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On the Natureof Quantum Geometry

As a way of honoringProfessorWheeleron his sixtieth birthday, I propose
to takethis opportunit y to elaborateuponcertain somewhatspeculative ideas
which I have tried to hint at on occasion,concerningthe possiblenature of
a quantized space-time. The reader will not need to be too discerning to
recognizesomesubstantial di�erencesbetweenthe ideasI am proposinghere
and thosewhich ProfessorWheelerhason many occasionssoeloquently and
forcefully put forward. Nonetheless,there is little doubt in my own mind as
to the very great inspirational in
uence that ProfessorWheeler'sown views
have had in the development of several of the thoughts which I am expressing
here.

To beginwith, let memakeclearthat I do not necessarilymeanby \quan-
tized space-time"somethingwhich could be obtained by applying standard
(or even non-standard) techniquesof quantization to Einstein's generalthe-
ory of relativit y. What I wish to say has its roots in something which is
really more primitiv e than either quantum theory or relativit y assuch. This
is the questionof the fundamental role played by the mathematical concept
of continuum in virtually the whole of acceptedpresent-day physical theory.
Not only does the continuum occupy a basic position in our mathematical
modelsof space and time (with the concomitant implication of a continuous
nature for many related physical conceptssuch as velocity, energy, momen-
tum, temperature, etc.), but so also does present-day quantum theory rest
crucially on a continuum concept, namely on the two-dimensionalcomplex
continuum of probability amplitudes, this being the continuum which also
occurs in the superposition law.

Let me say at the outset that I am not happy with this state of a�airs in
physical theory. The mathematical continuum has always seemedto me to
contain many featureswhich are really very foreign to physics. This point
has been argued forcefully, particularly by Schr•odinger [1] and also by a
number of other physicists and philosophers[2]. If one is to accept the
physical reality of the continuum, then one must accept that there are as

0This paper originally appeared in Magic Without Magic, edited by J. Klauder, Free-
man, San Francisco,1972,pp. 333{354.
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many points in a volume of diameter 10� 13 cm or 10� 33 cm or 10� 1000 cm
as there are in the entire universe. Indeed, one must accept the existence
of more points than there are rational numbers between any two points in
spaceno matter how closetogether they may be. (And we have seenthat
quantum theory cannot really eliminate this problem, since it brings in its
own complex continuum.) It seemsclear that such \p oints" have actually
very little to do with physical reality. Nevertheless,their postulatedexistence
is virtually essential to contemporary physical theory. The conceptsof open
and closedsets,for example,depend vitally on this continuum of points and
are essentially meaninglessin strictly physical terms, but such conceptscan
be usedto great e�ect when mathematical theory is applied to physics(For
example, in proving global \singularit y" theoremsabout space-times,etc.
[3, 4, 5]).

I think it must be the casethat the all-pervading useof the continuum
in physicsstemsfrom its mathematical utility rather than from any essential
physical reality that it may possess.However, it is not even quite clear that
such useof the continuum is not, to someextent a historical accident. For al-
though the essential mathematical ideascan be traced back to Eudoxus (4th
century B.C.), it was not until sometimeafter Newton and Leibniz invented
the calculus that it was felt to be necessaryto formalize and make com-
pletely rigorous the mathematical continuum concept. But there are other
\nonstandard" continua [6, 7] di�erent from the one that has now become
conventional, which could equally well have beenadopted in order to make
the calculus rigorous. In these nonstandard continua, \in�nitesimal" and
\in�nite" elements are introducedand are treated as being just as \real" as
the \real numbers" of conventional analysis. In fact, it hasoccasionallybeen
arguedthat nonstandardanalysismight really have beena more natural de-
velopment of the ideasof Newton, Leibniz, and Euler than the actual analysis
which Cauchy, Weierstrass,and others �nally formalized. (In addition, non-
standard analysisallows oneto de�ne such conceptsasDirac delta-functions
so that they becomee�ectively \ordinary' functions [8].) If the history of
mathematicshad developed di�erently, then we might, by now, have formed
a very di�erent view from the onenow prevalent of the nature of spaceand
time, and of many other physical concepts.

I do not want to imply here that non-standardanalysisought to be em-
ployed in physical theory. I wish merely to point out the lack of �rm founda-
tion for assigningany physical reality to the conventional continuum concept.
My own view is that ultimately physical laws should �nd their most natural
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expressionin terms of essentially combinatorial principles, that is to say, in
terms of �nite processessuch ascounting or other basicallysimplemanipula-
tive procedures.Thus, in accordancewith such a view, should emergesome
form of discreteor combinatorial space-time.I do not meanthat necessarily
we should arrive at a space-timecontaining a discreteset of points, such as
the lattice space-timeof Schild [9], or somediscretecausalspace[10] or, for
example,somestructure basedon Ahmavaara'slarge�nite �eld [11]. I would
expect, rather, that the conceptof a space-timecomposedof points should
ceaseto be an appropriate one|except in somekind of limiting sense.But if
points are not to be the basicelements of the discretespace-time,then how
are we to decidewhat thesebasicelements should in fact be?

It is my view that an essential insight into the nature of the appropri-
ate combinatorial structure should actually emergeonce the interrelations
betweenquantum physicswith the present-day view of space-timeare fully
appreciated.1 But was I not arguing that quantum theory is of no value for
eliminating the continuum, sinceit entails the useof the complexcontinuum
right at the outset? This is certainly true as it stands. However, I think it
is important to make the distinction here between quantum theory (which
requiresa complexcontinuum concept) and quantum physics(according to
which certain physical quantities are recognizedas being actually discrete,
while having previously beentaken to be continuous). My idea is to try to
\reformulate" physical laws so that they may be expressedentirely in terms
of quantities which are discrete according to quantum physics. These\re-
formulated" laws would, hopefully, be expressibleentirely in combinatorial
terms, even though they would be essentially re-expressingthe content of
conventional quantum theory, of space-timetheory and, perhaps, of other
aspectsof physicsaswell. Thus, the quantum theory and space-timetheory
would be expectedto arise together, out of somemore primitiv e combinato-
rial theory.

In order to be more explicit as to the sort of \reformulation" that I
have in mind, I should describe a certain model which I have referred to
elsewhere[13, 14] which may be thought of as a prototype for this type of
theory. The basic idea of the model is to take the conceptof total angular

1I should remark here on the interesting program by D. Finkelstein [12] according to
which quantum theory is to be built into the mathematical description of space-timeeven
at basic level of set theory. To be in accordancewith the view point I am expressinghere,
however, such a \quantization of set theory" would have to be accompaniedby a suitable
\combinatorialization of quantum theory."
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FIGURE 1.
An example of a spin-network. The numerals denote total spin values in
units of 1

2~.

momentum and to regard this as the primary physical quantit y; then the
quantum mechanical rules for combining (nonrelativistic) total angular mo-
menta canbe re-expressedin purely combinatorial terms; �nally , the concept
of space direction is to be extracted and shown to agree,in the limit of large
angular momenta, with the ordinary geometry of directions in a Euclidean
three-dimensionalspace. The reasonfor fasteningattention on the concept
of total angular momentum in the �rst instanceis that it seemsto be more
or lessuniquely singledout by a number of criteria. For we have to choose
something,which accordingto quantum physics, is discrete, preferably tak-
ing numerical valueswhich are integer multiples of somebasic unit (in this
case1

2~). Sincewe are interestedin reconstructinga form of spaceout of this
discretephysical quantit y, we needsomethingwhich is intimately related to
spatial and directional properties. This suggeststhat we should useangular
momentum, rather than other possiblequantum numbers. Finally, sincewe
wish to construct spacerather than depend upon any assumption of pre-
existing spatial directions, we must usetotal angular momentum (j -values)
rather than the angularmomentum in somepreassigneddirection (m-values).
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FIGURE 2.
The a- and the b-units cometogether to form an x-unit. With spin-networks
labelled as above, the probability of the value x is given by Equation (1).

The model operateswith structures I call spin-networks. An exampleis
illustrated in Figure 1. The line segments are called units and are to be
loosely interpreted as \w orld lines" of particles, or of simple systemswhich
may be regardedasmomentarily isolatedfrom the rest of the universe.Each
of theseparticles or simple systemshas to be stationary (not really moving
relative to the others, in this model) and possessa well-de�ned total angular
momentum. The integerlabelling each unit is its spin-number. This measures
the total angular momentum of the unit, as a multiple of 1

2~. Exactly three
units must cometogether at each (internal) vertex. Depending upon which
way we chooseto regardtime asprogressingin the diagram(but normally we
chooseupward), we may interpret the meaningsof the vertices in di�erent
ways. We may think of a vertex as representing the combining of two units
together to make a third, or asthe splitting of a singleunit into two separate
units. A unit which is not terminated at both endsby a vertex is called an
end-unit.

Givena spin-network, wemay calculate,usingpurely combinatorial means,
a certain nonnegative integer, called the norm of the spin network. I have
described this calculational procedureelsewhere[14], and I do not propose
to go into the details here. Su�ce it to say that this combinatorially de�ned
norm may be usedto obtain the probability that the spin number x is the
result, when two end-units of a given spin-network � , cometogether to form
a new unit. With spin-networks labelled as in Figure 2, the formula turns
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out to be:

probability of x =
norm� norm�
norm� norm


(1)

=
(x + 1) f 1

2(a + b+ x) + 1g! norm�

f 1
2(a + b� x)g! f 1

2(b+ x � a)g! f 1
2(x + a � b)g! norm�

which is a rational number. This result is obtained from conventional non-
relativistic quantum mechanics, but things have to be reformulated consid-
erably for use to be able to state the result in a reasonablysimple purely
combinatorial form. I should mention also that a spin-network represents a
physical processwhich is forbidden (that is, zeroprobability) by the rules of
nonrelativistic quantum mechanics if and only if its norm vanishes.

The proposal now is to extract a concept of spacefrom this scheme|
or, rather, the simpler concept of directions in spacefrom this particular
model. The basicideastemsfrom the quantum mechanical fact that a system
with zerototal angular momentum must be spherically symmetrical, and so
cannot be usedto de�ne a direction in space;a systemof total spin 1

2~ is not
much better, sinceit \sees" but two alternative \directions" available to it as
regardsits stateof spin; for spin~ therearebut threealternative \directions,"
and soon. Only for a systeminvolving a comparatively largetotal spin value,
can we expect that it could de�ne a direction in any well-de�ned way. And
oncewe have a large spin, we can envisagea fairly well-de�ned rotation axis
as a convenient meansof de�ning us a direction in space.

Next, angles between rotation axes can be de�ned in terms of certain
simple \experiments." A spin 1

2~ unit is detached from someunit of large
spin (called a large unit ) and then reattached to another large unit. Let us
supposethat the spin of the �rst large unit is reducedby 1

2~. Then the spin
of the secondlarge may increasedby 1

2~|with probability p, say|or it may
be reducedby 1

2~|with probability 1 � p. If there is a well-de�ned angle �
between the spin axesof the two units, then in accordancewith standard
quantum mechanics,we have (in the limit of large spin)

p = cos2
1
2

� (2)

Wecanuse(2) asthe de�nition of the anglebetweentwo largeunits, provided
that the two units have, in some appropriate sense,a well-de�ned angle
betweenthem. (Without such a proviso this de�nition would not lead to a
reasonablegeometry.)
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FIGURE 3.
An angle measuringexperiment, repeated in order to eliminate the \igno-
rancefactor."

Before consideringthe question as to when the angle between the spins
of two large units can be consideredas \w ell de�ned," I should �rst be
a little more precise as to the interpretations of the probabilities arising
here. Theseprobabilities are always calculated starting from a given spin-
network � (refer to Figure 2), which is supposedto represent someknown
portion of the universe.The spin-network � may occur againat variousother
placesin the universe. At someplacesit may be part of a more extended
spin-network � ; at other placesit may be part of � 0 (which is to di�er from �
only in that oneof the spin-numbers is di�erent: seex in Figure 2); at other
placesit may be part of other spin-networks. The calculated probability is
then supposedto give us the relative frequencyof � to � 0 (given � ) in the
universe.2 Now, it may be that � contains two large end-units, M and N ,

2This point of view serves to make the probabilit y concept tolerably precise, for pur-
posesof the model. It may possibly leave something to be desired for a physically more
realistic model. For example, whether or not the units labelled a and b in Figure 2 could
actually come together to form another unit might depend on whether or not a suitable
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but without much connectingnetwork betweenthem. This is the situation
wherewe \know" rather little about the relationship betweenM and N , so
the probability p that we calculate in the above experiment cannot really be
thought of as de�ning an \angle" accordingto (2), but is, rather, partly a
measureof our ignoranceof the relation betweenM and N . For the angle
betweenM and N to be well de�ned, we shouldrequire this ignorancefactor
to be very small.

But how are we to decide whether a probability arisespartly from ig-
noranceor entirely from angle? Considerthe above experiment repeated in
the way depicted in Figure 3. The secondexperiment givesa probability p0,
which could be a�ected by the result of the �rst experiment. If p0 is not
signi�cantly a�ected by the result of the �rst experiment (and p0 + p) then
we can say that the ignorancefactor is small and the anglebetweenM and
N is well de�ned. (If the angle between M and N is not well de�ned in
this sense,then we can generallymake the anglebetter de�ned by carrying
out a fairly largenumber of similar experiments in succession.The probabil-
it y normally settlesdown to some�xed value.) Now, the following theorem
can be proved: if a spin-network has a number of large end units such that
the angle between any two of them is well de�ned in the above sense,then
theseanglescan be consistently interpreted as anglesbetween directions in a
Euclidean three-dimensionalspace.

This result is very satisfactory, but in a way it is perhapstoo satisfactory!
It involvesa peculiar feature which I want to emphasizeparticularly in this
article. Supposewe had set up the normal quantum mechanical formalism
for the description of the situation; that is, by giving statesin terms of wave
functions involving, say, coordinatesr , � , and � , thesebeingordinary spheri-
cal polar coordinatesfor a preassignedbackground Euclideanspace.Can we
identify the directions (of spin-axes)that we end up with as the directions
in this background Euclidean space? No, we certainly cannot! The condi-
tion, given above, that anglesbetweenspin-axesof units be well de�ned, by
no meansensuresthat the spin-axesthemselves correspond to well-de�ned
directions. (For example,a state with m = 0 doesnot de�ne a good back-
ground direction for its spin-axis, no matter how large j is.) I proposeto
take the attitude, however, that in this model it is the geometry of \spin-
axes" of the large units which is the real geometry. The background space,

\particle" with spin-number x really existed. This would in
uence the probabilities in a
way not taken into consideration here.
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with its spherical polar r, � , and � , has no actual physical meaning and is
introducedmerelyasa conveniencefor calculations(that is, if onechoosesto
usethe conventional wave-function description, rather than a combinatorial
procedure). Thus, the systemitself de�nes the geometry and the background
spaceis really an irrelevance.

It appears that we may think of the relation between the background
spaceand the real spaceasbeinggivenby a unitary transformation in Hilbert
space. Thus, stateswhich give well-de�ned directions in onespacemight cor-
respond to linear superpositionsof stateshaving well-de�ned directionsin the
other. This idea is very closeto a suggestionby Aharonov [15], according
to which onecan passfrom oneconceptof geometryto another by applying
a Hilbert spaceunitary transformation. In this view, an electron moving
through two slits, for example, does not \feel itself to be split" since the
geometry \felt" by the electron is not quite the sameas that of the slits.
According to the electron's geometry (which would be related to the back-
ground geometry by a unitary transformation) the electron would remain
intact while the background spacewould be \split" in a certain sense.

Also it is not actually necessarythat the \real" geometry should �t to-
gether globally to give a spaceof the samekind as the background space.
Let me illustrate what I have in mind by referenceto the model. Considera
spin-network � which consistsof two portions, � and � , each of which hasa
number of largeend-unitswith a well-de�ned anglebetweenthem (Figure 4).
Thus, each of � and � de�nes its own Euclidean geometry of directions in
a well-de�ned way. Now supposethat the connectionsbetween � and � in
� are not su�cien t (or not of the right type) to ensurethat the geometry
de�ned by � and that de�ned by � are consistent with oneanother (that is,
the angle betweena large unit of � and a large unit of � neednot be well
de�ned). Then the largeunits of � neednot correspond to statesof spin with
well-de�ned rotation axesaccordingto the � geometry, and vice versa. Thus,
we may expect that the relation betweenthe � -geometryand the � -geometry
should occur via somethinglike a unitary transformation in Hilbert space.

The circumstancewhereby each part of a structure can de�ne its own
local Euclidean geometry, but where these local geometriesneednot quite
patch together to make a global Euclidean geometry, is reminiscent of the
situation occurring with Riemanniangeometry, asusedin generalrelativit y.
In fact, it is oneof my main contentions in this article that the curvature of
space-time may indeedhave its origins in an e�ect of the kind just described.
But how are we to relate, in any meaningful way, the e�ects of space-time
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FIGURE 4.
The spin-networks � and � each de�ne their own geometry, but owing to in-
adequateconnectionsbetween� and � , the two geometriesarenot consistent
with oneanother.

curvature to the e�ects of a unitary Hilbert spacetransformation? On a
classical level, we would expect such unitary transformations to show up
as canonical transformations in suitable classicalvariables. Thus, it must
be possibleto relate space-timecurvature to canonicaltransformations in a
suitable manner. I shall show how this can be done, �rst, in a way which
is closelyrelated to (but not quite the sameas) the way which I believe to
have the most signi�cance. I shall describe the way I prefer afterward.

Let M be a space-timemanifold3 and let C be its cotangent bundle [16,
17]. Thus, each point of C represents a point x of M together with some
covariant vector pa (referred to asa momentum vector) at the point x. The
eight-dimensional manifold C has a natural symplectic (or \Hamiltonian")
structure de�ned by the two-form [17, 18]

! = dpa ^ dxa : (3)

Of interest also is the naturally de�ned one-form

' = pa dxa (4)

of which ! is the exterior derivative: ! = d' . The inverse of the tensor (on

3A four-dimensional, pseudo-Riemannian(+ � �� ), time-oriented Hausdor� manifold
with a C2-metric.
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FIGURE 5.
The spaceGK of k-geodesicsin M inherits a symplectic structure from that
of the cotangent bundle C.

C) de�ning ! is the bivector which de�nes the Poissonbracket:

f ; g =
@

@pi



@
@x i

�
@

@x i



@
@pi

: (5)

Any smooth transformation of C to itself which preserves the symplectic
structure ! |or equivalently, which preservesthe Poissonbracket (5)|will be
a canonical transformation. However, thesearenot quite the transformations
that concernus here. We must �rst construct a reducedphasespaceby a
standard procedure[19]. Let CK be the seven-dimensionalsubmanifoldof C
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for which the squared\Hamiltonian "

H � gab pa pb (6)

takesthe constant value H = K . The Poissonbracket now de�nes a vector
�eld � (or \
o w") on CK by

� (f ) = f H; f g (7)

(f beingan arbitrary smooth function on C). The integral curvesof � arethe
\lifts" of geodesics[19, 20] in the space-timeM (seeFigure 5), the tangent
vector to the geodesicsbeing pa = gab pb. Now, the spaceCK , being odd-
dimensional,doesnot possessa symplectic structure. (The form ! induces
a degeneratetwo-form called a pre-symplecticstructure on CK ). However,
we can (locally, at least) factor out CK by the integral curvesof � to obtain
a symplectic six-dimensionalmanifold GK . Each point of GK represents a
geodesic
 in M whose(parallelly propagated)tangent vector pa hassquared
length pa pa = K . Call such a geodesica K -geodesic.4 The sympletic struc-
ture on GK is that induced by the two-form ! .

It is worthwhile to examine the geometric meaning [19, 20, 21] of this
symplecticstructure on GK , and alsothe meaningof ' in relation to GK . In
fact, both ' and ! represent integrals of the Jacobi equation for geodesics.
That is to say, they represent properties of neighboring geodesicswhich can
be calculated at any one point but which are actually constant along the
geodesics. Let us consider' , �rst, as given by (4). We may think of pa as
the tangent vector to someK-geodesic 
 and dxa as a \connecting vector"
which connectsa points x on 
 to a corresponding neighboring5 point x0 on
a neighboring K -geodesic
 0 to 
 (seeFigure 6). The fact pa dxa is constant6

along 
 is a well-known property of Lie derivatives [16]. Now considerthe

4We can, of course,restrict attention to the three valuesK = 1; 0; � 1 if desired,since
all other casesare related to theseby scalings.

5For the purposesof such geometrical descriptions it is convenient to adopt an \old-
fashioned" attitude to \ dxa" and to talk about \neighboring" points and curves. There
is actually no real con
ict between the \old-fashioned" and \contemporary" viewpoints
here. An equation such asQa dxa = 0 can be interpreted either as\the in�nitesimal vector
dxa connecting two neighboring points x and x0 is orthogonal to Qa ," or as \the one-form
Qa dxa maps to zero the vector at x with which we are concerned."

6If K = 0 this does not require x and x0 to occur at corresponding parameter values
on 
 and 
 0. Thus, the one-form ' carries over to GK if K = 0.
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FIGURE 6.
The quantit y ' = pa dxa is constant along 
 (where if K 6= 0, x0 has the
sameparametervalue on 
 0 asx hason 
 ).

interpretation of ! . In \old-fashioned" notation we write

! =
1
2

(dpa � xa � � pa dxa) (8)

wheredxa is asbefore(but whereparametervaluesneednot now correspond)
and where � xa is viewed as a \connecting vector" which connectsthe point
x on 
 to any neighboring point x00on a third neighboring geodesic
 00. The
tangent vectorsto 
 0 and 
 00are to be, respectively, pa + dpa and pa + � pa (see
Figure 7). The fact that (8) is constant along 
 is sometimesreferred to as
the Lagrangeidentity [16]. It is a consequenceof the interchangesymmetry
of the Riemann tensor: Rabcd = Rcdab. We may think of ! as de�ning a
measureof the rotation of three neighboring geodesicsabout oneanother.

Let us return to the questionof the relation betweenspace-timecurvature
andcanonicaltransformations. The canonicaltransformationsareactually to
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FIGURE 7.
The geometricmeaningof the symplecticstructure of GK : the rotation mea-
sure 1

2! = (dpa � xa � � pa dxa) is constant along 
 (Lagrangeidentit y).

be applied to the space of K-geodesicsGK (for some�xed K ), rather than to
the space-timeM . (Thus, we must expect that if a spaceis to be constructed
out of somecombinatorial principlesin acordancewith the generalideaof the
model described earlier, then this spaceshould, in the �rst instance,be more
like GK than directly like M .) We can imagine that it should be possible
to reconstruct the geometryof M oncesu�cien t structure of the spaceG, is
known, for we may associate each point x of M with the systemGK (x) of
K -geodesicsthrough x. Each GK (x) may be viewed as a three-dimensional
submanifold of GK , these submanifolds forming a four-dimensional family
within GK . If we know this family of submanifolds,then we should be able
to reconstruct the space-timeM from GK .

Let us consider how this can be done in the special casewhen M is
Minkowski space-time. The 
at geometry of M assignsconsiderablymore
structure to GK than just the symplectic geometry of GK . I do not want
to go into much detail here, but the essential point is that the shear of a
congruenceof geodesicsin M can,owing to the 
atness of M , be de�ned in a
way which refersto the geodesicsin their entiret y and doesnot depend on a

14



choiceof a particular point on the geodesic. It follows that the shearconcept
can be interpreted in terms of somelocal structure on GK ; in fact, in terms
of sometensor �eld � on GK . One way of achieving this is by meansof a
covariant tensor on GK , of valencefour, which, using a notation similar to
that of (8) can be expressedas:

� = dxa dpa � pb � pb � � xa � pa dpb dpb : (9)

In order to �x ideas,let us supposethat � is, in fact, de�ned by equation(9),
even though this is not completelysatisfactory for later purposes.The form
! already(satisfactorily) achievesa corresponding interpretation with regard
to the rotation of a congruenceof geodesics(but, in this case,independent
of the 
atness).

The importance of being able to interpret both the shearand rotation
on GK is that � and ! may now be used to locate the G(x) submanifolds
in GK and henceto reconstruct space-timepoints. For if x is a point in M
then the congruenceof K -geodesicsthrough x (now straight lines) has the
property that its shearand rotation both vanish. (I am now supposing that
K 6= 0, in order to keepthe discussionsimple.) Conversely, any congruence
with vanishingshearand rotation (and nonvanishingdivergence)is a GK (x)
systemand hencede�nes a unique point x in M .

But how does the e�ect of curvature in M show up in GK ? Let us
�rst consider a very idealized situation. (This is not really essential, but
it serves to clarify matters.) Suppose that M contains two (geodesically
convex) regionsF1, and F2, of 
at space-timeand supposethat someopen
set E in GK , represents K -geodesicspassingthrough the interiors of both
F1, and F2. The 
at geometryof F1, assignssome\shear structure" � 1, to
E; similarly, the 
at geometry of F2, assignssome"shear structure" � 2 to
E. But, in general,we shall have � 1 6= � 2. This is becausea congruenceof
geodesicsshear-freein F1, will normally begin to pickup shearas soon as it
leavesF1, and enters a regionof curved space-time.Only in very exceptional
circumstanceswould all the shearexactly cancelout by the time the geodesics
�nally enter the region F2.

Now the K -geodesicsthrough x, wherex is somepoint in the interior of
F1, will have the property that while within F1, they constitute a shear-free,
rotation-free congruence.This fact could be recognizedin E, by referenceto
� 1, and ! . But there will be many other shear-free,rotation-free congruences
of K -geodesicsegments in F1. Someof thesewill appear to be converging
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FIGURE 8.
Points in F1 may be located in terms of shear-freerotation-free congruences
of geodesics,but on this basis,points outsideF1 would appear to be \fuzzed
out."

on points which lie just outside the F1 region (seeFigure 8). As soon as the
geodesicsenter the curved regionthey will beginto pick up shear,sothey will
not normally convergecleanly on any actual point of M . Correspondingly,
a congruenceof K -geodesicswhich actually does convergeon a point y just
outside F1, will normally possessa certain amount of shearwhile in F1.

Thus, we seethat the \shear structure" � 1 of E canbeusedto help locate
the points of F1, but that if we are not careful we will also \lo cate" things
which appear to be points outside F1, but which are actually not points of
M at all. Similarly, � 2 helps to locate the points of F2, but points which
are not in F2 are incorrectly \lo cated" by this means. In particular, � 1,
locates points in F1, correctly and points in F2 incorrectly, while with � 2
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the situation is just the reverse. In a sense,the points of F2 appear to be
\fuzzed out" when viewed from F1 (that is, using � 1) and vice versa. This
\fuzzing out" may be validly thought of as being the result of a canonical
transformation of E. Such a canonicaltransformation would preserve ! (the
symplectic structure must be preserved by de�nition of \canonical") and
could transform � 1 to � 2. To achieve such a transformation explicitly, we
can set up ordinary Minkowski coordinates in F1. We can then set up a
related canonicalcoordinate systemin a standard way, for the relevant part
of the cotangent bundle C, and thence arrive at canonical coordinates for
E � GK . Similarly, ordinary Minkowski coordinates in F2 will give rise to
di�erent canonicalcoordinates for E. Thesetwo coordinate systemsfor E
will be related by a canonical transformation, the components of � 1 with
respect to the �rst being the sameas the components of � 2, with respect to
the second.

Let us pass, now, to the caseof a general curved space-timeM . for
simplicity, suppose that K � 0 (so that the geodesicsare all time-like or
all null) and also that M is globally hyperbolic [22, 23]. Then M admits
slicingsby certain space-like hypersurfaces,with the property that any one
of them could be usedglobally as a Cauchy hypersurfacefor M [24]. Each
hypersurfaceS will then intersecteach K -geodesiconceand onceonly. Thus,
givenS, wecanexaminethe extent of shearingof a congruenceof K -geodesics
at the intersectionsof thesegeodesicswith S. This givesus a de�nition of
\shear structure" � s, for GK , relative to the hypersurfaceS. If wewish to use
(9) for the de�nition of � in 
at space-time,then wecanstill use(9) in curved
space-timeto de�ne � s by choosingdxa and � xa to connectneighboring points
lying within the hypersurfaceS (so dxa and � xa are tangent to S).

The six-dimensionalmanifold GK will now possessthe following structure.
In the �rst place, it will have a permanent symplectic structure de�ned by
the two-form ! (and, if K = 0, the one-form � with ! = d�). In the
secondplace, it will have a shifting \shear structure" � s, which dependson
the location of the hypersurfaceS in M . If S is moved over a region of 
at
space-timein M , then � s will not change. If S is moved over curved regions
in M , on the other hand, then � s will shift, its rate of changebeing actually
governedby the Riemanntensor in M at the points over which S moves. It is
� s (in relation to ! ) which carriesinformation specifying the actual geometry
of M . The form ! by itself conveysno information asto the metric structure
of the space-time.Given � s the points of S can be realizedin GK as three-
dimensional submanifoldsGK (x) whosetangent vectors annihilate � s and
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! (the shear-freeand rotation-free conditions). But the points of M which
lie o� will, due to the curvature in M , generallyappear to be \fuzzed out"
from the point of view of the � s structure, in the sensethat the GK (x) cannot
now be recognizedas shear-free,with respect to � s. The farther away the
points are from S, the greater, in general,will be this \fuzzing out." Since
! does not shift on GK , we can think of this \fuzzing out" as a canonical
transformation e�ect.

I want, now, to modify this picture somewhat,soasto bring it more into
line with someother featureswhich I feel should be involved, in connection
with a quantized space-time.As a �rst step let mespecializeto the caseK =
0. I have several reasonsfor wishing to do this. One of theseis that it turns
out that the \shear structure" of GK , can now be expressedin a particularly
signi�cant form, namely asa complexanalytic structure for a closelyrelated
eight-dimensional manifold T (strictly speaking it is an \almost complex"
structure [25] in the most general case). The interplay between complex
analytic structure (that is, \analyticit y") and unitary structure (which, on
the classicallevel becomescanonical;that is, symplectic structure) seemsto
play an important role in modern theory of particles [26, 27], so there could
be somesigni�cance in exhibiting such an interplay also at the level of a
space-timeanalysis.

A secondreasonfor desiring the specialization to K = 0 is that null
geodesicsare conformally invariant ; that is to say, they depend only on the
light conestructure of M and not on its metric. There are various reasons
for believing that conformal invariancemay actually have somebasicrole to
play in physics, and that conformally invariant formalisms could have spe-
cial signi�cance as\background formalisms" for physical theory. The notion
of \causality" inasmuch as this refers to the location of the light conesin
space-time(and, therefore, to conformal structure) would seemto have a
particular physical importance, more so than the actual space-timemetric.
In addition, all zero rest-massfree �elds are, or can be made, conformally
invariant [28,29, 30, 31, 32, 33]. This applies,in particular, to gravitation, if
we interpret \free" to meanthat we are consideringlinear theory, or at least
the propagation of curvature in empty space(Bianchi identities) [33] rather
than the nonlinear responseof curvature (or other �elds) to curvature (Ricci
identities). A number of interactions are also conformally invariant (for ex-
ample,electromagneticinteractionsor the non-linearself-couplingin the \ � 4

scalar theory") but it is sometimesa little di�cult to separatethe confor-
mal invariance of the \pure" interaction from the conformally noninvariant

18



e�ects of the presenceof rest-mass.It is even conceivable that all conformal
invariance breaking is connectedin someimportant way with the presence
of mass. It is rest-masswhich (apparently) is responsible for de�ning the
scaleof phenomenaand hencethe metric of space-time[5, 34]; it providesus
with the most obvious obstacleto a belief in a universalvalidit y of conformal
invariance in nature. The other most obvious obstaclein which conformal
invariance is broken is in gravitational interactions: Again it is masswhich
is involved in an essential (but now di�erent) way. Indeed, it is tempting to
believe that there may be a commonorigin to thesetwo aspects of confor-
mal invariancebreaking. In any case,to think of basicphysical processesin
terms of either conformalinvariance,or the breakingof conformalinvariance,
seemsto be a fruitful point of view. To this end, it is very useful to employ
a formalism which makes this conformal invariance manifest wherever it is
present.

The particular choice of formalism that I have in mind, namely twistor
theory [21,35, 36], is motivatedpartly by considerationsof this kind. Twistors
are, in fact, the spinors [37, 38] for the �fteen parameter conformal group
[39], which is the space-timesymmetry group for the zerorest-massfree-�eld
equations (including linearized gravitation). Any �nite-dimensional repre-
sentation of the conformal group is equivalent to a twistor representation.
Also, in�nite-dimensional representations can be conveniently described in
terms of functions of twistors. Thus, twistors play a role with regard to the
conformalgroup analogousto the role played by two-component spinorswith
regard to the Lorentz group [40] or rotation group. Now, the combinatorial
model that I was di�ussing earlier for the description of nonrelativistic an-
gular momentum wasbasedon the representations of the rotation group. In
fact, the particular combinatorial rules that I had in mind for evaluating the
norm of a spin-network [14] were derived directly from the two-component
spinor algebra. In a corresponding way we might expect to be able to derive
a combinatorial calculusbasedon twistors, where the conformal group now
takesover the role previously enjoyed by the rotation group.

It was, in fact, the hope of generalizingthe spin-network model to make
it more realistic which provided other parts of the motivation for the original
introduction of twistor theory. The two most obvious respects in which the
spin-network model is unrealistic are that it is a nonrelativistic schemeand
that there is no provision for the mixing of spin with orbital angular momen-
tum. These two inadequaciesare related to one another; indeed, they are
both aspectsof the fact that any relative velocity betweenthe di�erent units
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has beenneglected.But it was always clear that the removal of theseinad-
equaciesin the model would involve considerablymore than just the simple
substitution of one group by another. Once the schemeis made relativistic
then we must encounter someof the di�culties involved in passingfrom a
quantum theory to a quantum �eld theory; onceorbital angular momentum
is brought in, then wehave to contend not only with directions in space-time)
and angles, but alsowith locations and distances.

Accepting that there must be someessential new features arising, the
twistors do seemto provide the right kind of generalizationof the nonrela-
tivistic, SU(2), two-component spinorswhich formed the basisfor the spin-
network theory. Twistors are genuinely spinorial objects and so can still
handle half-odd spin values,they are completely relativistic (in the senseof
special relativit y), and they adequatelymix together the conceptsof angular
and translational displacements (so that spin and orbital angular momenta
will combine together in the appropriate way). The use of the conformal
group|and hencethe locally isomorphic \t wistor group" SU(2; 2)|rather
than the Poincar�e group, arisespartly from technical mathematical reasons,
connectedwith the semi-simplicity of SU(2; 2), and partly from reasonsmen-
tioned above concerningphysical importance of conformal invariance. (In
any case,Poincar�e invarianceis easily extracted from a framework designed
to handle conformal invariance.) The main essentially new feature which is
involved arisesfrom the fact that the conformal group, and SU(2; 2), pos-
sessin�nite-dimensional irreducible representations. Most particularly, the
zerorest-massfree �elds provide such representations. This implies that the
twistor algebra must be employed more subtly than in the direct way in
which the two-component spinor algebrageneratedthe spin-network theory.
Thus, it may prove to be di�cult to reducethe resulting twistor calculations
(which at present involve contour integration) to a set of purely combinato-
rial rules. There seemsto be nothing in principle against the possibility of
doing this, however.

But how is twistor theory to be reconciledwith general relativit y? The
conformal group refers only to symmetries of conformally 
at space-time.
Gravitation on the other hand implies the existenceof conformal curvature.
My point of view with regard to this question is really the one that I have
been trying to stress throughout this article. Imagine that we have been
able to develop the twistor theory to the point at which calculation can be
expressedin terms of certain combinatorial rules. By analogywith the spin-
network theory, wemight expect that theseruleswould enableus to calculate
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the probability of occurrenceof certain typesof (graphically de�ned) situa-
tions in the universe. From theseprobabilities we should be able to extract
geometricalconceptswhich would emergeas \w ell de�ned" under suitable
circumstances. This would then lead to a concept of local geometry which
would be of a Minkowskian character (assumingthat conformal invariance
breaking has been adequately incorporated into the theory|otherwise we
shouldpresumablyonly obtain a local conformalgeometry). The Minkowski
geometriesthat we extract \lo cally" might not be consistent with one an-
other over the whole universe. The concept of space-time\p oint" that we
extract in oneregionwould then appear to be \fuzzed out" from the point of
view of the geometryde�ned in someother region.7 This \fuzzing out" would
be of the nature of that obtainable by a unitary transformation in Hilbert
space.On the classicallevel, this would appear as the result of a canonical
transformation applied to a suitable space(namely twistor space|closely re-
lated to GK with K = 0). From this spacewe do the best we can to extract
a concept of space-time\p oint" which has someform of universal validit y,
but we �nd that having donethis, the space-timethat we �nally construct is
no longer conformally 
at, the conformal curvature being directly relatable
to this \fuzzing out" of points as \viewed " from distant regions.

To a considerableextent, the above programis speculation. Nevertheless,
the present state of twistor theory doeshave a number of points of contact
with it. To illustrate somethingof this, I should be more explicit about the
nature of twistors. Let us, in the �rst instance,chooseM to be Minkowski
space-time. Choosean origin O and considera classicalspecial-relativistic
system whose total momentum Pa is null and future-pointing and whose
total angular momentum tensor M ab has the property that the spin vector
constructedfrom it (and Pa) is proportional to the momentum Pa:

Pd M bc eabcd = 2sPa : (10)

this is a normal requirement [41] for the momentum and angular momentum
structure for a zero rest-massparticle (eabcd being the alternating tensor).
The quantit y s is the spin-helicity; that is to say, jsj is the intrinsic spin, while
the sign of s measuresthe helicity. Translating into a two-spinor notation

7This is necessarybecausethe local Mink owski geometriesarenot really tangent spaces.
They have to merge one into the other when our point of view changesaswe move around
the universe. In a sense,they are all really the same \space."
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for Pa and M ab we obtain

PAA 0 = � A � A 0 ; (11)

for some� A 0, whencefrom 10

M AA 0B B 0
= i ! (A � B ) � A 0B 0

� i ! (A 0
� B 0) � AB (12)

for some! A (where the round brackets indicate symmetrization). The pair
of spinors (! A ; � A 0) de�nes Pa and M ab uniquely, while Pa and M ab de�ne
(! A ; � A 0) up to the combined phasetransformation

! A ! ei� ! A ; � A 0 ! ei� � A 0 (13)

(� real). Relative to the origin O, this pair of spinors represents a twistor
[35, 36] Z � :

Z � $ (! A ; � A 0) : (14)

If we passto a new origin ~O whoseposition vector relative to O is ha,
then relative to ~O we must represent the twistor Z � by (~! A ; ~� A 0) where

~! A = ! A � i � A 0 hAA 0
; ~� A 0 = � A 0 (15)

this being consistent with the transformation of momentum and angular
momentum:

~Pa = Pa; ~M ab = M ab � ha Pb + Pa hb : (16)

If we passfrom the space-timemetric gab to a conformally related metric ĝab,
accordingto the conformal rescaling [5]

ĝab = 
 2 gab; �̂ AB = 
 � AB ; (17)

then Z � must be represented by (!̂ A ; �̂ A 0) where

!̂ A = ! A ; �̂ A 0 = �̂ A 0 + i ! A 
 � 1 r AA 0 
 : (18)

The two transformations (15) and (18), and also any homogeneousLorentz
transformation, have the property that they are linear transformations (of
unit determinant) which leave the form

Z � Z � = ! A � A + � A 0 ! A 0
(19)

= � 2s
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invariant; wherethe complexconjugateZ � , of the twistor Z � is represented
as

Z � $ (� A ; ! A 0
) (20)

relative to the origin O. Sincethe Hermitian form (19) has signature (+ +
�� ), such transformations generatethe group SU(2; 2), this being 4 � 1
isomorphicwith the connectedcomponent of the conformal group.

Twistors for which Z � Z � = 0, are called null twistors. A null twistor
Z � de�nes the null straight line � in M , which is the locus of points whose
position vectorsxa satisfy

i � A 0 xAA 0
= ! A (21)

(seeequation 15). We may think of � as the world line of zero rest-mass
particle of momentumPa and zero intrinsic spin, this particle having angular
momentum M ab relative to O. The non-null twistors (that is, Z � Z � 6=
0) may be thought of as describing zero rest-massparticles with non-zero
intrinsic spin, but they cannot be uniquely localized in terms of a single
world-line in space-time.

Two null straight lines � and � will intersect ( possibly at conformal
in�nit y) if and only if their corresponding twistorsY � and Z � areorthogonal:

Y � Z � 6= 0 ; (22)

in which casethe light cone whosevertex is the intersectionq of � and � , is
generatedby null lines � described by null twistors

X � = � Y � + � Z � : (23)

Sinceany point q can be represented by its light cone, the linear set (23),
denotedby T(q), givesa twistor way of realizing the point q. If desired,we
can usea twistor

Q�� = Y � Z � � Z � Y � (24)

to represent T(q), and hence the point q. (Generally, twistors of higher
valencecan be constructed from twistors like Z � or Z � , by meansof the
usual tensor rules.)

According to a theoremby Kerr [33], the condition that a congruenceof
null straight lines be shear-free can be stated very elegantly in twistor terms
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as the fact that the congruencebe representable as the null solutions of an
equation

�( Z � ) = 0 (25)

(or by the limiting caseof such a construction) where� is a complexanalytic
(holomorphic) function of the components of the twistor Z � . Thus, the shear-
free condition is interpreted, in twistor terms, as essentially the Cauchy-
Riemann equations @�=@Z � = 0. In other words, the \shear-structure"
for the spaceT of twistors Z � , may be thought of as a complex (analytic)
structure on T. We can use this structure to locate the T(q) manifolds,
and hencethe points of M (since light conesare the only nonshearingnull
hypersurfacesin M , apart from null hyperplanes).

Let us turn to the casewhen M is a (globally hyperbolic) curved space-
time. The concept of a null twistor Z can be adapted without di�cult y
from the Minkowski case: we simply interpret Z as a null geodesic � in
M at each of whosepoints is a spinor � A 0, parallelly propagated along � ,
such that the \momentum vector" Pa, given by PAA 0 = � A � A 0, is tangent to
� . On the other hand, there appears to be no way of uniquely associating
a non-null twistor with somewell-de�ned structure on M . However, it is
useful to postulate the existenceof a spaceof non-null twistors, into which
the spaceT0 of null twistors is to be embeddedasa hypersurface.This gives
us an eight-dimensional manifold T, the spaceT0 being a seven-dimensional
submanifold.

The spaceT is supposedto possessa symplecticstructure, namely a real
two-form, which I shall still denote by ! , this being the exterior derivative
! = d' of a complex one-form ' on T. The imaginary part of ' is to be
the exterior derivative of a scalar �eld � s on T, the hypersurfaceT0 being
de�ned by s = 0. If a region of T0 refersto null geodesicswhich enter some
region of 
at spacein M , then we can use the representation of twistors
given in (14), etc., and be more explicit as to the de�nition of theseforms.
We can set [21]

! = i dZ � ^ dZ � ; ' = i Z � dZ � and s = �
1
2

Z � Z � (26)

(comparewith equation 19). In the casewhen s = 0 (vanishing of intrinsic
spin) we can substitute Z � $ (i xAA 0

� A 0; � A 0) (compare with equation 21)
into the right-hand sidesand verify directly the formal equivalencewith (3)
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and (4). If the null geodesicspassthrough two regionsof 
at space,then
the de�nitions (26) arising from each will agreewith one another [21]. We
can also use(26) if the null geodesicsdo not enter any region of 
at space,
provided we are concernedonly with T0 and interpret the dZ � 's suitably.

The spaceG0 (that is, GK with K = O) of null geodesicsthat we con-
sideredearlier, can be regardedasobtainable from T by a processanalogous
to that by which G0 was previously obtained from the tangent bundle C.
The (squared) \Hamiltonian" is now the quantit y s = � 1

2 Z � Z � . We are
concernedwith the seven-dimensionalsubmanifold T0 of T given by s = 0.
The vector �eld corresponding to � is now

�
i
2

Z � @
@Z �

+
i
2

Z �
@

@Z �
; (27)

which generatesthe transformationsZ � ! ei� Z � (seeequation13). We fac-
tor out by thesephasetransformationsto passfrom T0 to the six-dimensional
spaceG0 (seeFigure 9). This processenablesus to carry over the symplectic
structure ! , and also ' , from T, now, to the spaceG0. The result agrees
with the previousconstruction [20]. Thus, the symplecticstructure of T can,
when restricted to T0, be given somereal geometricalsigni�cance.

It is actually possibleto go considerablyfarther than this in explicitly
exhibiting the form of canonical transformation on T, which is induced, for
example, by the presenceof a gravitational wave in M . An interplay be-
tweenanalytic functions and the symplectic structure of T appearsagain in
a surprising way [36]. I do not want to go into all this here. The main point
I wanted to make is that conformal curvature shows up classically on the
spaceT in terms of canonical transformations

Z � ! ~Z � (Z � ; Z 
 );

the form ! being preserved [21]. Such a transformation shifts the complex
structure of T. It is the complexstructure of T (being its \shear structure")
which serves to \lo cate" the points in M . Such a shift causes\good" null
conesto be transformed into coneswhich do not focus cleanly at a proper
vertex. In this way it hasthe e�ect of \fuzzing out" points which had previ-
ously appearedto be \good" points and vice versa. Quantum mechanically,
we would expect this e�ect to result from a unitary transformation

Z � ! ~Z � (Z � ; @=@Z 
 ) :
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FIGURE 9.
The symplectic structure of G0 arisesfrom that of C or from that of T in a
similar way.

In my descriptionsup to now I have essentially ignored the question of
the topology of M . I can, however, seeno real objection to applying these
ideasto quite generalspace-timemanifolds with complicatedtopology. The
restriction to a globally hyperbolic M allows one to avoid the more serious
problemswhich might arise. But it also precludesany possibility of having
a space-timewith a changing topology, for example. (Global hyperbolicity
is equivalent [24] to the existenceof a Cauchy hypersurfacefor M .) If global
hyperbolicity is dropped, then T0 and G0 couldexhibit certain pathologies.If
M is assumedto bestrongly causal[3, 4, 5] then the worst of thesepathologies
can be avoided. But there still remainsthe possibility that T0 and G0 could
turn out to be non-Hausdor� manifolds under such circumstances.

Finally, I should say somethingabout the status of the details of twistor
theory at the moment [36]. The theory allowscomputationsto becarried out
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using contour integrals, which are intended to represent (crosssectionsfor)
scatteringprocessesinvolving electromagneticand gravitational interactions,
etc. (It is such computations as these which one would hope to be able
ultimately to re-expressin a purely combinatorial form.) At the time of
writing, there is some evidencethat those computations which represent
the conformally invariant part of the theory (for example, electromagnetic
interactionswithout rest-mass)aresubstantially correct. On the other hand,
it hasnot yet beenpossibleto �nd the correctway of handling the conformally
noninvariant parts of the theory (for example, rest-massand gravitational
interactions). But there appearsto be no insuperableobstacleeventually to
achieving this.

A CKNO WLEDGMENTS

I would like to thank the Mathematics Department at Queen'sUniversity
Kingston, Ontario, for its hospitality and useof typing facilities during the
preparation of this article.

REFERENCES

[1] E. Schr•odinger, Science and Humanism (Cambridge University Press,
1956).

[2] Seethe articles by C. W. Kilminster and by C. F. von Weizs•acker, in
Quantum Theory and Beyond, E. T. Bastin, ed. (Cambridge University
Press,1970).

[3] S. W. Hawking, Proc. Roy. Soc. (London), A300 , 187(1967).

[4] S. W. Hawking and R. Penrose,Proc. Roy. Soc. (London), A314 , 529
(1970).

[5] R. Penrose, in Batelle Rencontres. Chap. VI I. C. M. DeWitt and
J. A. Wheeler,eds.(New York: W. A. Benjamin, Inc., 1968).

[6] A. Robinson,Proc. Nederl. Akad. Wetensch, 64, (1961).

[7] C. Schmiedenand D. Laugwitz, Math. Zeitschr., 69, 1 (1958).

[8] D. Laugwitz, Sitz. Bayer. Akad. Wiss., 4, 41 (1959).

27



[9] A. Schild, Phys. Rev., 73, 414(1948).

[10] E. H. Kronheimer and R. Penrose,Proc. Camb. Phil. Soc., 63, 481
(1967).

[11] Y. Ahmavaara, J. Math. Phys., 6, 87 (1965).

[12] D. Finkelstein, \Space-time Code II" (Yeshiva University preprint,
1971).

[13] R. Penrose,An Analysis of the Structure of Space-Time (Cambridge
University: Adams Prize Essay, 1966).

[14] R. Penrose,in Quantum Theory and Beyond. E. T. Bastin, ed. (Cam-
bridge University Press,1970).

[15] Y. Aharonov (personalcommunication, 1969).

[16] N. J. Hicks, Notes on Di�er ential Geometry (Princeton: D. van Nos-
trand Co., Inc., 1965).

[17] G. W. Mackey, Mathematical Foundationsof Quantum Mechanics(New
York: W. A. Benjamin, Inc., 1963).

[18] H. Flanders, Di�er ential Forms, with Applications to the Physical Sci-
ences (New York: AcademicPress,1963).

[19] R. Hermann, Vector Bundles in Mathematical Physics (New York:
W. A. Benjamin, Inc., 1970).

[20] M. J. Crampin and F. A. E. Pirani in Relativity and Gravitation
Ch. G. Kuper and A- Peres,eds.(London: Gordon and Breach, 1971).

[21] R. Penrose,Int. J. Theor. Phys., 1, 61 (1968).

[22] Y. Choquet-Bruhat, in Batelle Rencontres.Chap. IV. C. M. DeWitt and
J. A. Wheeler,eds.(New York: W. A. Benjamin, Inc., 1968).

[23] A. Lichnerowicz, in Batelle Rencontres. Chap. V. C. M. DeWitt and
J. A. Wheeler,eds.(New York: W. A. Benjamin, Inc., 1968).

[24] R. Geroch, J. Math. Phys., 11, 437(1970).

28



[25] S. Helgason,Di�er ential Geometry and Symmetric Spaces (New York:
AcademicPress,1962).

[26] G. F. Chew, S-Matrix Theory of Strong Interactions (New York:
W. A. Benjamin, Inc., 1961).

[27] R. J. . Eden,P. V. Landsho�, and J. Polkinghorn The Analytic S-Matrix
(Cambridge University Press,1966).

[28] H. Bateman, Proc. Lond. Math. Soc., 8, 223(1910).

[29] H. A. Buchdahl, Nuovo Cimento, 11, 496(1959).

[30] E. Cunningham, Proc. Lond. Math. Soc., 8, 77 (1910).

[31] P. A. M. Dirac, Ann. Math., 37, 429(1936).

[32] J. MacLennan,Nuovo Cimento, 10, 1360(1956).

[33] R. Penrose,Proc. Roy. Soc. (London), A284 , 159(1965).

[34] J. L. Synge, Relativity, the Special Theory (North Holldn Publisging
Co., 1956).

[35] R. Penrose,J. Math. Phys., 8, 345(1967).

[36] R. Renroseand M. A. H. MacCallum, \Twistor Theory: An Approach
to the Quantization of Fields and Space-time" (Cambridge University
preprint, 1972).

[37] R. Brauer and H. Weyl, Am. J. Math., 57, 425(1935).

[38] E. Cartan, Ann. Sci. Ecole Norm Supp., 31, 263(1914).

[39] T. Fulton, F. Rohrlich, and L. Witten Revs.Mod. Phys., 34, 442(1962).

[40] I. M. Gel'fand, M. I. Graev, and N. Ya. Vilenkin, Generalized Func-
tions V: Integral Geometry and RepresentationTheory (New York: Aca-
demic Press,1966).

[41] M. Fierz, Helv. Phys. Acta, 13, 95 (1940).

29


