop a symmetric Gray monoid, we are working within constantly from
now, as our base 2-category. In a way this 2-category is to take the place, the category of vector
spaces has, if one deals with ordinary Hopf algebras. We fix once and for all an algebraically
closed field k. We denote by vec, (resp. Vec) the category of finite dimensional k-vector spaces
(resp. the category of all k-vector spaces). From now on, ¢, always denotes the 2-category of
small k-linear additive categories, with the k-linear functors as 1-morphisms. By k-linear we
mean that the categories are enriched in vec. This 2-category admits a Gray monoid structure
and a strongly involutory 2-braiding that we develop as a main goal of this chapter. In [KV]
the monoidal 2-category 2-Vec of 2-vector spaces was introduced, as the 2-dimensional analog
of the category of finite vector spaces. We recover the 2-vector spaces as a sub 2-category of
¢;. Since a good deal of the theory also holds in €, we start our considerations in this more
general setup and withdraw to 2-vector spaces only when necessary.

We fix some more notations. Let k-lin be the 2-category of k-linear small categories and Ab
the 2-category of abelian k-linear small categories. Then, Ab is a full subcategory of €, and
¢, a full subcategory of k-lin.

Ab & ¢, & kin

As 2-morphisms in €, we may choose arbitrary natural transformations, since:
2.1. Lemma: Any natural transformation between additive functors is additive.

The area (1) of the diagram in the proof makes clear what is meant by additivity of a natural
transformation.

Proor:

Let a : F = G : C — D be anatural transformation between additive functors. Let X € {4, B}
and let 1x : X — A @ B be the universal morphism for a chosen biproduct of A and B. The
following diagram commutes and therefore, because of the universal property of F(¢), also (/)

commutes.

23
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X G(X)
G(i)
dagB g(A@ B)
(D) d.&;
FA)ye F(B) —248%8 . Ga)ysg(B)

Note that the uniquely determined morphisms £z occurring in the diagram constitute natural
isomorphisms. O
If C € & and C’' C C a full subcategory, we denote by 2(C’) the full k-linear additive repletive
subcategory of C, generated by (.

2.2. Proposition: Let C,D € €, and C O C' € k-lin, such that A(C') =C.

1. Any k-linear functor F : C' — D has an extension F' : C — D that is unique up to

isomorphism.

2. Let F,G : C — D be k-linear functors. Any natural transformation « : Fle = Gler :
C' — D has a unique extension o' : F = G. Additionally, ' is an isomorphism if o is.

Proor:

For any X.,Y € C we choose X4,...,X,, € C' and Y},...,Y,, € C' such that there are isomor-
phisms ix : X 2 X, .. X,and iv: Y 2Y, ®...0Y,. Forany f: X — Y there exists a
unique m X n matrix of morphisms (f;; : X; — Y;), such that f = i7" o (f;;) 0 ix. Then, iy
is natural since iy o f = iy o iy o (fi;)oix = (fi;)oix.

To prove part 1., we define F/(X ) := F(X;)&...® F(X,) for an arbitrarily chosen biproduct
of F(X41),...,F(X,) and F'(f) := (F(f;;)) with respect to this biproduct. This obviously
defines a k-linear functor. If G is another extension of F, then by part 2., the identity on F
extends to a unique natural isomorphism F' = G.

Now we prove part 2. For Ay,..., A, € C’ and a k-linear functor F let {p : F(A1 ... A4,) —
F(A) & ...® F(A,) be the unique isomorphism. Using lemma 2.1, we define for any X € C

oy = Gliy)loli o (ax, B...Bax,)olroFlix): F(X)— G(X).
Then, o is natural as a composition of natural morphisms. Now let 5 : F = G be another
natural transformation with §|c; = a. Then again with lemma 2.1:
oy = Glix')o&i o(aa B ...Baa,)o&r o Flix)
= G(ix") o0& o (Ba, @ ... ® Ba,) 0o Flix) = G(ix") 0 Bae. a4, 0 Flix)
= fx
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This proves uniqueness of o’. By lemma 2.1, §; a4, is invertible, if ay,,..., 4, are and hence
o’ is an isomorphism if « is. O

2.3. Theorem: The category €, is a pseudo reflective subcategory of k-lin. This means, there
is a pseudofunctor A : k-lin — & and a pseudo natural category equivalence C,(A(A), B) ~
k—lin(A, VQ(B))

Proor:
First we define for any k-linear category A, a k-linear additive category 2(.A) and show that it
has an appropriate universal property. For A € k-lin we define a category A(.A) whose objects

are n-tupel of objects and whose morphisms are matrices of morphisms from A.
e Obj(RU(A)):={(A44,...,A,)|n € Nand A; € A}
i MOI’QL(A)((Ah .- '7An)7 (Bh .- '7Bm)) = {(fz’,j)je{l,..,n},z’e{1,..,m} | fZ] : Aj - Bi}

It is easy to see that this in fact defines a k-linear additive category, if we take as biproduct:
(A, ..., A) S (By,....Bn)=(AL,...,A,, By,...,By). The embedding J4 : A — A(A) is a
k-linear functor. The notation 2A(.A) is justified, since the full repletive subcategory of A(A),
generated by Ja(A) is in fact A(A). If X" is any k-linear additive category and F : A — X is a
k-linear functor, then by proposition 2.2 there is a k-linear additive functor F : A(A) — X with
F = FoJ that is unique up to isomorphism. If o : F = G : A — X is a natural transformation,
then, also by proposition 2.2, there is a unique natural transformation @ : F = G : A(A) — X.
To make a pseudo functor out of 2, we have to define a family of functors F4 5 : k-lin(A, B) —
CL(A(A),A(B)). For F :C — D € k-lin we define A(F) as a representative of the equivalence
class of m. Any natural transformation  : F = G : C — D € k-lin can be uniquely
continued to A(F) = 2A(G). As coherence morphisms &y : U(F) o A(G) = A(F o G) and
Ca : Idy = A(Id) we take for any G : A — B and F : B — C the unique extensions of
Cala=id: FoG = FoGand (y|a:=id:1dy = Id4.

Thus we have defined the pseudofunctor we were looking for and the universal property gives

the category equivalence. It is easy to show the pseudo naturality of this equivalence. O

We show that the category k-lin admits a 2-tensor product.

2.4. Proposition: Let C,D € k-lin be k-linear categories. There is a k-linear category C AD
and a bilinear functor A : C x D — C AD, such that for any bilinear functor F :C xD — &
there exists a unique k-linear functor F : CAD — & with F o A = F. The category C AD is
called the tensor product of C and D.

Proor:
We define a category C A D.

e Obj(C AD):=0bj(C x D). We write C A D for an object (C', D) € Obj(C AD).
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o Mor(C AD,C"AD"):=Mor(C,C") @ Mor(D, D").

This category is k-linear and A\ defines a bilinear functor. The universal property follows from
the universal property of ®;. O

The tensor product defined this way satisfies a 2-universal property. For any natural transfor-
mation between bilinear functors yux : F(X) = G(X) there is a unique natural transformation
fix : F(X) = G(X), such that g = ji o A. In other words, there is a k-linear isomorphism
of categories Bilin(C x D,&) = k-lin(C A D,€&). This holds, since a family of morphisms
px @ F(X) = G(X)is a natural transformation between bilinear functors, if and only if the
same family is a natural transformation y : F = G between the corresponding k-linear functors.
The last point is clear because of the universal property of ®;.

2.5. Theorem: Let C,D € € be k-linear additive categories. There is a k-linear additive
category C ® D and a bilinear functor ® : C X D — C K D, such that for all bilinear functors
F:CxD — & there is a k-linear functor F :CRD — & unique up to isomorphism satisfying
FoW® =F. The category C R D is called the tensor product of C and D.

Proor:
We define C ® D := A(V5(C) A Vo(D)). This means:

o Obj(CRD):={(A,...,A)|ne€ Nand 4; € C A D}
4 MOI’((AD .- '7An)7 (Bh .- '7Bm)) = {(fz',j)je{1,..,n},z’e{1,..,m} | fZ] : Aj = Bi}

The universal property follows from the ones of A and 2, respectively. O

The tensor product defined this way satisfies a biuniversal property. For any natural transfor-
mation between bilinear functors yux : F(X) = G(X) there is a unique natural transformation
fix : F(X) = G(X), such that u = ji o ®. This means there is a k-linear category equivalence
Bilin(C x D, &) ~ €,(C® D, &). This follows from the corresponding observation for k-lin and
theorem 2.3. Therefore, the tensor product for € is a bilimes rather then a 2-limes, since the
representation of a bilinear functor will not be unique in general.

Let us summarize in a diagram what we have defined so far.

CxD cAD—2  _CRD

YF bilinear 3, F k-linear d; up toiso F k-linear
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Note that the tensor product for categories we defined also makes sense if we worked with
categories, enriched in monoidal categories other than vec. Especially the restriction to finite
vector spaces is not necessary.

Because of proposition 2.2 and theorem 2.3 and the definition of X, all functors F: CRD — &
in € are defined up to isomorphism by their values on C A D. Likewise, the equality of two
transformations a, f : F = G : CRD — & has only to be checked on objects the decomposable
tensors of C A D.

2.6. Lemma: For any C € € there exists a pseudo natural equivalence & : vec®C — C.

Proor:
It is easy to verify that the bilinear mapping @ : vec x C — C defined in [Sch1] lemma 2.2.2,
has the universal property of the tensor product. The equivalence reads:

veeRC — C
EFPRX — X"
ERY

I”f < f

O

Any k-linear functor is a vec-functor and any k-linear transformation is a vec-transformation.
This is proved in [Par3]. Thus, & induces a vec-category structure on any C € €;. Additionally,
VOCRD — CRV@D e CRD is an isomorphism natural in V,C, D.

2.7. Theorem: The 2-categories €, and k-lin admit the structure of a strongly involutory
monoidal 2-category.

The cautious formulation in the theorem is due to the fact that the tensor product just defined is
not strictly associative and thus does not induce a Gray monoid structure. Since any monoidal

2-category is monoidally equivalent to a Gray monoid, we will assume X as strict.

Proor:

We only show the claim for €. Note that k-lin is symmetric monoidal, even as a 1-category.
By its universal property, ® is defined uniquely up to equivalence (resp. up to isomorphism,
resp. uniquely) on the objects (resp. on the 1-morphisms, resp. on the 2-morphisms) of €.
By lemma 2.6, the k-linear additive category vec serves as a unit object for K. We can make
the selections on objects and 1-morphisms in such a way that X really becomes a strictly
associative and unitary 2-functor.

We have to determine the Gray isomorphism ®._ in €;. By proposition 2.2, it is enough to
define ®. _ on the decomposable tensors C' X D € C® D. By our choice of ® on decomposable
tensors it holds for any F:C —C' and G : D — D" and any C K D € C K D:

(FR1(IBGNCR D)= F(C)RGD) = (1RG)(FR1)(CRD)
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Therefore, we may choose Rz g as the uniquely determined natural isomorphism that is the
identity on decomposable functors. The coherence of ®. _ is obvious, since the identity satisfies

all coherence laws, whatsoever. Of course Rz g is not altogether the identity.

We also determine the braiding and the involutor. The pseudo natural morphism is chosen as

the family of functors, defined uniquely up to isomorphism by:

RcyplC&D — CKXD
CXD — DKXC(C
JRg — gRf

The corresponding family of 2-morphisms are defined uniquely by: Rz p(C, D) := Idp #c :
DR F(C)— DR F(C) and Reg(C, D) := Idgpyc : G(D)R®C — G(D)KW C. This defines
the pseudo natural transformation up to an isomorphism. Note that R is even an equivalence.
We define the corresponding modifications R1(—|—,—), Rz(_ﬂ_), t; and t; on decomposable tensors
as identities, as well. The axioms of a braided monoidal 2-category are satisfied. Also the
involutor J : R o R = Id is defined to be the identity on the decomposable tensors. Plainly,
all axioms of a strong involutor are satisfied, then. O

This tensor product admits an inner hom-functor, namely:

2.8. Theorem: For k-linear additive categories C, D, E there is a k-linear category equivalence
Q:k(c X Dv g) = Q:k(cv Q:k(pv 5))

Proor:
Obviously, the mapping

~:Bilin(C x D,&) — & (C,¢(D,¢E))
F — F:C3>X e~ F(X,-)etD,§)

is a bijection on the class of objects. ~ becomes a full and faithful functor, if we define for any
natural transformation o : F = G:C xD — £ and any X € C

ax = f(X,- ): F(X,- )= G(X,-),

Thus, ~: Bilin(C x D, &) = €,(C, (D, E)) is an isomorphism of categories, which is obviously
k-linear. The universal property of X ensures the existence of the k-linear category equivalence
we were looking for. O

For C,D € &, we denote by [C,D] the category of all k-linear exact functors C — D and by
k-lin,.(C, vec) the category of representable functors. We define the 2-functors * : k-lin — Ab
by C* := k-lin(C,vec), o : k-lin — Ab by C° := k-lin,.(C,vec) and [- ,vec] : k-lin — Ab by
[C,vec].
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2.9. Lemma: For any k-linear categories C and D we have:
ACAD) ~ AC)RAUD)
Cr o~ AC)
Proor:

The first equation follows with (C) K A(D) = A(A(C) A A(D)) from:

E-lin(A(C) AU(D),E) = bilin(A(C) x AD), &) ~ bilin(C x D, &)
k-lin(C AD,E)

R

The second equation is clear, since the universal property of 2 implies k-lin(C,vec) =~

E-lin(A(C), vec). a

2.10. Example: Let A € k-Alg be a finite k-algebra and let MY, be the category of finite flat
A-modules, then [, M, vec] ~ MY,

Indeed, for any X € MY, the functor X @4 - € [4M,vec] is exact and k-linear. For F :
4M — vec any exact k-linear functor, F(A) is a flat A-module and F = F(A) @4 -, since, as
can easily be shown, F(X) fulfills the universal property of the tensor product.

2.11. Example: Let (A, pu4,nm4) and (B, pg,n5) be two semisimple finite k-algebras, resp.
(C,Ac,ec)and (D,Ap,ep) be two finite cosemisimple k-coalgebras. Then

AME pM ~ 4o M resp. MR MP ~ pMmOOP

Proor:

For a k-algebra A let £(A) be the set of equivalence classes of the simple A-modules. Since
k is algebraically closed and hence the endomorphism spaces of simple representations are
1-dimensional, the category of representations of a semisimple algebra A is generated up to
equivalence by the set £(A). By definition of the tensor product 4 M K g M is determined
up to equivalence by £(A) x £(B). Now, by [Bou| chapter 8, page 94, there is a bijection
E(A) x E(B) = E(A® B). Hence the functor @, : 4M K gpM — 4o5M, M RN — M @, N

is an equivalence of categories. O

For k-linear additive categories holds C° K D° ~ (C K D)°. However, for k-linear categories we
do not have as a law: C* ®D* ~ (C AD)* and thus with lemma 2.9 for additive categories
we do not have in general (C K D)* ~ C* ® D*. For example the tensor product of two
abelian categories has not to be abelian again. Consider two k-algebras A and B. We can
identify A and B with two one element k-linear categories C(A) and C(B), respectively. Then
we have C(A) AC(B) 2 C(A® B) and C(A)* ~ 4M. There is a full and faithful functor
AME M — 4opM, MR N — M ® N, that is not surjective in general, though. If 4 and
B are not semisimple then not every A ® B-module is of the form > M; ® N;, but rather a
subquotient thereof. Now we introduce a distinguished class of k-linear additive categories,
whose ‘dual spaces’ behave rather good-natured.
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2.12. Definition: A 2-vector space is a k-linear additive category (C,®) that admits a subset
B C C with:

o Any object X € B is simple.

o For any X € B we have dimy(Hom(X,X))=1

o For any object A € C there is a unique finite subset B' C B, such that A= @x cp X[
Any set B C C with these properties is called a basis of C. A 2-vector space is called finite, if
it admits a finite basis. The 2-category of 2-vector spaces (resp. of finite dimensional 2-vector

spaces) is denoted in the sequel with 2-Vec (resp. with 2-vec).

Note that the categories 4 M of representations of semisimple algebras, considered in example

2.11 always comprise 2-vector spaces.

2.13. Lemma: Any finite 2-vector space is an abelian category and it holds:

o Any 2-vector space V € 2-vec is defined by its basis up to equivalence.

o Any k-linear functor F : V — C with source a 2-vector space and range an arbitrary
k-linear additive category is defined by its values on a basis B up to isomorphism and

any mapping B — C defines such a functor.

o Any natural transformation o : F = G : V — C between k-linear functors is defined
uniquely by its values on a basis and any family of morphisms (F(B;) — G(B:))p.en

defines a natural transformation.

Proor:

Let V be a 2-vector space with basis B := {X,,..., X,,}. With the notation of proposition 2.2
we have V = (B). Using lemma 2.6 we can write for any X,Y € V, X = ViX4...60V,0X,
and Y 2 W,0X, & ...® W,0X,, with appropriate V;, W; € vec. Then, any morphism

f: X — Y can be written as
HOX1 D ... .0 fudX,: (X g)V1®)(1 G...BV,0X, - WX, &...6 I/Vn®)(n(g Y)

with appropriate f; : V; — W,. Especially C ~ vec” and is thus an abelian category. Any map-
ping B — C is a k-linear functor and hence by proposition 2.2 defines a k-linear functor V — C,
up to isomorphism. Because of the absence of nontrivial morphisms between different elements
of the basis, any family of morphisms ax, : F(X;) — G(X;) defines a natural transformation
Flg = G|g. Hence, by proposition 2.2, any natural transformation o : F = G : V — C is
determined uniquely by its values ax, : F(X;) — G(X;). a

In [KV] a strictified version 2-vec, of 2-vec was defined. The set of objects of 2-vec, is the set

N of natural numbers. The set of 1-morphisms f : » — m is the set "IN of n X m matrices
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of natural numbers. Composition of 1-morphisms is defined by matrix multiplication. A 2-
morphism « : (n;;) = (n};):n — mis a n X m matrix (p;;) where p;; : R — R™. are
k-linear mappings. By lemma 2.13 we have immediately that 2-vec is biequivalent to 2-vec..

2.14. Lemma: Let V, W € 2-vec and V ~ vec®, W ~ vec™. Then VX W ~ vec"™.

PROOF:
The claim follows with lemma 2.6 and the equation X K (Y & Z7) =2 X XY ¢ X K Z for any
XeVandany YV, Z € W. O

The following theorem summarizes the essential advantages of 2-vector spaces.

2.15. Theorem: Let V, W € 2-vec.

1. Any k-linear functor F :V — W is exact.

2. Any k-linear functor F :V — vec is representable.

Proor:

Both statements were proved by Yetter [Yet]. Part (1) follows from the obvious fact that
for 2-vector spaces all short exact sequences split. Part (2) is a k-linear version of Freyd’s
representability theorem. O

2.16. Corollary: LetV be a finite dimensional 2-vector space. There are natural equivalences

C~(CP~( ~(C*~|[C,vec.

Proor:
The first equivalence is induced by the functor, which is defined being the identity on the basis,
the remaining one are consequences of the last theorem. O

The following result characterizes the 2-vector spaces as k-linear additive categories that admit
duals. This theorem is due to Peter Schauenburg.

2.17. Theorem: Let C be a k-linear additive category. If there exists a k-linear additive
category C* and k-linear additive functors ev : C* K C — vec and db : vec — C K C*, such that

(i) c®cecrmerme B o) ~ide
(i) (c* 2L crmewer 2/ o) = ide.

then C is a finite 2-vector space. The finite 2-vector space C* is called a left dual for C.
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Proor:
For arbitrary X* € C* and X € C, we define X*(X ) := ev(X*K® X ), and we choose appropriate
C>X;#0and C* 5> X' # 0, such that db(k) = @, X; ® X".

Because of axiom (i) we have X = @, X (X)®X; for any X € C. Thus, X/(X;) =
@, X7 (X)X (X,). The quadratic matrix M = dim,(X'(X;)) is hence idempotent and has
only nonnegative integer entries. Since all X; # 0 the matrix M contains neither a zero line
nor a zero column. By lemma 2.18 we have M = id and hence X‘(X;) 2 6, ;k. Now we con-
clude dim;(Hom(X;, X;)) = &

by assumption.

i j» since for any f : X; — X; the following diagram commutes

X ——— @, X, B X5(X,)

I D Xi B X (f)

Xj —=— @, Xi B X'(X))

It remains to show that all X; are simple. Let 0 # U L X; be a subobject of X;. Then, we
have U = @, X; R X' (U) & &, X, X X'(X;) 2 X; with the monomorphism ¢ = @, X; ® X'(f).
Hence for all 4, the morphism X; ® X‘(f): X; ® XY(U) — X; ® X*(X;) is mono. This holds,
since for (f; + X; — Yi)ien
category, B f; : ®X; — @Y, is a monomorphism, if and only if f; is for all . We conclude
X{(U) =0 for i # j and therefore U = X;®X/(U). Since U is a subobject of X;, we have
U= X, O

»}) an arbitrary family of morphisms in a k-linear, additive

.....

2.18. Lemma: Any idempotent matriz with nonnegative integer entries is either the unit ma-
triz, or has a zero line or a zero column.

Proor:

Let M = (a;;) be an idempotent matrix with nonnegative integer entries. Being a projection,
M has a positive trace, unless M = 0. Therefore, there is an entry in the diagonal of M,
a;; = 1, say. If in the ¢th line there is another entry a,;; # 0, then the jth line is zero, since
we have a; , = 3, Qi mlm > @i iGix + G ;055 = G g, if a;, # 0. Analogously, if in the ith
column there is another entry a;,; # 0, then the kth column is zero. If both is not the case,
we can cancel the ¢th line and column and get an idempotent matrix of a smaller degree. O

The notion C* for the left dual of C was justified, since we have:

2.19. Theorem: ForV any finite dimensional 2-vector space, V* := k-lin(V, vec) is a left dual
for V.

Proor:
Choose a basis B = {X1,..., X,} of V and the dual basis B = {X"',..., X"} of V*. V* is a left
dual for V, with db : vec = VR V* k+— $X; K X*. andev: V* RV — vec, FR X — F(X).
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We only show (V == VR V*RV — V) ~idy. Let X € V be an object and X = P V,0X;

be a basis representation of X.
X-PXiX X -PHxnx(X) 2P XX (@PV,ox,)=2PVvioX, =X
This assignment is obviously natural in X. O

2.20. Example: Let A be a semisimple finite k-algebra. We already know that 4 M is a finite
2-vector space. We can identify 4 M* ~ M, with db : vec — ;MR My, k — OX; B XE,
where X; and X' are representatives of the simple left and right A-modules, respectively. The
evaluation is then defined by ev: ,M"® M —vec, MR N — M ®, N.

Quasitriangular Bialgebras

As a last point of this chapter we show how the tensor product of categories can be used, to
characterize quasitriangular bialgebras. Recall that a k-bialgebra I, together with an element
R:= R'®R? € H® H is called a quasitriangular bialgebra, if the following axioms are satisfied.

QT1 A°(2)R = RA(z)

QT2 R'r'@ R @1 =R QR © R,
QT3  R'@r' @ r’R* = R, ® Rl,) ® R?
QT4  e(RH® R* =

QT5 (R @ R'=

For R* @ R? invertible, the axioms QT4 and QT'5 follow from QT2 and QT'3, respectively. It
is well known that for a finite bialgebra H the axioms QT2-QT5 are equivalent to R : H* 3
f— f(R*)R' € H°P being a bialgebra morphism. In our 2-category theoretical setup we can
make a somewhat more general statement for arbitrary bialgebras.

Let (C,®,Z,7) be a braided monoidal category and (H,V,7n,A,¢) a bialgebra in C. Then
(H,A,e,V,n)is a bialgebra in C°® and hence, since the neutral object is a bialgebra in C and
C°P anyway, H X[ and I'® H are bialgebras in CKC°P. Now we can define a prequasitriangular
bialgebra (H,V,n,A,¢, R) consisting of a bialgebra H € C and a bialgebra morphism R :=
R'®R? . IKH — HRI € CRC°P-Cat. By definition of the tensor product of k-linear additive
categories R € Home (1, H) @ Homeop (H, 1) = Home(I, H) ®; Home (I, H). R is an algebra
morphism, thus it commutes

T8 H ©egeor T8 HEEL 180T 0emees HE I
Visg Vuwr
IR H H®I
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We have Vigy = Vi KB Ay € Home(I ® 1,1) @, Home(H, H ® H) and therefore
RoVygr=R' oV;RAyoR € Hom(I® I,H)®;, Hom(I,H® H)

We have Vyg; = Vg ®A; € Home(H ® H, H) @y, Home (1,1 ® I), whence

Viagr o (R®@cgeor 7) = Vi o (R @ r' )R (R*@1*)o Ay € Hom(I ® I, H) @), Hom(I, H ® H)

Hence we get the following diagram in C K C.

R ®r R R 0 r?

IRIRI®IT HoHXH®H
ITRIKI AXH®H
ViEIN, PRI

I®J RSN H®H

The functor ® : C ®C — C induces a k-linear map
Hom(A, B) ®; Hom(A', B')> f @y g+~ f®g € Hom(A® A", B® B')

for all A, A’, B, B’ € C. Therefore, the last diagram implies (QT2), if we apply the functor
®. Analogously one shows that the compatibility of R with the unit implies )74 and that R
being a coalgebra morphism implies QT3 and QT'5.

As noted above, we can define a tensor product of categories that are enriched over the monoidal
categories Vec, of all vector spaces. For the categories C = vec, resp. C = Vec we have
Home (1, H) @y Home (I, H) = Home (I, H @ H) and hence, R being a bialgebra morphism
is in fact equivalent with the axioms Q72-QT5. In many other cases (e.g. the category of
representations of a not necessarily semisimple bialgebra H) there is an injective embedding,

at least.



Chapter 3

Hopf Categories

Monoidal categories can be interpreted as algebra objectsin the 2-category €,. Having supplied
¢, with a tensor product in the last chapter, we now also want to define coalgebra and Hopf
algebra objects in €. This leads us to the notions comonoidal category or 2-coalgebra resp.
bimonoidal category or 2-bialgebra. Furthermore, we want to develop additional algebraic
structure for an algebra A, in a way that the category 4 M of representations of A becomes
a comonoidal, resp. a bimonoidal category. We presuppose that all occurring categories live
in €. So, talking about a category C we always mean a k-linear additive category. Hence we
can make use of the results in the last chapter and define functors etc. only on decomposable
tensors.

3.1 Comonoidal Categories

We could give a conceptual definition of comonoidal categories by saying that comonoidal
categories in €, are algebra objects in the dual 2-category €;*. Yet, we want to make things

a bit more explicit and explain comonoidal structures in elementary terms.

3.1. Definition: A comonoidal category (C,#,1', a., A., p.) consists of a category C € €, two
k-linear functors

¢:C—-CKRC and T :C — vec

and the natural isomorphisms

a.:(1X4)od = (OX1)o ¢
AM:(TR1)od = &°F
pe:(1RT)o & = &1,

called coassociativity law and left- resp. right unitary law, such that the following pentagon
and triangle relation are satisfied.

35
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(1212 6) 1068 —LELEOC e
(1Xa.)e
(1= @ 1)(15 ) (VB 18 a.
(I1X 4K 1)a,
1Re )0 e B0 amimiem1)e
(1R(PR 1)1 %M = ”:‘“(ﬂr) 21)(4E 1)
¢

A comonoidal category is called strict, if all morphisms a., A., p. are the identities. Comonoidal

categories are also called 2-coalgebras.

The well known coherence theorem for monoidal categories also holds here (c.f. [CY3]). In
the sequel we will often assume comonoidal categories as strict. This coherence theorem and
Proposition 2.2 allow to use a generalized Sweedler notation. We define

$(X) = P Xy B Xz
X

but in most cases we will not write the sum symbol explicitly. If we nevertheless want to refer

to a,, say, we write things like:
et Xy B (X B X(g)) = (X B X(9)) B X
in situations where this is possible, otherwise we use the more exact form

Q.x @ X(l) X X(Z,l) X X(z,z) — X(l,l) X X(l,Z) X X(z)

3.2. Definition: A weak comonoidal functor (F,£,() between two comonoidal categories
(C, 8.1 a., A, p.) and (D, 4,1, a., A, p.) consists of a k-linear functor F : C — D, two natural
morphisms £ : (FR F)o e = #poF and  : I'c = I'p o F, such that the following diagrams
commute:

F(X0) B (F(X(ay) B F (X)) 28 F(X000) B (F(X o)) B F (X)) LB (X) 1) B (F(X o) BF (X))

(FRFRF)(a.) e

(F(Xe) B F (X)) 8 F(Xa) B F (X0 )y B F (X)) ay) B F (X)) SBEF (X)) B F(X)2)) B F(X o
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(®1

I X)) BF(X(2))

(1 X F)Xz Ac

F(Xn) B X(g)

(FR1)pz Pe
F(X)

If all morphisms £, are isomorphisms, then (F,&,() is called a comonoidal functor.

3.3. Definition: A natural transformation y : F = G : C — D is called comonoidal, if the
following diagrams commute:

F(X)) B F(X i) % F(X)0) 8 F(X o) r(x)

vay | s o/ N\

GXW)BG(X ) 2= (X BG( X)) T(FX)) T I(G(X))
3.4. Examples for comonoidal categories: 1. If V € 2-vec is a 2-vector space with ba-

sis B := {By, ..., B}, then (V, 4,I') together with the functors 4 : V> B, — B, K B, €
VRV and I' : V3 B, — k € 2-vec is a comonoidal category. In particular, vec with
¢:vecdk— kX E € vecK vec is a comonoidal category.

2. It is well known that k-algebras can be understood as k-linear categories with one single
object. In this sense, k-bialgebras are one object comonoidal categories in k-lin.

3. Let (A,V,n) be a semisimple finite k-algebra. In the last chapter, we saw that for
semisimple algebras holds y MR 4, M ~ 4o M. If Ais commutative, then V: AR A — A
is an algebra morphism and hence induces a functor

aM = oM~ MR M
The algebra morphism 7 : £ — A induces a functor
aM — M ~ vec.

Since V is associative and 7 is unitary, we see that a,, A, and p, can be chosen trivial,
where trivial means identity up to the equivalence 494 M ~ s M K 4 M. Thus, 4 M
is a comonoidal category. If f : A — B is an algebra morphism between semisimple
commutative algebras, then the induced functor F : pM — 4, M together with the trivial
structures is a comonoidal functor. Note that an inner morphism b : f = g € B between
algebra morphisms f,g: A — B (c.f. 1.7) induces a comonoidal natural transformation
only in case b : I — B is an algebra morphism, which can only be achieved in case b = 15.
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4. In the same way we can equip M with a comonoidal category structure for a cocom-
mutative cosemisimple coalgebra C'.

5. If (V,®,1)is a monoidal 2-vector space, then V* is a comonoidal 2-vector space, with
¢ = V" — (VRV)" ~ V"R V" Since there is a natural equivalence V ~ V*/ M
Homy (M, -), the comonoidal structure can be pulled back to V. For M € V, then 4(M) =
MW/ My € VRV is defined as the representing object of the functor Homy (M,-®-) :
VRV — vec and I'(M) = Homy (M, I'). How does this comultiplication look in the case
of a category of modules of a semisimple Hopf algebra (H,A,V,n,¢,59)? For algebras
A, B with A C B a subalgebra and an A-module X and a B-module Y, there is a well
known adjunction Hom,(X,Y) = Homp(B ®4 X,Y). We know that A : H — H @ H is
a subalgebra. This yields the isomorphism

HOHIH(M,X ® Y) = HOHIH®H((H. ® H.) ®H M,X & Y)
Using the H-right module isomorphism

HeH, — H,©H,
men = mnay Q@ ne

mS(n(l)) @ ngay — maen
we can write 4(M) in yet another form.

h©g@gm = hS(g90)) © gy @ m = hS(ga)) @ geym
hRl@gm — hl@gm — h®m

The (H ® H )-module structure on 4(M) = H ® M thus reads:

(HoH)o (HoM)3 (hah')o(g®m)w— hgS(hy) @ hi,yme oM

3.5. Lemma: The monoidal (resp. comonoidal) categories in €, together with the monoidal
functors (resp.éomonoidal functors) and monoidal natural transformations (resp. comonoidal
natural transformations) comprise a strongly involutory monoidal 2-subcategory of €.

Proor:

This is proved in a more general form in [DS], since € is a braided Gray monoid. Yet, for later
use we state the monoidal and comonoidal structures on the tensor product of two monoidal
and comonoidal categories, respectively. Again we make use of Proposition 2.2 that allows us
to define all functors and natural morphisms only on decomposable tensors in C X D.

Let C,D be monoidal categories. Then, C KD is again monoidal, where the tensor product is
defined for C,C" € C and D, D' € D: (CK® D) Qegp ("W D) :=(C @ C")R (D@ D). The

neutral object is I K Ip, the associativity law, the left and right unitary law read ae X ap,
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Ac ® Ap and pe W pp, respectively. If (C,7¢) and (D, 7p) are braided, then so is C ® D with
braiding 7 X 7p.

Now let C,D be comonoidal categories. The C KD is again comonoidal, with ¢(C' ® D) :=
(Cy® Deyy) B (Coy B Dioy) and T'(C'® D) := T'(C) Qyee I'(D) for any ¢ € C and D € D.
The coassociativity law and the left and right counitary law read a.c ® a.p, A.e ® A.p and
Pec ® pep, respectively. O

3.2 Cobraided Comonoidal Categories

Commutative algebra objects in € are braided categories (c.f. [DS]). Now we define the
analogous notion for comonoidal categories. Let (C, 4,1, a., A.,p.) € € be a comonoidal k-
linear additive category. Let 7 : CRC — CKC denote the involutor, defined in the last chapter
and define

¢ P =To4:C>3X = XK Xy eCRC

= (IRTHTR (IR T)a, "', A = p., p. % = A,

Then, (C, #°°5, T, .5, A%, p.°%) is again a comonoidal category, called the cosymmetric cat-
egory.

3.6. Definition: Let (C, 4,1, a., A, p.) be a comonoidal category and let o : 4 = T o § be a
natural transformation given for any X € C by morphisms ox : X(1) ¥ X5y — X(o) & X(q).
(C,0) is called a weakly cobraided comonoidal category, if the following diagrams commute for
any X € C,

1X ¢)o -1
Xy B Xeo 1y W Xo 0 ( ) Xy B Xy B X —F— X B Xy B Xy
(QR1) \a ‘(7& 1)(18 o)
cX1)¢ -1
Xy B X1 2) B X ( ) X1y B X1 B X(o) —& X2 B Xy B X o0
¢X 1)o
Xy B X1 2) B X ( ) Xo,1) B Xz 9y B X (1) —F— X1 9) B X9y B X1
(QL1) \a‘l ‘(1&7)@&1)
X8 Xy B X2 B X1y B X2y B X3 1)—2— X1y B X2y B X19)
(1X¥D)o (I'®1)o
Xy BT (Xz)) —— X BT (X (1)) I(X () B Xz [(X(2)) B X
(QR2) pe A, (QL2) A, pe
X X

If o is a isomorphism, then (C,o) is called a cobraided comonoidal category. If c* =id : ¢ =
¢, then (C,0) is called cosymmetric.
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We will use the following convention for 0. We denote by o;|;41 the application of ¢ on the
formal component Xy and X(;1,). Equivalently, we write for the morphism (¢ K 1)o o :

(X1 = (R 17O =(IKT)HTRL)(IX ¢)$(X):
Tijzs : X(1) B Xy B Xa) = ($ R 1X) = (4B 1)T4(X) = X(5) B X5 B Xy,

Making use of the coherence laws we will write the diagrams (QR1) and (QL1) in the following

way:
Xy B Xy B X 228 X B X B X, Xy B Xooy B Xy 22 X0 B X oy B X,
(1) B X2y B Xg) —— Xy B X1y B Xz (1) B X2y B Xg) — Xg) B Xay B Xy
(QRl) J1)2 02|3 (QLl) 02|3 J1)2
X2y B Xy B X(a) X1y B X5y B X

If o is an isomorphism, it can be shown as in the case of monoidal categories that (QR2) (resp.

(QL2)) follows from (QR1) (resp. (QL1)).

Any cobraiding yields a solution of the Yang Baxter equation, namely:
1202|3012 = 021301120213 * X(1) B X2y B X(5) — X5) B X2y B Xy

A geometrical interpretation is more subtle, however. The well known action of the braid
group on any braided monoidal category ‘flip the tensors at the positions ¢ and ¢+ 1, no matter
what tensors there are located’” becomes substituted by an action ‘flip the ith and the (¢ + 1)th
cotensor, no matter where they are located’” on a cobraided comonoidal category.

3.7. Definition: A comonoidal functor (F,&, () between two cobraided categories (C,oc) and
(D, 0p) is called cobraided, if for any pair X,Y € C the following diagram commutes.

F(X0) BF(X ) £ F(X)) B F(X) e
(FRF)ooc Op

F( X)) BF(Xy) ra F(X ) B F(X)a,

The following facts, whose corresponding statements for monoidal categories are well known
(see [JS1]), also hold in the case of comonoidal categories.

There is a bijection between the cobraidings o for ¢ and the pairs (£, () that endow (#,¢,()
with the structure of a comonoidal functor. Note that, in analogy to the case of monoidal
categories, (I', A.,id) is a comonoidal functor, anyway. A cobraiding is a cosymmetry if and
only if it is a comonoidal transformation. A comonoidal functor (F,&, () is cobraided, if and
only if £ is a comonoidal transformation.
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3.3 Bimonoidal and Hopf Categories

In this section we define categories that carry both, a monoidal, as well as a comonoidal
structure, such that both structures are compatible in an appropriate way. The definition
of such bimonoidal categories was started in [CF]. Furthermore we supply these 2-bialgebras
with antipode functors. It is convenient to think of the unit object of a monoidal category
simultanously as an object I € C and as a functor A : vec — C.

3.8. Definition: Let C € € be a category supplied with a monoidal structure (C,®, A, a, A, p)
and a comonoidal structure (C, 4,1, a., ., p.). Furthermore let the following natural isomor-
phisms be given.

[1]

(OH)IRTHRIL(OK ) = 40,
e forall X, Y € C: (X(l) & 1/(1)) X (X(z) ® 1/(2))

(X @Y))B(X®Y)pe

e = :AXKA = $A, e an isomorphism I X I Eg Iy & Iisy

¢ 0:Dwe(lRT) = I'®, e foral X,Y €C an isomorphism T(X)@T(Y) 2 (X QY)
o O :idye. = I'A, i.e. an isomorphism k ¢ I'(I)

Then, (C,E,Z,0,0,) is called a bimonoidal category or a 2-bialgebra, if the following 12
diagrams commute.

(1)

X1y © (Y ® Z1)) B X(2) @ (Y2) © Z(2)) ala (X)) @ Y1) @ Z(1) B (X(2) @ Vo)) @ Z(2)
SEE =0 6(7)
Xy @ (Y ©Z)1)y B Xz @ (Y @ 2z (X oY) @ Zm)B(X®Y)0e) @ 2y

4(a)

Xoo2)nBE oY ©2))e

(XeY)e2))yB((XoY)® Z)q

= X
1@ X)BI®Xq) ) Iy ® Xy B2y © X2 (@ X)m B @ X)e

(2) /
ARA

X1y B X2y

$(X)® =0
X))@ IR X ®1 S Xy @1y B X(2) @ L2 (X © Do) B(X @1)e

(3) e /

X1y B X2y
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LX) o (M(V) o I(2) —22 w I(X) e T(Y 0 2)—2— (X o (Y 8 2))
(4) Qyec F(a/)
TX)el(Y)al(2) 9ol NXeY)el(Z) © NXeY)®Z)
FoT(X) —2221 | pyeTx) © I(I® X)
(5) m‘ T(A)
I'(Xx)
rx)ek—2% , rxyern) —O o r(xer
(6) N T(o)

(7)

X1y © Vi) B (X(2) @ Yoy B X(3) © Vo))

e Qcmere Qe

Xy @Yy BE
X1) ® Y1) B (X(2) @ Y2))(1) B (X(2) @ Y{2))(2)

(1K $)=

(X@Y))yB(X@Y)r2)B(X ®Y)as))

(X(1) ® Y1) B X2) © Y(2)) W X2y @ Yz
SR X @ Yo
Y

(X(1) © Y1))1) B (X(1) @ Y{1))2) B X(2) © ¥z

(6K 1)Z

Y
e

X1

N X)) @ T(Y1)) B X(2) @ Y2y

Xy B Yy B (X(2)) @ T(Vz))

(9) M

I X1y @ Y1) B X(2) © Yz)

X1y @Yy BT (X(2) © Yo))

(XoY)) B({(XQY)e)) B (X QY)as

(TE1)E

FX©Y)q)B(X@Y)e

e

(1RT)=

XRY

(X@Y)) BI(X ©Y)q)

_—

XRX
IRE 1R $)=
IR(IRT) 0 1 ® (I B () (1%9¢)%0 Iy B (I12) & I13))
(10) AR AR Aacvec) o
S W1 ¢R1)E
(InnwI ° (B laym1 V= g mim i,
QX1 IR 1)E
- kR I 0 NGO YN (R 1)% D(I(1y) B ()
1

IR

Ac

~
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IRk IRT(I)

Ty BT ()

1R
5

For bialgebras the multiplicativity of comultiplication and counit is equivalent to the comulti-
plicativity of multiplication and unit. In analogy the following theorem holds.

3.9. Theorem: Let C be a monoidal and comonoidal category equipped with the natural trans-
formations =, =y, 0, 0y as in the definition above. The following are equivalent:

1. C is a bimonoidal category

2. (#,2,20) and (I',0,04) are monoidal functors and (©,Z,0) and (A,Zq,00) are

comonoidal functors.

3. (#,2,20) and (I',0,04) are monoidal functors and a.,\. and p. are monoidal natural
transformations

4. (®,2,0) and (A, =y, Q) are comonoidal functors and a, A and p are comonoidal natural
transformations

Note that condition (3) says that C is a coalgebra object in the braided monoidal 2-category
(see lemma 3.5) of monoidal categories. In the same way, condition (4) says that C is an algebra
object in the braided monoidal 2-category of comonoidal categories.

Proor:

The diagrams (1)-(3) are exactly the coherence diagrams for (¢,=, =) being a monoidal func-
tor. The diagrams (4)-(6) are the coherence diagrams for (I', 0, ;) being a monoidal functor.
The diagrams (7)-(9) make (®,=, ©) a comonoidal functor and (10)-(12) are the diagrams for
(A, =0, 0q) being a comonoidal functor. This proves 1. < 2.

If (#,=,=) is a monoidal functor, then so are ((1X ¢)#,=Z0 (@ KWE),Z; 0 (A K E)) and
(#X1)4,Z0(ER®),Zg0(ZgKA)) and the diagrams (7) and (10) are the coherence diagrams
for o, being a monoidal natural transformation. In the same way, (8) and (11) are the coherence
diagrams for A, being a monoidal natural transformation and the diagrams (9) and (12) make
p. a monoidal natural transformation. Using the 1. < 2., this proves 1. & 3.

The same applies for 1. < 4. The coherence diagrams for a being a comonoidal natural
transformation are diagrams (1) and (4). Those for A are the diagrams (2) and (5) and those
for p are the diagrams (3) and (6). Hence the theorem is proved. a

It is well known [JS1] that a braiding 7 in a braided monoidal category (C,7) is a monoidal
transformation, if and only if 7 is a symmetry. This holds analogously for cobraided comonoidal
categories. In a 2-bialgebra a braiding can be a comonoidal morphism, however.
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3.10. Definition: Let (C,=,Z,,0,0.) be a bimonoidal category.
1. If (C,7) is a braided monoidal category, then C is called commutative, if the following
diagrams commute.

Exy Oxy

*(X) ®cre #Y) ¢XQY) ['(X) @vec I'(Y) 'NXoY)
TeRe (1) Tvec I(r)
YY) Qcme #(X) = x ¢Y 0 X) I'(Y) ®vee I'(X) Oy x 'Y ® X)

In this case T is called a comonoidal braiding

2. If (C,0) is a cobraided comonoidal category, then C is called cocommutative, if the fol-
lowing diagrams commute.

)

$(X) Bcme $(V) —"F—~ (X 0Y) =T
ox Qeme Oy Oxey E/ \T\(EO)
TX) Ocme THY) 7=—THX OY) Iy ® ) —5— L B L

In this case o is called a monoidal cobraiding

Note that by lemma 3.5 any instance of 7 is a monoidal as well as a comonoidal functor, which
we consider here as strict.

3.11. Theorem: Let (C,=,Z,,0,0.) be a bimonoidal category.

o [f(C,7) is a braided category, the following are equivalent:

1. (C,7) is commutative.

2. 1 is a comonoidal natural transformation.

3. (#,2,20) and (I',0,0,) are braided functors.
4

(

. 2,20, 0,00 are monoidal natural transformations.

1. (C,0) is cocommutative.
2. o is a monoidal natural transformation.
3. (®,2,0) and (A, =g, 00) are cobraided functors.

4. 2,20,0,04 are comonoidal natural transformations.

Proor:
Obvious by Definition. The equivalence of (3) and (4) each hold by the remark following
definition 3.7. O
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3.12. Definition: Let (C,, A, 4,T,2°,2,°,0°,0,°) and (D,®, A, $,T,Z2,Z,7,07,0,7) be
bimonoidal categories. A bimonoidal functor is a 5-tuple (F,&,(, £, (%), such that (F,£,() is a
monoidal functor, (F,£°,(%) is a comonoidal functor and the following four diagrams commute.

1
()f(Xu)@Y(z)) R F(X2) @ ¥z) Fu = FUX@Y)0) BF(X @ Y)e)
ERE {xov
F(X1) @ F(Y)) BF (X)) @ F(Yz) FX DY) BF(X @Y)q,
£k Qeme & 46
FX) 0,0 F(Y )y BF(X )y © F(Y ) ) ————e (F(X) 0 F(Y))y B (F(X) 0 F(V )
(2) PRIP (B¢ F(IEYR F(I)
=07 (FRF)E"

*(¢ ‘
IR, C L ) @ F ) S FUG) B

(5 Te(X)@Te(Y) S To(F(X))& To(F(Y))
o \ \@D
Pe(X V) — e P (F(X 0 V) & p o (Fx) e 7))
0,” -
(4) | et
0,° \ \FD(C)
Te(1) e To(F(I%)

3.13. Theorem: LetC, D be bimonoidal categories and F : C — D a monoidal and comonoidal

functor. The following are equivalent.

1. F is a bimonoidal functor
2. £, C are comonoidal natural transformations.

3. £°,(° are monoidal transformations.

Note that condition 2. says that (F, ¢, () is a morphism of algebra objects in the 2-category of
coalgebra objects in €. In the same way, condition 3. says that (F,£% () is a morphism of
coalgebra objects in the 2-category of algebra objects in €.
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Proor:

By lemma 3.5 and theorem 3.9 £ : (FR F)o 4 = #oF and ¢° : I' = I' o F are indeed
natural transformations between monoidal functors. The diagrams (1) and (2) now show the
monoidality of £°, the diagrams (3) and (4) show the monoidality of (. This proves the
equivalence of 1. and 2. Analogously, we know that £ : @ o (FRF)= Fo®and { : A = FoA
are natural transformations between comonoidal functors. The diagrams (1) and (3) are the
coherence diagrams for £ being comonoidal and the diagrams (2) and (4) are the coherence
diagrams for ¢ being comonoidal. O

3.14. Definition: A natural transformation n : (F,{x,(r. 85, Cx) = (G, &g, (g, €5, () is called
bimonoidal, an : (fvffvcf) = (gafgafg) is monoidal and U (fvfj"-'v CJC"-') = (gvfévcé) is

comonoidal.

Now we supply 2-bialgebras with antipodes. For simplicity we do this only for strict 2-
bialgebras.

3.15. Definition: A 2-bialgebra H, together with a functor & : H — H and two natural
isomorphisms 01 : @ o (SK1)o# = Tol' and oy : [ol' = o (1R S)o ¢ is called a Hopf
category or a 2-Hopf algebra, if the following identities hold.

(C 7287 Ciy® 8(Cray) @ Ca) 8% C) =ide (3.1)
(S(C) =2 S(Cuy) © Ciay @ S(Ca)) 2= S(C)) = idsey (3:2)

The triple (S, 01,05) is called the antipode for H.

Note that the two coherence axioms (3.1) and (3.2) are not really a restriction. The natural
isomorphisms o, and o, constitute a category equivalence
HR®H — HOH
MXN — M@N(l)ﬁN(z)
M@S(N(l))ﬁN(z) —~ M@N

which can be chosen as an equivalence adjunction, anyway.

3.16. Lemma: Let (H,®,1,4,1') be a bimonoidal category. If (S,015,025) : H — H and
(T,017,097) + H — H are antipodes for H then there is a unique natural isomorphism
1: S = T, satisfying

S(Cy) © Cra 191 T(Ci1y) @ Ca) Ciy @ 8(Cra)) lo: Cay ©T(Ca))

01,8 o117 028 0o 71

T(C)&I T(C)ol
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PROOF:

We may choose ¢ as the composition

1®o2, 7 01,51

S(C) — S(C)) © iy @ T(Ca)) = T(C)
Then, 7 fulfills both equations. On the other hand, if ¢ : S = 7 is any other solution we have

1
S(C) W o025

S(C1y) @ Croy @ S(Crs))
15 ®1
g g1l S(CO)

Sorel

T(Cy) @ Czy) @ S(Ca))

T(C)

1® 0o,
Since (01,5 @ 1) 0o (1® 055) = idscy and (o17 ® 1) o (1 @ oa5) = 17!, we get i~! o g = id,
whence ¢ = ¢ and therefore 7 is unique. O

Using its uniqueness we can define a bimonoidal structure on the antipode functor S : H —
{5y, cos by

£ S(C) @™ S(D) P72 S(D1)) @ 8(C1)) @ Cpay @ Dyizy @ S(Cryy @ Diyy) 1892,001
02,0@1

S(P)) @ D2y © S(C @ D)) == S(C @ D)

¢: 1 z I(l) & S(I(z)) = S(I)

£ S(Cy) BS(Cay) "2 (S(C1y) B S(Cray)) O 4°°(Ciay © S(Clay))
S(C1)) ® Cray @ S(Cis))z) BS(Cray) @ Csy @ S(Crsy)ny 2 S(C) ) B S(C)ay

¢ T(C) "RV T(CL) © 5(Cray) © Cry)) = T(Ciry) @ T(S(Cay)) © T(Cray) = T(S(C))

These coherence morphisms are, it is easily verified, unique with the property that they are
compatible with o, and ¢,. Hence they fulfill all necessary coherence axioms.

3.17. Examples for 2-Hopf algebras:

1. We are in the situation of example 3.4.2., but with A a bialgebra, additionally. The
structure morphisms A : A — AR Aand ¢ : A — kinduce functors ® : J MR M — 4 M
and 7 : vec — 4 M, respectively, which supply 4 M with the structure of a monoidal
category. Since V and 7 are bialgebra morphisms, plainly the generated functors ¢ and
I' are monoidal functors. The coherence morphisms a,.,A. and p, are induced by the
coalgebra morphism 7 : k£ — A, whence they are monoidal transformations. By theorem
3.9, 4 M is a bimonoidal category. Since A is commutative, 4 M is a cocommutative
bimonoidal category with the trivial cosymmetric cobraiding. Note that all monoidal
cobraidings are induced by invertible grouplike elements ¢ € A, which satisfy axioms
QR1 and QR2 of definition 3.6. These axioms read ¢ = ¢, whence there is only the
trivial cobraiding.
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If additionally A is equipped with an antipode 5 : A — A, then 5 is an algebra morphism
and hence induces a functor g M : ;M — 4 M. Obviously the following compositions of
functors are isomorphic. (As a matter of fact they are even equal.)

s@idM M <
AM v_/>\/l A®AM @;d_} A®AM ALY[ AM = AM — vec ﬂ AM
Analogously, the category M of comodules of a cocommutative cosemisimple bialgebra,
resp. Hopf algebra ' is also a cocommutative 2-bialgebra, resp. 2-Hopf algebra.

Let us regard two examples for this construction.

2. Let G be a finite abelian group and H := k(G) the group algebra. Then, all simple
representations (N,),eq are one dimensional and the comonoidal structure on the basis
is grouplike, i.e. 4 : gM > N, — N, K N, € gogM. To see this note that the k-
isomorphism - : N, @ N, =2 N, is an H @ H-module morphism. Indeed, let ey : H — &
denote the character of the simple representation N,, then for g,¢’ € H and z,y € N we
have c(g)x - c(g')y = c(g9)x - y.

3. Let G be a finite group and M*% the category of G-graded vector spaces. Thus M*“
is the category of comodules of the cocommutative, cosemisimple Hopf algebra k(G)
and is hence a Hopf category which, it is easy to check, is equivalent to the so called
categorification of (&, as introduced in [CY2]. Again we see that the cotensor product is
defined grouplike on the homogenous 1-dimensional generators of M*<,

In the next section we will examine in more generality under what assumptions the category
of representations of an algebra A is supplied with a bimonoidal structure.

3.4 Cogebras and Representations of Bigebras

An algebra A in a monoidal category C has to be equipped with a compatible coalgebra
structure, to lift the tensor product of C to a tensor product for 4 M. In this section we
examine, what algebraic structures are suited for inducing a comonoidal, resp. a bimonoidal
structure on 4 M. The theory of algebras, coalgebras and Hopf algebras in arbitrary monoidal
categories has been examined for quite a long time [Parl, Maj]. We define an algebra (A, p, )
in a monoidal category (A,®,[) as a weak monoidal functor (A, p,n) : vec — A. (Weak
means that g and 7 are not necessarily isomorphisms.) This is the appropriate point of view,
since it allows a direct transfer to comonoidal categories. We call the corresponding objects
in comonoidal categories cogebras. Cogebras are to algebras as grouplikes are to idempotents.
Note that the dual notion of algebra is that of a comonoidal functor w : C — vec. We now
want to study some properties of such objects.

3.18. Definition: Let (C, 4,1, a., A, p.) be a comonoidal category. A cogebra is a weak
comonoidal functor (C,v,t) : vec — C. A comonoidal natural transformation f : (C,v, 1) =
(D, ) between two cogebras is called a cogebra morphism.
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Hence, a cogebra consists of an object ' € C, a morphism v : AR A — Ay K Apyin CRC
and a morphism ¢ : & — I'(A) in vec, such that the following diagrams commute.

ARARA LBV L AR AR A U5 A4 R Ay B A

vV & 1 \ac
X 1)v
A(l) IE A(z) IE A (‘ ) A(l,l) IE A(I,Z) IE A(z)
A A
Ae ()1 1R Pe
[(Aw) B Ap) 3 T(A) B A ART(A) 5 Aqy B I(Ap)

We refer to these diagrams by saying that v is dual associative and ¢ is dual unitary. The
morphism v is called the dual multiplication and ¢ the dual unit of the cogebra C'.

If (C,v,¢)and (C',v', 1) are cogebras in C and f € Mor(A, A’), then f is a cogebra morphism,
if and only if the following diagrams commute.

AK A M AR A k
O G 7 N\
A(l) X A(z) ‘T»f)AEl) X AEZ) F(A) F(f) F(A/)

The C-cogebras, together with the cogebra morphisms comprise a category C-Cog.

A cogebra (A, v, ) in a cobraided comonoidal category is called dual commutative, if the corre-
sponding comonoidal functor is cobraided. In a diagrammatic notation this can be expressed
the following way.

AR A
v 7(v)

Ay W Ay

7 Axy B Aw

3.19. Example: 1. If (C,=,=0,0,00) is a bimonoidal category, then (I,=g,0g) is a coge-
bra in C.

2. If C is a monoidal category, whose underlying category is a finite 2-vector space, then
any weak monoidal functor (w,&,():C — vec is a cogebra in C*.
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3. In vec, cogebras agree with algebras, since a morphism v : AKX A — 4(A) is by
definition an element in Homyec(A, A) ® Homyec(A, k) = Homyec(A @ A, A). Recall
that the comonoidal structure on vec is the inverse functor of the category equivalence
® : vec ® vec — vec. Under this isomorphism, dual associativity and dual unity corre-
spond to the usual associativity and unity of algebras.

The second example shows that unlike in the case of algebras, for a cogebra it is not unusual
to have invertible structure morphisms. In a cobraided category, the functor ¢ is always
comonoidal and thus 4(C') is a cogebra, if C' is. Hence, in this case the category of C-cogebras
is comonoidal. As in the case of algebras in monoidal categories it can be proved that v is a
cogebra morphism, if and only if (A4, v, ¢)is dual commutative. As indicated in the introduction,
we can also define dual cogebras as the dual notion to cogebra.

Now we address the main problem of this section. Under what assumptions is the category of
representations of an algebra a comonoidal category? We therefor need a new notion. We are
interested in objects in a bimonoidal category C that carry both an algebra and a compatible
cogebra structure. With remark 3.5 it follows immediately that for (A, pa,na) € C-Alg and
(B,ug,np) € D-Alg also AR B € (C ® D)-Alg and analogously for cogebras.

3.20. Definition: Let (C,Z,Zq,0,0,) be a bimonoidal category. A bigebra (B,V,n,v,t) con-
sists of an algebra (B,V,n) and a cogebra (B, v, 1), such that the following equivalent conditions
hold.

1. 'V and n are cogebra morphisms.

2. v and ¢ are algebra morphisms.

A morphism f : A — B between bigebras (A,V,n,v,.) and (B,V,n,v,1) is called a bigebra
morphism, if it is simultaneously an algebra and a cogebra morphism.

The claimed equivalence is a direct consequence of theorem 3.13. Nevertheless, we give the
required commutative diagrams.

B® BEB® B VRV BE B v B, B By,
(1)
= V)
BgB@C!ZICBlgBM‘(B) Qeme $(B) = ¢(B®B)
X
IR ——"~ AmA k—tE L p(A)RI(A)
(2) _ \ \ (3) \ J
=0 v L O
Iy B L) Ay B A I'(A) I'(A@ A)

¢(n)
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(4) 0, .

(1)

W
As in the proof of theorem 3.13, the diagrams (1) and (2) assert that v is an algebra morphism,
(3) and (4) assert the same for .. That V and 7 are cogebra morphisms is is expressed by the
diagrams (1) and (3) for V and (2) and (4) for 7.

Since, as we have seen in example 3.19, in vec cogebras agree with algebras, a k-bigebra is an
algebra (A, V4, 7,) togehter with a second algebra structure (A, Va, 1) such that V, and 7, are
algebra morphisms with respect V; and 7. It is well known that this is only possible in case
Vi, =Vsyand g, = 1, and A is commutative. Hence the only k-bigebras are the commutative
k-algebras.

In the following we denote by 4 M the category of A-modules for an algebra A in the monoidal
category C. It is known that for any C € €, and any A € C-Alg the category of A-modules
4M is again k-linear additive. Note that if (F,£,() : C — D is a monoidal functor between
monoidal categories C, D and A € C-Alg, then F induces a functor F : ;M — £(4)M between
the categories of modules that we also denote by F.

3.21. Theorem: Let (C,=,Zy,0,0) be a bimonoidal category and (A,V,n,v, ) a C-bigebra.
If there is an equivalence sga M ~ MR 4 M, then the cotensor product ¢ of C lifts to a
cotensor product for 4 M.

PROOF:

We define the cotensor product for 4 M as the composition
¢ oM
AM - Q(A)M - AlZIAM ~ AM &AM
and the counit as the composition
AM L F(A)M Lﬂ k./\/l ~ vec.

Both compositions are welldefined, since ¢ and I' are monoidal functors. Additionally, v and ¢
are algebra morphisms and hence induce monoidal functors. For M € 4 M the AKX A-module
structure on 4(A) hence is given by

v = ¢
ABAGcme My BMe) = A8 A Dcme My B M) = (A0 M) BADM ) ' My B M,
and the k-module structure on I'(M) by

T(M) 2 T(A) o T(M) 2 T(Ao M) L T(M).

That the coherence morphisms a., A., p, from C are in fact module morphisms, can be seen
easily from the fact that v is dual associative and ¢ is dual unitary. O
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Let under hypothesis of the theorem f: (A,V,n,v,t)— (B,V,n,v,¢) be a bigebra morphism.
Since we presupposed sg4M having the universal property of the tensor product, we also
know jg;M =2 ;MK ;M. Therefore, the induced functor ;M : pM — 4, M carries a strict
comonoidal structure, Plainly, if f,g : A — B are bigebra morphisms and R : f = ¢ is an
inner morphism, then the induced natural transformation is a comonoidal transformation, if

R : I — B is a cogebra morphism.

3.22. Theorem: If under the hypotheses of theorem 3.21 the bimonoidal category (C,o) is
cocommutative, then o is a cobraiding for 4 M, if and only if A is dual commutative.

Proor:
Let A be dual commutative. We show that ¢ is an A ¥ A-module morphism.

AR A@cme $(M) —LBL + 4(4) @eme $(M) 2 *(A® M) $i) (M)
1Xe o Rere O o o
AB A Scme T o 4(M) D BL 7o) ocme ToM) — L5+ To(ae ) — ¥ 7o

The left square commutes, since A is dual commutative as a cogebra. The central part com-
mutes, since the category C is cocommutative. The right part commutes, since ¢ is natural. On
the other hand, if this diagram commutes, dual commutativity of A follows by setting M = A.
a

Note that the difficulties with defining commutative or braided bialgebras in braided monoidal

categories do not occur for dual commutative bigebras in bimonoidal categories.

3.23. Definition: Let (A, V,n, A ¢) be a bialgebra and (A, V,n,v,.) be a bigebra in a commu-
tative bimonoidal category. If A,e and v,v are compatible, (meaning that A and ¢ are cogebra
morphisms or, equivalently, v and v are coalgebra morphisms) then (A, V,n, A, e,v,1) is called
a trialgebra.

3.24. Theorem: Let (C,®,1,4,1',7,2,5,,0,0) be a commutative bimonoidal category and
(A, V.,n,Ae,v,1) be a trialgebra in C. If for the category s M of A-modules holds sgaM ~
AMR M, then Z,20,0,0, are A-module morphisms and hence 4 M together with the bi-
monoidal structure of C is bimonoidal.

Proor:

We showed already that the underlying monoidal and comonoidal structure of C can be pulled
back to 4 M. We still have to show that the coherence morphisms =, =,, 0,0, from C are in
fact AR A-module morphisms. We do this only for =. Let (X, 1) and (Y, 1) be A-modules. The
following diagram proves that = : ¢(X ) Qcmc #(Y) — #(X @Y) is an AK A-module morphism.
In this diagram, tensor symbols, not occurring inside parentheses denote the tensor product
in C®C. The left and the right vertical compositions are the A ® A-module structures on
¢(X)® #(Y) and (X @Y), respectively, as defined in theorem 3.21.
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AR AD6X) 0 6(Y) ANAQE AR ADMX ©Y)
Apga@1®1 vl
ARAQ AN AQ #(X)® 4(Y) (D) A MXRY)

RrRYl1lel
1® Tamaex) @1 \V\“(A)@‘(A)@‘(X)@ ¢(Y) o =
ARAQMX)QARAG §(Y) oro1 | =OF VADX DY)
volorel ¢ADA) R HXOY) ¥AD1®1)
A HX)Q #A) @ YY) (10 2> ¢ARARX®Y)
E@E ¢loTel)
$ADX)DHABY) = VARXQADY)
$(1) © $(p) (1@ p)
$(X) 2 8(Y) = HX DY)

The area ([) is the compatibility of A and v, area (1) the commutativity of the category C.
The remaining inner parts commute by naturality of = and 7, respectively. O

It is possible to define quasi notions for bi- and trialgebras. An algebra (A, V,7)in a bimonoidal
category C, together with algebra morphisms v : AK A — #(A) and ¢ : k — I'(A) is called a
quasi bigebra, if v is dual associative and ¢ is dual unitary up to an inner isomorphism. For
dual associativity, say, such an inner isomorphism is given by an element N := R I N? K N? €
Ay W Ay R Agsy, satisfying R+ (1K 4)(v)o(1Rv) = (#R1)(r)o(rH1)*R, where + denotes
the convolution product as in example 1.7. We define a new coassociator on the category 4 M
by @. := R % a.. This constraint fulfills the dual associativity law, if N satisfies

ORIRDN)(IKIR)N) = (N RN R1) (1K eRK1)(N)(1KR KR RKNR?).

If (C,0) is cosymmetric we can define dual quasi commutative bigebras by requiring the ex-
istence of an element R := R'® R* € AR A, satisfying R+ (cov) = T(v) * R. We get a
cobraiding R * o on 4 M, in case the following equations hold.

(1 IE ‘)(R) - R173R172
(‘ & 1)(R) - R173R273

—_ —
— =

We can also get non trivial coherence morphisms (=, =2, 0, 0,) by weakening the compatibility
of dual multiplication and comultiplication in A. We need four inner morphisms satisfying the
appropriate axioms to include the twelve coherence axioms of a bimonoidal category.

In the dual situation, when comodules over coalgebras are considered, these quasi notions
correspond to the non trivial categorifications as examined in [CY2].
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Note that our abstract results on cogebras and bigebras can be used to give proofs for our
examples of Hopf categories in 3.17. In general it seems to be difficult to find non-trivial
examples for cogebras. In the category vec, as we have seen they agree with algebras. This is
no surprise, since in vec, being the trivial Hopf category, tensor product and cotensor product
are inverse functors. However we will see that cogebras also play an important role in the
representation theory of monoidal categories, which hints that there should be interesting

examples.

Of course there is also an appropriate notion of representation of a cogebra. Let C' € C be
a cogebra. A representation of C' consists of an object K € C, together with a morphism
CRK — K1)® K ), such that some obvious diagrams commute. Representations of cogebras
' comprise a category C-Rep. To equip the category C'-Rep with the underlying comonoidal
structure of C, the presence of a compatible dual cogebra structure will not do. Rather a
second cogebra structure, compatible with the first is needed. This can only be obtained
in case C is dual commutative. Therefore, to obtain comonoidal categories, categories of
representations of cogebras are not appropriate. However, if C' carries a compatible coalgebra
structure (presupposed C is a bimonoidal category) then C-Rep becomes a monoidal category.
Now, in case C' is a cocommutative coalgebra in a commutative category C, then C-Rep
becomes supplied with the underlying braiding of C. We mention this here, since the category
of representations of a bialgebra in a braided category is supplied with the underlying braiding

only in case this braiding is a symmetry.



Chapter 4

Representations of Monoidal
Categories

In example 1.7, we assigned to an algebra in a monoidal category the category of representa-
tions of this algebra and noticed that this process was described by a 2-functor. In this chapter
we want to examine the 2-category of representations of a 2-algebra. However, we do not work
within an arbitrary Gray-Monoid, but within our base 2-category €,, where 2-algebras agree
with monoidal categories. Our main theorem 4.10 does not hold in a general Gray monoid.
As we have seen in chapter 1, monoidal categories (resp. strict monoidal categories) can be
interpreted as bicategories (resp. 2-categories) with just one element. Via this identification
monoidal functors (resp. strict monoidal functors) correspond to pseudo functors (resp. 2-
functors) and we defined lax quasi monoidal transformations between monoidal functors as
lax transformations between the corresponding pseudo functors and @-modifications as mod-
ifications between lax transformations. Thereby, a subtricategory Mon of Bicat was defined.
Now, making use of this identification we assign to a monoidal category C the 2-category of
pseudofunctors Pseud(C, &), which we consider as the 2-category 9 of representations of C.
A monoidal functor F : C — D then induces a 2-functor Pseud(F, ;) : pIN — M. This as-
signment can be extended to lax quasi monoidal transformations and ®-modifications, which
then induce pseudo natural transformations and modifications, respectively. This defines a
representable trifunctor Pseud(- ,&;) : Mon — Bicat. Since, however we have not defined
tricategories and trifunctors, we use these tricategorical considerations only on a heuristical
level and define representations of monoidal categories in elementary terms. Qur approach
here parallels the situation in one lower dimension, where the category of representations of an
algebra A can be defined as the functor category Fun(A, vec), identifying A with a one object
category.

Representations of monoidal categories were first defined in [Parl], where they were called
C-categories. We fix a monoidal category C that we identify with its one object bicategory.
Following the remarks after definition 1.6, we see that Pseud(C, &) is always a 2-category even
if C is only a bicategory, i.e. a non strict monoidal category. We now define the data of this

55
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2-category in elementary terms. Using the inner hom-functor for X from theorem 2.8 we can
define a pseudofunctor C — €, the following way.

4.1. Definition: Let (C,®,I,a,\,p) be a monoidal category. A C-category (or C-module
category ) is a quadruple (M, ©®, a,l), consisting of a category M € €, a functor © : CRM —
M and two natural isomorphisms

acpm:COMDOM) — (CaD)oM

called the associativity law and the unitary law, respectively, such that the following diagrams

commute.

CoDa(EoM))+2%Cco(DoE)oM)—4(Co (Do E)oM
a Ja@l
(CoD)o(E®M) = (CeD)oE)o M

CoIoM) L (Col)o M
1@ /@1
CoM

A C-category is called strict, if a and | are the identical morphisms, respectively.

Note that strict C-categories correspond to strict pseudofunctors. Compatible functors between
C-categories correspond to lax natural transformations between the corresponding pseudofunc-

tors.

4.2. Definition: Let (M, Oum,a,l) and (N, Ox, a,l) be C-categories. A weak C-functor (or
weak C-module functor) (F,F) consists of a functor F : M — N and a natural morphism
F:F(COM)—CeF(M), such that the following diagrams commute.

F(C (D6 M) CoFDoM) 2T oo (e Fm)
Fla) ) aJ
F(C® D)o M) i (C D)o F(M)
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A weak C-functor is called a C-functor, if all morphisms F are isomorphisms. A C-functor is
called strict, if all morphisms F are the identical morphisms. We often call F the C-structure
belonging to F.

Obviously, strict C-functors correspond to 2-natural transformations. If (]—",J%) M- M
and (G, é) : M — M are C-functors then a composition is defined by

(G.G) o (F, F) = (G0 F. G5y 0 G(F))

corresponding to the weak composition of lax transformations. Note that colax natural trans-
formations correspond to weak C-functors with coherence morphisms defined in the opposite
direction.

4.3. Definition: Let (F,F), (G,G) : M — N be C-functors. A natural transformation
X : F — G is called a C-transformation, if for all C € C and all M € M the following diagram
commutes.

F(CoM)—L— o FM)
XC@M\ \C@X
gm@AU—E»CQWM)

Two C-categories M, N are called equivalent, if the corresponding pseudofunctors are equiv-
alent. This means there are C-functors (F,F) : M — A and (G,G) : N — M and C-natural
isomorphisms x : F oG = id and p : G o F = id. For C-categories a coherence theorem can
be proved, similar to the one for monoidal categories. (As a matter of fact, both coherence
theorems follow from the coherence theorem for 2-categories.)

We denote the 2-category Pseud(C, &) also by C-Cat or 9 and the 2-category of strict C-
categories (but arbitrary C-functors) by Pseud(C, €;)* or ¢9M*. Now, let (C,®,1,a, A, p) and
(D,®,1,a,A,p) be monoidal categories and let (F,£,(): C — D be a monoidal functor. We
identify F with its corresponding pseudofunctor. We know that F induces a 2-functor

F* =z := Pseud(F, &) : Pseud(D, &) — Pseud(C, &)

How does this 2-functor look in detail? It is easily verified that its data are given as in the
following lemma.

4.4. Lemma: A monoidal functor (F,£,():C — D induces a 2-functor F* : D-Cat — C-Cat,
given by the following data.

(i) For any (M,©,a,l) € D-Cat an object (M, o (F B M), a, l~) € C-Cal, where @ and [
are defined for C, D € C and M € M in the following way.

dcpy : F(C)O(F(D)o M) - (F(C)o F(D)oMEE F(coD)yo M
I« MLiIhoM=FI)oM
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(i) For any M,N € D-Cat the functor Fj, - is given by

Fun : D-Cat(M,N) — C-Cat(M,N)
(Hvﬁ) = (Hvﬁ}')
X:(H,H) = (W, H) — x:(H,He)=> (H,Hy)

where Hz is given for C € C and M € M by Hz : H(F(C)® M) — F(C)© H(M).

(71i) The coherence morphisms belonging to Pseud(F, &) are the identities.

PROOF:

This is a routine verification. O

If F and G are monoidally equivalent, then F* and G* are equivalent as 2-functors. For a
D-category M, we will often denote the C-category F*(M) by M. Clause (ii¢) might be a
bit surprising. Since a monoidal functor corresponds to a pseudofunctor via our identification,
one might expect that F* is a pseudofunctor as well and 2-functors are induced only by strict
monoidal functors. The remark following definition 1.6 tells us, however that we always get
2-functors here. Note that if F is strict monoidal, 7* can be restricted to the strict C-categories
FripIM — .

Our next goal is to show that if we handle with pseudo notions only, our to be trihomomorphism
Pseud is full and faithful on the level of 2- and 3-morphisms. To put it more exactly, we show
that there is category equivalence between the quasi monoidal transformations 7 = G and
the pseudo natural transformations F* = G*. We proceed in several steps. First we define a
colax natural transformation for any lax quasi monoidal transformation. Since there are many
examples for monoidal transformations that are not isomorphisms we do not want to abandon
the lax-philosophy, yet.

4.5. Lemma: Let (X,x): (F,{r,(r) = (G,&5,(g) : C — D be a lax quasi monoidal transfor-
mation and (M, ®,a,l) € D-Cat. Then
(X®' 75()/\/1:-/\/1]: - MQ
M - XoM
f M—-N — XO0f: XOM-—=X0ON

15 a weak C-functor with C-structure Y defined as the following composition.
X a X oM a!
O(F(C)oM) =~ (X @ F(C)o M ——(9(C) @ X) 0o M =——gG(C) 0 (X & M)
Proor:

The functor property is plain by the definition of @ and the coherence of y is a direct conse-
quence of the lax quasi monoidality of y. A more conceptual proof can be given, by arguing
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that (X ® - ,X) is the strong composition of the pseudofunctor M : D — €, with the lax
transformation (X,y): F = §¢:C — D. a

Now we endow this family of 1-morphisms in C-Cat with the structure of a colax natural
transformation (cf. the remark following definition 1.5). Recall that we can not get rid of the

co, unless we withdraw to the pseudo case.

4.6. Theorem: Let (X,x) : (F,€r,(r) = (G,&,(g) : C — D be a lax quasi monoidal trans-
formation. Then, a colax natural transformation (X ©- ,X), X- ): F* = G* : D-Cat — C-Cat
s given by

1. for each M € D-Cat, the weak C-functor (X @ - ),X)m : Mz — Mg.

2. for any M, N € D-Cat, a transformation natural in the weak D-functor (H,ﬂ) M —
N, given by the C-transformation Xz := Hx-:G*(H)o (X ©- )= (X ©- ) o F*(H).

Proor:
We have to show that for any pair M, N € D-Cat and any weak D-functor (H,ﬂ) M= N

the morphism
XNM) 57 (M) o (X © M) = HX © M) = X 0 HM) = (X ©- ) FH(H)(M)

is a 2-morphism in C-Cat, i.e. a C-natural transformation. Furthermore we have to check
naturality in (,H) and the two coherence diagrams from definition 1.4.

The following diagram states that X : G*(H)o(X ®-) = (X @-)o F*(H) is a C-transformation
for any (H,H): M — N € D-Cat.

HX 0 F(C)yo M) 2 gigcy e X @ M) ZEDEM G0y 6 HIX © M)

ﬁX,}"(C)@M \ \ \

X O HF(C)0 M) (e X 0 F(C) & M) gy GC) 0 X & HOM)

G(C)® Hx m

The diagonal morphisms occurring are defined to be ﬂX@]—'(C)yM and ﬂg(c)@)X’M, respectively.
The central sector commutes because of the naturality of H.

Next we have to verify that Xy is natural in H. Let a : (H,H) = (H',H') : M — A be a
D-natural transformation. The coherence diagram for a being D-natural is equivalent with X_
being natural.

a=G(a)o(XO-)

H(X & M) H'(X & M)
7‘2 - XH 7‘2/ - XH’
X O H(M) X OH(M)

Xoa=(X0©o-)oF(a)
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It remains to show that X @ - satisfies the two coherence diagrams of definition 1.4. The first
follows from the definition of composition of D-functors H' o H = H'(H) o 7%{771(_), the second
from the fact that the D-functor Id : M — M has Id = id : X 0 Id(M) — Id(X © M) as its

C-structure. O

Recall from remark 1.18 that 2-natural transformations F = G correspond to pairs (X,id).
If we consider strict D-categories, then the colax natural transformation corresponding to a
2-natural transformation therefore has a family of strict C-functors as underlying 1-morphisms.

Let us assume for a moment we consider only strict D-functors. Then, H is the identity for any
D-functor H and hence for any lax quasi monoidal transformation (X, x) the family of weak
C-functors (X ®- , X)m : Mz = Mg defines a 2-natural transformation. In case we consider
strict D-categories but arbitrary D-functors, the monoidal transformations x (i.e. X = Ip)
induce 2-natural transformations, since Hy p = id : H(I ® M) — I ®H(M), for any D-functor
(H,H). Due to the coherence theorems we can assume that even in the case of nonstrict
D-categories, a monoidal transformation induces a 2-natural transformation

4.7. Corollary: A monoidal transformation x : F = G : C — D between monoidal functors
induces a 2-natural transformation, given by the C-functor (I1d, x) : Mz = Mg for any M €
D-Cat, where the C-structure \ is defined by

I(F(C)o M) G(0) o 1d(M)

It is easy to verify that the copseudo natural transformation (I @ -, Y), given by the theorem
is isomorphic to the 2-natural transformation (Id, y) via the C-isomorphism [ : 1d(-) = Z ® -.

4.8. Theorem: Let f: (X, x) = (Y,¥) be a ®-modification. Then, for any M € D-Cat the
morphism fpu(M):=(fOM): XOM — Y @M is a C-natural transformation and the family
(fa)mep-car comprises a modification f: (X @- ,%), X.) = (Y ©- ,1),Y.) between the two
colax natural transformations.

Proor:
For any M € D-Cat, the morphism fy : X ©- = Y ©-: Mz — Mg is a C-natural
transformation, since for any M € M the following diagram commutes.

XoFC)e M2

GCYo X oM
foFrC)oM gCOyofoM

YOFC) oM ——G(C)oY oM
YoM

This is the coherence diagram of the @-modification f, tensored with M from the right.

Furthermore, (fa)mep-car is @ modification, since for any (H,H) : M — AN € D-Cat the
diagram
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H(f o M) =G"(H)o fm(M)

H(X & M) H(Y & M)
ﬂX,M = XH ﬂY,M = YH
X O H(M) Y ©H(M)

FOHM) = fp o F(H)(M)

commutes by naturality of . O

Now we want to prove that any pseudo natural transformation 7* = G* is isomorphic to one,
induced by a quasi monoidal transformation. Therefore we have to strictify our assumptions
and allow only C-functors with invertible coherence morphisms. From now on we denote by
Pseud(C, €;) the 2-category consisting of pseudofunctors, pseudo natural transformations and

modifications.

4.9. Corollary: If, under the hypotheses of the theorem 4.6, (X, x) is a quasi monoidal trans-

formation, then it induces a pseudo natural transformation
(X®-,%),X-): F* = G*:D-Cat — C-Cat,

if we define Xy := 7%}}_ for all D-functors (H,H) : M — N.

Proor:

Obvious. O
Now we state our main theorem asserting that the assignment, defined by the last two theorems
defines an equivalence of categories.

Note that D € D-Cat with the regular representation. Then, (- ® M, a__’_lyM) D —- Mis a
D-functor, for any M € M € D-Cat and hence for (H,ﬂ) : M — N an arbitrary D-functor,
H(-@ M) and - @ H(M) : D — N are D-functors, as well (with the obvious D-structures).
Moreover, the morphism H~' :- @ H(M) = H(- @ M) is a D-natural transformation.

4.10. Theorem: Let F,G :C — D be monoidal functors between monoidal categories. Then,

the assignment

J :QMon(F,G) — PsNat(F*,G%)
(X0 = (Xo-,%0.X)

= (fM)MeD—Cat

defines a category equivalence.

Proor:

First we observe that 7 in fact is a functor. Indeed, if g : (X, x) = (Y,9¥) and f: (Y,¢) =
(Z,() are ®@-modifications, then the equation (f o ¢g)m = fam © ga holds for all M € D-Cat
and obviously, J(id(x y)) = id7¢x,y)-
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J is faithful, since for f,¢: (X, x) — (X', x/)in D with f #galso f@Ip #Ag®Ip : X ®1p —
X' ® Ip. J is also full, since for ¢ : X ©- = X’ ® - an arbitrary modification, we can define
fi=vUp(Ip): X=X @Ip — X' @Ip= X' Since (- M,aZ’ ) : D — Mis a D-functor for
any M € M € D-Cat we can apply the modification 1 and get the following diagram.

X@(I@M)M)X’Q(IQM)
a-! a-!
(X@I)@MW(X/®[)@M

By coherence of a follows Yyu(M)=foM: X oM — X' 0 M.

Now, let ((/\,:\),Al) : F* = G* be any pseudo natural transformation. We show that A is
isomorphic to a pseudo natural transformation ((X © - , %), X), induced by a quasi monoidal
transformation (X, y). We have D € D-Cat with the regular representation. We define X :=
Ap(Ip). For any A € C we regard the D-functor K4 : D 3 D — D @ F(A) € D. Then, A
supplies a 2-morphism natural in & 4,

Dy Ao Dg
FRD| A |G K
D — 1Dy

Starting in the left upper corner with the object Ip, we get an isomorphism A, : Ap(Ka(1)) —
Ka(Ap(I)). We define x as the following composition:

Mea) !

X@F(A) = Ka(X) = Kalol(1) 2L Ap(Ka(D)) = An(I © F(A))
> p(F(A) @ T) 2% G(A) @ Ap(I) = G(A)© X

To show that (X, x) satisfies the coherence axioms of quasi monoidal transformation, we notice
that & 1 Kp o K4 = Kagp is a D-isomorphism, i.e. a 2-isomorphism in D-Cat and hence
compatible with A'. Furthermore £ is compatible with A, since (A, :\) is a C-functor. Therefore,
(X, x) is in fact a quasi monoidal transformation.

Now we show that (A, A),A!) and ((X ®- ,¥), X) are isomorphic as pseudo natural transfor-
mations. We need an invertible modification

a: (LA, M) =2=((X0-,%),X): F* = G : D-Cat — C-Cat.
Any such modification is given by a family (am)mep-car of C-natural isomorphisms

aM:(/\,/\):>(X®— ,)NC)iM]:HMg

such that for any D-functor (H,H) : M — N the following diagram commutes.
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A
Mz Ja Mg
(*) ﬂXHXQ_
H Ao M
-7 T s
Nz Ja Ng
\\_/
X ©®-

Using the D-functor ((-© M),a™): D3> D — Do M € M we define:

1

and (M) Aa( M) 2 A pa(T M) 2 (0@ MY(Ap(1)) = X & M

By definition, A}, is a C-isomorphism for any D-functor H and therefore also for the D-functors
(-0 M,a™ '), for M € M € D-Cat. It is an easy consequence that a,q is a C-isomorphismus.

It remains to verify the property of a modification. Let (H,ﬂ) : M — N be a D-functor.
Then, H~! : -@H(M) = H(-® M) is a 2-morphism in D-Cat (i.e. a D-natural transformation).
Because of the pseudo naturality of A the following diagram commutes.

Ap

7 ?
oM ; oM
A | 1A g
Al !
AN e T
N " EYY

If we start in this diagram in the upper left corner with I € D, then the left face is the trivial
coherence morphism and we get that the following diagram commutes for any M € M € D-Cat,
which implies the required diagram (x).

/\}QH(M) = an(H(M))

A (H(M)) X ©OH(M)
A%‘( 7‘2_1 = XH
H(Am(M)) H(X © M)

H(Xou) = H(am(M))
O

Note that in particular the monoidal transformations y : F = G are in bijection with the C-
structures y, endowing the identity functor Id : Mz — Mg with the structure of a C-functor,
and hence with the structure of a 2-natural transformation.
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4.11. Theorem: Let C,D be monoidal categories and Mon¥Fu(C,D) be the 2-category of
monoidal functors. The family of functors Jr g : QMon(F,G) — PsNat(F*,G*) endows the

mapping
J:MonFu(C,P) — Pseud(D-Cat,C-Cat)
F — Fr

with the structure of a pseudofunctor that is locally an equivalence.

Proor:

To make a pseudofunctor out of J, we have to determine the natural isomorphisms £ and {
of definition 1.3 Let (X, x): F = G and (Y,) : G = H be two composable quasi monoidal
transformations. For the natural isomorphisms £ : J(X, x)oJ(Y,¢) — J(Y X, (v®1)(10x))
we take the isomorphism ay x- : Y O (X © M) — (Y ® X)® M and for the isomorphism
¢ :ldee — J(Idg) we take I : M — I ® M. We have to verify that @ and [ are in fact
2-morphisms in Pseud(D-Cat,C-Cat), that « is natural in (X, x) and (Y,%) and that the
coherence diagrams of a pseudofunctor are satisfied. 2-morphisms in Pseud(D-Cat,C-Cat)
are modifications, hence a¢ and [ have to be C-isomorphisms, which is a consequences of the
coherence diagrams of definition 4.1. The coherence diagrams of a modification follow from
the coherence diagrams of the definition of C-functors. The morphism « is natural in X and
Y by definition, and the required coherence diagrams of definition 1.3 again are a consequence
of the coherence diagrams of definition 4.1. O

It is now an easy consequence that any monoidal category C can be reconstructed from the
knowledge of the 2-category C-Cat and the forgetful functor w : C-Cat — €.

4.12. Corollary: Let (C,®,1) be a monoidal category and w : C-Cat — € the forgetful 2-
functor. Then there is a monoidal equivalence of categories.

= PsNat(w,w)

Proor:

The forgetful 2-functor w : C-Cat — €, = vec-Cat is induced by the (unique up to isomorphism )
monoidal functor 7 : vec — C. The quasi monoidal transformations are the pairs (C,id¢) :
7 = 1 for any object C' € C. Furthermore, any f : ¢' — D € C is a ®-modification, hence
QMon(Z,7) = C as monoidal categories. By theorem 4.10 7 : C — PsNat(w,w) is a category

equivalence. Monoidality of 7 is a consequence of theorem 4.11. O

4.13. Corollary: Let C be a monoidal category and let Z(C) denote the center of C. Let
J0 : C-Cat — C-Cat be the identity 2-functor. We have:

Z(C) ~ PsNat(J2,30)

Proor:

Obviously 30 : C-Cat — C-Cat is induced by the monoidal functor Id : C — C and by remark
1.18 we know Z(C) ~ QMon(Id,Id), whence the claim follows with theorem 4.10 and theorem
4.11. |



Chapter 5

Gray Monoids as Representations of
2-Hopt Algebras

In this chapter we apply the theory, developed so far. We show how axioms for pseudo natural
transformations with structure translate into axioms for the generating quasi monoidal trans-
formations. This process is explained in detail in the second section for the 2-braid structures,
while in the first section we merely state the results. We begin by showing that Gray monoids
can be obtained as representations of bimonoidal categories. Bimonoidal functors then in-
duce strict monoidal 2-functors and we weaken the concept of a bimonoidal functor to get
general monoidal 2-functors. We prove that quasi monoidal transformations that carry a com-
patible cogebra structure induce pseudo natural transformations endowed with a 2-monoidal
structure. Furthermore we show that the 2-category of finite dimensional representations of a
2-Hopf algebra is rigid in an appropriate sense.

In the next section, we define ‘almost cocommutative’ bimonoidal categories, in such a way
that their 2-categories of representations become braided monoidal 2-categories. In an almost
cocommutative 2-bialgebra C a quasi monoidal transformation substitutes for the monoidal
cobraiding of a cocommutative 2-bialgebra. We develop the axioms needed for such 2-
quasitriangular structures R € C K C, as higher dimensional analogs of the well known axioms
for quasitriangular bialgebras. In the last section we consider an example for a quasitriangular
Hopf category. Of course we could apply the same considerations for the coassociativity law
of a 2-bialgebra and define ‘quasi bimonoidal categories® in a way that their 2-categories of
representations become supplied with non trivial associativity constraints. Since we did not
define monoidal bicategories in full generality, we will not go into this subject.

Two isomorphic monoidal functors, generate equivalent 2-functors. Thus we can confine
ourselves to strict monoidal categories and strict monoidal functors in this chapter. By
(7, Tl,Tz,j) we denote the symmetric structure for €, as defined in chapter 2. Furthermore
we provide €, with its Gray monoid structure, supposing the tensor product to be strictly

associative and strictly unitary.

65
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5.1 Representations of Hopf Categories

We begin this chapter showing that the 2-category of representations of a bimonoidal category
carries the structure of a monoidal 2-category. We know from lemma 3.5 that given two
monoidal categories C, D also CKD is a monoidal category in €;. The Gray functor X induces an
embedding X : C-Cat x D-Cat — C®D-Cat that is also a Gray functor. If (M,®,a,l) € C-Cat
and (N, ®,a,l) € D-Cat, we have

(M &Nv(QC®®D)O(C®TD,M&N)vaMENleXIN) EC&D-Cat,

with the obvious definitions for ax ar and laq . It is obvious, how X is defined on 1- and 2-
morphisms. Note that for 7 € C-Cat, G € D-Cat the 2-morphism Rz g € € is a C X D-natural
transformation and hence can be chosen as the Gray morphism for K.

Let ¢ :C —CKC and I' : C — vec be monoidal functors. By lemma 4.4 the monoidal functor
¢ induces a 2-functor ¢ M : C ®C-Cat — C-Cat. We define a new pseudofunctor (that we also
denote by X)

&:CmTXcm‘Ecgcm@cm

The unit object is the category vec with the C-category structure, induced by I' : C — vec.
Hence it is the image of vec under the 2-functor

M € = veIN — .

Now let (C, 4,1, ., p., A.) be a 2-bialgebra. Theorem 3.9 claims that the coherence morphisms
a., A, and p. are monoidal natural transformations, and hence, by corollary 4.7, generate 2-
natural transformations, whose underlying C-functors are as functors the identities. Then it
is a routine verification to show that this endows C-Cat with the structure of a monoidal 2-
category. Since we have not defined general monoidal 2-categories, we will not go into the
details here. In the case of the Hopf category M*¢ of example 3.17(3.), the different choices
of the data a.,p. and A. correspond to the different categorifications of the group G in the
language of [CY2]. They all induce coherence structures in the 2-category of representations of
M*E whose underlying functors are identities. By weakening a., A, and p, to quasi monoidal
transformations we could get monoidal 2-categories with non trivial associativity and unitary
coherence morphisms, respectively. In case the comonoidal structure on C is strict, a., A, and
p. are the identities. Therefore also the induced 2-natural transformations are the identities
and hence C-Cat becomes in fact a Gray monoid. Thus we have proved

5.1. Theorem: Let (C,®,I,a,\,p, 4, 1',2,20,0,00) be a bimonoidal category that is strict
as a comonoidal category. Then (C-Cat,®, I, R._) is a Gray monoid. IfC is a strict bimonoidal
category, the strict C-categories C-Cat’ form a sub Gray monoid of C-Cat.

To ensure that we really deal with Gray monoids, all 2-bialgebras occurring from now are
meant to be strict comonidal.
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Next, we examine under what conditions a monoidal functor between bimonoidal categories
induces a monoidal 2-functor. It is to be expected that bimonoidal functors have this property.

5.2. Theorem: Let (F,{r,(r,&5,(5): C — D be a bimonoidal functor. Then, the 2-functor
F* i pIMN — M carries a strict monoidal structure, if we endow it with the 2-natural transfor-
mations

E]: = (Id,éc) : M]:&N]: — (M &N)]:
induced by the monoidal transformation £°and the 1-morphism induced by (°

T := (Id,f) I Vecr, — VeCr,or

Proor:

Let M, N € D-Cat. The C-category F*(M)R F*(N) = Mz B N5 is by definition M KN as
a category and carries the C-category structure induced by the monoidal functor (F X F)o 4.
Likewise, F*(M R N) = (M BN )z equals M KN with the C-category structure induced by
the monoidal functor 4 o F. Therefore, the monoidal transformation £°: (FR F)o 4 = 4o F
induces a 2-natural transformation % = (Id, £°) : MzRNz — (MEAN)z. In a similar manner
(¢ :T¢ = I'p o F induces the 1-morphism T := (Id,f) : Zoom = vecr, — vecrpor = F*(Lyom).
The coassociativity law and the unitary laws for the structure morphisms £¢ and (¢ imply the
diagrams A.1(1) and (2) commuting on the nose, whence the modifications w, (" and (' can
be chosen as identities. O

This leads to an immediate weakening of the concept of a bimonoidal functor. To get nontrivial
coherence modifications w, (', (" we have to replace the monoidal transformations £%,(% by
quasi monoidal transformations. Then we can define w, (!, (" as @-modifications. For simplicity
we do this only for {5 and leave (7 unchanged.

5.3. Definition: A quasi bimonoidal functor consists of a monoidal functor (F,£,():C — D
together with a quasi monoidal transformation

(X,6)=(X'RX%LE): (FRF)obe = #poF:C—DRD,

a monoidal transformation (° : I'¢ = I'p o F and, given two copies X,Y of the quasi monoidal
transformation X, a ®-modification, given by isomorphisms

wxy Y'RYS O X' RYE 90X =Y, 0 X '’Y, e X RY?
and ®-modifications
CT:F(X1)®X2—>I C’:X1®F(X2)—>I,

such that the following diagrams commute. In the first diagram we use three copies X =Y = Z
of the quasi monoidal transformation X*®X?2. We denote the first application by X, the second
by Y and the third by Z. The corners in the following diagrams correspond to the paths around
the coherence diagrams in A.1. The arrows correspond to the faces. We do not wrile tensor
product symbols ® in this diagram.
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1 2 1 2 2 1 2 2 2
27 R Z0)Y B 2 Y XD B 2 Yy X

(1|Z|1|Z|‘)(wZ7y)®(l|Z|l|Z|X (1|Z|‘2)(Zl|Z|Z2)®(1|Z|wax)

1 1 1 2 2 1 2 2 1 2 1 1 2 1 2 2 2
ZL Y 'R ZL, VPR 24 X R 7% X Z'RZAYE X R 25 Y5 X R Z5 )Y
Ruw = id (1ROR1)(wzy) O (1RX K1)

1yl 1 y?2 2

1 2 2 1 1 1 2 1 1 2 2 2
@Y )Y W20V XD B 205 Y5 XK 2
(¢R1R 1) (wsy) @ (X H1R1) ml)(ZlﬁZr")@wxx

1 1 1 1 1 2 1 2 2
ZaYy X B ZG)Y ) X R 2 Y B Z
X'®X?
(x (Cx)™

YIRT(YE)N(X B YS X — V] X' R DY )T(X?) R Y?

Applying theorem 4.10 and 4.11, it follows immediately from this definition that quasi bi-
monoidal functors induce monoidal 2-functors.

For the definition of monoidal pseudo natural transformations we confine ourselves to strict
monoidal pseudofunctors induced by bimonoidal functors. Let F,G be bimonoidal functors.
Under what conditions does there exist a monoidal structure on a pseudo natural transfor-
mation induced by a quasi monoidal transformation (X,x) : F = G? We have to define

modifications
MrBNr — 2 (MBN); vecr,
ol x| v\
Mg BN = (MR N)g Ve, (F) T Vecr,(g)

such that the axioms of definition A.2 are satisfied. We know that such modifications are
induced by ®-modifications

(FRF)o 4 S $o0F T.
((XaX)ﬁ(XaX))O‘l v l‘O(XaX) Cf/ N
=
(g&g)o‘ fé ‘Og FDOfWFDOg

Again we first consider the special case X = I of a monoidal transformation y. In case x
is also comonoidal (and hence it is a bimonoidal transformation) we see that the 2-natural
transformation (Id, \) is in fact strictly monoidal since by definition 3.3 these two diagrams
commute on the nose.
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In the general case, the @-modifications are given by morphisms v : X B X — X) K X(y)
and ¢ : k — I'(X), fulfilling the coherence diagrams of a @-transformations. Note that the
2-morphisms w and ®. _ in the coherence axioms of definition A.2 are identities. It can easily be
seen that for the pseudo natural transformations, induced by v and ¢ to satisfy the coherence
axioms of definition A.2, we have to require the dual associativity law and the dual unitary
laws of a cogebra for v and . Modifications between pseudo natural transformations are given
by ®-transformations f: X — Y and obviously the coherence axioms are the defining axioms

for a cogebra morphism. Thus we are led to the following definition.

5.4. Definition: Let (F,{r,(r,E5,C5) :C — D and (G,&g,(g,£5,¢5) : C — D be bimonoidal

functors.

1. A quasi monoidal transformation (X,x) : F = G is called bimonoidal, in case there
exists a cogebra structure (X,v,1) € D-Cog on X such that v and v are @-modifications.

2. A ®-modification f: (X,x) = (Y,) is called bimonoidal, in case f is a cogebra mor-
phism.

The category of quasi bimonoidal transformations F = G is denoted by QBim(F,G).

5.5. Theorem: For bimonoidal functors (F,&x,(r,E5,C5) and (G, &g, (g, €5, (5) we have

PsNatg(F*,G") ~ QBim(F,G).

This theorem holds as a consequence of theorem 4.10 and theorem 4.11. Compare this with the
well known result in one lower algebraic dimension (c.f. 1.7). There, natural transformation are
induced by inner algebra morphisms r: f = g : B — A. If f, g are bialgebra morphisms, then
r generates a monoidal transformation, in case it is grouplike. We have seen in the introduction
that grouplikes are 0-dimensional cogebras. Thus, this result was to be expected.

As a last point of this section we show that the 2-category of finite dimensional representations
of a Hopf category is rigid (in the sense of theorem 2.17). Assume we have given a Hopf
category (H,S,01,02) that is strict as a monoidal, as a comonoidal and as a bimonoidal
category. Also we consider only strict H-categories. If the underlying category of M € 0N’

is a finite dimensional 2-vector space, then M* is an H>™-category.
HY P RM 5CRF— F(CO-)e M.

We already know that & : H — H%¥™ ig a bimonoidal functor, whence M™ is an H-category
as well and * : »9M° — 2" is an anti monoidal 2-functor. Furthermore (db,o,) : vec —
MK M* and (ev,0y) : M* ® M — vec are H-functors and the transformations

(i) (M2 v m MR M EY M) 2idyy
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(i) (M 2P M mME M M) 2 id e
are H-natural. To see this first note that oy and o4 in fact serve as H-structures for the functors
ev and db, respectively.
ev(CO(FRM)) =ev(F(S(Ciuy) ©- )R Coy 0 M) L T(C)Rev(FRM) =C o ev(FR M)
db(C © vec) = T(C)OM; B M* =2 Cqy & M; B M'(S(Cy) ©-) = C @ db(vec)
We do not need coherence morphisms other than oy, g5, because of our strictness assumptions.
That (ev,o,) and (db, 05) really fulfill the coherence axioms of a H-functor can easily be seen

from the definition of the bimonoidal structure on §. Coherence of (ev,o;), say, follows from
this diagram, which holds by definition of £5.

ag [ele
S(D1)) ® S(C1y) @ Cay @ Digy —F———T(C) @ I(D)

Eo(és®1) ¢)

S(C @ D)uy) @(C @ D) I'(C @ D)

J1,c9D
That the natural transformations in (i) and (ii) are in fact H-transformations is a direct

consequence of the coherence axioms of ¢, and o,.

5.2 Quasitriangular Bimonoidal Categories

In this section we develop the category of quasitriangular structures for any 2-bialgebra C, which
we prove to be equivalent to the category of 2-braid structures on (9. Let (C,®, I, 4,I') be
a strictly bimonoidal category. The monoidal functors ¢ and 7 o ¢ define by lemma 4.4 two
2-functors C KC-Cat — C-Cat. By theorem 4.10 any pseudo natural transformation is induced
by a quasi monoidal transformation (R,o) : ¢ = 7 ¢, where R := R'® R? € C K is the
underlying object and oc : R' ® Cqy ® R* @ Cay — C2y ® R' ® C1) @ Ry is the natural
isomorphism. The coherence diagrams for being a quasi monoidal transformation read:

(D 5.1)
1 1
R'Cy Dy B RCay Doy T8 L € RUD 1) B Cy R Dy ——BE L Cyy Dy R B Cyy Dy R

1 Qeme = E Qceme 1
RYCD)q) B R*(C D) u (C D)) R* B (C D)y, R?
(D 5.2) RIRI L pe R s R R
1 @ere Zo o @eme 1

R B R*I 5 g IR & I\ R?

Here we omitted the tensor product symbols ® as a spacesaving measure. By lemma 4.5 the

functor
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(RO-):(MRN)y — (MEN)r,y
MEN — RIEOMRR*GON

together with &, defined as the composition
"MEN (00 RY) 0 M B(Cay@ R) O N = C 0 (R (MEN))

is a C-functor. By theorem 4.6 this family of C-functors becomes a pseudo natural transforma-

tion, if we define for all C ® C-functors (H,H): M BN — M' B A"
Ry(MRN): (R'ER) 0OHMRBN) " H(R'®R)® MR N) (5.2)

We can think of 7 o ¢ inducing the symmetric tensor product K™ on C-Cat, since 7 being
strongly involutory induces a pseudo natural transformation 7 : (MRN )y = (NEM)7,. By
composing this with the pseudo natural morphism ((R® - ,d), f{) we get the pseudo natural
transformation given for M, N € C-Cat, by the C-functor Ry v : MEN — NEM , MRN —
R*© N X R' © M with C-structure and pseudo natural structure as defined above, but twisted
by the involutor 7.

First we examine the special case R = [ X I, where o : 4 — 7 o ¢ is a monoidal isomorphism.
Then, (7,6): MEN = NEM, MR N — N K M is a C-functor, with C-structure

T(0)ONRM

5’T(C@(M&N))IC(Z)QJ\HEC(D@M — C(l)®N|EC(2)®MIC®T(M®N)

5.6. Theorem: Let (C,®,4,1,1") be a bimonoidal category. Then, o : & = T & is a monoidal
cobraiding for C, if and only if (7, &),Tl,fz,j) is a 2-braiding for C-Cat.

Proor:
Ty, T», 7 are defined as identities on decomposable functors and hence are C-morphisms, anyway.

Let M,N,P € C-Cat. It is enough to show that on decomposable functors M B N K P ¢
MR N K P the equations
(1|ETM,P)O(TM,N|E1) = TM7N|Z|PM|EN|EP'—>N|EP|EM
(TM,P®1)O(1®TN,P) = TMgNpr&N&PHnggN

also hold as equations of C-functors. We show this for the first equation. The C-structure

belonging to the left hand side results as the following composition:

(IRTHTRINCOMRNRP))=Cop 0 NRCs 0 PRCH M
laHz@(N&P&M)

IRTHCO(TRD)MBNEP)=Cyy @ NBCa 0 PRCop oM
laz|3®(N®P®M)

COURTITRHMRBNBP)=Ch 0 NBCy6 PRy 6 M
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To the right hand side belongs the C-structure
TMyng(CQ(MﬁNﬁp))IC@)@N&C@,)@P&C(D@M
10'172|3®(N&P®M)
T(C@M&N&P)ICQ)@N&C@)@P&C@,)@M

Both morphisms agree, if o fulfills axiom (QR1) of a cobraiding. On the other hand, if both
morphisms agree, then also for M = N = P = [ € C, whence o fulfills axiom (QR1) of a
cobraiding. With an analogous reasoning we see that axiom (QL1) is equivalent to the second
equation. O

We can interpret this result according to the quantum hierarchy. If a 1-bialgebra H is cocom-
mutative, then the vector space twist has the property of being an H-module morphism. In
the 2-dimensional setup, cocommutativity as well as being a module morphism, is no longer a
property, but a new datum. The theorem now claims that the different cocommutativity data
for C, namely the set of monoidal cobraidings ¢ in C, are in bijection with the different data
for the symmetry in €, being a module morphism, namely set of C-structures & that complete
the pseudo natural transformation 7 to a transformation in C-Cat.

To get non trivial solutions of the Zamolodchikov equation, we have to define non trivial
modifications T}, T,. If we start with a monoidal isomorphism o : ¢ = 7 ¢, such modifications
are generated by inner isomorphisms 7, and 7, such that the two Yang Baxter triangles (Q L1)
and (Q L2) of definition 3.6 are satisfied up to 7, and 7, respectively. However, 7, and 7, then
are endomorphisms of the neutral object, which seems to be to restricted. Therefore, to get non
trivial solutions we consider now the case of quasi monoidal transformations (R,o): ¢ = 7 o4.
The price we pay is that the 2-braidings we obtain this way are in general not invertible.

We have seen that (R, o) induces a pseudo natural transformation ((R, &), R-) that we now
want to extend to a 2-braid structure. As in the cocommutative case, we have two pairs of
pseudo natural transformations,

(1®RM,P)O(RM,N®1) and RM7N|Z|7J M &N&’P%N&’P&M (53)
(RM,P&l)O(l&RN,P) and RMgNpr&N&’P%’P&M&N (54)

that are, however, no longer equal even as mere functors. The left pseudo natural transforma-
tion of (5.3)

(IR REDHMRENRP)=RONRrPOPRroR OM

is induced by the quasi monoidal transformation with the underlying object r' ® R' K R? K
r?, where R = r are two copies of R. In the sequel we only consider the pseudo natural
transformation R : 4* = (7 ¢)*, induced by (R, o) as defined on page 71, not taking into

account any more the twist coming from 7. The corresponding isomorphism reads:

rt (0% R (0% C(l) X R? (0% C(z) X 2 (0% C(g) Uilf rt (0% C(z) (0% R'K C(l) (0% R’X r? (0% C(g)

T2)3

— C(g)®T1®R1 &C(1)®R2®C(2)®T2
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The right pseudo natural transformation of equation (5.3)
R(MRNRP) =R, ONRR, OPRR ©OM
is induced by R' X #(R?) with the isomorphism
T1)2,3

R! (0% C(l) X R(zl) (0% C(z) X R(zz) (0% C(g) — C(g) (0% R' C(l) (0% R(zl) X C(z) (0% R(zz)

where 0y}, 5 denotes the morphism (1KZ"")o(1X4)(0)o(1RE). Analogously, the two functors
from equation (5.4) are induced by the quasi monoidal transformations r' ® R* ®r? ® R* with

the isomorphism

rt (0% C(l) X R' (0% C(z) X 72 (0% R? (0% C(g) Uﬂ;’ rt (0% C(l) X C(g) (0% R' X r? (0% C(z) (0% R?

T1)2

— C(z) (0% r'x C(g) (0% R'K C(l) (0% r? (0% R?
and #(R')X R? with isomorphism
R(ll) (0% C(l) X R(lz) (0% C(z) X R? (0% C(g) 01;2>|3 C(z) (0% r'x C(g) (0% R'K C(l) (0% r? (0% R?

We have to connect each of these two pairs of quasi monoidal transformations by a ®@-

modification Rl(_|__) and }?2(__|_), respectively, giving the modifications

NEMRP MERPRN
R N EP ~ NER e p MBR - p ~ Ropa, p BN
U Rymne T Rogmne
MBENRP Zm——NEPERM MBENEP m—PRMEREN
MONRP MBRN, P

By theorem 4.10 such ®-modifications are given by isomorphisms

Rl(-l-,-) =R RRRR» = R'K R(zl) X R(zz) and
Rz(_7_|_) =0 Ry r'RRR7POR = R(ll) X R(lz) X R?,

respectively. The coherence for being a @-modification for R, reads:

rt [039) 0(2) [039) R'X C(l) [039) R2X¢? [039) 0(3)

(D 5.3)
T1)2 723
@R @ Cuy B R?@ Cuy B2 @ Cpa Cay@r' @ R' Ry @ R* R Cpy @r°
' B 6% Qerere #2(C) *°(C) @creme 1' B
(1% 4)(9)

R @ Cy B RYy)y @ Cay B Ry @ Cps Ciy @ R' B C1y @ Rty B Gy @ RYy,

The coherence law for Rz reads:
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rt [039) C(l) X 0(3) [039) R'X¢? [039) 0(2) [039) R?

(D 5.4) / \
0203 J1)2

rt [039) C(l) X R! [039) 0(2) X 72 [039) R? [039) 0(3) 0(2) [039) r' X 0(3) [039) R'KX C(l) [039) r? [039) R?
8 X p® Qcmenc #°(C) °(C) ®Ocmeme 8 By’
(#X1)(0)
Ri1y @ Cay B Ri) @ Croy) B R @ Cra Clz) @ Ri1y B Cray © Rip) B Cay @ R

Furthermore we need two ®-modifications giving for any M € D-Cat the C-natural isomor-
phisms vi4 : Idp = Ratvec : M = M B vec — vece M = M and to : Idpyr = Ryecm -
M =vecRM — MK vec = M, respectively. The C-functor Id s, corresponds to the object
I by the equivalence of theorem 4.10 and the C-functors R vec and Ryec s to the objects
R' R T(R?) and I'(R') ® R? respectively. Thus, the ®-modifications are given by isomor-
phisms t; : [c — R' K (R?) and vy : [ — T'(R')® R?, satisfying the coherence conditions for

a ®-modification which read:

M \€®t1

R'® C(l) X F(R [} 0(2) 0(2) QR'X F(C(l) ® R? )
M \€® o
TR © Cii)) B R @ Ca I(Cy @ R B Cyy @ R

So far, we have defined all the data of definition 1.10. To make a 2-braiding out of our system
((R,0),R-), Rl(—|—,—)7 fiz(_ﬂ_), ty, ty), we have to ensure that all coherence diagrams of a braided
Gray monoid are satisfied. Therefore we regard the regular representation C € C-Cat and start
with the decomposable tensor IRKIRKIKI € CRCKCKC. We take four copies R=r =T =1
of the object R € CK(C. We denote the first application by R, the second by r, etc. To indicate
on which tensors a certain morphism acts, we write the objects of its source as lower indices
to the morphism, assuming that all the remaining tensors are acted on by the identity. We
now translate the axioms of a braided Gray monoid into axioms for our to be quasitriangular
structure. We pursue the policy that we always translate first the different paths around a
polyhedron. They give the corners in our new diagrams. The faces of the original axioms give

the edges in the new diagrams.

First we regard the tetrahedron (e K (e M e X o)) with A = B=C = D = [. To each of the
four paths around this tetrahedron corresponds a composition of applications of the pseudo

natural transformation R, namely

ABCD — BACD — BCAD — BCDA = T'@r' @ R ER B RT?
ABCD — BCAD — BCDA = ' @ R'® R R R &1
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ABCD — BACD — BCDA = '@ R'® R R rf) K,
ABCD — BCDA = R'® R}, R R}, B R},

The four faces of the tetrahedron correspond to four ®-modifications between these objects.
This yields the following commutative diagram.

1 2
ToreRERR2ET U8

rt @ R'®RE B RE) R r?
(1! B62), 7 (13 6B 1)(p' B 62)

MR XRK 7‘(21) X 7‘(22)

R'® R?\ W R, K R?
(181K 6)(p R 62 (1) (2) (3

In the same way we get from ((e X ¢ X o)X o) the following diagram

1 2
T'RARR BT 0@ R O SR F B R B R, B0 R

(618 i), 1 (10 48 1)(8 8 u?)

7‘(11) X 7‘(12) K R'Xr?® R? R(ll) ® R(lz) ® R(13) X R?

(¢R1IR1)(6 K p?)
In the diagram ((e X ) X (e X e)) occurs the Gray morphism K, 5. We have seen that this
morphism is the identity on decomposable tensors. Therefore, the identity morphism occurs in
the corresponding diagram for the quasitriangular structure. Here it only permutes the order
of the applications of R. As a spacesaving measure we quit writing tensor product symbols
®. To keep track what is going on we write next to any application of a ®-modification the
corresponding number of the 2-morphism in the original diagram.

P BT R @R R eT? = g g g TR @ e
(R JTOTESY (07 8 8%, =3,
TURY, B iRl B R E T Tl ® R R rPRY, B T RY,
(6T R p?), p=2. (p* ®6%), p=4.
iRy Brly Ry B R? R r? rt B R Rt RE ) Rty R

o & M\ %0(,&)&5.

1 1 2 2
Ry B Ry BRE B RG,

In the last coherence diagram S* = S~ occur the 2-morphisms R(__yln) = 1KMo and Rr-) =
o~ ® 1, as defined in (5.2). The left-hand way around the following diagram corresponds to
the left face of diagram (5% = 57) of definition 1.10, the right-hand way to the right face.
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r'R'R T'R? R T

(11 8 6, (T8 06 8 ),
R'K rlR(Z = TZR(Zz) r(lz)Rl X r(ll)Rz X r?
1Ko cTI X1
rt X r(zz)Rl X r(zl)Rz rlR(zl) X TZR(ZZ) X R*

(1R T)(p' = 62);\ /ﬁ 1) g

T RT?R' K r2R?

Next we figure out the coherence diagrams for the unit. We write for each axiom its hieroglyph
and the corresponding composition of morphisms. For the first four axioms it is understood
that each composition has to agree with the identity.

(¢ R (I K s)) R'ER? - o R ET(R) 2 "2 RURT(RY,) B R, =~ R' R R?
(¢E (s B 1)) RIER? - o R ER2AT() "2 RUR R RT(RY,) = R'® R
(¢®I)Ke) R'B R 2 P RT(RY) R 20 R2 2 Rl ®T(RL,) B R? = R' B R?
(IR )R ) RIBR £ T(r)BR' ®r? 0 R? 2 T(R), ) B Rly B R? = R' & R?

The remaining axioms read:

(eEe)RI) IR ’(E; PRRRI(?0 R T R R RL BI(R?) =
IR®I — R},)® R, BT(R?)
(IR (e E o)) 812 1 o Ry B R2E T (R R R, B RY, =

a1 ™ (R & R 8 R,
(I® 1) 107 "B RYRTRY) = 187 "EERT(RY)RT(R?)

We refer to these axioms by the same hieroglyphs as for the original axioms of a braided

monoidal 2-category. Now we can define

5.7. Definition: A 2-quasitriangular structure for a 2-bialgebra (C,®,1,4,1") consists of a
quasi monoidal transformation (R,o): & = T4 and four invertible ®-modifications

R, := (WRp, " RRREr = R'K R(zl) X R(zz)

Ry:=(8'RpuHp, : " RR' R R = R%1)®R(12)®R2
vl = R'EI(RY)
t:l = [(RHRR
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such that the coherence diagrams (e (e eXKe)), ((eXeXe)Xe), ((eXe)X (e
(R (IKe) (6K (eX/), (e X[)Ke), ([IKe)XKe) (eXKe)X/) (/K (o
commute.

*)); (5% =57),

X
Ke))and (IR )

In the same way we can now figure out the axioms for morphisms of 2-quasitriangular struc-
tures. Let (R, og, Ri,Rs,t1g, tap) and (1, o7, Ty, o, tip, ta7 ) be two quasitriangular structures
on C and let a: R'® R? = T' K T? be a ®-modification. This means the commutativity of
R! ®C(1)®R2®C(2) IR C(z)®R1 &C(1)®R2
a Qeme ‘(C)\ JT‘(C) Beme 6
T1®C(1)|ET2®C(2) C(z)®T1|EC(1)®T2

ar

Under which conditions does this modification induce a morphism of 2-braid structures? We
have to make sure that the three conditions of definition 1.13 hold. The two conditions on the

unit yield the following two diagrams.

1 1
th/ \T t2R/ \YT
1 2 1 2 1 2 1 2
R'RI(R )(1 = 1j)(a)T XI(T%) I'RYHK R TR 1)(a)lﬂ(T )®’T
The two coherence diagrams of the third condition yield:
,ul X 62 61 X Iu2
"o R'XKR*K r? R'® R(21) X R(Zz) "R R Xr?w R? R(11) X R(lz) X R?
ar ar
PO T'RT?R 2 1K 4a) rHoT'Rr?eT? )R 1
a, a,

1 2 1 2
tl@TZgTthZﬂ,Tlngl)gT@) HRTEE T B

1 1 2
The quasitriangular structures for a 2-bialgebra C, together with their morphisms, constitute
a category Quatri(H). Now we can state our main theorem.

5.8. Theorem: Given a strict 2-bialgebra (C,®,1,4,1'), there is a category equivalence be-
tween the category Quatri(C) of quasitriangular structures for C and 2-Braid(C-Cat) the cate-
gory of 2-braid structures for the monoidal 2-category C-Cat.

Proor:

The result follows immediately from theorem 4.10 and theorem 4.11, since our axioms for 2-
quasitriangular structures obviously induce the coherence axioms of 2-braid structures for the
generated pseudo natural transformations. O
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Now we show that for a strict 2-bialgebra H, whose underlying category is a finite 2-vector
space, a 2-quasitriangular structure induces a bimonoidal functor H* — H*™ and a morphism
of 2-quasitriangular structures induces a bimonoidal transformation. We start with a finite
2-vector space H that carries a strict bimonoidal structure (H, @, #,1,T). Let (R'K R?, o, u' ®
6%, ® p?) be a 2-quasitriangular structure for H. It is comfortable to identify H* with the
functor category € (H, vec). We define a functor:

I - H" — H™
F — R'RF(RY

This functor carries a monoidal structure defined by:

Tr(F)@¥™ Jr(G) =  Jr(G)@ Ir(F)=1'®@ R'RF(R*)R®G(r")

—  R'RF(R})BG(RY,) = R B (FOG)RY) = Tr(F©G)

and

I3 R'RI(R) = Jr(T) = Tr(Iy+)

We have to verify that this definition fulfills the associativity law and the unitary laws of a
monoidal functor. We have Jg(F) @™ (Jr(G) @™ Jr(K)) = (T' @ r') @ R' K F(R*) K
G(r*)RK(T?) and Jr(F © (G ® K)) = R' ® F(R{,)) R G(R(y) B K(R(;) and the coherence

axiom for associativity has the following form.

(T @ ') @ BB F(R?) B G(r?) BK(T2)—T" @ (r' © RY) 8 F(R?) B G(r?) B K(T?)

(B B8 1 (1 B 6%)R,
@ R'®F(R)K g(r(zl)) X IC(T(Zz)) @ R*XF(R*)K g(rfl)) X IC(T(Zz))
Iul IE 62 Iul IE 62

R'K ]—"(R(l)) X Q(R(z)) X IC(R(ZS))

R'R ]—"(R(l)) X Q(R(z)) X IC(R(ZS))

Obviously, this is included by the axiom (eX(eXeXe)) for R. For the unitary laws we observe
that Jr(F) @™ [ 2 I ® R'® F(R?). Thus, the coherence axioms have the following form.

R @ IR F(RY) R o RI(r?) B F(RH)E =9,

T

T@R'RF(RY) el @ R R F(R?) R I(r?

T

These are included by the axioms (¢ X (/ K o)) and (e X (e X [)), respectively.

R'RT(R,) B F(R%)

R'® F(R?)

K §2
“ R'®F(R?) R D(RY)

R'® F(R?)
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For the comonoidal structure we define

TR BIr(MF)) = Tr(Fu) BIr(Fy) =" B R B Fuy(r?) B Fioy(R?)
- PERBF(oR) " R R R, B F(RY) = (R B F(R?)
= #(JIr(F))
and

Dy (F) = F(In) = T(R) B F(R?) = T(Tr(F))

With a similar reasoning as before we can show that the coherence axiom for the coassociativity
of a comonoidal functors is included by ((¢ X eXe)Xe) and the coherence axioms for the units
are included by ((e X /)X e) and ((I K e)Xe), respectivly.

Next we prove that the four compatibility axioms of definition 3.12 for a bimonoidal functor
are also satisfied. We start by rewriting the vertices of diagram 3.12(1) in a way that enables
us to apply the monoidal and comonoidal structure morphisms. The first vertex of the diagram
reads:

TIr(F1)) @Y™ Tr(Gy) B Tr(Fia)) @Y™ Tr(Giay) (5.5)
= pt ® R'K f(l)(Rz) X g(l)(Tz) = ¢! & ™" f(z)(Tz) X g(z)(tz)
= "R RAT'RF(RPOTHRG(r* ©t*)
The two upper vertices of diagram 3.12(1) agree since we are in a strict bimonoidal category
and hence = =id.

Tr(F1) @ G1y) B Tr(F2) @ Go)) = Tr((F @ G)1)) RIR(F @ G)y)  (5.6)

= R'RrK f(l)(R(zl)) X g(l)(R(zz)) X f(2)(r(21)) & g(z)(ré))
= R'BIRF(ROr)0)BG((R> @17 )

For the same reason the two lower vertices agree.

Tr(F )1y @ Tr(G) 1) & Tr(F)2) @™ Tr(G)2) (5.7)
= (Jr(F) @ Ir(G))0) B (Tr(F) @™ Tr(G))2)
= (Rl & 7‘1)(1) X (Rl & 7‘1)(2) X f(TZ) X g(RZ)

The final vertex reads:

TR(F @ G)y RIR(F @ G)wy = R{)B Ry B(F@G)(R) (5.8)

We can apply {RE = (p' ®6*)R(p' ®6?) to get from (5.5) to (5.6) and then €55 = 6" K4 (p?)
to get from (5.6) to the final vertex (5.8). This shows that the right-hand way around diagram
((eX o)X (oK e))includes the upper way around 3.12(1). In the same way we can apply the
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morphism £°®eme £¢ = 6' B p? @eme 6T R p? to get from (5.5) to (5.7) and then ¢(&) = #(p')®6?
to get to (5.8). This shows that the left-hand way around diagram ((e X )X (e X o)) includes
the lower way around 3.12(1) and hence we showed that ((e X e) X (e K e)) includes diagram
3.12(1). Analogously one can show that the axiom 3.12(2) is included by ((e X ) X [), axiom
3.12(3) is included by (I X (e X o) and the last diagram 3.12(4) is included by (I ¥ I).

Hence we have proved that any quasitriangular structure induces a bimonoidal functor. Note
that the axiom ST = S~ has no meaning for this functor. This fits the situation in one lower
dimension, where we could only translate the axioms (QR2) - (QR5).

As a last step we show that any morphism a : R'K R? = T'KT? of quasitriangular structures
induces a bimonoidal transformation. We define 7, : Jr = Jr by Jr(F) = R' K F(R?) 2
T'® F(T?%) = Jr(F). Plainly this defines a natural transformation. We only show that
this transformation is monoidal, comonoidality being similar. To prove monoidality, the fol-
lowing two diagrams have to commute, which are included by the axioms of morphisms of
2-quasitriangular structures.

:u1|z62
_

r' o R*R F(RY) B G(r?) 2n R'®(F©G)(R?) I

aXa a Tir Tip

t o T B F(T?) R G(1?) T'®(F@G)T?) R'&I(R?)

_ TR I(T?
E7p = pt W62 (1®TI)(a) (%)

We showed in detail how algebraic structure on the 2-category of representations of a Hopf
category can be expressed in terms of the Hopf category. There is no need to stop at this
point. In a next step we could examine braided 2-functors. To obtain those, a modification fg :
RI@X'KR*®X? = X1@R'®X2® R? is needed, fulfilling coherence axioms analogous to those
in definition A.4. The condition for a monoidal pseudo natural transformation to be braided
is then a generalized dual cocommutativity condition for the corresponding cogebra. In case
the 2-braiding is induced by a monoidal cobraiding o, this is in fact the dual cocommutativity
of definition 3.10. In the same way we could treat involutory structures, then. Rather than
doing so we show how the theory can be used to work out examples of braided Gray monoids.

5.3 Categorification of the Drinfeld Double of a Finite Group

In this section we show how examples for braided monoidal 2-categories can be constructed
from any finite group. Therefore we fix a finite group & for the rest of this chapter. As
described in example 3.17, the category of G-graded vector spaces, M*“ is a Hopf category,
called the ‘categorification’ of . To this category we apply a higher dimensional analog of
the Drinfeld Double construction. In [CY2], the resulting Hopf category ©(G) is called the
categorification of the Drinfeld Double. This Hopf category can be described as follows. As a
2-vector space D((G) has a basis {(¢,7)|g,« € G}. The Hopf category structure functors are
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defined by the same formulas as the Hopf algebra structure morphisms of the usual Drinfeld
Double.

(9,7) @ (h,§) = p-1ony(gh.7)
I = @x(evf)

$(9.3) = @ulg, k)R (g 2k )
I'(g,z2) = [
S(g,8) = (97909

Applying lemma 2.13, it is easily seen that D (') is a Hopf category that is strict as a monoidal
category, as a comonoidal category and as a Hopf category, respectively. Note that as a
comonoidal category D(G) equals M*¢ & (M*S)*. In the sequel we will do all calculations
on the objects of the basis (¢,2) and write the tensor product in ©(G') as multiplication. We
examine the quasitriangular structures living on ®(G'). Since the Drinfeld Double of a finite
group algebra is quasitriangular with R-matrix defined by

R'XK R? := By .(9,2) W (e,9),

we can conclude that (D(G), R' K R?) is a quasitriangular Hopf category with the morphisms
o, pt B 6% 6 ® u? being the identities. Recall that the quasi monoidal transformation (R' X
R?,id) corresponds to a 2-natural transformation when ©(G) is viewed as a one object 2-
category. Recall also that by theorem 4.6 even such 2-natural transformations induce non
trivial pseudo natural transformations. Yet, there may also be non identity solutions for the

coherence morphisms. Let us consider u' X 67 first. We need an isomorphism

~

PR O R ERE? = ©(h§)97) B (e,9) 8 (e,h) — @ (hg,7) B (¢,7) B (e,h)
_ pl 2 2
The components on the left-hand side equal zero unless y = gzg~!. Therefore, u' X é? depends

only on h,g and z. Since the components correponding to different triples of group elements
are different, we can write u' X 6% as a family of scalars

~

a(h.g;z): (h,gzg=")(g.7) 8 (e,9) & (e,h) — (hg,7) B (e,9) & (e,h).
In the same way the ®-modification §' & u? is given by

PRI RREPOR = @(hG)B(9,3) B (e, h)(e,§) — B (9,9) B (9,2) B (e,9)
- R%1)®R(12)®R2

Here, the components on the left-hand side are zero unless ¢ = h, whence é' X p? is given by
a family of scalars

Blg;@,y): (9,9)H(g,2) W (e,9)(e,9) — (9,7) W (g,7) H (e, 7).
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Hence, the two @-modifications u! X 6% and 6! ® u? are given by maps a : G x G x G — k*,
(h,g,2) — a(h,g;z)and §: G x G x G — k*, (h,g,2)— B(g;z,y), respectively.

Let C' = (a,b) be an object in D(G). We define the morphism o that extends R to a quasi
monoidal transformation. The source of ¢ reads:

R'©CHRR @ Coy = @y0nl(g,8)(a,k) 8 (e,§)(a, 0k
= &,(g,9- aba-")(a,a~1g~1ab) B (e,§)(a, a~'ga)

e

= G,(g9a,a"'g'ab) K (a, (z/—@)

!, all other components being

Here we made the substitutions & = a=t¢~'ab and 2 = g~ taba~
zero. Of, course, the target of o agrees with the source. We write the target in a way that its
gth component agrees with the gth component in the source for each g € G. A little calculation

shows that therefore we have to set 2’ = k and ¥’ = ¢’ = a'ga in the following equation.

Ciay®@ R'® Cay® R* = By o (@, IE"\l)(g’,yg’) X (a,lg’)(e,gy’)
& e ——

= @y(a,baga)(a  ga,a" g~ 1ab) B (a, a-'ga)(e, a~'ga)

e

= G,(g9a,a g tab) W (a,cz{@)

Also here, components corresponding to different group elements ¢ are different. The source
and the target data of ¢ depend on three elements, whence o is given by a family of scalars

(g, a,b): (g, g~ 'aba=")(a,a~ g~ 1ab) ® (¢,§)(a,a-'ga) —

(a,ba~'g‘a)(a"" ga,a" g~ ab) B (a,a~'ga)(e,a~‘ga),

whence it defines a map 0 : G x G X G — k*, (¢,a,b) — o(g,a,b).

For (R'® R?,0) to become a quasi monoidal transformation, we have to make sure that the
coherence diagrams (D 5.1) and (D 5.2) commute. Let €' = (a,b) and D = (¢,d) be objects
in (). We consider the component (g,%)(a,k)(c,]) ® (e,ﬁ)(a,b?l)(c,d/ljl) in R @ Cy®
D1y ® R* @ Cay @ Disy. This is different from zero only for 2 = g~"aba™', k = "¢~ 'ab and
[ = ccta~tg~tabe. The upper way around the diagram (D 5.1) for this component has the
following form. The underbracing is meant as a convenience for the reader to keep track on

which tensorand a certain morphism acts.

(9.9~ "aba~") (a,a~"g~Tab)(c,c~"a~" g~ "abe) B (€, ) (a, a~'ga)(e, e~ 'a~Tgac)
—— ———
R @ R? C2)
o(g,a,b)
(a,ba~1g=1a) (a~'ga,a=g=1ab) (¢, c= a1 g~ abe) B(a, a-1ga) (e, a-'ga) (c,c~1a~ gac)
R D@y R? Dz
ola™tga,c,c™be)

(a, ba‘/lg\‘la)(C, c—lbﬂ‘lac)(cﬂa‘lgac, c—la/—l\gabc) X (a, a/_l?a)(ca C_g_l\gac)(ev C_g_l\g‘w)
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The last object is a component in C(z) @ D2y @ R'K C(l) @ Dy ® R?%. Note that in our setup
the morphisms = are the identities. The second way around the diagram reads

(g, g—l/aE—l) (ac, c—laflg\‘labc) X (e,q) (ac, c—g—l\gac)
—— ——— —

R! (CD)qy R? (CD)z)
a(g,ac,cthe)

(ac, c—lbﬂ—lac)(c_la_lgac, c—la—/lg\—labc) X (ac, c—g—Tgac)(e, c—g—l\gac)
whence we get the formula
o(g,a,b)o(a " ga,c,ctbe) = a(g, ac, ¢ 'be), (5.9)

or, if we substitute d := ¢ 'be, we get o(g,a,cdc™)o(a" ga,c,d) = o(g,ac,d). Note that
diagram (D 5.2) yields the formula o(g,e,2) = 1, which is a consequence of (5.9) if we set
a=c=e.

To make ®-modifications out of the isomorphisms u! X 6% and 6' X u?, we have to require
the diagrams (D 5.3) and (D 5.4), respectively. We consider only the diagram (D 5.4), the
other one being similar. Again we consider just one component (h,7)(a, k)= (g,f)(a,l?l) X
(e,h)(e,§)(a,bl=1) of ' ©@ Cay®R' @ Cy B r* @ R @ C3y. This component is zero unless
h=g,k=a"'ya,l =a 'zya, b= a 'gzya. The upper way around the diagram then reads:

(9,9)(a,a"'ya) R (g,Z) (a,a" za)R(e,g) (e,§) (a,a"'ga)
—— —— —— S—— —— ———
Rt C(2) R2 C(a)

o(g,a,a"gza)

(9.9) (a,a"'ya)K(a,a"'gzg~ta)(a"'ga,a'za) ® (¢.§) (a,a"'ga)(e,a " ga)
—————— —— —— ——
rl Cy r? C2

o(g,a,a " gya)

(a,aTgyg~"a) (a~'ga,a"'ya) B(a,a"Tgzg~'a) (a”'ga,a"'va) B(a,a"'ga) (¢, a"'ga) (¢, a"'ga)
S— S—
rl R! r2 R2

Blatga;aza, a tya)

———— e e e e

(4, a-Tgyg="a)(a~ ga, a='ya) & (a, a~Tgag="a)(a"ga,a=wa) B (a, a~'ga)(e, a'ga)

The lower way around the diagram reads:

(9,9)(a,a"'ya) R (g,Z)(a,a " za) W (e,g)(e,G)(a,a" ga)
S—— S—— S—
rl R1 r2@R2
l By, y)

¢((9,7y)(a,a teya)) R (e,9)(a,a " ga)
o(g,a,a 'gzya)
¢((a,a"tgzyg=ta)(a~'ga,a " eya)) W (a,a"1ga)(e,a~ga)
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Hence diagram (D 5.4) translates into the following formula
o(g,a,a” gra)o(g,a,a” 'gya)B(a " ga;a™ 'va,a” 'ya) = B(g; x,y)o(g,a,a” 'grya)  (5.10)
Similarily, we get from diagram (D 5.3) the formula

olava™" a,y 'b)o(aya™" a,br™Na(y, x5y ') = (5.11)

alaya™ aza™ s ax ™y ba o (ayza a, b)

Note that (5.11), (5.9) and (5.10) give relations how o behaves on products in the first, second
and third argument, respectively.

So far we have the necessary data and relations to get a pseudo natural transformation R :
AR B = BK A and modifications R, : (Rpmny BPYNERmp) = Ruamp and R, :
(MERy2)(Rmp BN) = Rugn p in the 2-category of representations of D(G). To get a
2-braid structure we have to make sure that the diagrams ((e XM eXe)Xe) (e K (e KoK e)),
((eXe)X(eXe))and ST = S~ from definition 5.7 are satisfied. Note that R is an equivalence,
whence we do not have to take care of the unit objects. For all axioms we figure out the starting
vertex, all other vertices looking exactly the same. We pick one component from this object
and apply successively the morphisms of the axiom to it. This way we obtain the formulas we
are looking for. We first translate the axiom (¢ X (e X ¢ X @)). The starting vertex reads:

T'or' @ R ERR*RP>RT? = &k 2)(h0)(g,%) B (e,§) B (e,h) B (e, k)
e R

= (k. hgzg=Th=1)(h,grg=1)(g,7) B (¢,§) B (e, h) B (¢, k)

In the last term we have written only the non zero components. For one such component we
can write the upper way around the diagram the following way.

(k, hgeg=1h="1) (h, grg=1)(g,7) B (e,§) B (e, h) B(e, k)
N N —

a(h,g;x)
(kyhgrg=h=1)(hg, )8 (¢,§) B (e, h) @ (e, k)
N——
rl@R! *(R?) 72
\ a(k, hg; x)

(khg,&) B (¢,9) 8 (e,7) B (e, )
For the same component the lower way reads:
(ks hgg=Th=")(h, gzg™)(9,3) B (e, §) B (e, ) B (¢, )
—— N——
a(k,h;gag™")
(kh,grg—)(g.%) B (e.g) 8 (e, h) B (e, k)
—_— —

7‘1®R1 R2 ’(7‘2)

a(kh,g;x)
(khg,%) R (e,§) 8 (e, 1) B (e, k)
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Thus we get for a the following formula.
a(h, giv)a(k, hgix) = a(k,h; grg™")a(kh, g; ) (5.12)
In the diagram ((e X e X o)X o), the starting vertex reads:

T'RrPRRRBT*Qr0OR = &(k2) 8 (h5) 8 (9,7) R (e, k)(e, h)(e,5)
= &(9,7) 8 (g,§) B (9,7) H (e,7)

We can write the diagram the following way.

Blgsx,y)

(9,2)B(g,9) B (g,2) R (e,9)(¢,9)(¢,9) (9,2)B(9,9) B (g,2) R (e,9)(¢,9)

Blg:y,2) Blg;y, 2)
(9,2) B (g,y) B (g.2) W (e,9)(e,9) 3(gie.97) (9,2)B(9,9) B (g,2) R (e,9)
Therefore we get for j:
Blgs e, y)B(g; vy, 2) = Blgsy, 2)B(g; ¢, y2) (5.13)

In the axiom ((e X o)X (o X o)) we start with the following object

TP RARRTRER 1 = a(L,o)(h,5) B (k,2)(g,%) 8 (e, h)(e,§) B (e,1)(e, k)
= &(h,gyg)(9,5) B (h, g9~ )(9,3) B (€,5)(e,§) B (e, h)(e, )

The left-hand way around the axiom corresponds to

(hygyg~ 1) ( .9) X(h, )ﬁ(eaﬁ)(eaﬁ)ﬁ(eah)(eah)
—_———
Rl 7‘2®R2
Blg;z,y) /
(h,gy9=")(g,9) B (h, gzg ) X (e, h)(e,h)
—_—— ———
71 T2@r2
B(h;, 9297, gyg™") l
(h, gyg~1)(g,5) B (h, grg~ 1)y ( ) X (e,h)
S——
’(7‘1®R1 7‘2
alh, g;xy)

(hg.7)® (hg,7) K (e,§) ® (e, h)

The right-hand way reads:
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(h,gy9=')(g,y) & (h grg~)(g,7) (e,h)(e,h)
S——
r ®R1 r2
alh,g;x
(h.gyg~! R(hg,7) B (¢,9)(e,§) & (e, h)(e, h)
%,_/ W—/ H/—/
Ti@r! r2 T2
l a(h, g;y)
(h (e,9) 8 (e, h)(e,h)

(h.5) Y)
¢(r2QR?)
hgyw Y)

(hg,§)® (hg,Z) B (e, g
Therefore we get the following formula.
Blg;x,y)B(hs gzg™", gyg~" )37 (hgs x. y) = alh, gix)al(h, g;y)a™"(h. g; vy) (5.14)
The starting vertex for the axiom ST = S~ reads
FPRIBAT'R?R T = &(h,9)(g,%) 8 (k,2)(e,§) B (e, k)(e, h)
= ®(h.grg7)(9.7) B (h.§)(e.) B (e.h)(e. )
Then for ST = S~ we get the following diagram, in which the objects on which the morphisms

on the left-hand side act are underlined and the objects on which the morphisms on the right-

hand side act are overlined.

(h,grg~1)(g,&) B (h,g)(c,§) B (e, h)(e, h

S~—

(hgh~, heh=1)(R,2) & (¢, hgh=1)(h,§) & (e, h)(e, h)

The left-hand way around the diagram reads a(h, g; 2 )o(h, e, hg)a=*(hgh™!', h; ) and the right-
hand way reads (h; gxg=", g)o~ (hgh™', h; ga)37(h; g, 2). Since o(x,e,y) = 1 we get

o(g,a,b) = a Ya,a 'ga;a g ab)a(g, a;a” g ab) (5.15)
Blasba™ g a,a ga) ™ a;a™ ga,a” g7 ab)
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Therefore, axiom St = S~ says that o is already determined by « and 3. Using this equation,
we get from (5.9), if we substitute = a~'ga, the following formula.

o(ava™" a,b)o(z,c,c”be)o™aza™", ac, cbe) =
aa,z;z7)a(ara™  a;271b)B(a; bz, 2) 37 a2, 27 1h)
a e, e lweye e be)a(x, es e e be) Bles e rha T e, e rae) BT (e e e, e raT g T  be)
alac, e ae; e a7 be)a (axa™ yac; e e T be) B ac; e b e, e we) Blacy e e, el be)
= 1
By (5.14) we can transform
Ble;e b~ e, et we)B(a;ba™t 2) B ac; e b~ e, e ae) =
ala,c;ctba~re)a(a, ¢; e tec)a a, ¢; ¢ roe)
B e e e, e e be) BN as 2, 27 0) B acs ¢ rae, e halbe) =

a~Ha,e; e a7 be)a (a, e; e ee)ala, ¢y e be)
We can put this into our first equation and then reduce it to:

aNa,z;27'0)a(aza™ a2 b)a" (e, ¢ e e e be)a(x, e ¢ e be)

1

alac,c rae;e a7 ve) o aza™! Jac; e e be) a(a, e; e ha T e) am  (a, ¢y e T be)

= a Ha,z;z7b)alaza™ ja; 7 b)a (e, e raey e e be)a(w, ¢ e be)

ala,ze; ez oe)a  aza™  a; 27 b) ale, T lae; e e be) o aw, e ¢ ra T be)

= a Ya,z;270)a(z, c;c e be)ala, ze; e be)a T ax, ¢ e e T be)

= a Ha,c;c 7o)z, ;e e be)a(a, we; e e be)a a, e e e be)

=1

The first equality is an application of (5.12) to the underbraced and the underlined pair,
respectively. The second is an obvious reducing and the third again an application of (5.12)
to the underlined pair. Hence we see that with o defined as required by (5.15) the equation
(5.9) is automatically satisfied. A similar, but a bit more tedious calculation shows that the
equations (5.11) and (5.10) are also satisfied. This leaves us only with the formulas (5.9),(5.10)
and (5.11). We have proved the following theorem.

5.9. Theorem: The quasitriangular structures on the categorification of the Drinfeld Double
of a finite group G with the underlying object R*® R* = ¢, ,(g,2) K (e,q) are in bijection with
the set of maps a, 3 : G X G X G — k* satisfying

Blgiv,y)B(g;vy,2) = Blgsy,2)B(g;2,yz)
a(h,g;x)a(k,hg;x) = a(k,h;grg™)a(kh, g;z)

B(g;z,y)B(h;gzg™", gyg~ "B~ (hy; z,y) a(h, g;x)a(h, g y)a~ ' (h, g; zy)
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We can describe these formulas in terms of a double complex (C,,,d;,ds). Let C,,, =
Map(G"+™, k*). We denote an element in C, ., by f(z1,..., 2, %ns1,. . s Tpim). The dif-
ferentials are the differentials from group cohomology with coefficients in a right module.

n—1

di(f)(xlv"'7$n+1) = f($27"'7$n+1)'Hf(_l)l(xlv"'vxi$i+17'"7$n+1)

i=1
f(_l)n(acl, cey Tp) — Tpg
The horizontal differential in the nth row d, : C, ,, — C, ;41 has coefficients in the multiplica-
tive abelian group Map(G™, k"), endowed with the trivial G-module structure. The vertical

differential in the mth colomn ds : C,,,, — Chi1.m has coefficients in Map(G™, k*) and the
(right) action is defined for ¢ € Map(G™,k*) and y € G by

(&= Y)(Grs- -1 0m) = dYygy™", . Y9y ™)
We have 3 € C1 5, a € Cay and dy1(3) =1, ds(a) = 1 and do(3) = di(«@), which means that the
pair (a, 3),is a 2-cocycle in the total complex of C, ,.

Assume, we have two quasitriangular structures with the same underlying object R' ® R?.
This means we have two pairs (a, ) and (o', ") of 2-cocycles. How do the morphisms of
quasitriangular structures look? We need a ®-modification a: R'® R? — R' X R?, satisfying
the coherence diagrams on page 77. Any such morphism is determined by a family of scalars
g;2): Dy .(9,2) K (e,9) — B,.(9,2) K (e,g) whence it is given by amap ¢ : G X G — k. It
is now easily worked out that the coherence diagram for being a ®-modification reads:

a'(g,a,b)u(g; g™ aba™") = (a" gasa” g ab)o(g, a, b) (5.16)
The two coherence axioms for being a morphism of 2-braid structures then read:

whg;z)alh,g;z) = a'(h,g;x)(h; gzg™ )u(g; x)
wgszy)Blgse,y) = Bgszy)lg;y)g;z)

Obviously, all such maps are invertible unless they are constantly zero. Since ¢ = 0 is not a
morphism of quasitriangular structures, we can rewrite these formulas as:

a(h,giz) = ugiz)(h;grg™ ) (hg;x)a/(h, g; ) (5.17)
Blg;e,y) = gsa)lgiy)e (g 2y)8' (g2, ) (5.18)

Therefore we have o = dy(1)a’ and 3 = dy(¢)f’. Since, it is readily shown, these two formulas
already imply formula (5.16), we see that two quasitriangular structures are isomorphic, iff
their corresponding 2-cocycles live in the same equivalence class. Since all morphisms of
quasitriangular structures are isomorphisms, we have proved the following theorem.

5.10. Theorem: The second cohomology group of the total complex of the double complex
(Co.o, d1,dy) parametrizes the equivalence classes of 2-quasitriangular structures with underlying
object R* ® R* = @, .(9,%) ® (e,q) for the categorification of the Drinfeld Double of a finite
group G.
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5.4 Conclusion

We made some progress in understanding the connection between monoidal categories and
2-categories. However, a general reconstruction theorem is still out of reach. We are able
to describe all possible 2-braid structures and, by using the same techniques, all associative
structures on a Gray monoid that happens to be the 2-category of representations of a Hopf
category. However, there exists a third interesting datum in a Gray monoid, namely the Gray
morphism R ,. This is a datum of the very pseudofunctor X itself. Since, by our techniques
we can only lift the existing tensor product of €, we can not obtain Gray monoids with non
trivial Gray morphisms. To achieve this we need a pseudofunctor X whose coherence morphism
®._ = ¢ is different from the identity only in compositions of the form (1K f)o (¢ K 1) =
(g®1)o (1K f). Recall that a monoidal functor F always generates a 2-functor Pseud(F, &)
rather than just a pseudofunctor. Since we defined ¢ to be a monoidal functor there is no
possibility to achieve this weakening. There is no use rattling at the monoidal structure of ¢,
which is responsible only for the coherence of a C K C-module M being a C-module. It seems
that we have to weaken the notion functor itself, but in which direction, the author does not

know.

The smoothness of our Drinfeld Double example, shows that the course taken up is a very
promising one to pursue. The reason for the formulas 5.9, 5.11 and 5.10 coming from the
coherence axioms of pseudo natural transformations and modifications to vanish when o is
defined as demanded by axiom St = S~ is not yet understood by the author. It would be
tempting to work out the category of associators of p()9M, i.e. the 2-quasi bialgebra structures
for ®(G) in the same way and then compare the results.

As was shown in [KV], each of the two ways around axiom St = S~ is a solution of the

Zamolodchikov equation. In our example these two ways are maps G' X G X G — k* that read:
alh,gix)a™ (hgh™" hyx) = B(h;gag™, g)o~ (hgh™" h;g2)B~ (ki g,2), h.g,x € G

This solution can be constructed out of any finite group with non trivial second cohomology.
The author does not know how this is related with the known solutions.

The quantum double construction is not the only possible. Also a FRT-construction should be
feasible. But therefore we have to deal with corepresentations of monoidal categories rather

than representations.
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Appendix

In this appendix we state all definitions of monoidal, braided and involutory morphisms of
monoidal and braided monoidal 2-categories that have been left out in chapter 1. The def-
initions of monoidal morphisms are taken from [DS], with slightly modified notations. The
definition of braided monoidal pseudofunctors first appeared in [BN], though without the unit

axioms.

A.1. Definition: Let €,0 be Gray monoids. A weak monoidal pseudofunctor F : € — D
consists of a pseudofunctor F : € — D, two pseudo natural transformations, given on objects

by
Eip i F(A)RF(B)=> F(ARB) Y :lp — F(le)

and invertible modifications

F(A)B®ER o

F(AYR F(B)R F(C) F(AYR F(BR(C)
(1) = s BF(C) wé’B’C St
FARB)KC — F(ARBKC(C)
ZARB,C
F(A) F(A)
(2)
1xXT 1 1 TX1
% U
= =
]—"(A)&]—"(I):—F»}"(A) F(A)Tf(l)®f(A)
=AT =74

such that the following diagrams commute
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F(A)F(B)F(CD) %T(A)T(BCD)

1 M/f Ywapcmp

F(A)F(B)F(C)F(D) VWzr 27 F(AB)F(CD) F(ABCD)

w
Ef&\ J wars,c,p

]:(A)]:(B)]:(CD) ----}E~%-m~>f(A ]:(BCD)
1 M/7 J1XRwg cp
1IRETR1

F(A)F(B)F(C)F(D) FA)F(BC)F(D) Vwasrep F(ABCD)

X1

[1]

F(A)F(B F(AB) F(A)F(B) F(AB)
Jwar s 1 id
1R EF F(A)F(B) =F = IRES }A)ﬂB) =F
IR
1RT®I1 (I
FOVF(F(B) —— FAVF(B) FOVF(F(B) — g FIAVF(B)

A monoidal pseudofunctor is called strict, if = is 2-natural and w, (" and (' are the identities,
respectively.

A.2. Definition: Let F,G : € — D be monoidal pseudofunctors between Gray monoids. A
monoidal lax natural transformation consists of a lax natural transformation x : F = G, an
invertible modification x, and a 2-morphism x!, given by

=F
F(A)R F(B) AP F(AR B) Ip
Y4 W xp X2;4,B,C XARB Tr ! Tg
= =
G(A) B G(B) ——; G(AE B) Flle) —————+G(I¢)

ZARB,C
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satisfying the following identities.

/T (BC) /T(A}T(BC)
1RES 1R =7 R

Jwa BC/H/ABC) F(A)F(B)F(C) F(ABC)
1”18 xe T(AB)T(C) 18 x5 Hxe F(A)G(BO)
1X X2
XARBRC = XARBRC
F(A)F(B)G(C) - X2ABB.C = F(A)G(B)G(C) A
g = 8 ol =
XABypE1 F(AB)G(C) XaR1RL < g(A)G(BC)
X248 X1 / \
G(A)G(B)G(C)j G(ABC) G(AG(BYG(C)  Vwane G(ABC)
E9R 1 / E9R 1 /97
G(AB)G G(AB)G(C)
F  F(A) 7 F(A)
IRYT 1 1 XY 1
%{’l\
F(A)F(I) ——eeeeeeee> F(A) ]—"(A)T(I) A)
X2;A,T
1 & xr = XA TRXT| 1= ! 1RYY XA
_ =
F(AG(I) G(A) F(AG() VByo G(A)
A & 1 1 A & 1 1
T
G(A)GI) ————> G(4) G(A)6(I) ————> G(4)
F F(4) 7 F(4)
T R 1 1 T R1 1
= Cf,r \
F(I)F(A) > F(A) F(I)F(A) F(A)
X2;1,A =F X1
xr®1 = xr®1 TR 1
XA XA
x1 ™ xa =
GI)F(A) G(A) GI)F(A) LIL=0Y 2N g(A)
1 W 1 1 Wﬁ !
Cgl
TY®1 g
G1)G(A) ————2>G(A) G(1G(A) ———>9(4)
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A lax monoidal transformation is called strict, if x» and x' are the identities.

A.3. Definition: Let x,v : F = G : € — D be monoidal lax natural transformations. A
monoidal modification is a modification m : x = 1, such that the following diagrams commute:
=F

F(A) R F(B) = F(AR B)

\IT ¥2:4,B
mas Xmp * vaWYp mA|ZIB
xa®xs = K YaRvp
; XARB
%/

We denote the category of monoidal lax natural transformations between monoidal pseudo-

functors F and G by PsNatg(F,G).

A .4. Definition: Let €, D be braided Gray monoids. A braided monoidal pseudofunctor
(F, Fr)consists of a monoidal pseudofunctor (F,=,T,w,(',(") : € — D and an invertible
modification

R
F(A)RF(B) 2P, r(ByR F(A)
~§B N2 ]:R;A,B EB,A

F(AR B)

FRorp) F(BR A)

such that the following two diagrams commute.
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o~ -1
L= Rz z)

2.: fR;A,B‘EC

3.= Rl(f(A)m(B),F(c)) 4.= f(Rl(AIB,C))

5.2 Frap®F(C) 6.2F(B)BFpac TEwpac 8.=ERrunc

A —

9.2 :B,RA,C

o~ -1
L= Rz 7ey)

10.= WB C A

¥
By
Q
-
=

\

2.= Fr,amp,c

\

- -

11.£ wAyByc

I

)

(ACB)

3.= Rz(f(A),f(B)m(c)) 4.= ]:(RZ(A,BIC))

52 F(A)® Frpe 6.=FracWF(B) T=wacn 8= Za ks

9.= “Ra 5B

10.= Wc A B

11.£ wAyByc
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The following two diagrams give the axioms for the units, where we identify along the identity
1-morphisms.

id
m
F)B I 4y 8 (1) ——eF(Am D)
VRrayer U 7:71
id 1T R) f(zt) id
= <
TF X 1
[’ F(A) B F(A Mf([&A)
[} C,’4
id
id
¢l
FTR1 =7
T8 F(A)——>F(I)R F(A) —>F(I R A)
VI Rex ra) I Fr
id 2T f(lt) id
TR R FR)Z
1RTF =7

F(A) B [—>F(A) " F(I) —>F (AR )

W

id
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A.5. Definition: Let y : F = G be a monoidal pseudonatural transformation between braided
pseudofunctors. Then x is called braided if the following diagram commutes.

=F

F(A)R F(B) — » (AR B)
|
RF(A),F(J/ : fF Xaia.5 F(Rans)
| =z T fZﬁB
]:(B)®]:(A) ! 2 f(BﬁA) XARB
|
|
Xa W xg I XBRA
G(A ®&g B g A&vB
By | ABGB) — g oo > G(AE B)
TR o Gant o XR
X’j/ = ’ g(RA,B)
¥ 1 X2;B,A
G(B)HG(A) — > G(BRA)
=B,A

A.6. Definition: Let F : € — D be a braided functor between involutory 2-categories. F is
called involutory if the following diagram commutes

id
VTaB

FAR f(B)ﬁ"éf(B) 5 F(A) ji’]—"(A) 5 F(B)

I Fr I Fr
=F =F =F
F(R F(R
F(AR By——> F(BR A)——>F (AR B)
ft F(Sa,8)
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