RogerPenrose

On the Nature of Quarium Geometry

As away of honoring ProfessoMWheeleron his sixtieth birthday, | propose
to take this opportunity to elaborate upon certain somewhatspeculative ideas
which | have tried to hint at on occasion,concerningthe possiblenature of
a quartized space-time. The reader will not needto be too discerningto
recognizesomesubstartial di erencesbetweenthe ideasl am proposinghere
and thosewhich ProfessoWheelerhason many occasionssoeloquertly and
forcefully put forward. Nonethelessthere is little doubt in my own mind as
to the very great inspirational in uence that ProfessorWheeler'sown views
have had in the developmen of se\eral of the thoughts which | am expressing
here.

To beginwith, let me make clearthat | do not necessarilyneanby \quan-
tized space-time"somethingwhich could be obtained by applying standard
(or even non-standard) techniquesof quartization to Einstein's generalthe-
ory of relativity. What | wish to say hasits roots in somethingwhich is
really more primitiv e than either quartum theory or relativity assud. This
is the question of the fundamertal role played by the mathematical concept
of continuum in virtually the whole of acceptedpresen-day physical theory.
Not only doesthe cortinuum occupy a basic position in our mathematical
models of space and time (with the concomitart implication of a cortinuous
nature for many related physical conceptssud as velocity, energy momen-
tum, temperature, etc.), but so also does preseit-day quantum theory rest
crucially on a cortinuum concept, namely on the two-dimensionalcomplex
cortinuum of probability amplitudes, this being the cortinuum which also
occursin the superposition law.

Let me say at the outsetthat | am not happy with this state of a airs in
physical theory. The mathematical cortinuum has always seemedo me to
cortain many featureswhich are really very foreign to physics. This point
has been argued forcefully, particularly by Sdiredinger [1] and also by a
number of other physicists and philosophers[2]. If one is to accept the
physical reality of the cortinuum, then one must acceptthat there are as

OThis paper originally appearedin Magic Without Magic, edited by J. Klauder, Free-
man, San Francisco, 1972, pp. 333{354.



mary points in a volume of diameter 10 ** cm or 10 32 cm or 10 199 ¢m
as there are in the ertire universe. Indeed, one must acceptthe existence
of more points than there are rational numbers betweenany two points in
spaceno matter how closetogether they may be. (And we have seenthat
quartum theory cannot really eliminate this problem, sinceit brings in its
own complex cortinuum.) It seemsclear that sud \p oints" have actually
very little to dowith physicalreality. Neverthelesstheir postulatedexistence
is virtually essetial to cortemporary physical theory. The conceptsof open
and closedsets,for example,depend vitally on this cortinuum of points and
are essetially meaninglessn strictly physical terms, but sud conceptscan
be usedto great e ect when mathematical theory is applied to physics (For
example, in proving global \singularity" theoremsabout space-times,etc.
[3, 4, 3)).

| think it must be the casethat the all-pervading use of the cortinuum
in physicsstemsfrom its mathematial utility rather than from any essetial
physical reality that it may possessHoweer, it is not even quite clear that
sud useof the cortinuum is not, to someextert a historical accident. For al-
though the essehal mathematical ideascan be traced badk to Eudoxus (4th
certury B.C.), it wasnot until sometimeafter Newton and Leibniz invernted
the calculusthat it was felt to be necessaryto formalize and make com-
pletely rigorous the mathematical cortinuum concept. But there are other
\nonstandard" cortinua [6, 7] di erent from the onethat has now become
convertional, which could equally well have beenadoptedin order to make
the calculusrigorous. In these nonstandard cortinua, \in nitesimal* and
\in nite" elemens are introducedand are treated as being just as\real" as
the \real numbers" of convertional analysis. In fact, it hasoccasionallybeen
arguedthat nonstandardanalysismight really have beena more natural de-
velopmen of the ideasof Newton, Leibniz, and Euler than the actual analysis
which Caudy, Weierstrass,and others nally formalized. (In addition, non-
standard analysisallows oneto de ne sud conceptsasDirac delta-functions
so that they becomee ectively \ordinary' functions [8].) If the history of
mathematicshad deweloped di erently, then we might, by now, have formed
a very di erent view from the one now prevalent of the nature of spaceand
time, and of many other physical concepts.

| do not want to imply herethat non-standardanalysisough to be em-
ployed in physical theory. | wish merelyto point out the lack of rm founda-
tion for assigningany physicalreality to the conventional cortinuum concept.
My own view is that ultimately physical laws should nd their most natural
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expressionin terms of essetially combinatorial principles, that is to say, in

terms of nite processesud ascourting or other basically simple manipula-

tive procedures.Thus, in accordancewith sud a view, should emergesome
form of discreteor combinatorial space-time.l do not meanthat necessarily
we should arrive at a space-timecortaining a discrete set of points, sud as
the lattice space-timeof Saild [9], or somediscrete causalspace[10] or, for

example,somestructure basedon Ahmavaara'slarge nite eld [11]. | would

expect, rather, that the conceptof a space-timecomposedof points should
ceaseto be an appropriate one|except in somekind of limiting sense.But if

points are not to be the basicelemetts of the discrete space-time,then how

are we to decidewhat thesebasicelemeits shouldin fact be?

It is my view that an essehal insight into the nature of the appropri-
ate combinatorial structure should actually emergeonce the interrelations
betweenquantum physicswith the presen-day view of space-timeare fully
appreciated! But was| not arguing that quartum theory is of no value for
eliminating the cortinuum, sinceit ertails the useof the complexcortinuum
right at the outset? This is certainly true asit stands. Howewer, | think it
is important to make the distinction here between quantum theory (which
requiresa complex cortinuum concept) and quantum physics (according to
which certain physical quartities are recognizedas being actually discrete,
while having previously beentaken to be cortinuous). My ideais to try to
\reformulate” physical laws sothat they may be expressecertirely in terms
of quartities which are discrete accordingto quantum physics. These\re-
formulated” laws would, hopefully, be expressibleertirely in combinatorial
terms, even though they would be essetially re-expressingthe cortent of
convertional quartum theory, of space-timetheory and, perhaps, of other
aspectsof physicsaswell. Thus, the quantum theory and space-timetheory
would be expectedto arisetogether, out of somemore primitiv e combinato-
rial theory.

In order to be more explicit as to the sort of \reformulation” that |
have in mind, | should descrike a certain model which | have referred to
elsewherg13, 14] which may be thought of as a prototype for this type of
theory. The basicidea of the model is to take the conceptof total angular

1| should remark here on the interesting program by D. Finkelstein [12] according to
which quantum theory is to be built into the mathematical description of space-timeeven
at basiclevel of settheory. To bein accordancewith the view point | am expressinghere,
however, such a \quantization of settheory" would have to be accompaniedby a suitable
\combinatorialization of quantum theory."



FIGURE 1.

An example of a spin-netvork. The numerals denote total spin valuesin
units of 1~
2

momentum and to regard this as the primary physical quartity; then the
quartum medanical rules for combining (nonrelativistic) total angular mo-
merta canbe re-expressedn purely combinatorial terms; nally , the concept
of space direction is to be extracted and showvn to agree,in the limit of large
angular momerta, with the ordinary geometry of directions in a Euclidean
three-dimensionalspace. The reasonfor fasteningattention on the concept
of total angular momertum in the rst instanceis that it seemso be more
or lessuniquely singledout by a number of criteria. For we have to choose
something, which accordingto quartum physics, is discrete, preferably tak-
ing numerical valueswhich are integer multiples of somebasic unit (in this
case%~). Sincewe areinterestedin reconstructinga form of spaceout of this
discrete physical quartit y, we needsomethingwhich is intimately related to
spatial and directional properties. This suggestghat we should useangular
momertum, rather than other possiblequartum numbers. Finally, sincewe
wish to construct spacerather than depend upon any assumption of pre-
existing spatial directions, we must usetotal angular momertum (j -values)
rather than the angularmomenrium in somepreassignedlirection (m-values).



FIGURE 2.
The a- and the b-units cometogetherto form an x-unit. With spin-netwvorks
labelled as above, the probability of the value x is given by Equation (1).

The model operateswith structures | call spin-networks An exampleis
illustrated in Figure 1. The line segmets are called units and are to be
looselyinterpreted as\w orld lines" of particles, or of simple systemswhich
may be regardedas momertarily isolatedfrom the rest of the universe. Each
of theseparticles or simple systemshasto be stationary (not really moving
relative to the others, in this model) and possess well-de ned total angular
momertum. The integerlabelling eat unit isits spin-numker. This measures
the total angular momenium of the unit, asa multiple of %~. Exactly three
units must cometogether at ead (internal) vertex. Depending upon which
way we chooseto regardtime asprogressingn the diagram (but normally we
chooseupward), we may interpret the meaningsof the verticesin di erent
ways. We may think of a vertex as represeting the conbining of two units
togetherto make a third, or asthe splitting of a singleunit into two separate
units. A unit which is not terminated at both endsby a vertex is called an
end-unit.

Givenaspin-netvork, we may calculate,usingpurely combinatorial means,
a certain nonnegatiwe integer, called the norm of the spin network. | have
descriked this calculational procedure elsewherg14], and | do not propose
to gointo the details here. Su ce it to say that this combinatorially de ned
norm may be usedto obtain the probability that the spin number x is the
result, whentwo end-units of a given spin-network , cometogetherto form
a new unit. With spin-networks labelled as in Figure 2, the formula turns



out to be:
norm norm
norm norm
(x + 1)f 2(a+ b+ x) + 1g'norm
f3(a+b x)gfi(b+x a)gfi(x+a bg'norm

probability of x (1)

which is a rational number. This result is obtained from convertional non-
relativistic quartum medanics, but things have to be reformulated consid-
erably for useto be able to state the result in a reasonablysimple purely
combinatorial form. | should mertion alsothat a spin-network represeis a
physical processwhich is forbidden (that is, zeroprobability) by the rules of
nonrelativistic quantum medanicsif and only if its norm vanishes

The proposal now is to extract a concept of spacefrom this sthheme|
or, rather, the simpler concept of directions in spacefrom this particular
model. The basicideastemsfrom the quantum medanicalfact that a system
with zerototal angular momertum must be spherically symmetrical, and so
cannotbe usedto de ne a direction in space;a systemof total spin %~ is not
much better, sinceit \sees"but two alternative \directions" availableto it as
regardsits state of spin; for spin ~ there arebut three alternative\directions,"
and soon. Only for a systeminvolving a comparatively largetotal spinvalue,
can we expect that it could de ne a direction in any well-de ned way. And
oncewe have a large spin, we can ervisagea fairly well-de ned rotation axis
asa cornveniert meansof de ning us a direction in space.

Next, angles between rotation axescan be de ned in terms of certain
simple \experimerts." A spin %~ unit is detached from someunit of large
spin (called a large unit) and then reattached to another large unit. Let us
supposethat the spin of the rst large unit is reducedby %~. Then the spin
of the secondlarge may increasedby %~|with probability p, say|or it may
be reducedby %~|with probability 1 p. If thereis a well-de ned angle
between the spin axesof the two units, then in accordancewith standard
guartum medanics,we have (in the limit of large spin)

p= cog 1 (2)
2
We canuse(2) asthe de nition of the anglebetweentwo largeunits, provided
that the two units have in some appropriate sense,a well-de ned angle
betweenthem. (Without sud a proviso this de nition would not lead to a
reasonablegeometry)



FIGURE 3.
An angle measuringexperimert, repeatedin order to eliminate the \igno-
rancefactor.”

Before consideringthe questionasto when the angle betweenthe spins
of two large units can be consideredas \well de ned,” | should rst be
a little more precise as to the interpretations of the probabilities arising
here. These probabilities are always calculated starting from a given spin-
network (refer to Figure 2), which is supposedto represeh someknown
portion of the universe. The spin-netvork  may occur againat variousother
placesin the universe. At someplacesit may be part of a more extended
spin-nework ; at other placesit may be part of °(which isto dier from
only in that oneof the spin-numbersis di erent: seex in Figure 2); at other
placesit may be part of other spin-netvorks. The calculated probability is
then supposedto give us the relative frequencyof to ©(given ) in the
universe? Now, it may be that cortains two large end-units, M and N,

2This point of view servesto make the probability concepttolerably precise,for pur-
posesof the model. It may possibly leave something to be desired for a physically more
realistic model. For example, whether or not the units labelled a and b in Figure 2 could
actually cometogether to form another unit might depend on whether or not a suitable



but without much connectingnetwork betweenthem. This is the situation
wherewe \know" rather little about the relationship betweenM and N, so
the probability p that we calculatein the above experimert cannotreally be
thought of as de ning an \angle" accordingto (2), but is, rather, partly a
measureof our ignoranceof the relation betweenM and N. For the angle
betweenM and N to be well de ned, we shouldrequire this ignorancefactor
to be very small.

But how are we to decide whether a probability arisespartly from ig-
noranceor ertirely from angle? Considerthe above experimert repeatedin
the way depictedin Figure 3. The secondexperimert givesa probability p°
which could be a ected by the result of the rst experimert. If p®is not
signi cantly a ected by the result of the rst experimert (and p°+ p) then
we can sa& that the ignorancefactor is small and the angle betweenM and
N is well de ned. (If the angle between M and N is not well de ned in
this sensethen we can generally make the angle better de ned by carrying
out a fairly large number of similar experimerts in successionThe probabil-
ity normally settlesdown to some xed value.) Now, the following theorem
can be proved: if a spin-network has a numter of large end units suchthat
the angle between any two of them is wel de ned in the alove sense,then
theseanglescan be consistently interpreted as anglesbetween directions in a
Euclidean three-dimensionalspace.

This result is very satisfactory, but in away it is perhapstoo satisfactory!
It involvesa peculiar feature which | want to emphasizeparticularly in this
article. Supposewe had set up the normal quantum medanical formalism
for the description of the situation; that is, by giving statesin terms of wave
functionsinvolving, say, coordinatesr, , and , thesebeingordinary spheri-
cal polar coordinatesfor a preassignedadkground Euclideanspace.Can we
identify the directions (of spin-axes)that we end up with as the directions
in this badkground Euclidean space? No, we certainly cannot! The condi-
tion, given above, that anglesbetweenspin-axesof units be well de ned, by
no meansensuresthat the spin-axesthemseles correspnd to well-de ned
directions. (For example,a state with m = 0 doesnot de ne a good badk-
ground direction for its spin-axis, no matter how largej is.) | proposeto
take the attitude, howewer, that in this model it is the geometry of \spin-
axes" of the large units which is the real geometry The badkground space,

\particle" with spin-number x really existed. This would in uence the probabilities in a
way not takeninto consideration here.



with its sphericalpolar r, , and , hasno actual physical meaningand is
introducedmerely asa corveniencefor calculations(that is, if onechoosesto
usethe corventional wave-function description, rather than a conbinatorial
procedure). Thus, the systemitself de nes the geometry and the badground
spaceis really an irrelevance.

It appearsthat we may think of the relation between the badkground
spaceand the real spaceasbeinggivenby a unitary transformationin Hilbert
spce. Thus, stateswhich give well-de ned directionsin onespacemight cor-
respondto linear superpositionsof stateshaving well-de ned directionsin the
other. This ideais very closeto a suggestionby Aharonov [15], according
to which one can passfrom one conceptof geometryto another by applying
a Hilbert spaceunitary transformation. In this view, an electron moving
through two slits, for example, does not \feel itself to be split" since the
geometry \felt" by the electronis not quite the sameas that of the slits.
According to the electron's geometry (which would be related to the back-
ground geometry by a unitary transformation) the electron would remain
intact while the badkground spacewould be \split" in a certain sense.

Also it is not actually necessarythat the \real" geometryshould t to-
gether globally to give a spaceof the samekind as the badkground space.
Let meillustrate what | have in mind by referenceto the model. Considera
spin-nework  which consistsof two portions, and , ead of which hasa
number of large end-unitswith a well-de ned anglebetweenthem (Figure 4).
Thus, eath of and de nes its own Euclidean geometry of directions in
a well-de ned way. Now supposethat the connectionsbetween and in

are not su cient (or not of the right type) to ensurethat the geometry
de ned by andthat de ned by are consistem with oneanother (that is,
the angle betweena large unit of and a large unit of neednot be well
de ned). Thenthe largeunits of neednot correspnd to statesof spin with
well-de ned rotation axesaccordingto the geometry and vice versa Thus,
we may expect that the relation betweenthe -geometryandthe -geometry
should occur via somethinglike a unitary transformation in Hilb ert space.

The circumstancewherely ead part of a structure can de ne its own
local Euclidean geometry but where theselocal geometriesneed not quite
patch together to make a global Euclidean geometry is reminiscen of the
situation occurring with Riemanniangeometry asusedin generalrelativity.
In fact, it is one of my main cortentions in this article that the curvature of
space-time may indeedhave its originsin an e ect of the kind just descriked.
But how are we to relate, in any meaningful way, the e ects of space-time
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FIGURE 4.

The spin-networks and ead de ne their own geometry but owing to in-
adequateconnectionsbetween and , the two geometriesare not consisten
with one another.

curvature to the e ects of a unitary Hilbert spacetransformation? On a
classicallevel, we would expect sudh unitary transformations to shov up
as canonical transformations in suitable classicalvariables. Thus, it must
be possibleto relate space-timecurvature to canonicaltransformationsin a
suitable manner. | shall shov how this can be done, rst, in a way which
is closelyrelated to (but not quite the sameas) the way which | beliewe to
have the most signi cance. | shall descrite the way | prefer afterward.

Let M be a space-timemanifold® and let C be its cotangert bundle [16,
17]. Thus, eat point of C represeis a point x of M together with some
covariant vector p, (referredto asa momentumvector) at the point x. The
eight-dimensional manifold C has a natural symplectic (or \Hamiltonian™)
structure de ned by the two-form [17, 18]

I = dp, N dx*: (3)

Of interest alsois the naturally de ned one-form

= padX® (4)
of which ! is the exterior derivative: ! = d' . The inverse of the tensor (on
3A four-dimensional, pseudo-Riemannian(+ ), time-oriented Hausdor manifold

with a C2-metric.
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FIGURE 5.
The spaceGk of k-gealesicsin M inherits a symplectic structure from that

of the cotanger bundle C.

C) de ning ! is the bivector which de nes the Poissonbracket

" & & & ®

@ @ @
Any smaoth transformation of C to itself which presenes the symplectic
structure! |or equivalertly, which presenesthe Poissonbracket (5)|will be
a canonical transformation. Howeer, theseare not quite the transformations
that concernus here. We must rst construct a reducedphasespaceby a
standard procedure[19]. Let Cx be the sewen-dimensionalsubmanifoldof C
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for which the squared\Hamiltonian "

H  0®papo (6)

takesthe constarnt valueH = K. The Poissonbracket now de nes a vector
eld (or\o w") onCg by

(f)=fH;fg (7)

(f beinganarbitrary smooth function on C). The integral curvesof arethe
\lifts" of geadesics[19, 20]in the space-timeM (seeFigure 5), the tangert
vector to the geadesicsbeing p* = g®p,. Now, the spaceCk, being odd-
dimensional,does not possesa symplectic structure. (The form ! induces
a degeneratetwo-form called a pre-symplectic structure on Cx ). Howewer,
we can (locally, at least) factor out Cx by the integral curvesof to obtain
a symplectic six-dimensionalmanifold Gk . Eadh point of Gk represets a
gedlesic in M whose(parallelly propagated)tangert vector p® hassquared
length p?p, = K. Call sud a gealesica K -geadesic? The sympletic struc-
ture on Gk is that induced by the two-form! .

It is worthwhile to examinethe geometric meaning [19, 20, 21] of this
symplectic structure on Gg , and alsothe meaningof ' in relation to Gk . In
fact, both ' and! represem integrals of the Jacobi equation for geaesics.
That is to say, they represen properties of neighboring geadesicswhich can
be calculated at any one point but which are actually constart along the
gealesics. Let us consider' , rst, asgiven by (4). We may think of p? as
the tangert vector to someK-geodesic and dx® as a \connecting vector"
which connectsa points x on  to a corresmnding neighboring® point x° on
a neighboring K -gealesic °to  (seeFigure 6). The fact p, dx? is constart®
along is a well-known property of Lie derivatives[16]. Now considerthe

4We can, of course,restrict attention to the three valueskK = 1;0; 1 if desired,since
all other casesare related to theseby scalings.

SFor the purposesof sudh geometrical descriptions it is corveniert to adopt an \old-
fashioned" attitude to \dx?" and to talk about \neighboring" points and curves. There
is actually no real conict betweenthe \old-fashioned" and \contemporary" viewpoints
here. An equation such asQ, dx? = 0 canbe interpreted either as\the in nitesimal vector
dx? connectingtwo neighboring points x and x°is orthogonal to Q,," or as\the one-form
Qa dx? mapsto zerothe vector at x with which we are concerned."”

61f K = 0 this doesnot require x and x°to occur at corresponding parameter values
on and 9 Thus,the one-form' carriesoverto Gk if K = 0.

12



FIGURE 6.
The quartity ' = p,dx? is constart along (whereif K 6 0, x° has the

sameparametervalueon °asx hason ).

interpretation of I . In \old-fashioned" notation we write
—_ 1 a a
b= 5(dp X7 padx?) (8)

wheredx? is asbefore(but whereparametervaluesneednot now correspnd)
and where x? is viewed as a \connecting vector" which connectsthe point
X on to any neighboring point x%on a third neighboring gealesic % The
tangert vectorsto %and “areto be, respectively, p?+ dp? and p?+ p? (see
Figure 7). The fact that (8) is constart along is sometimesreferredto as
the Lagrangeidentity [16]. It is a consequencef the interchangesymmetry
of the Riemann tensor: Rapeg = Regap. We may think of I asdening a
measureof the rotation of three neighboring gealesicsabout one another.
Let usreturn to the questionof the relation betweenspace-timecurvature
and canonicaltransformations. The canonicaltransformationsare actually to
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FIGURE 7.
The geometricmeaningof the symplecticstructure of G : the rotation mea-
sure%! = (dps X*  padx?) is constart along (Lagrangeidertity).

be appliedto the space of K-geodesicsGk (for some xed K), rather than to
the space-timeM . (Thus, we must expectthat if a spaceis to be constructed
out of somecombinatorial principlesin acordancewith the generalideaof the
model descriked earlier, then this spaceshould, in the rst instance,be more
like Gk than directly like M.) We can imagine that it should be possible
to reconstructthe geometryof M oncesu cient structure of the spaceG, is
known, for we may assaiate eat point x of M with the system Gy (x) of
K -gedesicsthrough x. Each Gk (x) may be viewed as a three-dimensional
submanifold of Gx , these submanifoldsforming a four-dimensional family
within Gk . If we know this family of submanifolds,then we should be able
to reconstructthe space-timeM from Gy .

Let us consider how this can be done in the special casewhen M is
Minkowski space-time. The at geometry of M assignsconsiderablymore
structure to Gk than just the symplectic geometry of Gx . | do not want
to go into much detail here, but the essetial point is that the shar of a
congruenceof gealesicsin M can, owing to the atness of M, bede ned in a
way which refersto the gealesicsin their entirety and doesnot depend on a
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choiceof a particular point on the gealesic. It followsthat the shearconcept
can be interpreted in terms of somelocal structure on G ; in fact, in terms
of sometensor eld on Gx. One way of adchieving this is by meansof a
covariant tensor on Gg , of valencefour, which, using a notation similar to
that of (8) can be expresseds:

= dx®dp, p° pp X* padp’dpy: 9)

In orderto x ideas,let ussupposethat is, in fact, de ned by equation(9),
even though this is not completely satisfactory for later purposes.The form
I already (satisfactorily) achievesa correspnding interpretation with regard
to the rotation of a congruenceof gealesics(but, in this case,independen
of the atness).

The importance of being able to interpret both the shearand rotation
on Gk isthat and! may now be usedto locate the G(x) submanifolds
in G and henceto reconstruct space-timepoints. For if x is a point in M
then the congruenceof K -gealesicsthrough x (now straight lines) hasthe
property that its shearand rotation both vanish (I am now supposing that
K 6 0, in order to keepthe discussionsimple.) Conversely any congruence
with vanishing shearand rotation (and nonvanishingdivergence)is a Gk (x)
systemand hencede nes a unique point X in M.

But how doesthe e ect of curvature in M shav up in Gx? Let us
rst considera very idealized situation. (This is not really essetial, but
it senesto clarify matters.) Supposethat M cortains two (geadesically
corvex) regionsF,, and F,, of at space-timeand supposethat someopen
set E in Gk, represets K -gealesicspassingthrough the interiors of both
Fi, and F,. The at geometryof F;, assignssome\shear structure" 4, to
E; similarly, the at geometryof F,, assignssome"shear structure” , to
E. But, in general,we shallhave ; 6 ,. This is becausea congruenceof
gedalesicsshear-freein F;, will normally beginto pickup shearas soon as it
leavesF1, and ernters a region of curved space-time.Only in very exceptional
circumstancesvould all the shearexactly cancelout by the time the gealesics
nally erter the regionF,.

Now the K -gealesicsthrough x, wherex is somepoint in the interior of
F1, will have the property that while within F1, they constitute a shear-free,
rotation-free congruence.This fact could be recognizedn E, by referenceto

1, and! . But there will be many other shear-freeyotation-free congruences
of K -gealesicsegmets in F;. Someof thesewill appearto be corverging
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FIGURE 8.

Points in F; may be located in terms of shear-freerotation-free congruences
of geadesics,but on this basis,points outside F; would appearto be \fuzzed
out."

on points which lie just outside the F; region (seeFigure 8). As soon asthe
gedesicserter the curvedregionthey will beginto pick up shear,sothey will
not normally corverge cleanly on any actual point of M. Correspondingly,
a congruenceof K -gealesicswhich actually dces convergeon a point y just
outside Fy, will normally possess certain amourt of shearwhile in F;.
Thus, we seethat the \shear structure” ; of E canbeusedto help locate
the points of Fy, but that if we are not careful we will also\lo cate" things
which appear to be points outside F;, but which are actually not points of
M at all. Similarly, , helpsto locate the points of F,, but points which
are not in F, are incorrectly \lo cated" by this means. In particular, 4,
locates points in Fy, correctly and points in F, incorrectly, while with
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the situation is just the reverse. In a sense the points of F, appear to be
\fuzzed out" when viewed from F; (that is, using ;) and vice versa This
\fuzzing out" may be validly thought of as being the result of a canonical
transformation of E. Sud a canonicaltransformation would presene! (the
symplectic structure must be presened by de nition of \canonical") and
could transform ; to ,. To achieve sud a transformation explicitly, we
can set up ordinary Minkowski coordinates in F;. We can then set up a
related canonicalcoordinate systemin a standard way, for the relevant part
of the cotangen bundle C, and thence arrive at canonical coordinates for
E  Gk. Similarly, ordinary Minkowski coordinatesin F, will give rise to
di erent canonicalcoordinates for E. Thesetwo coordinate systemsfor E
will be related by a canonical transformation, the componerts of ; with
respect to the rst beingthe sameasthe componerts of ,, with respect to
the second.

Let us pass, now, to the caseof a general curved space-timeM . for
simplicity, supposethat K 0 (so that the gedalesicsare all time-like or
all null) and also that M is glolally hyperbolic [22, 23]. Then M admits
slicingsby certain space-lile hypersurfaceswith the property that any one
of them could be usedglobally asa Caucy hypersurfacefor M [24]. Each
hypersurfaceS will then intersecteat K -gealesiconceand onceonly. Thus,
givenS, we canexaminethe externt of shearingof a congruenceof K -gealesics
at the intersectionsof these gealesicswith S. This givesus a de nition of
\shear structure" g, for Gg , relative to the hypersurfaceS. If wewishto use
(9) for the de nition of in at space-timethen we canstill use(9) in curved
space-timeto de ne ¢ by choosingdx? and x2 to connectneighboring points
lying within the hypersurfaceS (so dx? and x? aretangert to S).

The six-dimensionalmanifold G will now possesshe following structure.
In the rst place,it will have a permanert symplectic structure de ned by
the two-form ! (and, if K = 0, the one-form with ! = d). In the
secondplace, it will have a shifting \shear structure” ¢, which dependson
the location of the hypersurfaceS in M. If S is moved over a region of at
space-timein M, then ¢ will not change If S is moved over curved regions
in M, on the other hand, then ¢ will shift, its rate of changebeing actually
governedby the Riemanntensorin M at the points over which S moves. It is

s (in relation to ! ) which carriesinformation specifying the actual geometry
of M. The form ! by itself conveysno information asto the metric structure
of the space-time.Given ¢ the points of S can be realizedin Gx asthree-
dimensional submanifolds Gk (x) whosetangert vectors annihilate ¢ and
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I (the shear-freeand rotation-free conditions). But the points of M which
lie o will, dueto the curvature in M, generallyappearto be \fuzzed out"
from the point of view of the ¢ structure, in the sensehat the Gg (x) cannot
now be recognizedas shear-free,with respectto . The farther away the
points are from S, the greater, in general,will be this \fuzzing out." Since
I doesnot shift on Gk, we can think of this \fuzzing out" as a canonical
transformation e ect.

| want, now, to modify this picture somewhat,soasto bring it moreinto
line with someother featureswhich | feel should be involved, in connection
with a quartized space-time.As a rst steplet me specializeto the caseK =
0. | have se\eral reasonsfor wishing to do this. One of theseis that it turns
out that the \shear structure" of Gk, cannow be expressedn a particularly
signi cant form, namely as a complexanalytic structure for a closelyrelated
eight-dimensional manifold T (strictly speakingit is an \almost complex"
structure [25] in the most general case). The interplay between complex
analytic structure (that is, \analyticit y") and unitary structure (which, on
the classicallevel becomescanonical;that is, symplectic structure) seemso
play an important role in modern theory of particles [26, 27], sothere could
be somesigni cance in exhibiting sud an interplay also at the level of a
space-timeanalysis.

A secondreasonfor desiring the specialization to K = 0 is that null
gedalesicsare conformally invariant ; that is to say, they depend only on the
light conestructure of M and not on its metric. There are various reasons
for believingthat conformalinvariancemay actually have somebasicrole to
play in physics, and that conformally invariant formalisms could have spe-
cial signi cance as\background formalisms" for physical theory. The notion
of \causality" inasnmuch as this refersto the location of the light conesin
space-time(and, therefore, to conformal structure) would seemto have a
particular physical importance, more so than the actual space-timemetric.
In addition, all zerorest-massfree elds are, or can be made, conformally
invariant [28,29, 30,31, 32 33. This applies,in particular, to gravitation, if
we interpret \free" to meanthat we are consideringlinear theory, or at least
the propagation of curvature in empty space(Bianchi idertities) [33] rather
than the nonlinear responseof curvature (or other elds) to curvature (Ricci
idertities). A number of interactions are also conformally invariant (for ex-
ample, electromagneticinteractions or the non-linear self-couplingin the \
scalartheory") but it is sometimesa little dicult to separatethe confor-
mal invariance of the \pure" interaction from the conformally noninvariant

18



e ects of the presenceof rest-mass.It is even conceiable that all conformal
invariance breaking is connectedin someimportant way with the presence
of mass. It is rest-masswhich (apparertly) is responsible for de ning the
scaleof phenomenaand hencethe metric of space-time[5, 34]; it providesus
with the most obvious obstacleto a beliefin a universalvalidity of conformal
invariance in nature. The other most obvious obstaclein which conformal
invarianceis broken is in gravitational interactions: Again it is masswhich
is involved in an essetial (but now di erent) way. Indeed, it is tempting to
beliewe that there may be a common origin to thesetwo aspects of confor-
mal invariance breaking. In any case,to think of basic physical processesn
terms of either conformalinvariance,or the breaking of conformalinvariance,
seemdo be a fruitful point of view. To this end, it is very usefulto employ
a formalism which makesthis conformal invariance manifest where\er it is
presert.

The particular choice of formalism that | have in mind, namely twistor
theory [21,35, 36],is motivated partly by considerationsof this kind. Twistors
are, in fact, the spinors[37, 38] for the fteen parameter conformal group
[39], which is the space-timesymmetry group for the zerorest-massfree- eld
equations (including linearized gravitation). Any nite-dimensional repre-
seration of the conformal group is equivalert to a twistor represetation.
Also, in nite-dimensional represetations can be corveniertly descrited in
terms of functions of twistors. Thus, twistors play a role with regardto the
conformalgroup analogouso the role played by two-componert spinorswith
regardto the Lorentz group [40] or rotation group. Now, the conbinatorial
model that | was di ussing earlier for the description of nonrelativistic an-
gular momertum was basedon the represetations of the rotation group. In
fact, the particular combinatorial rulesthat | had in mind for ewvaluating the
norm of a spin-netwvork [14] were derived directly from the two-compnert
spinor algebra. In a correspnding way we might expect to be able to derive
a combinatorial calculusbasedon twistors, wherethe conformal group now
takesover the role previously enjoyed by the rotation group.

It was, in fact, the hope of generalizingthe spin-netvork model to make
it morerealistic which provided other parts of the motivation for the original
introduction of twistor theory. The two most obvious respectsin which the
spin-nework model is unrealistic are that it is a nonrelativistic schemeand
that there is no provision for the mixing of spin with orbital angular momen-
tum. Thesetwo inadequaciesare related to one another; indeed, they are
both aspectsof the fact that any relative velocity betweenthe di erent units
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has beenneglected. But it was always clear that the removal of theseinad-
equaciesn the model would involve considerablymore than just the simple
substitution of one group by another. Oncethe schemeis made relativistic

then we must encourter someof the di culties involved in passingfrom a
guartum theory to a quartum eld theory; onceorbital angular momertum

is brought in, then we have to cortend not only with directions in space-time)
and angles but alsowith locations and distances

Accepting that there must be someessetial new features arising, the
twistors do seemto provide the right kind of generalizationof the nonrela-
tivistic, SU(2), two-component spinorswhich formed the basisfor the spin-
network theory. Twistors are geruinely spinorial objects and so can still
handle half-odd spin values,they are completely relativistic (in the senseof
specialrelativity), and they adequatelymix togetherthe conceptsof angular
and translational displacemets (so that spin and orbital angular momerta
will combine together in the appropriate way). The use of the conformal
groupland hencethe locally isomorphic\t wistor group" SU(2; 2)|rather
than the Poincare group, arisespartly from technical mathematical reasons,
connectedwith the semi-simplicity of SU(2; 2), and partly from reasonamen-
tioned above concerning physical importance of conformal invariance. (In
any case,Poincare invarianceis easily extracted from a framework designed
to handle conformalinvariance.) The main essetially new feature which is
involved arisesfrom the fact that the conformal group, and SU(2; 2), pos-
sessin nite-dimensional irreducible represetations. Most particularly, the
zerorest-massfree elds provide sud represetations. This implies that the
twistor algebra must be employed more subtly than in the direct way in
which the two-componert spinor algebrageneratedthe spin-network theory.
Thus, it may prove to be di cult to reducethe resulting twistor calculations
(which at presen involve cortour integration) to a set of purely combinato-
rial rules. There seemsto be nothing in principle againstthe possibility of
doing this, howe\er.

But how is twistor theory to be reconciledwith genearl relativity? The
conformal group refers only to symmetries of conformally at space-time.
Gravitation on the other hand implies the existenceof conformal curvature.
My point of view with regard to this questionis really the onethat | have
beentrying to stressthroughout this article. Imagine that we have been
able to dewelop the twistor theory to the point at which calculation can be
expressedn terms of certain conbinatorial rules. By analogywith the spin-
network theory, we might expect that theseruleswould enableusto calculate
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the probability of occurrenceof certain typesof (graphically de ned) situa-
tions in the universe. From theseprobabilities we should be able to extract
geometrical conceptswhich would emergeas \well de ned" under suitable
circumstances. This would then lead to a conceptof local geometry which
would be of a Minkowskian character (assumingthat conformal invariance
breaking has been adequately incorporated into the theory|otherwise we
should presumablyonly obtain a local conformalgeometry). The Mink owski
geometriesthat we extract \lo cally" might not be consistem with one an-
other over the whole universe. The conceptof space-time\p oint" that we
extract in oneregionwould then appearto be \fuzzed out" from the point of
view of the geometryde ned in someother region.” This \fuzzing out" would
be of the nature of that obtainable by a unitary transformation in Hilbert
space. On the classicallevel, this would appear as the result of a canonical
transformation applied to a suitable space(namely twistor space|closely re-
lated to Gk with K = 0). From this spacewe do the bestwe canto extract
a conceptof space-time\p oint" which has someform of universal validity,
but we nd that having donethis, the space-timethat we nally constructis
no longer conformally at, the conformal curvature being directly relatable
to this \fuzzing out" of points as\viewed" from distant regions.

To a considerableextent, the above programis speculation. Newertheless,
the presen state of twistor theory doeshave a number of points of cortact
with it. To illustrate somethingof this, I should be more explicit about the
nature of twistors. Let us, in the rst instance,chooseM to be Minkowski
space-time. Choosean origin O and considera classicalspecial-relativistic
system whosetotal momerium P, is null and future-pointing and whose
total angular momertum tensor M 2 has the property that the spin vector
constructedfrom it (and P,) is proportional to the momerium Pj:

PIMPep.q= 25P,: (10)

this is a normal requiremen [41]for the momertum and angular momertum
structure for a zero rest-massparticle (expcq being the alternating tensor).
The quantity s is the spin-helicity; that isto say, jsj is the intrinsic spin, while
the sign of s measuresthe helicity. Translating into a two-spinor notation

"This is necessarybecausehe local Mink owski geometriesare not really tangernt spaces.
They have to merge oneinto the other when our point of view changesas we move around
the universe. In a sensethey are all really the same\space."
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for P, and M 2 we obtain
Pano= "aA ao; (12)
for some Ao, whencefrom 10

MAA0880: il (A —B) A0 ”—(A0 B9 AB (12)

for some! A (where the round brackets indicate symmetrization). The pair
of spinors (! #; a0) de nes P, and M 2® uniquely, while P, and M2 de ne

(! A; a0) up to the combined phasetransformation
AT & 1A, a0l € a0 (13)

( real). Relative to the origin O, this pair of spinorsrepresets a twistor
[35 36]Z :

Z $ (1P a0 (14)

If we passto a new origin O whoseposition vector relative to O is h?,
then relative to O we must represen the twistor Z by (~*; ~a0) where

FA= 1A oh™% —0= o (15)

this being consisten with the transformation of momerium and angular
momertum:

P.= Py  M®=M* h?pP°+P2h°: (16)

If we passfrom the space-timemetric g, to a conformally related metric Qap,
accordingto the conformal resaling [5]

0o = *Gan; a8 = AB ; a7
then Z must be represeted by (M; ~a0) Where
pA = 1A, Apo= Mpot i 1A Tr pn0 (18)

The two transformations (15) and (18), and also any homogeneoud.orentz
transformation, have the property that they are linear transformations (of
unit determinart) which leave the form

Z Z = 1A+ pof? (19)
= 2s
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invariant; wherethe complexconjugateZ , of the twistor Z is represeted
as

Z$ (A (20)

relative to the origin O. Sincethe Hermitian form (19) has signature (+ +
), sud transformations generatethe group SU(2; 2), this being4 1
isomorphicwith the connectedcomponert of the conformal group.
Twistors for which Z Z = 0, are called null twistors. A null twistor
Z de nesthe null straight line in M, which is the locus of points whose
position vectorsx? satisfy

i qoxPMAT= 1A (21)

(seeequation 15). We may think of asthe world line of zer rest-mass
particle of momentumP, and zeo intrinsic spin, this particle having angular
momertum M relative to O. The non-null twistors (that is, Z Z 6
0) may be thought of as describing zero rest-massparticles with non-zeo
intrinsic spin, but they cannot be uniquely localized in terms of a single
world-line in space-time.

Two null straight lines and will intersect ( possibly at conformal
in nit y) if and only if their correspndingtwistorsY andZ areorthogonal:

Y Z 60; (22)

in which casethe light cone whosevertex is the intersectionq of and , is
generatedby null lines descriked by null twistors

X = Y + Z: (23)

Sinceany point g can be represeted by its light cone,the linear set (23),
denotedby T(q), givesa twistor way of realizing the point q. If desired,we
can usea twistor

Q =Yz ZzY (24)

to represen T(qg), and hencethe point g. (Generally, twistors of higher
valencecan be constructed from twistors like Z or Z , by meansof the
usual tensorrules.)

According to a theoremby Kerr [33], the condition that a congruenceof
null straight lines be shear-free canbe stated very eleganly in twistor terms
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as the fact that the congruencebe represetable as the null solutions of an
equation

(Z)=0 (25)

(or by the limiting caseof sud a construction) where is a complexanalytic
(holomorphic) function of the componerts of the twistor Z . Thus, the shear-
free condition is interpreted, in twistor terms, as essetially the Cauchy-
Riemann equations @=@Z = 0. In other words, the \shear-structure"
for the spaceT of twistors Z , may be thought of asa complex (analytic)
structure on T. We can use this structure to locate the T(q) manifolds,
and hencethe points of M (since light conesare the only nonshearingnull
hypersurfacesn M, apart from null hyperplanes).

Let usturn to the casewhen M is a (globally hyperbolic) curved space-
time. The conceptof a null twistor Z can be adapted without dicult y
from the Minkowski case: we simply interpret Z as a null gealesic in
M at ead of whosepoints is a spinor Ao, parallelly propagatedalong ,
sud that the \momentum vector”" P,, givenby Paao= A ao, iStangert to

. On the other hand, there appearsto be no way of uniquely assaiating
a non-null twistor with somewell-de ned structure on M. Howewr, it is
usefulto postulate the existenceof a spaceof non-null twistors, into which
the spaceT, of null twistorsis to be enbeddedasa hypersurface.This gives
us an eight-dimensional manifold T, the spaceT, being a seven-dimensional
submanifold.

The spaceT is supposedto possess symplectic structure, namely a real
two-form, which | shall still denoteby !, this being the exterior derivative
I = d of a complexone-form' on T. The imaginary part of ' is to be
the exterior derivative of a scalar eld s on T, the hypersurfaceT, being
de ned by s = 0. If aregionof Ty refersto null gealesicswhich erter some
region of at spacein M, then we can use the represetation of twistors
givenin (14), etc., and be more explicit asto the de nition of theseforms.
We can set [21]

I =idz ~dZ ; ‘=iz dZ and s= %ZZ (26)
(comparewith equation 19). In the casewhens = 0 (vanishing of intrinsic
spin) we can substitute Z $ (i x*" a0 a0) (comparewith equation 21)
into the right-hand sidesand verify directly the formal equivalencewith (3)
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and (4). If the null gealesicspassthrough two regionsof at space,then
the de nitions (26) arising from ead will agreewith one another [21]. We
can alsouse (26) if the null geadesicsdo not enter any region of at space,
provided we are concernedonly with Ty and interpret the dZ 's suitably.

The spaceGq (that is, Gk with K = O) of null geadesicsthat we con-
sideredearlier, can be regardedas obtainable from T by a processanalogous
to that by which Gy was previously obtained from the tangert bundle C.
The (squared) \Hamiltonian" is now the quanity s = %Z Z . We are
concernedwith the sewen-dimensionalsubmanifold Ty of T given by s = 0.
The vector eld correspndingto is now

i @ i- O

— = 4 _ = -

2Z @ 22 — ; (27)
which generateshe transformationsZ ! € Z (seeequation13). We fac-

tor out by thesephasetransformationsto passfrom Ty to the six-dimensional
spaceGy (seeFigure 9). This processenablesusto carry over the symplectic
structure ! , and also' , from T, now, to the spaceGy. The result agrees
with the previousconstruction [20]. Thus, the symplecticstructure of T can,
whenrestricted to Ty, be given somereal geometricalsigni cance.

It is actually possibleto go considerablyfarther than this in explicitly
exhibiting the form of canonicaltransformation on T, which is induced, for
example, by the presenceof a gravitational wave in M. An interplay be-
tweenanalytic functions and the symplectic structure of T appearsagainin
a surprising way [36]. | do not want to gointo all this here. The main point
| wanted to make is that conformal curvature showns up classically on the
spaceT in terms of canonical transformations

Z ' Z (Z:Z2);

the form ! being presened [2]]. Sud a transformation shifts the complex
structure of T. It is the complexstructure of T (beingits \shear structure™)
which senesto \lo cate" the points in M. Sud a shift causes\good" null
conesto be transformed into coneswhich do not focus cleanly at a proper
vertex. In this way it hasthe e ect of \fuzzing out" points which had previ-
ously appearedto be \good" points and vice versa Quantum medanically,
we would expect this e ect to result from a unitary transformation

Z ! Z (Z,e@):
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FIGURE 9.
The symplectic structure of G, arisesfrom that of C or from that of T in a
similar way.

In my descriptionsup to now | have essetially ignored the question of
the topology of M. | can, howewer, seeno real objection to applying these
ideasto quite generalspace-timemanifolds with complicatedtopology. The
restriction to a globally hyperbolic M allows one to avoid the more serious
problemswhich might arise. But it also precludesany possibility of having
a space-timewith a changingtopology, for example. (Global hyperbolicity
is equivalert [24]to the existenceof a Caudy hypersurfacefor M .) If global
hyperbolicity is dropped, then Ty and G, could exhibit certain pathologies. If
M isassumedo be strongly causal[3, 4, 5] then the worst of thesepathologies
can be avoided. But there still remainsthe possibility that T, and G, could
turn out to be non-Hausdor manifolds under sud circumstances.

Finally, |1 should say somethingabout the status of the details of twistor
theory at the momert [36]. The theory allows computationsto be carried out
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using contour integrals, which are intended to represen (crosssectionsfor)

scattering processefvolving electromagneticand gravitational interactions,
etc. (It is such computations as these which one would hope to be able
ultimately to re-expressin a purely combinatorial form.) At the time of
writing, there is some evidencethat those computations which represen
the conformally invariant part of the theory (for example, electromagnetic
interactions without rest-mass)are substartially correct. On the other hand,
it hasnot yet beenpossibleto nd the correctway of handling the conformally
noninvariant parts of the theory (for example, rest-massand gravitational

interactions). But there appearsto be no insuperable obstacleeventually to

achieving this.
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