QG F06 Homework 2
Mike Stay

1. Show that every category with finite products can be made into a monoidal
category.

Let C be a category with finite products. Then for any pair of objects A;, As,
there exists another object A and morphisms 7; : A — Ay, m : A — Aj such that
for any other object B with maps b; : B — Ay, by : B — Ay there exists a unique
map u : B — A such that
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commutes. If B is another product, then we have a unique v : A — B such that
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commutes. Since uowv : B — B is unique and 1 : B — B exists, then uov = 1.
By symmetry, v ou = 14, thus A = B and any product A; x Ay we choose will be
isomorphic to any other.

Let 1 be an object of C such that for any object B there exists a unique map
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Define I := 1. This is well defined up to isomorphism, since for any other choice
1’ there exists a unique isomorphism such that

1
a
v
1[
commutes.

Define A ® B := A x B. Now C is a monoidal category.

e The map

®:CxC—=C
(A,B)— A®B
(f9) = foyg
preserves composition, since given f: A—C, g:B— D, h:C — E,

j: D — F, we have unique morphisms f®g¢g: A®B—>C®D and
h®j:C®D — E® F such that this diagram commutes:
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But this diagram also commutes:
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so (h®j)o(f®g)=(hof)® (jog). Since ® is defined for objects and
morphisms and preserves composition, ® is a functor.



o A =] ® A since there exists a unique f making the following commute
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and fopig =m0 f =idy. A similar argument shows A =2 A® I.

e The unitors 74 : A®1 > A=m andl4:1® A — A =m, are natural iso-
morphisms. For [_, consider the functors id¢ and 1 ® —. Given any mor-
phism f : A — B, we have a unique morphismid; @ f: I® A - I ® B
making this diagram commute:
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and similarly for 74.



e The associator agpc : (A® B)®C — A® (B ® C) is the unique map
making the following diagram commute:
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where A : A — A x A is the unique map making the following diagram

commute:
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A similar diagram shows there’s a unique map from A ® (B ® C) to
(A ® B) x C with the appropriate property, so a4 p,c is an isomorphism.
e The associator is a natural isomorphism: given f: A— D, g: B— FE,
and h:C — F, consider the two functors (—® —)® —:C3 —C,
—®(-®-):C*=C.
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e The “triangle equation” diagram and the “pentagon equation” diagrams
commute for the same reason: since there are projections mapping out of
each product and any map between products is unique, any two apparent
ways of mapping from one product to another while preserving the compo-
nents of the product must be the same.
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