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1. The perturbation series.

Starting with

ψ(t) =
∑
n≥0

∫ t

0

∫ tn

0

· · ·
∫ t2

0

e−i(t−tn)H0(−iV )e−i(tn−tn−1)H0 · · · e−i(t2−t1)H0(−iV )e−it1H0ψdt1 · · · dtn−1 dtn

we get

∂tψ(t) =
∑
n≥1

∫ t

0

∫ tn−1

0

· · ·
∫ t2

0

(−iV )e−i(t−tn−1)H0 · · · e−i(t2−t1)H0(−iV )e−it1H0ψdt1 · · · dtn−2 dtn−1+

+
∑
n≥1

∫ t

0

∫ tn

0

· · ·
∫ t2

0

(−iH0)e−i(t−tn)H0 · · · e−i(t2−t1)H0(−iV )e−it1H0ψdt1 · · · dtn−1 dtn

=− i(V +H0)ψ(t)

which is Schrödinger’s equation.

2. The perturbation series in the interaction picture.

ψ(t) =
∑
n≥0

∫ t

0

∫ tn

0

· · ·
∫ t2

0

e−i(t−tn)H0(−iV )e−i(tn−tn−1)H0 · · · e−i(t2−t1)H0(−iV )e−it1H0ψdt1 · · · dtn−1 dtn =

=e−itH0
∑
n≥0

∫ t

0

∫ tn

0

· · ·
∫ t2

0

[
eitnH0(−iV )e−itnH0

]
· · · [eit1H0(−iV )e−it1H0 ]ψdt1 · · · dtn−1 dtn

implies

ψint(t) =
∑
n≥0

∫ t

0

∫ tn

0

· · ·
∫ t2

0

[
−iV (tn)

]
· · ·
[
−iV (t1)

]
ψdt1 · · · dtn−1 dtn

3. Ground state transition amplitude.

Using the facts that H01 = 0, and H0z = z, and the representation a ∼ ∂z and a∗ ∼ z,

〈1, e−i(t−t1)H0(−iV )e−it1H01〉 =
λ

i
√

2
〈1, e−i(t−t1)H0(a+ a∗)e−it1H01〉 =

λ

i
√

2
〈1, e−i(t−t1)H0(a+ a∗)1〉 =

=
λ

i
√

2
〈1, e−i(t−t1)H0(0 + z)〉 =

λ

i
√

2
〈1, e−i(t−t1)z〉 =

λ

i
√

2
e−i(t−t1)〈1, z〉 = 0.

Similarly,

〈1, e−i(t−t2)H0(−iV )e−i(t2−t1)H0(−iV )e−it1H01〉 =
−λ2

2
〈1, e−i(t−t2)H0(a+ a∗)e−i(t2−t1)H0(a+ a∗)1〉 =

=
−λ2

2
〈1, e−i(t−t2)H0(a+ a∗)e−i(t2−t1)H0(0 + z)〉 =

=
−λ2

2
e−i(t2−t1)〈1, e−i(t−t2)H0(a+ a∗)z〉 =

=
−λ2

2
e−i(t2−t1)〈1, e−i(t−t2)H0(1 + z2)〉 =

=
−λ2

2
e−i(t2−t1)〈1, (1 + e−i(t−t2)2z2)〉 =

=
−λ2

2
e−i(t2−t1)〈1, 1〉 =

−λ2

2
e−i(t2−t1).



It follows that

〈1, e−itH1〉 ≈ 1− λ2

2

∫
0≤t1≤t2≤t

e−i(t2−t1)dt1 dt2 = 1 + i
λ2

2

∫
0≤t2≤t

(1− e−it2) dt2 = 1 +
λ2

2
(e−it − 1 + it).

which is proportional to (λt)2 as t→ 0. In fact, since we are making an error of order t3 by truncating the
perturbation expansion at the second term,

〈1, e−itH1〉 = 1 +
λ2

2
(e−it − 1 + it) +O(t3) = 1− (λt)2

2 · 2!
+O(t3).


