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Suppose € is a category with finite products; i.e., given objects Ay,..., A,
(n > 0) there exists an object A with morphisms

pit A— A

such that for any f; : X — A;, there exists a unique map f : X — A such

that

x-1-a

\hpi

A

~

commutes for all 7.

Show we can make € into a monoidal category by choosing a product A x B
for any pair of objects and by choosing a terminal object (a product of no
objects) 1 and defining I = 1.



1 Defining the Tensor product

1.1 Uniqueness of products

Proposition. Let A, B be objects in &, and Cy,Cs be products of A and B.
Then Cq = C5.

Proof. Let p,, py be the projection maps from C4 to A, B, respectively, and
Ga, @» be the projection maps from Cy to A, B. Consider the following diagram:

Ch
bA fA bPB
A qA 02 4B B

NP
Cy

The maps C5 7, C4 and C} SN (5 are those that are guaranteed to ex-
ist uniquely by the universal product properties of C; and Cs, respectively.
Therefore there exists a unique map f o g such that the following diagram

commutes:
Ch
V ¢ Y

A fog B

NP
Ch

1
But the identity map C 4, 0y will also satisfy this diagram in place of fog,
and therefore we must have f o g = 1¢,. A similar argument will show that
go f =1¢,. Therefore C; = Cs. ]

1.2 Definition of the functor ®

Using the axiom of choice, for every object (A, B) € € x € we can choose one
product in € among the isomorphism class of products of A and B. Denote
this chosen product A ® B.



If (f,9) € hom((A, B), (A", B)), denote by f® g the unique map such that
the diagram

~

/ A B/ /
/ \
®9

opa %p;

A®B

~

~

commutes.
Proposition. Define a map ® : € x € — € by
®:(A,B) — A®B
®:(f,9) — [f®y

Then F is a (covariant) functor.

Proof. By definition we have
ABY A By AaeB X A0
f1®g1 / / f2®92 1 1 . . .
Let A9 B— A'® B'—= A" ® (", with projection maps

A&A®BSB—>B
Al < pA’A/®B/pB’ sy

A o dar A" ® B//qi> B"
Then both of the following diagrams commute:

A// ® B//

A (fo®g2)o(fivgr) B

\m /§2091/0st

A®B
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A// ® B//

qar /\ qp
/ f2 ®N
faopar 5 92°Ppr

A// < /® Bl 5 B//

A

A®B
Therefore we must have

®(f2, 92)0@(f1, 91) = (f2®g2)o(f1®@g1) = (f20f1)@(g2091) = @((f2, 92)°(f1, 91))-

14 ® 1p is defined to be the unique map which provides commutativity of
this diagram:
A® B

pA é PB
A 1A®1B§ B

140pa % 1popp
A® B
But 144p also satisfies this criterion, and therefore
®((14,18)) =14 ® 1p = laep = lg(a,B))-
O

Remark. Unless otherwise noted, for objects A and B we will denote the
projection maps from A ® B to A and B by p4 and pp, respectively.
Proposition.

1. Let A, B, C be objects in €. Then (A® B)®C and A® (B®C) are both
products for A, B, C.

2. Let A, B,C, D be objects in €. Then
A® (B (C® D)),
AR (B®C)® D),
(A (B®(C))® D,
(A® B)® (C® D),
(A®B)@(C)® D
are all products for A, B,C, D.



The proof of this proposition is omitted. Its generalization to products of
n objects for all n > 0 is clear.



1.3 The terminal object of €

Let us now fix a product of 0 objects in €, and denote this object I. Then,
since for any object A in € there exists a unique map t4 such that the diagram

AT

commutes, we see that [ is a terminal object in €.

2 Unity and Associativity

2.1 The Left and Right Unitors

Lemma. Let A be an object in €. Then A, I ® A, and A® I are all products

of I and A.

Proof. We will only prove that A is a product for I and A. Let X be an
object of €, and X 1. A. Then f is the unique morphism which allows the

diagram

A

A

ta 14

XA

I<— 7

to commute.

[]

Therefore there exist unique morphisms I ® A 4 Aand A @14 A. Let

us call these morphisms the left and right unitors of A.

Using A as a product of A and I, we can see by the diagram

AWA@IWI

that p, = 7., and similarly for the projection map I ® A 23 A, we have



pa = l4. Furthermore, we can see from the diagram

that we must have {4 o f = 14, and a similar diagram shows that [4 is also
left-invertible. Therefore {4 (and similarly 74) is an isomorphism.

2.2 The Associators

As mentioned above, for any three objects A, B,C in €, (A® B) ® C' and
A ® (B ® () are both products. Therefore there exists a unique morphism
a4 p,c such that the following diagram commutes:

A®(B®C)

A
jon CcoPBRC
PBOPB&C
A EO‘A,BVC B C
PBOPAGE
PAOPA®B PC
(A® B)® C

The identities satisfied by these morphisms are recorded here, for future use:

PACPAxB = PAOCQABC
PBOPAB = PB°PBxC ° XABC
Pc = Pc ©PBxC © &4 B.C



3 Naturality

The goal of this section is to prove that l4,74, and oy pc are all natural
isomorphisms.

3.1 The functor F: A— AR [

Define a functor from € to € as follows: If A is an object of € and A EN B,
7. A —rf(A)=Ax1
J = eln.
Proposition. Let I be the identity functor on €. Then 1 and F' are naturally

1somorphic.

Proof. Let A 1. B. Recall that the morphism f ® 1; is the unique morphism
such that the diagram

B®I
DPB=TRB A DI
B e I
fopAz\m %
AR T

commutes. Therefore we have the relation

rpo(f®11) = fora.

Inverting this relation on both sides by 74, rp gives us commutativity of the
square

which provides a natural isomorphism I = F. ]

Corollary. The left and right unitors are natural isomorphisms.

8



3.2 The functor G: (A®B)®@C— AR (B ()

Define the functor GG from € to € as follows: for objects A, B,C and mor-
phisms A 4, A,BL B and C LA C’,
[UeBeC » ac(A®B)®C)=A8(BoC)
\(fegeh = aipc((fRg&h) =fR (RN

Proposition. The functors I and G are naturally isomorphic.

Proof. We must show that the following square commutes:

(Ao B)o ¢ (a4 gB)g

OéA,B,Cl lOCA/»B/aC/

A@B® O) fo(g®

—h)>A/(®B/ ® C/)

We will do this by showing that both routes aa p oo (f ® g) ® h and

f ® (9 ® h) o aspc along the square from (A® B) ® C to A'(®B' @ C")
provide commutativity of the following diagram:

B/ ® C/
' P B!
Pp/oPBpIgC
B/
PBOPA®B
PACPA®B pc
(A B)®C

Since only one map can do this, the result follows. For the following cal-
culations, we will freely use the identities among morphisms provided by
the commutative diagrams in sections 1.2 and 2.2. First we will show that
f®(g®h)oaapc commutes.



paof®(g®h)oaapc =

pp oppeco [ @ (g®h)oaspc

poroppac o f @ (g®h)oaspc

fopaoaapc
fopaopass.

= ppo(g®h)oppecoaspc

goPBOPBeC ©C&ABC
gopPBOPAB-

= pcro(g®h)oppgcoaasc

hopcoppscoasB.c
h o pc.

Now we show that o p ¢ o (f ® g) ® h commutes as well:

paocaypco(f®g ®@h

Pp © Ppgc’ © &A',B’,O’ o (f X g) X h

Pc’ © PB'ec! © QA pr.cr O (f X g) X h
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= paopaspo(f®g)@h
= pao(f®g)opasn
= fopaopasn

= ppopasp o (f®g) @h
= pp o (f®g)opasn
= gOPBOPA®B

= poro(f®g)®h
= hopc.



4 'Triangle Identity of the Unitors

In order for € to be a monoidal category, the following diagram must commute

for all objects A, B in €:
(ARI)® B

w

TAQ1p

A®B

We will show that r4®1p = (14®lp)oa 1,5 by showing that both morphisms

A®(I®B)

provide commutativity of the following diagram:

A® B
A
pbA pPB
A~ fA® ) ® B

We have

paocra®1lp = 14RDpacr

ppora®lp = pg,
and

pao(ly®lp)oaarp = paoaarn
= TAODPARI

ppo(la®lIp)oa)arn
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I[poprepoaarp
PB.



5 The Pentagon Identity

Finally we must show that the associators satisfy the pentagon identity; i.e.,
for any three objects A, B and C' in €, we require commutativity of the
following diagram:

(A B)®(C)® D

aa,B,c®1p
QA®B,C,D
(A® (B®(C))®D
(A X B) X (C X D) QA B&C,D
A (B (C)® D)
QA B,C®D

1a®ap c,

A®(B®(C®D))

The proof of this proceeds as follows. All vertices of the pentagon are products
of the objects A, B,C and D, and every edge is a map from one of these
products to another. It suffices to show that each of these maps completes
a commutative diagram required by the universal property of the product.
Since these maps are unique, the result follows. We will show this for just
one edge of the pentagon, the map

aapcsp: (A®B)®@(C®D)— A® (B (C®D)).

The other edges are done in a similar fashion.

What we must show, then, is that this map provides the following com-
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mutative diagram:

A®(B®(C®D))

pa
ﬂB(}?(C@D) pCoPC@DOPM{
B

PDOPC®DOPB®(C®D

: )
aAJiC@Dé C D

BODARB PCoOPCeD
: DOPC®D

(A® B)® (C® D)

For each vertex A, B, C' and D, there are two routes to check. But the equality
of each pair of routes follows directly in one step using the identities

PAOPAB — PAOCUABC
PB O PAsB = PBOCPBeC © OABC
Pc = Pc ©PBxC © A B.C

given in section 2.2.
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