ANGULAR MOMENTUM: AN APPROACH TO
COMBINATORIAL SPACE-TIME

ROGER PENROSE

| want to descrike an idea which is related to other things that were
suggestedn the colloquium, though my approad will be quite di erent. The
basictheme of thesesuggestionsave beento try to getrid of the cortinuum
and build up physical theory from discreteness.

The most obvious placein which the cortinuum comesinto physicsis the
structure of space-time.But, apparerly independerily of this, there is also
another place in which the cortinuum is built into presen physical theory.
This is in quantum theory, wherethere is the superposition law: if you have
two states, you're supposedto be able to form any linear combination of
thesetwo states. Theseare complexlinear combinations, so again you have
a cortinuum cominginjnamely the two-dimensionalcomplexcortinuum|
in a fundamenal way.

My basicideais to try and build up both space-timeand quartum me-
chanics simultaneously|from combinatorial principles|but not (at leastin
the rst instance)to try and change physical theory. In the rst place it
is a reformulation, though ultimately, perhaps,there will be somechanges.
Di erent things will suggestthemsehesin a reformulated theory, than in the
original formulation. One scarcelywants to take every conceptin existing
theory and try to make it combinatorial: there are too many things which
look cortinuousin existing theory. And to try to eliminate the cortinuum by
approximating it by somediscrete structure would be to changethe theory.
The idea, instead, is to concertrate only on things which, in fact, are discrete
in existing theory and try and usethem as primary conceptsthen to build
up other things using thesediscrete primary conceptsas the basic building
blocks. Continuousconceptscould emergein a limit, whenwe take moreand
more complicated systems.

The most obvious physical conceptthat one has to start with, where
guantum medanics says somethingis discrete,and which is connectedwith
the structure of space-timein a very intimate way, is in angular momentum
The idea here, then, is to start with the conceptof angular momerium|
here one has a discrete spectrum|and usethe rules for conbining angular
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momerta together and seeif in somesenseone can construct the conceptof
space from this.

One of the basic ideas here springs from something which always used
to worry me. Supposeyou have an electron or someother spin %h particle.
You askit about its spin: is it spinning up or down? But how doesit know
which way is "up' and which way is "dowvn'? And you can equally well ask
the question whether it spinsright or left. But whatever questionyou ask
it about directions, the electron hasonly just two directionsto choosefrom.
Whether the alternativesare "up' and "dowvn’, or ‘right' and "left' dependson
how things are connectedwith the macroscopicworld.

Also you could considera particle which has zero angular momertum.
Quantum medanicstells us that sud a particle hasto be spherically sym-
metrical. Thereforethereisn't really any choiceof direction that the particle
can make (in its own rest-frame). In e ect there is only one "direction’. So
that a thing with zeroangular momernium hasjust one “direction' to choose
from and with spin one-halfit would have two “directions' to choosefrom.
Similarly, with spin one, there would always be just three “directions' to
choosefrom, etc. Generally, there would be 2s + 1 “directions' available to
a spin s object.

Of coursel don't meanto imply that theseare just directions in space
in the ordinary sense. | just mean that these are the choicesavailable to
the object asregardsits state of spin. That is, however we may chooseto
interpret the di erent possibilities when viewed on a macroscopicscale,the
object itself is "aware' only that theseare the di erent possibilitiesthat are
opento it. Thus, if the object is in an s-state, there is but one possibility
opento it. If it isin a p-state there are three possibilities, etc., etc. | don't
mean that these possibilities are things that from a macroscopicpoint of
view we would necessarilythink of as directions in all cases.The s-state is
an exampleof a casewherewe would not!

Sowe oughtn't at the outset to have the conceptof macroscopicspace-
direction built into the theory. Instead, we ough to work with just these
discrete alternatives open to particles or to simple systems. Sincewe don't
want to think of thesealternatives as referring to pre-existing directions of
a badkground space|that would be to begthe question|w e must deal only
with total angular momertum (j -value) rather than spin in a direction (m-
value).

Thus, the primary concepthere hasto be the concept of total angular
momentum not the conceptof angular momertum in, say, the z-direction,
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because:which is the z-direction?

Imagine, then, a universe built up of things like that shovn in g. 1.
Theselines may be thought of asthe world-lines of particles. We can view
time as goingin one direction, say, from the bottom of the diagram to the
top. But it turns out, really, that it's irrelevant which way time is going. So
| don't want to worry too much about this.

I'm goingto put a number on ead line. This number, the spin-numker

Fig. 1

will have to be an integer. It will represen twice the angular momertum, in
units of h. All the information I'm allowed to know about this picture will
be just this diagram (g. 2): the network of connectionsand spin numbers
3,2,3,::: likethat. | shouldsay
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that the picture | want to give hereis just amodel. Although it doesdescrike
atype of idealized situation exactly accordingto quartum theory, | certainly
don't want to suggestthat the universe’is' this picture or anything like that.
But it is not unlikely that some essetial featuresof the model that | am
describingcould still have relevancein a more completetheory applicableto
more realistic situations.

| have referredto theseline segmets as represeting, in someway, the
world-lines of particles. But | don't want to imply that theselines stand just
for elementary particles (say). Ead line could represeh somecompound
systemwhich separatesitself from other sud systemsfor long enoughthat
(in somesense)it can be regardedas isolated and stationary, with a well-
de ned total angularmomertum n %h. Let uscall sud a systemor particle
an n-unit. (Weallow n = 0;1;2;:::) For the precisemodel | am describing,
we must alsoimagine that the particles or systemsare not moving relative
to one another. They just transfer angular momertum around, regrouping
themsehesinto di erent subsystemsperhapsannihilating one another, per-
haps producing new units. In the diagram (g. 2), the 3-unit at the bottom
on the left splits into a 2-unit and another 3-unit. This second3-unit com-
bineswith a 1-unit (producedin the break up of a 2-unit into two 1-units) to
make a new 2-unit, etc., etc. It is only the topological relationship between
the di erent segmets, together with the spin-number values, which is to
have signi cance. The time-ordering of everts will actually play no role here
(except conceptually). We could, for example, read the diagram as though
time increasedfrom the left to the right, rather than from the bottom to the
top, s&.

Angular momertum consenation will be involved when| nally give the
rules for these diagrams. Theserules, though conbinatorial, are actually
derivedfrom the standard quartum medanicsfor angularmomertum. Thus,
in particular, the conseration of total angular momertum must be built into
the rules.

Now, | want to indicate answersto two questions. First, what are these
conbinatorial rules and how are we to interpret them? Secondly how does
this enableusto build up a conceptof spaceout of total angularmomerium?
In order not to get boggeddown at this stagewith too much detail, | shall
defer, until later on, the completede nition of the conbinatorial rules that
will be used. All | shall say at this stageis that ewery diagram, sud as g. 2
(called a spin-network) will be assigneda non-negatiwe integer which | call
its norm. In somevagueway, we are to ernvisagethat the norm of a diagram
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gives us a measureof the frequency of occurrenceof that particular spin-
network in the history of the universe. This is not actually quite right]l
shall be more preciselater|but it will serne to orient our thinking. We shall
be ableto usethesenormsto calculatethe probabilities of various spin values
occurring in certain simple “experimerts'. These probabilities will turn out
always to be rational numbers, arising from the fact that the norm is always
an integer. Given any spin-netvork, its norm can be calculatedfrom it in a
purely combinatorial way. | shall give the rule later.

But rst let me say somethingabout the answer to the secondquestion.
How can| say anything about directions in spacewhen| only have the non-
directional conceptof total angularmomertum? How do | get ‘m-values'out
of j -values,in other words?

Clearly we can't do quite this. In order to know what the ‘'m-value'
of an n-unit is, we would require knowledge of which direction in spaceis
the “z-direction’. But the "z-direction' has no physical meaning. Instead,
we may ask for the “oriertation' of one of our n-units in relation to some
larger structure belongingto the systemunder consideration. We needsome
larger structure which in fact does give us somethingthat we may regard
as a well-de ned “direction in space'and which could sene in place of the
“z-direction’. As we have seen,a structure of spin zero, being spherically
symmetrical, is no good for this; spin %h is not much better; spin h only
a little better; and soon. Clearly we needa systeminvolving a fairly large
total angularmomerium number if we areto obtain a reasonablywell-de ned
“direction’ againstwhich to test the “spindirection’ of the smaller units. We
may imagine that for a large total angular momertum number N, we have
the potentialit y, at least, to de ne a well-de ned direction asthe spin axis of
the system. Thus, if we de ne a “direction’ in spaceas somethingassaiated
with an N-unit with a large N value (I call this a large unit), then we can
ask how to de ne anglesbetweenthese directions’. And if we can decideon
a good way of measuringangles,we can then ask the question whether the
angleswe get are consisten with an interpretation in terms of directionsin a
Euclideanthree-dimensionalspace,or perhapsin someother kind of space.

How, then, are we to de ne an angle betweentwo large units? Well, we
do this by performing an “experimert'. Supposewe detadh a 1-unit (e.g. an
electron, or any other spin %h-particle) from a large N -unit in sud a way
asto leave it asan (N  1)-unit. We canthen re-attach the 1-unit to some
other large unit, say an M -unit. What doesthe M -unit do? Well (according
to the rules we are allowed here) it can either becomean (M 1)-unit or
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an (M + 1)-unit. There will be a certain probability of one outcomeand a
certain probability of the other. Knowing these probability values,we shall
have information asto the anglebetweenthe N -unit and the M -unit. Thus,
if our two units areto be "parallel’, we would expect zero probability for the
M 1 value and certainty for the M + 1 value. If the two units are to be
“arti-parallel’ we would expect exactly the reverseprobabilities. If they are
“perpendicular’, then we would expect equal probability valuesof % for eath
of the two outcomes.Generally for an angle betweenthe directions of the
two large units we would expect a

Fig. 3

probability % % cos for the M -unit to be reducedto an (M  1)-unit and
a probability % + % cos for it to be increasedto an (M + 1)-unit. Let me
draw a diagramto represen this experimert (g. 3). Here represets some
known spin-nework. By meansof a precise (combinatorial) calculational
procedure|whic h | shall descrike shortlylw e can calculate, from knowl-
edgeof the spin-netvork , the probability of ead of the two possible nal

outcomes.Hence,we have a way of getting hold of the conceptof Euclidean
angle, starting from a purely combinatorial stheme.

As | remarked earlier, these probabilities will always turn out to be ra-
tional numbers. You might think, then, that | could only obtain angleswith
rational cosinedn this way. But this would be a somewhatmisleadingway of
viewing the situation. With a nite spin-network with nite spin-numbers,
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the angle can newer be quite well-enoughde ned. | can work out humerical
valuesfor these cosine®f angles'for a nite spin-nework, but these angles'
would normally not quite agreewith the actual angleof Euclideanspaceuntil

| goto the limit.

The view that | am expressinghereis that rational probabilities areto be
regardedas somethingwhich can be more primitiv e than ordinary real num-
ber probabilities. | don't needto call upon the full cortinuum of probability
valuesin order to proceedwith the theory. A rational probability p= m=n
might be thought of as arising becausethe universe has to make a choice
betweenm alternative possibilities of onekind and n alternative possibilities
of another|all of which are to be equally probable. Only in the limit, when
numbersgoto in nit y do we expect to get the full cortinuum of probability
values.

Fig. 4

As a matter of fact, it was this question of rational valuesfor primitiv e
probabilities arising in nature, which really started me o on this entire
line of thought concerningspin-networks, etc. The ideawasto nd some
situation in nature which one might reasonablyregard as giving rise to a
“pure probability’, | am not really surewhetherit is fair to assumethat “pure
probabilities’ exist in nature, but by thesel mean probabilities (necessarily
guantum medanical) whosevaluesare determined by nature alone and not
in principle in uenced by our ignoranceof initial conditions, etc. | suppose
| might have thought of branching ratios in particle decgs as a possible
example. Instead, | wasled to considera situation of the following type.

Two spin zeropatrticles eat deca into pairs of spin %h particles. Two of
the spin %h particles then cometogether, one from ead pair, and combine
to form a new particle (g. 4). What is the spin of this new particle? Well,



it must be either zeroor h, with respective probabilities %1 and % (assuming
no orbital componerts cortribute, etc.). Although you can seethat there
are objections even here to regarding this as giving a "pure probability’,
at leastthe examplesened as a starting point. (This examplewasto some
extent stimulated by Bohm's versionof the Einstein-Rosen-@dolsky thought
experimert, which it somewhatresenbles.) The idea, then, is that any “pure
probability’ (if sud exists) ought to be somethingarising ultimately out of a
choice between equally probable alternatives. All “pure probabilities' ough
therefore,to be rational numbers.

Fig. 5

But let me leave all this asidesinceit doesn't a ect the rest of the dis-
cussion.Actually, | haven't quite nished my “anglemeasuringexperimert’,
solet me return to this.

Let us considerthe following particular situation. Supposewe have a
number of disconnectedsystems,eat producing a large N -unit. There are
to be absolutely no connectionsbetweenthem (g. 5).

Fig. 6

Let metry to measurethe "angle'betweentwo of them by doing one of the
“experimerts' | descriked earlier. | detach a 1-unit from one of the N -units
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in sudh away asto leave it asan (N  1)-unit. Then I reattach the 1-unit
to oneof the other N-units (g. 6). According to the rules (cf. later) it will
follow that the probability of the secondN -unit to becomean (N 1)-unit
is %(N + 1 1)=(N + 1). Thesetwo probabilities becomeequalin the limit
N ! 1 . Thus,if weareto assignan angle'betweentheseunits, then, for N
large, this would have to be a right-angle This is just using the probability
blindly. 1 would similarly have to say, of any other pair of the N -units,
that they are at right-angles. It would seemthat | could put any number
of N -units at right-anglesto ead other. In this instancel have drawn v e.
Doesthis meanthat we geta v e-dimensionalspace?|or an 1 -dimensional
space?

Clearly I have not donethings quite right. There are no connectionsbe-
tweenany of the N -units here,soonewould like to think of the probabilities
that arise out of one of theseexperimerts asbeing not just dueto the angle
betweenthe N -units (if they have an anglein somesense),but also due to
the “ignorance'implicit in the set-up. That is, we think of the probabilities
asarising in two di erent ways. In the rst instance,probabilities can arise
in this type of experimert, if we have a de nite angle between two spin-
ning bodies (as we have seen). Theseare the geruine quantum medanical
probabilities. But, in the secondinstance, we may just be uncertain asto
what the angleis betweenthe two bodies. This lack of knowledge,concern-
ing the history (or origins) of the two bodies, will give us a cortribution to
the probability valuelan ignorance factor|whic h will sene to obscurethe
meaningof the probability in terms of angles.In the presein instance,we are
allowed absolutely no information concerningthe interconnectionsbetween
the di erent N-units, sothe probability is



Fig. 7

not really dueto "angle'at all. In this extremecase the probability is entirely
‘ignorancefactor'. In general,the two e ects will be mixed up, sowe shall
needa meansof separatingthem.

Let me changethe picture a bit. I'll put in some known' connecting
network (now denotedby ) and have two large units comingout, asin g. 7.
| do one of theseexperimerts, but then repeat the experimert. Supposethe
N-unit is reducedto an (N  1)-unit and then to an (N  2)-unit. The
M -unit becomesan (M 1)-unit and then an (M 2)-unit, or an M -unit
again(g. 8). The questionis:
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Fig. 8

is the probability of the secondexperimert in uenced by the result of the
rst experimert? |If this is essetially an ‘ignorance'situation, where one
doesn't initially know sud about how the spin axesare pointing, then the
result of the rst experimert provides us with someinformation asto the
relative directions of the spin axes. Therefore, the probabilities in the sec-
ond experimert will be altered by the knowledge of the result of the rst

experimernt.

If the probabilities calculatedfor the secondexperimert are not substan-
tially alteredby the knowledgeof the result of the rst experimert, then | say
that the anglebetweenthe two large units is essetially well-de ned. If they
are substartially altered by the results of the rst experimert, then there is
a large “ignorance'factor involved, and the probabilities arise not just from
‘angle'.

It should be bornein mind that all theseprobability valuesare simply calculated here,
from knowledge of the spin-networks involved. The “experiments' are really theoretical
constructions. However, it would be possible (in principlelwith  the usual resenations)
to measurethese probabilities experimentally, by simply repeating the experiment many
times, eac time reconstructing the spin-network afresh.
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Fig. 9

Suppose,now, we have the systemshovn in g. 9, which hasa number
of large units emerging,and supposethat it happensto be the casethat the
angle betweenany two of them is well-de ned in the sensel just described.
(All the numbers A; B;::: are large comparedwith unity; | can do a few
odd experimerts which do not much changethesenumbers.) Then thereis a
theoremwhich canbe provedto the e ect that theseanglesare all consistem
with anglesbetweendirections in Euclideanthree-dimensionalspace.

Now, shouldl bein any way surprisedby this result? Admittedly | should
have beensurprisedif the method gave me any di erent space;but on the
other hand, it is not completely clear to me that the result is something
| could geruinely have inferred beforehand. Let me mertion a number of
curious features of the theory in this context. In the rst place, supposel
setthe situation up with wave functions and ewerything, and work according
to ordinary quartum medanical rules. | have these particles (or systems)
with large angular momentum, and | nally nd out that | get theseangles
consistem with directions in Euclideanthree-dimensionalspace.| newer, at
any stage,speci ed that theselarge angular momerium systemsshould, in
fact, correspnd to bodieswhich do have well-de ned directions (as rotation
axes). There are states with large total angular momertum (e.g.m = 0
states) which point all over the place, not necessarilyin any onedirection.
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| canstart from somegiven Euclidean3-spaceand usean ordinary Carte-
siandescriptionin terms of x; y; z. | canuseparticles (or systems)with large
total angular momerntum, but which do not happento give well-de ned di-
rections in the original space. Then | work out the “angles'betweenthem
and nd that theseangledo not correspnd to anything | can seeas angles
in the original description, but they are newerthelessconsistet with the an-
gle betweendirectionsin someabstract Euclideanthree-dimensionalspace.|
thereforetake the view that the Euclideanthree-dimensionalspacethat | get
out of all this, using probabilities, etc. is the real space, and that the original
space,with its x;y; z's that | wrote down, is an irrelevant corvenience,like
co-ordinatesin generalrelativity, where one writes down any co-ordinates
which don't necessarilyneananything. The certral ideais that the system
de nes the geometry. If you like, you can usethe convertional description
to t the thing into the “ordinary space-time'to begin with, but then the
geometryyou get out is not necessarilythe oneyou put into it. Sol don't
know whether| should be surprisedor not by the fact that | actually get the
right geometryin the end.

There is a secondaspect of this work that | think | regardedas slightly
surprisingat rst. This isthe fact that although no complexnumbersare ever
introducedinto the scheme,we can still build up the full three-dimensional
array of directions, rather than, say, a two-dimensionalsubset. To represen
all possibledirections as statesof spin of a spin %h particle, we needto take
complex linear conbinations (in the cornvertional formalism). Here we only
use rational numbersjand complex numbers cannot be approximated by
rational numbers alone! Again, the answer seemgo be that the spacel end
up with is not really the 'same'spaceasthe (X; y; z)-spacethat | could start
with|ev enthough both are Euclidean 3-spaces.

Onemight askwhether correspnding rules might be inverted which lead
to other dimensionalsthemes.| don't in fact seea priori why one shouldn't
be able to invert rules, similar to the ones| use, for spacesof other di-
mensionali. But I'm not quite sure how one would do this. Also, it's not
obvious that the whole sheme for getting the spaceout in the end would
still work. The rules| useare derived from the irreducible represetations of
SO(3). Thesehave somerather unique features.

Now, from what I've said so far, you might wonder whether you would
just scatter the numbers on the network at random. Actually, you can if
you like, but unlessyou are a bit careful the resulting spin-nework will have
zeronorm. And if the norm is zero, then the situation represeted by the
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spin-netwvork a not realizable(i.e. zeroprobability) accordingto the rules of
guartum medanics.

There are, in fact, two simple necessaryrequiremerts which must be
satis ed at ead vertex of a spin-network, for its norm to be non-zero. Notice
rst that all the spin-netvorksthat | have explicitly drawn have the property
that preciselythree edgeqi.e. units) cometogetherat ead vertex. (This isn't
one of the ‘requiremers' | am referring to. It's just that | don't know how
onewould handle more generaltypesof vertex within the scheme.) Suppose
we have a vertex at which an a-unit, a b-unit and a c-unit come together

(g. 10).

Fig. 10

Then for a spin-netwvork cortaining the vertex to have a non-zeronorm, it is
necessarythat the triangle inequality hold:

a+ b+c 2max(a;b;c) ;
and furthermore that there be conseration of fermion number (mod 2):
a+ b+ c iseven

Theseare, of course,propertiesthat onewould want to hold in real physical

processeswith the interpretations that | have givento the spin-networks.
But evenif theserequiremerts hold at every vertex, the spin-network may

still have zero norm. For example, eah of the two types of spin-netwvork
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shovn in g. 11 haszeronorm, wheren 6 0O in the rst caseand n 6 m the
second.In ead case,the shadedportion represeits somespin-network with
no other free ends. In fact, the

Fig. 11

Fig. 12
rst is e ectively a special caseof the second,with m = 0. This is because

any O-unit can be omitted from a spin-nework (if we also suitably delete
the relevant vertices) without changing the norm. We may interpret the
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vanishing of the norm whenewer n 6 m in the secondcaseas an expression
of conservationof total angular momentum

In addition to thesecasesthere are many particular spin-networks which
turn out to have zeronorm. One exampleis shovn in g. 12. But sofar |
have only beengiving particular cases.Let us now passto the generalrule.

| shall givethe de nition of the normin terms of a closelyrelated concept,
namely what | shall call the value of a closedoriented spin-network. | call
a spin-network closal if it hasno free ends(e.g. analogousto a disconnected
vacuum process). A spin-netwvork which is not closedwill not be assigned
a value. The de nition of orientation for a spin-network is a little di cult
to give concisely Any spin-network can be assignedwo alternative orienta-
tions. Fixing the orientation of a closedspin-netvork will sene to de ne the
sign of its value (which can be positive or negative). Roughly speakingthe
orientation assignsa cyclic order to the three units attachedto ead vertex|
but if we reversethe cyclic order at any even number of vertices this is to
leave the orientation unchanged. The orientation will change,on the other
hand, if the cyclic order is reversedat an odd number of vertices.

| shall adopt the convertion, when drawing spin-networks, that the ori-
ertation is to be xed by the way that the spin-network is depicted on the
plane. At ead vertex we specify ‘counter-clackwiseé as the cyclic order for
the three units attachedto the vertex. This de nes the spin-nework's orien-
tation. The diagramsin g. 13illustrate an exampleof a closedspin-netwvork
with its two possibleorientations.

Fig. 13

It will alsobe conveniert to usethe represetation of a spin-nework as
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a drawing on a plane, in order to keeptrack of signs properly when de n-

ing the value. This may have the e ect of making the de nition seem less
“conbinatorial' than it really is. Of course,the de nition could be reformu-
lated without the useof sut a drawing if desired. Consider,then, a closed
spin-nework  depictedasa

Fig. 14

drawing on a plane. Now, imagine ead n-unit to be replacedin the drawing
by n parallel strands. At ead vertex, the strand ends must be connected
together in pairs, but no two strands asseiated with the samen-unit are
to be connectedtogether. Let us call sud a connection sheme a vertex
connection. One sud vertex connectionis illustrated in g. 14, while g. 15
shavs a non-allovable connection,

Fig. 15

sincetwo strands of the 7-unit are connectedto one another. The sign of
a vertex connectionis de ned most simply as( 1)* wherex is the number
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of intersection points betweendi erent strands at the vertex, as drawn on
the plane. (These intersection points must be courted correctly if more
than two strands crossat a point, or if two strands touch: and ignored if
a strand crossestself. It is simplest on the other hand, just to avoid sud
features by drawing the strands in general position and not allowing any
strand connectionto crossitself.) The sign of a vertex connection,in fact,
doesnot depend on the details of how it is drawn, but only on the pairing
o of the strands. The allowable vertex connectiondepicted above has 1
asits sign, sincethere are thirteen crossingpoints.

When the vertex connectionshave been completed at ewery vertex of
a closedspin-network, then we shall have a number of closeal loops with
no open-endedstrands remaining. Consider, now, ewery possible way of
allowably completingthe vertex connectionfor the spin-netvork . We form
the expression =

( 2

valueof = —in—

wherethe summation extendsover all possiblecompletedallowable connec-
tion sthemes,wherethe = ' stands for the product of the signs of all the
vertex connections,wherec is the number of closedloopsresulting from the
vertex connectionsand where the product in the denominator rangesover
all the units of the spin-netwwork, n being the spin-number of the unit. The
value of any closedspin-netvork always turns out to be an integer.

Fig. 16

1
211111
= 6:

' value = f+( 2) ( 2% ( 22+ ( 209

Let us considera simple example,givenin g. 16. Note that the "acci-
dertal' intersection, arising from the crossingof the two 1-units in the rst
drawing of the spin-network, doesnot cortribute to the sign of the termsin
the sum. Only the intersectionsat the vertex connectionscourt.
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The de nition of the value of a closedoriented spin-netvork that | have
just given is perhapsthe simplestto state, but it is by no meansthe most
usefulto usein actual calculations. When the spin-networks becomeeven
slightly more complicatedthan the simple one evaluated above, the detailed
calculations can becomevery unwieldy. A more useful procedureis to em-
ploy certain reduction formulae which can be usedto expresscomplicated
networks in terms of simpler ones? For this purpose,it will be necessaryto
introduce a slight variation of the spin-network theme; | shall considerthe
related conceptof a strand-network

Fig. 17

A strand-network is a seriesof connectionsrelating objects (which | shall
still refer to as n-units) an example of which is depictedin g. 17. The
units are ‘tied together' at various places, as indicated by the thick bar.
Any spin-network can be translated into strand-network terms, by replacing
eadt vertex accordingto the schemeshown in g. 18. | thus introducethree
more (‘virtual') units at ead vertex. A strand-network is closel if it hasno
free ends. Any closed(oriented) strand-network will have a value which is
an integer (positive, negative or zero). This value will be chosento agree
with that de ned for a spin-network, in the caseof closedstrand-networks
obtained by meansof the above replacemen Generally to obtain the value
of s closedstrand-network  we employ the sameformula as before:

" (2

valueof = —in—

YDiagramscloselyrelated to spin-networks wereintro ducedby Ord-Smith and Edmonds
for the graphical treatment of quantum medanical angular momertum. (Seereference(l)
for a detailed discussion.)
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Fig. 18

wherenow the ~ ' signrefersto the product of all the signsof all the permuta-
tions involved in ead strand connectionat which the strands cometogether.
For example,one possibleconnectionstemefor

Fig. 19

“strand vertex' of g. 19, would be that shavn in g. 20. This connection
sthemewould cortribute a minus sign, sincean odd permutation is involved.
(There are nine crossingpoints|this is essetially

Fig. 20

the "Aitken diagram' method of determining the sign of a permutation.)
Notice that for a connectionshemeto be possibleat all, we require that
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the total of the spin-numbersertering at onesidemust equalthe total of the
spin-numbersleaving at the other. This one requiremern now takesthe place
of the “triangle inequality’ and “fermion consenration' that we had earlier.

Fig. 21

value = ﬁﬂ( 22 (2 ( 2+ ( 2)qg

= 2

Let us evaluate the simple closedstrand-network of g. 21 asan example.
Again there is an "accidemal' intersectiondepicted (wheretwo 1-units cross)
which doesnot cortribute to the sign of the terms in the sum.

Let melist a number of relations and reduction formulae which are useful
in ewvaluating strand-networks (g. 22). (I am not goingto prove anything
here, but most of the relations are not hard to verify.) Theserelations may
be substituted into any closedstrand-network and a valid relation between
valuesis obtained. Finally, let me make the remark that the value is multi-
plicative, that is to say, the value of the union of two disjoint strand-networks
or spin-neworks is equalto the product of their individual values.

| now cometo the de nition of the norm of a spin-nework. A strand-
network will likewisehave a norm. This is simply obtained by drawing two
copiesof the spin-netwvork (or strand-network), joining together the corre-
sponding free end units to make a closednetwork, and then taking the mod-
ulus of the value of this resulting closednetwork. As an example,the norm
of the spin-network consistingof a singlevertex is found in g. 23. An ewen
simpler example,depictedin g. 24, is the norm of a singleisolated n-unit.

Finally, let me descrike how the norm may be usedin the calculation
of prokabilities for spin-rumbers, in the type of “experimert' that we have
been considering. (Again | shall give no proofs.) Supposewe start with a
spin-nework , with an a-unit and a b-unit amongits

21



Fig. 22
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Fig. 23
freeends( g. 25). Supposethe a-unit andthe b-unit cometogetherto form an
X-unit, the resulting spin-network beingdenotedby (see g. 26). We wish
to know (given ) what are the various probabilities for the di erent possible

valuesof the spin-number x. Let denotethe spin-network represeting the
coming together of the a-unit and

Fig. 24

Fig. 25
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the b-unit to form the x-unit. Let denotethe spin-nework consistingof the
x-unit alone. Theseare illustrated in g. 27. Then the required probability
for the resulting spin-number to be x is

norm norm

robability = ————
P Y= horm norm

Using the explicit expressiongor norm and norm that werejust given as
examples(using a slightly di erent notation), we can rewrite this as

norm (x+ 1)f3(a+ b+ x) + 1g!
orm fi(a+ b x)gf3(b+x a)gfi(x+a by

probability = -

From the combinatorial nature of the de nition of norm, it is clear that
theseprobabilities must all be rational numbers. And with the interpretation
of "angle'that | have given, the three-dimensionalEuclidean nature of the
“directionsin space'that areobtained, is a conseuene of theseconbinatorial
probabilities.

Fig. 26
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Fig. 27

| should emphasizeagain that the spacethat | get out in the end is the
onede ned by the systemitself and is not really the samespaceasthe one
that might have beenintroduced at the start if a corvertional formalism
had been used. Thus, although undoubtedly the reasonthat we end up
with directions in a Euclidean three-dimensionalspaceis intimately related
to the fact that we start with represemations of the rotation group SO(3),
the preciselogical connectionsare not at all clearto me. When | cometo
considerthe generalizationof all this to a relativistic sdhemein a momert,
this questionwill againpreset itself. | shall alsoneedto considerthe spatial
locationsof objects, not just their orientations. My model works with objects
and the interrelations between objects. An object is thus “located', either
directionally or positionally in terms of its relations with other objects. One
doesn't really needa spaceto beginwith. The notion of spacecomesout as
a conveniene at the end.

Essemially, | have sofar beenusinga non-relativistic scheme. The angular
momertum is not relativistic angular momertum. From a four-dimensional
viewpoint, the directions | get are those orthogonal to a given timelike di-
rection, i.e. directionsin three-dimensionalspace.All the particles are going
along in this sametimelike direction. Perhapsthey can knock ead other
a little bit, but they are not really moving very much. They just transfer
angular momerium bacdckwards and forwards. All the particles are, strictly
speaking in the same place, not moving relative to one another. Conse-
guertly, onedoesnot have any problem of mixing betweenorbital and spin
angular momertum. Oncel allow orbital cortributions to comein, then |
must drastically changethe sdheme, since now not only is the question of
“direction’ and "angle'involved, but soalsois "position' and "distance’. Thus,
if one thinks of real particles moving relative to eat other, then there is
the problem not only of doing things relativistically, but also of bringing in
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actual displacemets between particles. Considertwo particles in relative
motion. Supposethey cometogether and conbine to form a system with

a well-de ned total spin. Then to obtain the spin of the conbined system,
we cannot just add up the individual spinsbecausewe have to bring in the
orbital componert. There is a mixture of the actual displacemeis in space
with the angular momenium concept. Sol spert a long time thinking how
one should combine rotations and displacemets together into an appropri-
ate relativistic scheme. Evertually | wasled to considera certain algebrafor

space-timewhich treats linear displacemets on the samefooting asit treats
rotations. Thus, linear momertum is treated on a similar footing to angular
momertum.

Now you might raisethe objection that linear momentum hasa cortinu-
ous spectrum, while it is only for angular momertum that one hasdiscrete-
ness.This is a problem of somesigni cance to us. My answer to it is roughly
the following: ead particle hasits own discretespectrum for its angular mo-
mertum. When two particles are consideredtogether as a unit, then again
there is a discrete spectrum for the combined system. The way these ‘spins'
add up implicitly bringsin the relative motion betweenthe two particles. So
the momertum is brought in through the badk door, in a sensefor onecould
be always talking in terms of "bound systems'.

| considermomertum statesas being linear combinations of angular mo-
mertum states. There is indeed a problem to seehow this cortinuous mo-
mertum should be built up from somethingdiscrete, but, in principle, there
is nothing againstit. In e ect, the ideais that the momerium should be
brought in indirectly. | would proposethat, in a sense,there should not
be a well-de ned distinction betweenmomerium and angular momertum|
exceptin the limit. Individual particles and simple systemswould not really
"knov' what momertum is. Like the idea of “direction' that | considered
earlier, it would be only in the limit of large systemsthat the conceptof mo-
mertum really attains a well-de ned meaning. Smaller systemsmight retain
a combined conceptof momertum and angular momertum, but thesethings
would only sort themsehesout properly in the limit.

The algebral have usedto treat linear displacemets and rotations to-
gether, or linear and angular momerium together, | call the algebra of
twistors. | have usedthe term “twistor' to denote a “spinor' for the six-
dimensional(+ + ) pseudo-orthogonalgroup O(2,4). The twistor
group is the (+ + ) pseudo-unitary group SU(2,2), which is locally iso-
morphic with O(2,4). In turn, O(2,4) is locally isomorphicwith the fteen-
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parameter (local) conformal group of space-time. Under a conformal trans-
formation of space-time,the twistors will transform (linearly) accordingto a
represetation of the group SU(2,2).

The basic twistor is a four-complex-dimensionalobject. We can thus
descrike it by meansof four complexcomponerts Z :

()= (%2424 2%
The complexconjugateof the twistor Z is an object Z whosecomponens
(Z ) = (Zo; Z1; Z3; Z3)
are given (accordingto a conveniert co-ordinate system) by
Zo=(22); Z1=(Z%); Zy=(Z%; Zs=(ZY):

This implies that the Hermitian form Z Z (summation cornvertion as-
sumed)hassignature (+ + ), which is requiredin order to give SU(2,2).
(I have already descrited theseobjects® and their geometrical signi cance
in Minkowski space-time,and a later paper® goesinto somefurther dewel-
opmerts, including someof the quite surprising aspects of the theory which
arise when one starts to descrike physical elds in twistor terms.)

WhenzZ Z = 01 callZ anull twistor. A null twistor Z hasa very
direct geometricalinterpretation in space-timeterms. In fact, Z denesa
null straight line, which we can think of asthe world line of a zerorest-mass
particle. (An important aspect of twistor theory is that zero rest-massis to
be regardedas more fundamenal than a nite rest-mass. Finite masspar-
ticles are viewed as composite systems,the massarising from interactions.)
The twistor Z , for any non-zerocomplexnumber , de nes the samenull
line asdoesZ . But we candistinguish Z from Z by assigningto the
particle a 4-momerum (in its direction of motion) and, in addition, a sort
of “polarization' direction (both constart along the world line of the parti-
cle). When Z isreplacedby rZ (r real) the momerium is multiplied by
r2. WhenZz isreplacedby € Z ( real) the “polarization' planeis rotated
through anangle2 . If Y is another null twistor, the condition for the null
linesrepreseted by Y andZ to meetis

Y Z =0

i.e. this is the condition for the two particles to “collide’. (To be strictly
accuratewe have to include the possibility that they may "meetat in nit y'.
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In addition, someof the null twistors describe "null lines at in nit y' rather
than actual null lines.)

The non-null twistors are divided into two classesaccordingasZ Z ,
is positive or negative. If Z Z > 0,1 call Z right-handed;if Z Z < 0,
left-handed. In Minkowski space-time,one can give an interpretation of a
non-null twistor in terms of a twisting systemof null lines. The helicity of the
twist is de ned by the signof Z Z . In more physical terms, the twistor Z
(up the phase)descrikesthe momertum and angular momerium structure
of a zero rest-massparticle.? We can make the interpretation that Z Z ,
is (twice) the intrinsic spin of the particle, measuredin suitable units, with
a sign de ning the helicity. If Z Z 6 0, then it is not possibleactually
to localize the particle as a null straight line. Only if Z Z = 0 do we
get a uniquely de ned null line which we can think of asthe world line of
the particle; otherwisethe particle to someextert spreadsitself throughout
space.

The twistor co-ordinatesZ®, Z1, 72, Z3, together with their complex
conjugatesZ,, Z1, Z,, Z3, can be usedin place of the usual x, y, z, t and
their canonicalconjugatespy, py, p;, E. In fact, anything that can be writ-
ten in normal Minkowski spaceterms can be rewritten in terms of twistors.
Howe\er, in principle, the twistor expressiongor even quite simple physical
processesnay turn out to be very complicated. But in fact it emergeshat
the basicelemenary processeshat onerequires,can actually be expressed
very simply if one goesabout it in the right way. Analytic (holomorphic)
functionsin the Z variablesplay a key role. Sodoescortour integration.

Wecanregardthe Z asquartum operatorsunder suitable circumstances.
Then Z , can be regardedasthe canonicalconjugateof Z . (I shall gointo
the reasonsfor this a little more later.) We have commnutation rules

Z Z Z Z = h

ZUsing a corveniert co-ordinate system, we can relate the momertum P and the
angular momertum M (= M P3) to the twistor variablesZ , Z aby:

Po+ P1=222%Z,; Py Py=2:7Zs; P,+iPy=2:2'7,
P, iP3=2229Z3; MZB+iMg =271 Z°Zy; M2 iMg =232y 227,
MB+MB+iMp+iMp=222Z; MB M®B+iMg iMp=2237Z,
MB+M® iMg iMp=22'Ze; ME M® iMg+iMp=222Z,
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Then, sinceZ andZ do not comnute, we must re-interpret the expression
for the spin-helicity %n asthe symmetrizel quartity,

1 1
—(Z Z Z Z )= =nh
4( ) 2

Only zerorest-massstatescan be eigenstatesof this operator. The eigerval-
uesofnare::: 2, 1,0;1;2;::: The operators for the ten componerts of
momertum and angular momenium (together with those for the v e extra
componerts arising from the conformal invariance of zero rest-mass elds)
are
Z Z 1 Z Z
4

in twistor notation. The usualcommnutation rulesfor momerium and angular
momertum are then a consequencef the twistor comrmutation rules.

One idea would now be to usethis fact and simply let the twistors take
the place of the two-component spinors that lay “behind the scenesin my
previousnon-relativistic approad, and then to attempt to build a conceptof
a four-dimensional space-timefrom whatewer graphical algebra arisesfrom
the twistor rules. | have not attempted to do quite this, asyet, sincel am not
surethat it is exactly the right thing to do. There are certain other aspects
of twistor theory which shouldreally be taken into accourt rst.

Let me mertion one particular point. It is a rather remarkable one.
If the twistor approad is going to have any fundamertal signi cance in
physical theory, then it ough, in principle at least, to be possibleto carry
the formalism over and apply it to a curved space-time rather thenjust a at
space-time.Theseobjects, as originally de ned, are very much tied up with
the Minkowski at space-timeconcept. How can we carry them over into a
curved space-time?Actually, a twistor for which Z Z = 0 carriesover very
well. Its interpretation is now simply asa null geodesic (i.e. world line of a
freely moving masslesparticle) with a momertum (pointing alongthe world
line) and a "polarization' direction (both covariantly constart alongthe world
line). On the other hand, it doesnot seemto be possibleto interpret a non-
null twistor, in a generalcurved space-time,in preciseclassicalspace-time
terms. Newerthelessit turns out to be corvenien to postulate the existence
of thesenon-null twistors|as objects with no classicalrealization in curved
space-timeterms. (In a sensetwistors are moreappropriate to the treatment
of quantizel gravitation* than of classicalgeneralrelativity.)

*Sincethis lecture was delivered, there have beensomedewvelopmerts in twistor theory
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Let us concefttrate attention, for the momert, on the null twistors only
sothat we can considerpurely geometrical questions. We are interestedin
properties of null gealesicswhich refer to eat gealesicas a whole and not
to the neighbourhood of somepoint on a gealesic. Consider, for example,
the condition of orthogonality betweentwistors. We have seenthat in at
space-time,the condition of orthogonality Y Z = 0 betweentwo twistors
Y ,Z correspndsto the meeting of the correspnding null lines. In curved
space-timethis is not really satisfactory becausealthough | cantell whether
two null gealesicsare goingto meetif | look in the neighbourhood of the in-
tersectionpoint, if I look somewhereelse,l can't seewhether or not they will
meet, becausethe curvature may have bent them away from ead other. So,
in fact, the orthogonality property is not somethingwhich is presened, asan
invariant concept,whenoneturns to curved space-time.On the other hand,
certain things are presened; and, somewhatsurprisingly, they correspnd to
assigninga sympletic structure to the twistor space.

This symplectic structure is expressed(in appropriate co-ordinates) as
the invariance of the 2-form

dz ~ dz

(using Cartan notation). Strictly speaking,this requiresthe postulated non-
null twistors, in addition to the null ones. The null twistors only form
a seen-real-dimensionalmanifold, whereasa symplectic manifold must be
even-dimensional. The null twistor manifold must be embeddedin the eigh-
real-dimensionalmanifold consistingof all twistors. The structure of the null
twistor manifold is that induced by the embeddingin this eight-dimensional
symplectic manifold. In addition to the symplectic structure (and closely
related to it), the expressions

of relevanceto this discussion. It seemsto be possibleto expressquantized gravitational
theory in twistor form. By meansof 3k-dimensional contour integrals in spacesof many
twistor variables, one can apparertly calculate scattering amplitudes for processesnvolv-
ing gravitons, photonsand other particles. Diagrams arisewhich canbe usedto replacethe
spin-networks of the formalism described here. It is not impossiblethat the calculations
can be reducedto a set of comparatively simple combinatorial rules, but it is unclear, as
yet, whether this is so. The work is still very much at a preliminary stage of developmert
and many queriesremain unanswered.
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are alsoinvariant. All theseinvariant quartities can be interpreted, to some
extert, in terms of the geometrical properties of null gealesics. But it will
not be worthwhile for me to go into all this here.

The invariance of the symplectic structure of the twistor spacefor curved
space-timecan be re-expresseds the invariance of the Poisson brackets

_,@e e .e @
@@ @a

This strongly suggestghat in the passagdo quartum theory, Z shouldbe
regardedasthe conjugatevariableto Z . Thus, we are led to the comnuta-
tion rules| mertioned earlier, relating quartum operatorsZ andZ . These
comnutation rules in turn give us the commnutation relations for momen-
tum and angular momertum, asl indicated before. This suggestghat there
may possibly be somedeepconnectionbetweenthesecommnutation rules (or
perhapssomeslight modi cations of them) and the curvature of space-time.

The picture that onegetsis that in somesensedhe curvature of space-time
is to dowith canonicaltransformationsbetweenthe twistor variableszZ , Z .
Supposewe start in someregion of space-timewhere things are essetially
at. Then we can interpret Z and Z in a straightforward way in terms
of geometry and angular momertum, etc. Supposewe then passthrough a
region of curvature to another region wherethings are again essetially at.
Wethen nd that our interpretations have undergonea “shift' correspnding
to a canonical transformation betweenZ and Z . In e ect the “twistor
position' (i.e. Z ) and “twistor momertum' (i.e. Z ) have got mixed up.
Somehav it is this mixing up of the “twistor position' and “twistor momertum'’
which corresppndsto what we seeas space-timecurvature.

Going badck to my original combinatorial approad for building spaceup
from angular momertum, we can ask now whether sud a combinatorial
sthemecould be applied to the twistors. Might it be that, instead of ending
up with a at space,we could end up with a curved space-time?Even if |
start with the commutation rules appropriate just to the Poincare group, or
perhapsthe conformalgroup, it is obviousthat | must endup with essetially
the samespacethat | “start’ with? One hasto de ne the things with which
one builds up geometry (e.g. points, angle, etc.), in terms of the physical
objects under consideration. It is not at all clear to me that the geometry
that is built up in oneregionwill not be “shifted' with respectto the geometry
built up in someother region. Is it then not possiblethat a space-time

[ 5]
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possessingurvature might be the result? That is really the nal point |
wanted to make.
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