GEOMETRIC REPRESENTATION THEORY - WINTER 2008
HOMEWORK 1
CHRISTOPHER WALKER

Exercise 1. If ¥y(z) = e=%"/2 then HU, = %\110

Answer: Recall H = 3(p? + ¢*) where (p¥)(z) = 1¥/(z) and (¢¥)(z) = 2¥(x).
So,
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Exercise 2. Define the creation and annihilation operators by

a**i( +1iq)
1
azﬁ(p—iq)
Show that:

) H:a*a—i—%

o [a,a*] =1

e [Ha]l=a*

e [Hal=—a

Then use these to show that if HV = AU then Ha*¥ = (A + 1)a*¥ and Ha¥ =
(A=1)aV¥.

Answer: Recall that [p,q] = 1.

ataty = Js(p+iq)J5(p—iq) + 3
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(p+iq), 5 (p —iq)]

V2
= %[p*iq,pHQ]
= ?([p,p] + [p,iq] + [~iq, p] + [—iq,iq])
= ?([ .0} + [p,iq] + [p.iq] + [g,4q])
= LGlp.q) +ilp.q)
= L@ip.q)
= ?(215)
=3(2)
=1
[H,a*] =[a*a+ ;,a*]
= [a*a,a*] + [5, a”]
— [a*a7a*}
= a*[a,a*] + [a*, a*]a
= a:[a,a*]
[H,a] =[a*a+ %,a]
= [a*a,a] + [35, a]
= [a*a,d]
= a*[a,a] + [a*, a]a
= [a*, ala
= —[a,a*]a

Now, assume HVU = A\VU. Using the brackets above, we will show that Ha*¥ =
(A4 1)a*¥ and Ha¥ = (A — 1)aV. we begin with the creation operator a*.
Ha*V = (a*H + a*)¥
=a*HV + a*¥
=a*\VU + "V
=A+1)a*Y
Similarly for the annihilation operator a we get:
HaV = (aH —a)¥
=aHU + a¥
= a\¥ + aV¥
=(A—=1)a¥



