QG F06a Homework 1
Mike Stay

1. Suppose you have a spring in R™ whose ends are held fized, tracing out a curve
q:[s0,s1] > R"
with endpoints

q(s0) =a, q(s1) =0
Suppose the spring is put into a potential

V:R*" =R

(perhaps due to gravity, but not necessarily). What curve will the spring trace out
when it is in equilibrium?
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which is zero only when
ki(s) = VV(q(s)).

2. Suppose the spring is in a constant downwards gravitational field in R®, so that
Viz,y,z) = mgz,

where m s the mass density of the spring and g s the acceleration of gravity
(9.8meters/second2). What sort of curve does the spring trace out, in equilibrium?

VV = (0,0,mg), so the second derivative of the path with respect to s is

4§ = mg/k, a constant. Thus the curve must be a parabola.
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3. The calculation in problem 1 should remind you strongly of the derivation of the
Euler-Lagrange equations for a particle in a potential. To heighten this analogy,
take the energy
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and formally replace the parameter s by it, replacing the real interval [sg, s1] C R by
the imaginary interval [to, t1] C iR, where it; = s;. Show that up to some constant
factor, the energy of the static spring becomes the action for a particle moving in
a potential.

F006)+ a(e) + Via(s) ) s

fpalit) - Soali) + Via(it) ) deio

_ ( i d(it)q(it)-i d(‘ft)q(it)+V(q(it))> idt

to
(kL :
=i [ (Bt d6) - Vgt
to
= —35
4. Fill in the blanks in this analogy:
STATICS DYNAMICS
Principle of Least Energy Principle of Least Action
spring particle
energy =1 +V action = [T — Vdt
stretching energy T kinetie-energy kinetic action, i.e. [ Tdt
potential energy V potential-energy potential action, i.e. — [ Vdt
spring constant k mass

5. a) What particular dynamics problem is the statics problem in 2 analogous to?
b) How is the solution to the statics problem related to the solution of this dynamics
problem?

a) A particle moving in a constant gravitational field.

b) The result is the same up to a sign change.



6. What does Newton’s law F = ma become if we formally replace t by s = it?
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