Galois Theary

Suppose Nou have any kind of a\ﬁg‘omt(ﬁ gadge% - o set wivh some OperaXions

o\gg\{‘mg Some axioms . For example : monoids , §Coups , Cings, fredds, They We
cann define a “Su\::gohdg@%" a(“ a 6@5{3@;\/ K Yo be a svbser kX which
s closed vnder o\ Yhe operations.

The %adgczv%ﬁ F osuth Yhat k€ Fe¥X form a poser wivh S as Yhe
pactial orderlﬁa. Levs call his Poset D Galows ﬂ%@&f'\i use s ga}@f?g
Ao %*“udxg D.

A(\\i 3@&1%@% K has a qrovp Au*(\é\] of aufomorphisms | ie. - & onto
£unctions %;\(ws,\{ which presecve all Yhe operations, For example,
(3(1&.\{\ = gl + 3(\{) 3 3(;@{3 = %{%g(«,@x}) 3(03 =0, 3(D =1 when K 15 a
ring. We say on element yeK s fixed by ge AuY (k) f
%(x)"::%. We Say a S\j\gﬁddgg-\( FaX s fixed by g€ Aw\“(K\)

s i

W g6 = % fic each xe F. Notice Yhe subset §%€ Aus((g;\);ﬂ

fixes F§ i a Svbqroup of A (), The SU\J%FGUP of  Au (¥)

fixing the Subgadges ke K s called ¥he Galois geoup G(K|W).

Ley € be the poset of Sukﬁrww of G(K\k\ with the partial
L

order Q ﬂ“\@ ‘dea Vs Yo vse C Yo SWd\, D.
ST

we' '\t do Hhs \;.\{ COhS\‘Tud“?ﬂi a Galovs Coccespondence C o 2 D"P)
%

ie. ocder- Pf’eﬁe,fvmg MApS &Ee\%mi LGeF& G2 PF.
wWhats R?7 I+ Maps  qadgers ke FeX +o Swhﬁé"@u\fﬁ of e Qalow
qrovp GV, T4 works of follows: RF = {3% Avy(K) : ﬂfxxgs F‘E_

TO S\nov&? R’. D“?MC S (}f"(ﬁ@?i’*«w?{\eﬁ;éﬁ“\i?ﬁﬁ (i.@. a ‘ggﬁ{ﬁr\)) W v"g@({d:

keve Feg =2 RF2RV, Ths T Frve: it Says thar it g fixes
F' & FSF, Yhen q tices ©

Whats L? TF maps Subgrovps G € G(KIKY) to gadgers  between
L% KTy works as folows: LG = Jxe K G fixes x §:7 §yek
\ %QG; q Fives ><7§, To show L:(— DT 1 Qf“de%g:*reaef“v“mﬁb we
need: G G'CG(K) =2 LG2LE T s drve: v says that
HoxeF s bived by all ge @’ then 45 ficed by all g€ 6.




L
Nexd | why v CZ2DT a Qalos comnection? That is, why s
R B
LGS F & G2RF? LGeF means every €lement of K fixed by Q
e in Fo G 2RF means every element of ﬁv*(K\ 'Fi‘}(?‘ﬂ(j Fois in G
These are jus% Two ways ot 5m‘mﬁ Yhe Same %‘m%,
Now we can felate nice subgadgets keFe ¥ nice Subgrovps GE GKI)
sing the dheoremn we Saw last Yime... but now e s¥vdc in an “op”!
b
Thn. = Sugpose  C L 3D is a Galore connecrion. Dekine € =Ric
@
VeeC & d=LRd ¥V deD. These are cospre gperators : c2E 4 g=%
and d2d & d=d. we say ceC w closed if c=% &s:mt\m\‘ For
deD. L L R 31\;@ o 1=\ Cofrespond@nce between  clysed elements
of C & closed elementrs of D

Ta our application, whats a “closed” subgadqet keFCK? ITH one with
E=\RF = L%gé f\u+(6\):3 fixes ‘?@ = §><e}<‘- x s fixed by all 9 that
fix F§. So, a subgadger Fis cloased f v contvains all xe K Hax are
Ficed by all ge@(KVK) Hhar fix T

Whats o close d” Subgloup e G ? T+ one with G=RLG =
nge\(i G fixes x § = 3%@ Aut (K) - 9 hixes al x e K diyed by Gg

So, & Subgroyp G ¢ closed s the gfovp ot all fiérﬁu%(‘t«i\)

Yhat fix all xe K Fixed by G. |

The hard part ot Galoys %eer\{ nclydes :

D frnding o more Concrete characterizarion of the “closed subfields”

ke FEK

23 X‘am;\@ﬂ\ﬁ for e closed gsjkarag?g“

2) Uﬁderﬁaﬂd%ﬁa Yre poser C of Subgrovps of the Galors 4tovp
£ PF of Thn=We kngw: c&¢ =7 Lezbd 5 dzd = Rd4Rd; & e 2d @ cerd.
(1) Lezle = c€Rie=T () R €Rd = d=LRd=2d; G) T=T by
M % Ric z2Ric = LRLe 2 Le =5 RLRLc € RLe = Tz2g = C=2; @)
nte Lz=1¢ & soc=z = lc=Li=lc, (A?E’\‘f similar arguments To d?}

(5 Re=t & LRd=d becavse T-z R 3381 sp | % R are iaverses en
closed elowenys.




