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1.1 Intro duction

Categorytheory is a very generalformalism, but there is a certain special way that physicists
usecategorieswhich turns out to have closeanaloguesin topology, logic and computation. A
category has objects and morphisms which represent things and waysto go between things.
In physics, the objects are often physial systems and the morphisms are processesturning
a state of one physical system into a state of another system| perhapsthe sameone.
In quantum physics we often formalize this by taking Hilbert spaces as objects, and linear
operators as morphisms.

Sometime around 1949, Feynman [54] realized that in quantum eld theory it is useful
to draw linear operators as diagrams:

This lets us reasonwith them pictorially . We can warp a picture without changing the oper-
ator it standsfor: all that matters is the topology, not the geometry. In the 1970s,Penrose
realized that generalizationsof Feynman diagrams arise throughout quantum theory, and
might even lead to revisionsin our understanding of spacetime[[73]. In the 1980s,it became
clear that underlying these diagrams is a powerful analogy between quantum physics and
topology! This analogy is now being intensively exploited in string theory, loop quantum
gravity, and topological quantum eld theory.



Meanwhile, quite separately logicians had begun using categorieswhere the objects
represen propositions and the morphisms represen proofs. The idea is that a proof is a
processgoing us go from oneproposition (the hypothesis)to another (the conclusion).Later,
computer sciertists started using categorieswhere the objects represen data types and the
morphisms represen programs. They also started using ~ ow charts' to describe programs.
Abstractly, theseare very much like Feynman diagrams!

The logicians and computer sciertists were never very far from ead other. Indeed,
the "Curry{Ho ward correspondence’relating proofs to programs has been well-known at
least sincethe early 1970s,with roots stretching badk earlier [33, 51]. But, it is only in the
1990sthat the logiciansand computer sciertists bumped into the physicists and topologists.
One reasonis the rise of interest in quantum cryptography, quantum computation and
other forms of quantum information processing.For example, the “topological quantum
computers' currently envisagedby researhers at Microsoft [40] use the analogiesbetween
physics, topology, and computation so thoroughly that it is impossibleto say where one
subject endsand the other starts.

Regardlessof whether useful quantum computers are ever built, it is worth laying out
these analogiesin one place. They suggestthat seemingly disparate elds of researd are
really just branchesof a scienceyet to be built: a generalscienceof systemsand processes.
Building this sciencewill be dicult. There are good reasonsfor this, but also bad ones.
One bad reasonis that dierent elds usedierent terminology and notation.

The original Rosetta Stone, created in 196 BC, contains versions of the sametext in
three languages:demotic Egyptian, hieroglyphic script and classicalGreek. Its rediscovery
by Napoleon's soldierslet modern Egyptologists decipher the hieroglyphs. Evertually this
led to a vast increasein our understanding of Egyptian culture.

At presen, the deductive systemsin mathematical logic look like hieroglyphs to most
physicists. Similarly, quantum eld theory is Greek to most computer scienists, and so
on. So, there is a needfor a new Rosetta Stone to aid researters attempting to translate
between elds. Table 1.1 show our guessasto what this Rosetta Stone might look like.

object |morphism
Physics system process
Topology | manifold [cobordism
Logic proposition| proof
Computation | data type | program

Table 1.1. The Rosetta Stone (pocket version)

The rest of this paper expands on this table by comparing how categoriesare used
in physics, topology, logic, and computation. Unfortunately, thesedi erent elds focuson
slightly di erent kinds of categories.Though most physicistsdon't know it, quantum physics
has long made use of “compact symmetric monoidal categories'. Topology | especially
knot theory | uses compactbraided monoidal categories',which are slightly more general.



However, it becameclear by the 1990sthat thesemore generalgadgetsare useful in physics
too. Logic and computer scienceused to focus on “cartesian closed categories'| where
“cartesian' can be seen,roughly, as an antonym of “quartum'. However, thanks to work on
linear logic and quantum computation, somelogiciansand computer sciertists have dropped
their insistenceon cartesianness:now they study more general sorts of “closedsymmetric
monoidal categories'.

In Section 1.2 we explain all these concepts,how they illuminate the analogy between
physicsand topology, and how to work with them using string diagrams. We assumeno prior
knowledge of category theory, only a willingnessto learn some.We give precisede nitions,
but leave most of the calculations as exercisesfor the reader.

In Section 1.3 we explain how closed symmetric monoidal categoriescorrespond to a
small fragment of ordinary propositional logic, which also happensto be a fragmert of Gi-
rard's “linear logic' [44]. In Section 1.4 we explain how closedsymmetric monoidal categories
correspond to a simple model of computation: a version of the lambda calculus that allows
for quantum e ects. In Section 1.5, we summarize by presering a larger version of the
Rosetta Stone.

Our treatment of all four subjects | physics, topology, logic and computation | is
bound to seemsketchy and idiosyncratic to practitioners of these subjects. Our excuseis
that we wish to emphasizecertain analogieswhile saying no more than absolutely necessary
To make up for this, we include many referencesfor those who wish to dig deerer.

1.2 The Analogy Between Physics and Topology
1.2.1 Overview

Currently our best theories of physics are general relativit y and the Standard Model of
particle physics. The rst describes gravity without taking quantum theory into accourt;
the seconddescribesall the other forcestaking quantum theory into accourt, but ignores
gravity. So, our world-view is deeply schizophrenic. The eld where physicists struggle to
solve this problem is called quantum gravity, sinceit is widely believed that the solution
requirestreating gravity in a way that takesquantum theory into accourt.

Nobody is surehow to do this, but there is a striking similarity betweentwo of the main
approadhes: string theory and loop quantum gravity. Both rely on the analogy between
physicsand topology shown in Table 1.2. On the left we have a basicingredient of quantum
theory: the categoryHilb whoseobjects are Hilb ert spacesusedto describe physical systems
and whose morphisms are linear operators, used to describe physical processes On the
right we have a basic structure in di erential topology: the category nCob, whose objects
are (n  1)-dimensional manifolds, used to describe space, and whose morphisms are n-
dimensionalcobordisms, usedto describe spacetime. Just to dispel any possibleterror caused
by the word “cobordism’, hereis a picture of onewhenn = 2;



We canthink of this asa 2-dimensional spacetime'going between 1-dimensional manifolds
describing “space'.

As we shall see,Hilb and nCob sharemany structural features.Moreover, both are very
di erent from the more familiar category Set, whoseobjects are setsand whosemorphisms
are functions. Elsewherewe have argued at great length that this is important for better
understanding quantum medanics [8] and even quantum gravity [7]. The idea is that if
Hilb is more like nCob than Set, maybe we should stop thinking of a quantum process
as a function from one set of states to another. Instead, maybe we should think of it as
resenbling a “spacetime’'going betweenspacesof dimension one less.

This idea soundsstrange, but the simplest exampleis something very practical, usedby
physicists every day: a Feynman diagram. This is a 1-dimensional graph going between 0-
dimensional collections of points, with edgesand verticeslabelledin certain ways. Feynman
diagrams are topological ertities, but they describe linear operators. String theory and loop
quantum gravity use higher-dimensionalversionsof Feynman diagramsto do a similar job.

Here we will not focuson the puzzlesof quantum mecanicsor quantum gravity. Instead
we take a di erent tack, simply explaining somebasic conceptsfrom category theory and
showing how Set, Hilb, nCob and categoriesof tangles give examples.A recurring theme,
however, is that Setis very di erent from the other examples.

Physics Topology
Hilb ert space (n  1)-dimensional manifold
(system) (space)
operator between cobordism between
Hilb ert spaces (n  1)-dimensional manifolds
(process) (spacetime)
composition of operators| composition of cobordisms
identit y operator identit y cobordism

Table 1.2. Analogy between physics and topology



To help the reader safely navigate the seaof jargon, hereis a chart of the conceptswe
shall explain in this section:

categorie%

monoidal categgrie
aqre

braided closed
monoidal categopies monoidal categoe')e):s‘
symmetric closedbraided compact
monoidal categopes monoidal categotiﬁgi monoidal categories|
cartesian categorie# closgdsymmetrlg compact bra|deql
monoidal categopies monoidal categories
M %
cartesian compact symmetric
closedcategories monoidal categories

The category Setis cartesianclosed,while Hilb and nCob are compact symmetric monoidal.

1.2.2 Categories

Category theory was born around 1945, with Eilenberg and Mac Lane [38] de ning “cate-
gories', ‘functors' between categories,and “natural transformations' between functors. By
now there are many intro ductions to the subject [32, 68, 71], including someavailable for
free online [17, 47]. Nonetheless,we begin at the beginning:

De nition 1. A category C consists of:

a collection of objects, where if X is an object of C we write X 2 C, and

for every pair of objects (X;Y); a sethom(X;Y) of morphisms from X to Y. We call
this sethom(X;Y) a homset . If f 2 hom(X;Y); then wewrite f: X ! Y:

such that:

for every object X thereis an identit y morphism 1x:X ! X;



morphisms are composable:given f:X | Y and g:Y ! Z; there is a comp osite
morphism gf : X | Z; sometimesalso written g f.

an identity morphism is both a left and a right unit for composition: if f:X ! Y;
thenfly =f = 1,f; and
composition is associativ e: (hg)f = h(gf) whenevereither side is well-de ned.

A category is the simplest framework where we can talk about systems(objects) and
processegmorphisms). To visualize these, we can use "Feynman diagrams' of a very primi-
tive sort. In applications to linear algebra, these diagrams are often called “spin networks',
but category theorists call them “string diagrams', and that is the term we will use. The
term “string' here haslittle to do with string theory: instead, the idea is that objects of our
category label “strings' or “wires":

X

and morphismsf: X | Y label "black boxes' with an input wire of type X and an output
wire of type Y:

Y

We composetwo morphisms by connectingthe output of one black box to the input of the
next. So,the compositeof f : X ! Y andg:Y ! Z lookslike this:

Assciativit y of composition is then implicit:



is our notation for both h(gf ) and (hg)f. Similarly, if we draw the identity morphism
1x : X ! X asa pieceof wire of type X :

then the left and right unit laws are also implicit.
There are countless examplesof categories,but we will focus on four:

Set: the category where objects are sets.

Hilb: the category where objects are nite-dimensional Hilbert spaces.
nCob: the category where morphisms are n-dimensional cobordisms.
Tang,: the category where morphisms are k-codimensional tangles.

As we shall see,all four are closed symmetric monoidal categories, at least when k is
big enough. However, the most familiar of the lot, namely Set, is the odd man out: it is
“cartesian'.

Traditionally , mathematics has beenfounded on the category Set, where the objects are
setsand the morphisms are functions. So, when we study systemsand processesn physics,
it is tempting to specify a system by giving its set of states, and a processby giving a
function from states of one systemto states of another.

However, in quantum physicswe do something subtly di erent: we usecategorieswhere
objects are Hilbert spacesand morphisms are bounded linear operators. We specify a system
by giving a Hilb ert space,but this Hilb ert spaceis not really the set of states of the system:
a state is actually aray in Hilb ert space.Similarly, a boundedlinear operator is not precisely
a function from states of one systemto states of another.

In the day-to-day practice of quantum physics, what really matters is not setsof states
and functions betweenthem, but Hilb ert spaceand operators. One of the virtues of category



theory is that it freesus from the "Set-certric’ view of traditional mathematics and lets
us view quantum physics on its own terms. As we shall see,this shedsnew light on the
gquandariesthat have always plagued our understanding of the quantum realm [8].

To avoid technical issuesthat would take us far a eld, we will take Hilb to be the cate-
gory where objects are nite-dimensional Hilbert spacesand morphismsare linear operators
(automatically bounded in this case). Finite-dimensional Hilbert spacessu ce for some
purporses;in nite-dimensional onesare often important, but treating them correctly would
require somesigni cant extensionsof the ideaswe want to explain here.

In physics we also use categorieswhere the objects represer choicesof space, and the
morphisms represen choices of spacetime. The simplest is nCob, where the objects are
(n 1)-dimensional manifolds, and the morphisms are n-dimensional colordisms Glossing
over somesubtleties that a careful treatment would discuss[76], a cobordismf: X ! Y is
an n-dimensional manifold whoseboundary is the disjoint union of the (n 1)-dimensional
manifolds X and Y. Here are a couple of cobordismsin the casen = 2:

@QL |

We composethem by gluing the “output' of oneto the “input' of the other. So,in the above
examplegf : X ! Z looks like this:

z

X

of

z

Another kind of category important in physics has objects represeting collections of
particles, and morphismsrepresening their worldlines and interactions. Feynman diagrams
are the classicexample, but in thesediagramsthe “edges'are not taken literally as particle
trajectories. An example with closer ties to topology is Tang,. Very roughly speaking,
objects in Tang, are collections of points in a k-dimensional cube, while morphisms are
collections of arcs and circles smoothly embeddedin a (k + 1)-dimensional cube, suc that
the circles lie in the interior of the cube, while the arcs touch the boundary of the cube
only at its top and bottom, and only at their endpoints. A bit more precisely tangles are
“isotopy classes'of such embedded arcs and circles: this equivalence relation means that
only the topology of the tangle matters, not its geometry. We composetangles by attaching
one cube to another top to bottom.



More precisede nitions can be found in many sources,at least for the casek = 2, which
givestanglesin 3-dimensional space[41, 55, 76, 83, 89, 92]. But sincea picture is worth a
thousand words, hereis a picture of a morphism in Tang,:

X
‘ /\/ f
W Y
Here are two composablemorphismsin Tang;:
X Y
9) Q) -
Y z
and here is their composite:
X
of
z

Sinceonly the tangle's topology matters, we are free to squashthis rectangle into a square
if we want, but we do not needto.

It is often usefulto considertanglesthat are decoratedin various ways. For example,in
an “oriented' tangle, eat arc and circle is equipped with an orientation. We can indicate



this by drawing a little arrow on ead curve in the tangle. In applications to physics, these
curves represert worldlines of particles, and the arrows say whether eadh particle is going
forwards or backwards in time, following Feynman's idea that antiparticles are particles
going badkwards in time. We can alsoconsider framed' tangles. Here eat curve s replaced
by a ‘ribbon'. In applications to physics, this keepstrack of how ead particle twists. This
is especially important for fermions, wherea 2 twist acts nontrivially .

It isdicult to do much with categorieswithout discussingthe maps betweenthem. A
map between categoriesis called a “functor"

De nition 2. A functor F:C! D from a category C to a category D is map sending:

any object X 2 C to an object F(X) 2 D,
any morphismf:X ! Y in C to a morphismF(f):F(X)! F(Y)in D,

in sucha way that:

F preserv es identities : for any object X 2 C, F(1x) = 1 (x);

F preserv es comp osition : for any pair of morphismsf:X ! Y, gY ! Zin C,
F(gf) = F(Q)F(f).

In the sectionsto come,we will seethat functors and natural transformations are useful
for putting extra structure on categories.Here is a rather di erent usefor functors: we can
think of a functor F:C ! D asgiving a picture, or ‘represetation’, of C in D. The idea
is that F can map objects and morphisms of some “abstract' category C to objects and
morphisms of a more “concrete' category D.

For example, consider an abstract group G. This is the same as a category with one
object and with all morphismsinvertible. The object is uninteresting, sowe can just call it
, but the morphisms are the elemens of G, and we composethem by multiplying them.
From this perspective, a represen tation of G on a nite-dimensional Hilbert spaceis the
sameasa functor F:G! Hilb. Similarly, an action of G on a setis the sameas a functor
F:G! Set. Both notions are ways of making an abstract group more concrete.

Ever since Lawvere's 1963 thesis on functorial semarics [65], the idea of functors as
represerations has becomepervasive. However, the terminology varies from eld to eld.
Following Lawvere, logicians often call the category C a “theory', and call the functor
F:C! D a model of this theory. Other mathematicians might call F an “algebra'’ of the
theory. In this work, the default choice of D is usually the category Set.

In physics,it isthe functor F:C ! D that is called the “theory'. Here the default choice
of D is either the category we are calling Hilb or a similar category of in nite-dimensional
Hilb ert spaces.For example, both “conformal eld theories' [80] and topological quantum
eld theories [6] can be seenas functors of this sort.

If we think of functors as models, natural transformations are maps betweenmodels:



De nition 3. Given two functors F;F%C ! D; a natural transformation ‘F) FO
assignsto everyobject X in C a morphism x:F(X)! FYX) suchthat for any morphism
f:X ! Y in C;the equation vy F(f)= FYf) x holdsin D: In other words, this squae
commutes:

F(X) —L F(y)
» »
FUX) —=— FYY)

FOot)
(Going acrossand then down equals going down and then across.)

De nition 4. A natural isomorphism between functors F;F%C ! D is a natural trans-
formation :F ) F9suchthat x is an isomorphism for every X 2 C.

For example, suppose F;F%G ! Hilb are functors where G is a group, thought of
as a category with one object, say . Then, as already mentioned, F and F° are secretly
just represenations of G on the Hilbert spacesF( ) and F% ). A natural transformation

:F ) FOCis then the sameas an intert wining operator from one represenation to
another: that is, a linear operator

AF()! FY)
satisfying AF (g) = FYg)A

for all group elemeris g.

1.2.3 Monoidal Categories

In physics, it is often usefulto think of two systemssitting side by side asforming a single
system. In topology, the disjoint union of two manifolds is again a manifold in its own right.
In logic, the conjunction of two statemert is again a statemert. In programming we can
combine two data typesinto a single “product type'. The concept of ‘'monoidal category'
uni es all theseexamplesin a single framework.

A monoidal category C hasa functor :C C ! C that takestwo objects X and Y
and puts them together to give a new object X Y. To make this precise, we need the
cartesian product of categories:

De nition 5. The cartesian pro duct C CP9of categoriesC and Cis the category where:

an object is a pair (X ;X 9 consisting of an object X 2 C and an object X °2 C%

a morphism from (X; X 9 to (Y; Y9 is a pair (f;f9 consisting of a morphismf:X ! Y
and a morphism f %X %1 Y©



composition is done componentwise: (g; g9 (f;f 9 = (gof ; g% 9);
identity morphisms are de ned componentwise: 1(x ;x o) = (1x ; 1x o).

Mac Lane [67] de ned monoidal categoriesin 1963. The subtlety of the de nition lies
in the fact that (X Y) Z and X (Y Z) are not usually equal. Instead, we should
specify an isomorphism betweenthem, called the “assiator'. Similarly, while a monoidal
category hasa “unit object' |, it is not usually true that I X and X | equal X . Instead,
we should specify isomorphismsl X = X and X | = X. To be manageable,all these
isomorphismsmust then satisfy certain equations:

De nition 6. A monoidal category consists of:

a category C;
atensor product functor :C C! C;
a unit object |1 2 C,

a natural isomorphism called the associator , assigningto eachtriple of objects X;Y;Z 2

C an isomorphism
ax:y:z :(X Y) Z! X (Y Z);

natural isomorphismscalled the left and righ t unitors , assigningto each object X 2 C

isomorphisms
Ix :1 X1 X

rk : X |1 X;
such that:

for all X;Y 2 C the triangle equation holds:

ax; ;y

X 1) Yy —2XY - x 1 v)
H
rx lYHH 1x IY
X Y

for all W;X;Y;Z 2 C, the pentagon equation holds:



(W X) Y) Z
H

H
H, ,awxy 1z
H
Hy
oz W (X Y) Z
(W X ) (Y Z) awx vz
@
@
@@ b
aw ;x;y z@ W (( X Y ) z )
@
@
@ lw  axy z

wo X (Y 2)

When we have a tensor product of four objects, there are v e ways to parenthesizeit,
and at rst glancethe assaiator lets us build two isomorphismsfromW (X (Y 2Z)) to
(W X) Y) Z.But, the pentagon equation says theseisomorphismsare equal. When we
have tensor products of even more objects there are even more ways to parenthesizethem,
and even more isomorphismsbetweenthem built from the assaiator. However, Mac Lane
showed that the pentagon identity implies theseisomorphismsare all the same. Similarly,
if we also assumethe triangle equation, all isomorphismswith the samesourceand target
built from the assaiator, left and right unit laws are equal.

In a monoidal category we can do processesn “parallel’ as well as in “series'. Doing
processesn seriesis just composition of morphisms, which works in any category. But in a
monoidal category we can also tensor morphismsf:X | Y andf%X°! YO%and obtain a
‘parallel process'f %X X9 Y YQ We candraw this in various ways:

X X0 X wo X X°
Do os am s am
0
Y YO Y Y Y YO

More generally, we can draw any morphism

f:Xq Xn! Y Ym



asa black box with n input wires and m output wires:

X1 X2 X3
Y1 Y2
We draw the unit object | asa blank space.So,for example,we draw a morphismf:1 ! X
as follows:
X

By composing and tensoring morphisms, we can build up elaborate pictures resenbling
Feynman diagrams: X, X X5 X4

G
g

Y1 Y2 Y3 Ya4

The laws governing a monoidal category allow us to neglect assaiators and unitors when
drawing sud pictures, without getting in trouble. The reasonis that Mac Lane's Coherence
Theorem says any monoidal category is “equivalert’, in a suitable sense,to one where all

assaiators and unitors are identit y morphisms [67].

We can alsodeform the picture in a wide variety of ways without changingthe morphism
it describes. For example, the above morphism equalsthis one:



Y1 Y2 Y3 Ys

Everyonewho usesstring diagramsfor calculationsin monoidal categoriesstarts by worrying
about the rules of the game:precisely howcanwe deform thesepictures without changingthe
morphismsthey describe?Instead of stating the rules precisely| which getsa bit technical
| we urge you to explore for yourself what is allowed and what is not. For example, show
that we can slide black boxesup and down like this:

X1 X2 X1 X2 X1 X2

Y]_ Y2 Yl Y2 Yl Y2

For a formal treatment of the rules governing string diagrams, try the original papers by
Joyal and Street [52] and the book by Yetter [92].

Now let us turn to examples.Here it is crucial to realize that the same category can
often be equipped with di erent tensor products, resulting in di erent monoidal categories:

There is a way to make Set into a monoidal category where X Y is the cartesian
product X Y and the unit object is any one-elemen set. Note that this tensor product
is not strictly asscaiative, since(x; (y; z)) 6 ((x;y);z); but there's a natural isomorphism
(X Y) zZ=X (Y 2Z),andthis is our assaiator. Similar considerationsgive the
left and right unitors. In this monoidal category, the tensor product of f: X I Y and
f %X 01 YOis the function

fofo:X X0y YO
(% x9 70 (F (x); £ Ax9):

There is also a way to make Set into a monoidal category where X Y is the disjoint
union of X and Y, which we shall denote by X + Y. Here the unit object is the empty
set. Again, asindeedwith all theseexamples,the assaiativelaw and left/righ t unit laws
hold only up to natural isomorphism. In this monoidal category, the tensor product of
f:X 1 Yandf®X% YOisthe function

f+fOX+ X0 Y+YO
71 f(x) if x 2 X,
TofYx)if x 2 XO



However, in what follows, when we speak of Set as a monoidal category, we always use
the cartesian product!

There is a way to make Hilb into a monoidal category with the usual tensor product of
Hilbert spaces:C" C™ = C"™: In this casethe unit object | can be taken to be an
1-dimensionalHilb ert space,for example C.

There is also way to make Hilb into a monoidal category where the tensor product is
the direct sum: C" C™ = C"*™: In this casethe unit object is the zero-dimensional

Hilb ert space,f Og:

However,in what follows, whenwe speak of Hilb as a monoidal category, we alwaysuse
the usual tensor product!

The tensor product of objects and morphisms in nCob is given by disjoint union. For
example, the tensor product of thesetwo morphisms:

X X0

[. |
. &1

The category Tang, is monoidal whenk 1, where the the tensor product is given by
disjoint union. For example, given thesetwo tangles:

fO

is this:

X X0
@ f Q £0
Y YO

their tensor product looks lik e this:
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The example of Set with its cartesian product is dierent from our other three main
examples, becausethe cartesian product of sets X X ° comesequipped with functions
called “projections' to the setsX and X &

0
X P X XOLXO

Our other main exampleslack this feature | though Hilb made into a monoidal category
using hasprojections. Also, every set has a unique function to the the one-elemen set:

I X I:

Again, our other main exampleslack this feature, though Hilb made into a monoidal cate-
gory using hasit. A fascinating feature of quantum mecanicsis that we make Hilb into
a monoidal category using instead of , eventhough the latter approach would lead to
a category more like Set.

We can isolate the special features of the cartesian product of setsand its projections,
obtaining a de nition that appliesto any category:

De nition 7. Given objects X and X %in somecategory, we say an object X X ® equipped

with morphisms .

p S

p

X X X0

is a cartesian pro duct (or simply pro duct ) of X and X if for any object Q and mor-
phisms

Q

f 0

%

X X0

there exists a unique morphismg:Q! X X 9 making the following diagram commute:

Q
@
f g@f
@

X

p



(That is, f = pgandf°= p%.) We say a category has binary pro ducts if every pair of
objects has a product.

The product may not exist, and it may not be unique, but when it existsit is unique up
to a canonical isomorphism. This justi es our speaking of “the' product of objects X and
Y whenit exists, and denoting it asX Y.

The de nition of cartesian product, while absolutely fundamertal, is a bit scary at rst
sight. To illustrate its power, let us do somethingwith it: combine two morphismsf: X ! 'Y
and f X %! YQinto a single morphism

f fe%x X% vy Y©

The de nition of cartesian product says how to build a morphism of this sort out of a pair
of morphisms: namely, morphismsfrom X X °%to Y and Y If we take theseto bef p and
f 9% we obtain f &

X X0
@ 0,0
fp @' P
@@
. 0
Y p Y YOLYO

Next, let usisolate the special features of the one-elemeh set:

De nition 8. An object 1 in a category C is terminal if for any object Q 2 C there exists
a unique morphism from Q to 1, which we denoteas !o: Q! 1.

Again, a terminal object may not exist and may not be unique, but it is unique up to a
canonicalisomorphism. This is why we can speak of ‘the' terminal object of a category, and
denoteit by a specic symbol, 1.

We have introduced the concept of binary products. One can also talk about n-ary
products for other valuesof n, but a category with binary products has n-ary products for
all n 1, sincewe can construct theseasiterated binary products. The casen = 1is trivial,
sincethe product of oneobject is just that object itself (up to canonicalisomorphism). The
remaining caseis n = 0. The zero-ary product of objects, if it exists, is just the terminal
object. So, we make the following de nition:

De nition 9. A category has nite pro ducts if it has binary products and a terminal
object.

A categorywith nite products can always be madeinto a monoidal category by choosinga
speci c product X Y to beto the tensor product X Y, and choosinga speci ¢ terminal
object to be the unit object. It takesa bit of work to show this! A monoidal category of
this form is called cartesian .



In a cartesian category, we can “duplicate and delete information'. In general,the de -
nition of cartesian products givesa way to take two morphismsf;:Q! X andf,:Q! Y
and combine them into a single morphism from Q to X Y. If wetakeQ = X = Y and
takef; and f, to be the identity, we obtain the diagonal or duplication morphism:

x . X! X X:

In the category Set one can ched that this maps any elemen x 2 X to the pair (X; x). In
general, we can draw the diagonal as follows:

X

Similarly, we call the unique map to the terminal object
I: X1 1

the deletion morphism, and draw it asfollows:

X

Note that we draw the unit object asan empty space.

A fundamerntal fact about cartesian categoriesis that duplicating something and then
deleting either copy is the sameas doing nothing at all! In string diagrams, this says:




We leave the proof as an exercisefor the reader.

Many of the puzzling featuresof quantum theory comefrom the noncartesiannesof the
usual tensor product in Hilb. For example,in a cartesian category, every morphism

is actually of the form

X X0

In the caseof Set, this says that every point of the setX X °comesfrom a point of X and
a point of X % In physics, this would say that every state g of the combined systemX X ©°
is built by combining states of the systemsX and X % Bell's theorem [16] says that is not
true in quantum theory. This is possibleonly becausequantum theory usesa noncartesian
monoidal category!

Also, in quantum theory we cannot freely duplicate or delete information. Wootters
and Zurek [91] proved a precise theorem to this e ect, focusedon duplication: the “no-
cloning theorem'. One can also prove a “no-deletion theorem'. Again, these results rely on
the noncartesiantensor product in Hilb.

1.2.4 Braided Monoidal Categories

In physics,there is often a processthat lets us “switch' two systemsby moving them around
ead other. In topology, there is a tangle that describesthe processof switching two points:

A

In logic, we can switch the order of two statemerts in a conjunction: the statemert "X and
Y' isisomorphicto Y and X'. In computation, there is a simple program that switchesthe
order of two piecesof data. A monoidal category in which we can do this sort of thing is
called “braided":




De nition  10. A braided monoidal category consists of:

a monoidal category C,
a natural isomorphism called the braiding that assignsto every pair of objects X;Y 2 C
an isomorphism

bxv:X Y! Y X;

suchthat the hexagon equations hold:

1

Ay z bxy _1z

X (Y 2) X Y) z (Y X) z
bxy z ay x.z
? ?
Y z) X Y (Z X) Y (X 2)
ay 7 1y  bxz
v 1 .
X v) 24 x v )2 x oz v
bX Y.z aX;Zl;Y
? ?
Z (X Y)g @ X) Y —0(X 2Z) Y

The rst hexagonequation says that switching the object X pastY Z all at onceis the
sameas switching it past Y and then past Z (with someassaiators thrown in to move the

parentheses). The secondone is similar: it says switching X Y past Z all at onceis the
sameasdoing it in two steps.

In string diagrams, we draw the braiding bx.y: X Y ! Y X likethis:

X\ Y
\

We draw its inverseb, %, like this:

X / Y
/

This is a nice notation, becauseit makes the equations saying that by .y and bx;lY are
inverses'topologically true":



X\ Y X /Y

R
X/Y X\Y

Here are the hexagonequations as string diagrams:
X y Y Z X \(JZ
Y Z \ X Y'Zz \ X

XY z XY Y4
\ \

4 \XY z \XY

For practice, we urge you to prove the following equations:

X@Ej\( xgv
YO \xo YO %}xo



XY Z XY Z
\ \

z Y\ X zZ'Y \ X
If you get stuck, here are somehints. The rst equation follows from the naturalit y of the
braiding. The secondis calledthe Y ang{Baxter equation and followsfrom a combination
of naturalit y and the hexagonequations[53].

Next, here are some examples. There can be many di erent ways to give a monoidal
category a braiding, or none. However, most of our favorite examplescomewith well-known

“standard' braidings:

Any cartesian category automatically becomesbraided, and in Set with its cartesian
product, this standard braiding is given by:

bxy : X Y! Y X
(xy) 7t (y;x):
In Hilb with its usual tensor product, the standard braiding is given by:
bxy : X Y! Y X
x y 7y x

The monoidal category nCob has a standard braiding where by .v is di eomorphic to
the disjoint union of cylinders X  [0;1]and Y [O; 1]. For 2Cob this braiding looks as

followswhen X and Y are circles:

X Y
bx.y
Y X

The monoidal category Tang, hasa standard braiding whenk 2. For k = 2 this looks
asfollows when X and Y are eadt a single point:



Y X

The exampleof Tang, illustrates animportant pattern. Tang, is just a category, because
in 0-dimensional spacewe can only do processesn ‘series':that is, compose morphisms.
Tang, is a monoidal category, becausein 1-dimensional spacewe can also do processesn
“parallel': that is, tensor morphisms. Tang, is a braided monoidal category, becausein 2-
dimensional spacethere is room to move one object around another. Next we shall seewhat
happenswhen spacehas 3 or more dimensions!

1.2.5 Symmetric Monoidal Categories
Sometimesswitching two objects and switching them again is the same as doing nothing
at all. Indeed, this situation is very familiar. So,the rst braided monoidal categoriesto be

discovered were “'symmetric' ones[67]:

De nition  11. A symmetric monoidal category is a braided monoidal category where
the braiding satis es bx,y = by .

So,in a symmetric monoidal category,

or equivalently:



Any cartesian category automatically becomesa symmetric monoidal category, so Set
is symmetric. It is also easyto ched that Hilb, nCob are symmetric monoidal categories.
Sois Tang, for k 3.

Interestingly, Tang, “stabilizes' at k = 3: increasing the value of k beyond this value
merely givesa category equivalent to Tangs. The reasonis that we can already untie all
knots in 4-dimensional space;adding extra dimensionshas no real e ect. This is part of a
conjectured larger pattern called the "Periodic Table' of n-categories[10], shovn in Table
1.3

An n-category has not only morphisms going between objects, but 2-morphisms going
betweenmorphisms, 3-morphismsgoing between2-morphismsand soon up to n-morphisms.
In topology we can use n-categoriesto describe tangled higher-dimensional surfaces[11],
and in physics we can usethem to describe not just particles but also strings and higher-
dimensional membranes [10, 12]. The Rosetta Stone we are describing concernsonly the
n = 1 column of the Periodic Table | thus, particles with 1-dimensional worldlines, or
tanglesin the traditional sense.So, it is probably just a fragment of a larger, still buried
n-categorical Rosetta Stone.

n=20 n=1 n=2
k=10 sets categories|2-categorie
k =1| monoids | monoidal | monoidal

categories|2-categorie
k = 2|commutativ e| braided braided

monoids | monoidal | monoidal
categories|2-categorie
k=3 " symmetric| sylleptic

monoidal | monoidal
categories|2-categorie

k=4 symmetric
monoidal
2-categorie
k=15 -
k=26

Table 1.3. The Periodic Table: conjectured descriptions of (n + k)-categories with only one j -
morphism for j < k.



1.2.6 Closed Categories

In quantum medanics, one can encade a linear operator f: X ! Y into a quantum state
using a technique called “gate teleportation' [48]. In topology, there is a way to take any
tanglef: X ! Y and bendthe input badk around to makeit part of the output. In logic, we
cantake a proof that goesfrom someassumption X to someconclusionY and turn it into a
proof that goesfrom no assumptionsto the conclusion™X implies Y'. In computer science,
we can take any program that takesinput of type X and producesoutput of type Y, and
think of it as a pieceof data of a new type: a “function type'. The underlying conceptthat
uni es all these examplesis the concept of a “closedcategory'.

Given objects X and Y in any category C, there is a set of morphisms from X to Y,
denoted hom(X;Y). In a closedcategory there is also an object of morphisms from X to
Y, which we denoteby X (Y. (Many other notations are also used.) In this situation we
speak of an “internal hom', sincethe object X ( Y livesinside C, instead of “outside’, in
the category of sets.

Closed categorieswere introduced in 1966, by Eilenberg and Kelly [37]. While these
authors were able to de ne a closedstructure for any category, it turns out that the internal
hom is most easily understood for monoidal categories.The reasonis that when our category
hasa tensor product, it is closedpreciselywhen morphismsfrom X Y to Z arein natural
one-to-onecorrespondencewith morphismsfrom Y to X ( Z. In other words, it is closed
when we have a natural isomorphism

hom(X Y;Z) = hom(Y;X ( Z)
f 7

For example,in the category Set, if wetake X Y to bethe cartesianproduct X Y, then
X ( Z isjust the set of functions from Y to Z, and we have a one-to-onecorrespondence
between

functions f that eat elemens of X Y and spit out elemens of Z
and
functions f~that eat elemers of Y and spit out functions from X to Z.
This correspondencegoesas follows:
F)(x) = f(xy):

Before considering other examples,we should make the de nition of “closedmonoidal
category' completely precise. For this we must note that for any category C, there is a
functor

hom:C°® C! Set

De nition  12. The opp osite category C°° of a category C hasthe same objects as C,
but a morphismf:x ! yin C°% is a morphismf:y ! x in C, and the composite gf in
C°P is the composite f g in C.



De nition  13. For any category C, the hom functor
hom:C°® C! Set

sendsany object (X;Y) 2 C°° C to the sethom(X;Y), and sendsany morphism (f ; g) 2
C°  C to the function

hom(f ; g): hom(X;Y)! hom(X%Y?9
h 7! ghf

whenf:X°% X andg: Y ! Y%asmorphismsin C.

De nition  14. A monoidal category C is closed if there is an internal hom functor
(:C® cCc! C

togetherwith a natural isomorphism c called currying that assignsto any objects X ;Y;Z 2
C a bijection
Cx:y:z:hom(X Y;Z)! hom(Y;X ( 2Z)
f 7

The term “currying' is mainly usedin computer science after the work of Curry [33]. Strictly
speaking, we have de ned left closed monoidal categories;there are alsorigh t closed ones,
where currying goeslike this:

Cx.v.z:hom(X Y;Z)! hom(X;Y ( 2)
We shall ignore this subtlety, sincethe di erence betweenleft and right closedevaporates

for a braided monoidal category, asthe braiding givesan isomorphismX Y =Y X.

All our examplesof monoidal categoriesare closed,but we shall seethat, yet again, Set
is dierent from the rest:

The cartesian category Set is closed,where X (Y is just the set of functions from X

to Y. In Setor any other cartesian closedcategory, the internal hom X ( Y is usually
denoted Y* . To minimize the number of di erent notations and emphasizeanalogies
betweendi erent contexts, we shall not do this: we shall always useX ( Y.

The symmetric monoidal category Hilb with its usual tensor product is closed, where
X (Y is the set of linear operators from X to Y, made into a Hilbert spacein a
standard way. In this casewe have an isomorphism

X(Y=X Y

whereX isthe dual of the Hilb ert spaceX , that is, the setof linear operatorsf: X ! C,
madeinto a Hilb ert spacein the usual way.
The monoidal categoryTang, (k 1) is closed...needinformation on orientations here!!!

The symmetric monoidal category nCob is also closed.



Except for Set, all these examplesare actually ‘compact'. This basically means that
X (Y isisomorphic to X Y, where X is someobject called the “dual' of X . But
to make this precise,we needto de ne the “dual' of an object in an arbitrary monoidal
category.

To do this, let us generalizefrom the caseof Hilb. As already mertioned, ead object
X 2 Hilb hasa dual X consisting of all linear operatorsf:X ! |, wherethe unit object
| is just C. There is thus a linear operator

ex: X X 11
x f 7MfX)

called the counit of X . Furthermore, the spaceof all linear operators from X to Y 2 Hilb
can be identied with X Y. So, there is also a linear operator called the unit of X :

ix: ! X X
c7! clx
sendingany complex number c to the corresponding multiple of the identit y operator.

The signi cance of the unit and counit becomeclearer if we borrow someideas from
Feynman. In physics,if X is the Hilb ert spaceof internal states of someparticle, X is the
Hilb ert spacefor the corresponding antiparticle. Feynman realized that it is enlightening
to think of antiparticles as particles going backwards in time. So, we draw a wire labelled
by X asa wire labelled by X, but with an arrow pointing “badkwards in time': that is, up
instead of down:

(Here we should admit that most physicists usethe opposite convertion, wheretime marches
up the page. Sincewe read from top to bottom, we prefer to let time run down the page.)

If wedraw X asX going backwards in time, we can draw the unit asa cap:

me

and the counit asa cup:

X U X
In Feynman diagrams, these describe the creation and annihilation of virtual particle-

antiparticle pairs!
It then turns out that the unit and counit satisfy two equations,the zig-zag equations :



X
Verifying these is a fun exercisein linear algebra, which we leave to the reader. If write
theseequations as commutativ e diagrams, we needto include someassaiators and unitors,

and they becomea bit intimidating:
1

. Al
X 1 —2X M- xo X X)X E(x x) X
rx ex 1x
7
X I X
Ix
X X (x ox) X X (X X))
Ix 1x ex
- 7
X X

'x
But, they really just say that zig-zagsin string diagrams can be straightened out.

This is particularly vivid in exampleslike Tang, and nCob. For example,in 2Cob, taking
X to be the circle, the unit looks like this:

while the counit looks lik e this:



wm

In this case,the zig-zagidentities say we can straighten a wiggly pieceof pipe.

Now we are ready for somede nitions:

De nition  15. Given objects X and X in a monoidal category, wecall X aright dual
of X, and X aleft dual of X , if there are morphisms

ix:1! X X

and
e X X I 1;

called the unit and counit respectively, satisfying the zig-zageguations.

One can show that the left or right dual of an object is unique up to canonicalisomorphism.
So, we usually speak of “the' right or left dual of an object, when it exists.

De nition  16. A monoidal category C is compact if every object X 2 C has both a left
dual and a right dual.

Often the term “autonomous'is used instead of “compact' here. Many authors resene the
term “compact' for the casewhere C is symmetric or at least braided; then left duals are the
sameasright duals, and things simplify [41]. To add to the confusion, compact symmetric
monoidal categoriesare often called simply “‘compact closedcategories'.

A partial explanation for the last piece of terminology is that any compact monoidal
category is automatically closed!For this, we de ne the internal hom on objects by

X(Y=X Y

We must then show that the operation extends naturally to a functor :C! C, sothat
( is actually a functor. Finally, we must ched that there is a natural isomorphism

hom(X Y;Z) = hom(Y; X Z)

In terms of string diagrams, this isomorphism takesany morphism



and bendsbadk the input wire labelled X to make it an output:

Y

Now, in a compact monoidal category, we have:

But in general, closed monoidal categoriesdon't allow arrows pointing up! So for these,
drawing the internal hom is more of a challenge. We can usethe samestyle of notation as
long aswe add a decoration| aclasp | that binds two strings together:

Only when our closedmonoidal category happensto be compact can we eliminate the clasp.
Then, sincewe draw a morphismf:X Y ! Z like this:

we can draw its curried versionf=Y ! X ( Z by bending down the input wire labelled X

to make it part of the output:
Y

X z

Note that where we bent back the wire labelled X, a cap like this appeared:



me

Closed monoidal categoriesdon't really have a cap unlessthey are compact. So, we drew
a bubble enclosingf and the cap, to keepus from doing any illegal manipulations. In the
compact case,both the bubble and the clasp are unnecessaryso we can draw f~ like this:

Y

An important special caseof currying givesthe name of a morphismf:X ! Y,
ga:1! X (Y
This is obtained by currying the morphism
frecl X 1OY:

In string diagrams, we draw (@ q as follows:

Y

In the category Set, the unit object | is the one-elemeh set. So,a morphism from | to any
set Q picks out a point of Q. In particular, the namegqg:1 ! X ( Y picksout the elemen
of X (Y corresponding to the function f: X ! Y. More generally, in any cartesian closed
category, a morphism from 1 to an object Q is called a point of Q. So, even in this case,
we can say the name of a morphismf:X ! Y isapointof X ( Y.

Somethingsimilar works for Hilb, though this exampleis compact rather than cartesian.
In Hilb, the unit object | is just C. So,a nonzeromorphism from | to any Hilbert spaceQ
picks out a nonzero vector in Q, which we can normalize to obtain a state in Q: that is,
a unit vector. In particular, the the name of a nonzeromorphism f: X ! Y givesa state
of X Y . This method of encading operators as states is the basis of “gate teleportation’

[48].

Currying is a bijection, sowe can alsouncurry :

Cyly.z i hom(Y;X (- Z) ! hom(X Y;Z)

g7 g
e



Sincewe draw a morphismg:Y ! X ( Z like this:

Y

)

R
X )

we draw its “uncurried' versiong: X Y ! Z by bending the output X up to becomean

input: ¢
e

D

4

Again, we must put a bubble around the “cup' formed when we bend down the wire labelled
Y, unlesswe are in a compact monoidal category.

A good example of uncurrying is the evaluation morphism:
ey X (X ( Y)Y
This is obtained by uncurrying the identit y
Lo vi(X () (X (Y):

In Set, evx .y takesany function from X to Y and evaluatesit at any elemert of X to give
an elemen of Y. In terms of string diagrams, the evaluation morphism looks lik e this:

0 X
X XY X v
@ =
Y
Y

In any closedmonoidal category, we can recover a morphism from its name using eval-
uation. More precisely this diagram commutes:

r

X | ——X
1x  pq f
? ?
X X ( Y)=—— Y

evx,y




Or, in terms of string diagrams:

Y

We leave the proof of this asan exercise.In general,one must usethe naturalit y of currying.

In the special caseof a compact monoidal category, there is a nice picture proof! Simply
pop the bubbles and remove the clasps:

Y

The result then follows from one of the zig-zagidentities.

In our rapid introduction to string diagrams, we have not had time to illustrate how

these diagrams becomea powerful tool for solving concrete problems. So, here are some
starting points for further study:

Represetations of Lie groups play a fundamental role in quantum physics, especially
gauge eld theory. Every Lie group has a compact symmetric monoidal category of
nite-dimensional represenations. In his book Group Theory, Cvitanovic [34] develops
detailed string diagram descriptions of these represenation categoriesfor the classical
Lie groups SU(n), SO(n), SU(n) and also the more exotic “exceptional’ Lie groups. His

book alsoillustrates how this technology can be usedto simplify di cult calculationsin
gauge eld theory.



Quantum groups are a generalization of groups which showv up in 2d and 3d physics.
The big di erence is that a quantum group has compact braided monoidal category of
nite-dimensional represenation. Kau man's Knots and Physics[56] is an excellert in-
troduction to how quantum groupsshow up in knot theory and physics;it is padcked with
string diagrams. For more details on quantum groups and braided monoidal categories,
seethe book by Kassel[55].

Kau man and Lins [57] havewritten abeautiful string diagram treatment of the category
of represenations of the simplest quantum group, SU4(2). They alsouseit to construct
some famous 3-manifold invariants assaiated to 3d and 4d topological quantum eld
theories: the Witten{Reshetikhin{T uraev, Turaev{Viro and Crane{Yetter invariants.
In this example, string diagrams are often called "g-deformed spin networks' [84]. For
generalizationsto other quantum groups, seethe more advanced texts by Turaev [89]
and by Bakalov and Kirillo v [13].

Kock [61] haswritten a nice intro duction to 2d topological quantum eld theorieswhich
makesheavy useof string diagram methods for studying 2Cob.

Abramsky, Coedke and collaborators [2, 3, 4, 28, 30, 31] have developed string diagrams
asatool for understanding quantum computation. The easiestintro duction is Coede's
“Kindergarten quantum medanics' [29].

1.3 Logic
1.3.1 Overview

Symmetric monoidal closedcategoriesshov up not only in physics and topology, but also
in logic. We would like to explain how. To set the stage, it seemsworthwhile to sketch a
few ideasfrom 20th-certury logic.

Modern logicians study many systemsof reasoningbeside ordinary classicallogic. Of
course,even classicallogic comesin various degreesof strength. First there is the “proposi-
tional calculus', which allows us to reasonwith abstract propositions X;Y;Z;::: and these
logical connectives:

and ~
or _
implies)
not
true >
false ?
Then there is the “predicate calculus', which also allows variableslike x; y; z; : : ;, predicates

like P(x) and Q(x;y; z), and the symbols “for all' (8) and “there exists' (9), which allow us
to quantify over variables. There are alsohigher-order systemsthat allow usto quantify over
predicates,and soon. To keepthings simple, we mainly con ne ourselvesto the propositional
calculusin what follows. But even here,there are many alternativ esto the “classical'version!



The most-studied of thesealternativ e systemsare weaker than classicallogic: they make
it harder or evenimpossibleto provethings we normally take for granted. One reasonis that
somelogicians dery that certain familiar principles are actually valid. But there are also
subtler, more interesting reasons.One is that studying systemswith rules of lesserstrength
allows for a ne-grained study of precisely which methods of reasoningare neededto prove
which results. Another reason| the onethat concernsus most here| is that dropping
familiar rules and then adding them badk in one at at time shedslight on the connection
betweenlogic and category theory.

For example, around 1907 Brouwer [50] began dewveloping “intuitionistic logic'. Among
other things, this systemdrops the law of excluded middle, which amourts to a rule saying
that from :: X we can deduce X . One problem with this principle is that proofs using it
are not “constructive'. For example, we may prove by contradiction that someequation has
a solution, but still have no clue how to construct the solution. For Brouwer, this meart
the principle was invalid.

Anyonewho feelsthe law of excludedmiddle is invalid is duty-bound to study intuition-
istic logic. But, there is another, subtler reasonfor studying this system.Namely: we do not
really loseanything by dropping the law of excludedmiddle! Instead, we gain a ne-grained
distinction: the distinction betweena direct proof of X and a proof by contradiction, which
yields merely :: X. If we do not care about this distinction we are free to ignore it, but
there is no harm in having it around.

In the 1930's,this idea was made preciseby Gedel [46] and Gentzen [43]. They showed
that we can embed classicallogic in intuitionistic logic. In fact, they found a map sending
any formula X of the propositional calculusto a new formula X , such that X is provable
classicallyif and only if X is provable intuitionistically . (More impressiwely, this map also
works for the predicate calculus.)

Later, yet another reasonfor being interestedin intuitionistic logic becameapparert: its
connectionto category theory. In its very simplest form, this connection works as follows.
Suppose we have a set of propositions X;Y;Z;::: obeying the laws of the intuitionistic
propositional calculus. We can create a category C where these propositions are objects
and there is at most one morphism from any object X to any object Y : a single morphism
when X implies Y, and none otherwise!

A categorywith at mostonemorphism from any object to any other is calleda preorder .
In the propositional calculus, we often treat two propositions asequalwhen they both imply
ead other. If we do this, we get a special sort of preorder: one where isomorphic objects
are automatically equal. This special sort of preorder is called a partially ordered set,
or poset for short. Posetsabound in logic, precisely becausethey o er a simple framework
for understanding implication.

If we start from a set of propositions obeying the intuitionistic propositional calculus,
the resulting category C is better than a mere poset. It is also cartesian,with X Y asthe
product of X and Y, and > asthe terminal object! To seethis, note that any proposition
Q has a unique morphism to X * Y wheneer it has morphismsto X and to Y. This is
simply a fancy way of saying that Q implies X * Y whenit implies X and implies Y. It is
also easyto seethat > is terminal: anything implies the truth.



Even better, the category C is cartesian closed,with X ) Y asthe internal hom. The
reasonis that
XANY impliesZz i Y impliesX ) Z:

This automatically yields the basic property of the internal hom:
hom(X Y;Z)= hom(Y;X ( Z):

Indeed, if the reader is puzzled by the di erence between X implies Y' and X ) Y, we
can now explain this more clearly: the former involvesthe homset hom(X;Y) (which has
one elemernt when X implies Y and none otherwise), while the latter is the internal hom,
an object in C.

So, C is a cartesian closedposet. But, it alsohas one more nice property, thanks to the
presenceof _ and ? We have seenthat  and > make the category C cartesian; _ and
? satisfy precisely analogousrules, but with the implications turned around, sothey make
C°P cartesian.

And that is all! In particular, negation givesnothing more, sincewe cande ne : X to be
X ) F, and all its intuitionistically valid properties then follow. So, the kind of category
we get from the intuitionistic propositional calculus by taking propositions as objects and
implications asmorphismsis preciselya Heyting algebra : a cartesian closedposetC such
that C° is also cartesian.

Heyting, a student of Brouwer, introduced Heyting algebrasin intuitionistic logic before
categorieswere even inverted. So, he usedvery di erent languageto de ne them. But, the
category-theoreticapproadc to Heyting algebrasillustrates the connectionbetweencartesian
closedcategoriesand logic. It also gives more evidencethat dropping the law of excluded
middle is an interesting thing to try.

Since we have explained the basics of cartesian closed categories, but not said what
happenswhen the opposite of such a category is also cartesian, in the sectionsto comewe
will take a drastic step and limit our discussionof logic even further. We will neglect_ and
?, and concerirate only on the fragment of the propositional calculus involving ~, > and

) .
Even here, it turns out, there are interesting things to say | and interesting ways to

modify the usual rules. This will be the main subject of the sectionsto come.But to set
the stage, we needto say a word about proof theory.

Proof theory is the branch of mathematical logic that treats proofs as mathematical
entities worthy of study in their own right. It lets us dig deeper into the propositional
calculus, by studying not merely whetheror not someassumption X implies someconclusion
Y, but the whole set of proofsleadingfrom X to Y. This amounts to studying not just posets
(or preorders), but categoriesthat allow many morphisms from one object to another.

In Hilbert's approach to proof, there were many axioms and just one rule to deduce
new theorems: modus ponens which says that from X and "X implies Y' we can deduceY .
Most of modern proof theory focuseson another approad, the “sequen calculus', due to
Gentzen [43]. In this approach there are few axioms but many inferencerules. Gentzen used



this approacd to analyzethe embedding of classicallogic into intuitionistic logic. Even more
spectacularly, in 1936he usedit to prove the consistencyof Peano'saxioms for arithmetic!
(Readers familiar with Gedel's secondincompletenesstheorem should be reassuredthat
Gentzen's proof usesinduction on a set of trees, a technique that cannot itself be carried
out in Peanoarithmetic.)

An excellert intro duction to the sequen calculusis the book Proofs and Typesby Girard,
Lafont and Taylor, freely available online [45]. Here we shall content ourselveswith some
sketchy remarks. A “sequeti is something like this:

where X; and Y; are propositions. We read this sequen as saying that all the propositions
Xi, taken together, can be usedto prove at least one of the propositions Y;. This strange-
sounding convertion givesthe sequen calculus a nice symmetry, aswe shall soon see.

In the sequen calculus,an “inferencerule' is somethingthat producesnew sequens from
old. For example, hereis the left weakening rule:

This saysthat from the sequen above the line we can get the sequen below the line: we can
throw in the extra assumption A without harm. Thanks to the strange-soundingcornvertion
we mertioned, this rule has a mirror-image version called righ t weakening :

In fact, Gentzen's whole setup has this mirror symmetry! For example, his rule called left
contraction

Similarly, this rule for “and'

has a mirror partner for “or"




Logicians now realizethat this mirror symmetry arisesfrom the duality betweena category
and its opposite. Unfortunately, since we have decided to study * and > but not their
mirror partners _ and ?, this duality will not be visible in the sectionsto come.

Gentzen listed enoughinferencerules to describe the whole classicalpropositional cal-
culus, and a subsetthat give the intuitionistic propositional calculus. Now, in classicallogic
we have

if and only if we have
X1 A"Xn " Yi_ _Ym:

The sameis true in intuitionisic logic. So, why did Gentzen use sequetts with a list of
propositions on ead side of the ° symbol, instead just a single proposition? The reasonis
that this let him useonly inferencerules having the “subformula property'. This says that
every proposition in the sequen below the line appearsas part of someproposition in the
sequen abovethe line. Sinceany proposition hasjust nitely many subformulas, this makes
the set of possibleproofs of a given sequen quite manageable,at leastin sometheoretical
sense.This was extremely important in all of Gentzen's work.

The most famous rule lacking the subformula property is the “cut rule":

From the two sequerts on top, the cut rule gives us the sequen below. Note that the
intermediate step A doesnot appear in the sequen below. It is “cut out'. So,the cut rule
lacks the subformula property. One of Gentzen's great achievemerts was to show that any
proof in the classical propositional (or predicate) calculus that can be done with the cut
rule can also be done without it. This is called “cut elimination’, and it has becomealmost
an obsessie theme in modern proof theory.

In the 1980s,proof theory took another step forwards with Girard's invertion of “linear
logic' [44]. Girard wanted a logic that could keeptrack of how many times we usea given
premiseto reach a given conclusion.To do this, he intro duced somenew logical connectives!
For starters, he introducedlinear' connectivescalled and( and alogical constart called
| . Theseact abit like”,) and>. However, they satisfy rules corresponding to a symmetric
monoidal categoryinstead of a cartesianclosedcategory. In particular, from X we can prove
neither X X nor I . So, we cannot freely "duplicate' and “delete’ propositions using these
new connectives. This is re ected in the fact that linear logic drops Gentzen's contraction
and weakening rules.

By itself, this might seemunbearably restrictive. However, Girard also kept the con-
nectives”™, ) and > in his system, still satisfying the usual rules. And, he introduced an
operation called the “exponertial’, !, which takesa proposition X and turns it into an "ar-
bitrary stock of copiesof X'. So, for example,from !X we canprovel,and X,and X X,
and X X X, andsoon.

Full- edged linear logic has even more connectives than we have described here. It
seemsbaroque and peculiar at rst glance.lt alsocomesin both classicaland intuitionistic



versions! But, just as classi@l logic can be embeddel in intuitionistic logic, intuitionistic
logic can be embkeddel in intuitionistic linear logic [44]. So, we do not lose any deductive
power. Instead, we gain the ability to make even more ne-grained distinctions.

In what follows, we discussthe fragmert of intuitionistic linear logic involving only ; (
and | . This is called "'multiplicativ e intuititionistic linear logic' [49, 77]. It turns out to be
the system of logic suitable for closedsymmetric monoidal categories| nothing more or
less.

1.3.2 Pro ofs as Morphisms

In Section 1.2 we described categories with various amounts of extra structure, start-
ing from categoriespure and simple, and working our way up to monoidal categories,
braided monoidal categories, symmetric monoidal categories,and so on. Our treatment
only scratched the surface of an enormouslyrich taxonomy. In fact, eac kind of category
with extra structure correspondsto a system of logic with its own inferencerules!

To seethis, we will think of propositions asobjects in somecategory, and proofs asgiving
morphisms SupposeX and Y are propositions. Then, we canthink of a proof starting from
the assumption X and leading to the conclusionY as giving a morphismf:X ! Y. (In
Section 1.3.3we shall seethat a morphism is actually an equivalenceclassof proofs| but
for now let us glossover this issue.)

Let uswrite X © Y when, starting from the assumption X, there is a proof leading to
the conclusionY. An inferencerule is a way to get new proofs from old. For example, in
almost every system of logic, if there is a proof leading from X to Y, and a proof leading
from Y to Z, then there is a proof leading from X to Z. We write this inferencerule as
follows:

XY Y Z
Xz

We can call this cut rule , sinceit lets us cut out' the intermediate step Y. It is a special case
of Gentzen's cut rule, mentioned in the previous section. It should remind us of composition
of morphismsin a category: if we have a morphismf:X ! Y and a morphismg:Y ! Z,
we get a morphismgf : X | Z.

Also, in almost every systemof logic there is a proof leading from X to X . We can write
this as an inferencerule that starts with nothing and concludesthe existenceof a proof of
X from X:

X X

This rule should remind us of how every object in category has an identit y morphism: for
any object X , we automatically get a morphism 1x : X ! X. Indeed, this rule is sometimes
called the identit y rule .

If we pursue this line of thought, we can take the de nition of a closed symmetric
monoidal category and extract a collection of inferencerules. Each rule is a way to get new



morphismsfrom old in a closedsymmetric monoidal category. There are various super cially
dierent but ultimately equivalent ways to list theserules. Here is one:

XY Y  Z

XX 0 X7 O
W X Y'z W- (X Y) Z
W Y X Z W X (Y 2)
X1 Y XY |

XY XY

W™ X Y X Y Z
YRV = (0
W'Y X Y X ( Z

Double lines meanthat the inverserule alsoholds. We have given eadh rule a name, written
to the right in parentheses.As already explained, rules (i) and ( ) comefrom the presenceof
identit y morphisms and composition in any category. Rules( ), (a), (), and (r) comefrom
tensoring, the assaiator, and the left and right unitors in a monoidal category. Rule (b)
comesfrom the braiding in a braided monoidal category, and rule (c) comesfrom currying
in a closedmonoidal category.

Now for the big question: what does all this mean in terms of logic? Theserules describe
a small fragment of the propositional calculus. To seethis, we should read the connective
as "and', the connective ( as ‘implies', and the proposition | as “true'.

In this interpretation, rule (c) says we canturn a proof leading from the assumption’Y
and X' to the conclusionZ into a proof leading from X to Y implies Z'. It also says we
can do the reverse. This is true in classical,intuitionistic and linear logic, and so are all
the other rules. Rules (a) and (b) say that “and' is assaiative and commutativ e. Rule (I)
says that any proof leading from the assumption X to the conclusion ‘true and Y' can be
converted to a proof leading from X to Y, and vice versa.Rule (r) is similar.

What do we do with these rules? We use them to build “deductions'. Here is an easy
example:

- )
XCY XY

X (X( Y)Y

First we usethe identity rule, and then the inverseof the currying rule. At the end, we
obtain
X X(VY) VY

This should remind us of the evaluation morphismswe have in a closedmonoidal category:
ey X (X ( Y)Y

In terms of logic, the point is that we can prove Y from X and "X implies Y'. This fact
comesin handy so often that we may wish to abbreviate the above deduction as an extra
inferencerule | a rule derived from our basic list:



(ev)

X X( Y)Y

This rule is called mo dus ponens.

In general,a deduction is a tree built from inferencerules. Branchesarise when we use
the () or () rules. Hereis an example:

(A B) C (A B) CEZ)

(A BY C_A (B C) A (B C)° D
(A B) C D

)

Again we can abbreviate this deduction as a derived rule. In fact, this rule is reversible:

A (B C) D
(A B) C' D

()

For a more substartial example, supposewe want to showv
XCY)y (v 2) x( z

The deduction leading to this will not even t on the pageunlesswe useour abbreviations:

N (ev) = (id)
X (X( Y)Y Y( Z Y( Z
() (ev)

X XYy (vC2z2)y 'y (v 2) Y (v(2) 2z
X xCY)y (v(2) 2z
X (xXCY) (v( 2) Z
XCY) (v z2)" x( 2z

1

(©

Sinceead of the rules usedin this deduction camefrom a way to get new morphisms from
old in a closedmonoidal category (we never usedthe braiding), it followsthat in every such
category we have internal comp osition morphisms:

x;y;z:(x ( Y) (Y( Z)l X ( Z:
These play the samerole for the internal hom that ordinary composition
;hom(X;Y) hom(Y;Z)! hom(X;Z)

plays for the ordinary hom.

We can go aheadmaking further deductionsin this systemof logic, but the really inter-
esting thing is what it omits. For starters, it omits the connective “or' and the proposition
“false'. It also omits two inferencerules we normally take for granted | namely, contrac-
tion :



and weakening :

XY
> Y

which are closelyrelated to duplication and deletion in a cartesian category. Omitting these
rules is a distinctiv e feature of linear logic [44]. The word “linear' should remind us of the
category Hilb. As noted in Section 1.2.3 this category with its usual tensor product is
noncartesian,soit doesnot permit duplication and deletion. But, what doesomitting these
rules meanin terms of logic?

Ordinary logic dealswith propositions, sowe have beenthinking of the above system of
logic in the sameway. Linear logic dealsnot just with propositions, but also other resources
| for example, physical things! Unlike propositions in ordinary logic, we typically can't
duplicate or delete these other resources.In classicallogic, if we know that a proposition
X is true, we can use X as many or as few times as we like when trying to prove some
proposition Y. But if we have a cup of milk, we can't useit to make cake and then useit
again to make butter. Nor can we make it disappear without a trace: even if we pour it
down the drain, it must go somewhere.

In fact, theseideasare familiar in chemistry. Consider the following resources:

H, one molecule of hydrogen
(o)) one molecule of oxygen
H,O = one molecule of water

We can burn hydrogen, combining one molecule of oxygen with two of hydrogen to obtain
two moleculesof water. A category theorist might describe this reaction as a morphism:

fZOZ (H2 Hz)! Hzo HQOZ
A linear logician might write:
O (Hz Hz)  HO HZ0

to indicate the existenceof such a morphism. But, we cannot duplicate or delete molecules,
sofor example
H,6H, H»

and
H, 6 1

where | is the unit for the tensor product: not iodine, but 'no moleculesat all'.

In short, ordinary chemical reactions are morphismsin a symmetric monoidal category
where objects are collections of molecules.As chemistsnormally conceiwe of it, this category
is not closed.So, it obeysan even more limited system of logic than the one we have been
discussing,a systemlacking the connective ( . To geta closedcategory| in fact a compact
one| weneedto remenber oneof the great discoveriesof 20th-certury physics:antimatter.
This letsusdene Y ( Z to by "anti-Y and Z";



Y( Z=Y Z
Then the currying rule holds:

Y X' Z
X'y z

Most chemists don't think about antimatter very often | but particle physicists do. They
don't usethe notation of linear logic or category theory, but they know perfectly well that
sincea neutrino and a neutron can collide and turn into a proton and an electron:

n"p e
then a neutron can turn into a neutrino together with a proton and an electron:

n’ (p e):

This is an instance of the currying rule, rule (c).

1.3.3 Logical Theories from Categories

We have sketched how dierent systems of logic naturally arise from dierent types of
categories. To illustrate this idea, we introduced a system of logic with inference rules
coming from ways to get new morphismsfrom old in a closel symmetric monoidal category.
One could substitute many other typesof categorieshere, and get other systemsof logic.

To tighten the connection between proof theory and category theory, we shall now
describe a recipe to get a logical theory from any closedsymmetric monoidal category. For
this, we shall now useX * Y to denotethe setof proofs| or actually, equivalenceclasseof
proofs| leadingfrom the assumptionX to the conclusionY . This is a changeof viewpoint.
Previously wewould write X Y whenthis set of proofswasnonempty; otherwisewe would
write X 6 Y. The advantage of treating X = Y asa setis that this setis preciselywhat a
category theorist would call hom(X;Y): a homsetin a category.

If welet X ° Y stand for a homset, an inferencerule becomesa function from a product
of homsetsto a single homset. For example, the cut rule

XY Y  Z
Xz

)

becomesanother way of talking about the composition function
xv:z hom(X;Y) hom(Y;zZ)! hom(X;2Z);
while the identity rule

0]



becomesanother way of talking about the function
ix :1! hom(X;X)
that sendsthe single elemen of the set 1 to the identity morphism of X . (Note: the set 1

is a zero-fold product of homsets.)

Next, if we let inferencerules be certain functions from products of homsetsto homsets,
deductions becomemore complicated functions of the samesort built from thesebasicones.
For example, this deduction:

< @
X | X ! ® 0]

X 1 X YOY
X 1) Y X Y

speci es a function from 1 to hom((X 1) Y;X YY), built from the basic functions
indicated by the labels at ead step. This deduction:

. w Y LY Elr)) 0
X 1) Y (X 1 Y(a) I Y Y x‘x()
X 1) Y X (I Y) X (0 Y) X Y

X 1) Y X Y

()

givesanother function from 1to hom((X 1) Y;X Y).

If we think of deductionsasgiving functions this way, the question ariseswhen two such
functions are equal. In the example just mertioned, the triangle equation in the de nition
of monoidal category (De nition 6):

ax, vy

X 1) Yy —2% - x (1 V)
H
I'x 1yHH 1)( IY
X Y

says thesetwo functions are equal. Indeed, the triangle equation is precisely the statement
that thesetwo functions agree!(We leave this as an exercisefor the reader.)

So:eventhough two deductionsmay look quite di erent, they may givethe samefunction
from a product of homsetsto a homset if we demand that these are homsetsin a closed
symmetric monoidal category. This is why we think of X (Y asa setof equivalene classes
of proofs, rather than proofs: it is forced on us by our desire to use category theory. We
could get around this by using a 2-category with proofs as morphisms and “equivalences
betweenproofs' as2-morphisms[79]. This would lead us further to the right in the Periodic
Table (Table 1.3). But let usrestrain ourselvesand make somede nitions formalizing what
we have done so far.

From now on we shall call the objects X; Y;::: “propositions', even though we have seen
they may represer more generalresources.Also, purely for the sake of brevity, we usethe
term “proof' to mean “equivalenceclassof proofs'. The equivalencerelation must be coarse
enoughto make the equationsin the following de nitions hold:



De nition  17. A closed monoidal theory consists of the following:
A collection of prop ositions . The collection must contain a proposition |, and if X
and Y are propositions, thensoare X Y and X (Y.

For every pair of propositions X;Y; a set X * Y of pro ofs leading from X to Y. If
f 2X " Y;thenwewrite f:X ! Y.

Certain functions, written as inference rules:

XY Y  Z

XX 0 3 0
W X Yy'z | W™ (X Y) Z
W Y X Z W X (Y 2)
X Y(I) XY I()
R —
XY XY
X Y Z
:(c)
Y X ( Z

A double line means that the function is invertible. So, for example, for each triple
X;Y;Z we havea function

x;y;z:(x h Y) (Y h Z) | (X ) Z)

and a bijection
CX;Y;Z:(X Y ® Z) ! (Y X ( Z)

Certain eguations that must be okeyal by the inference rules. The inference rules ()
and (i) must okey equations describing assaiativity and the left and right unit laws.
Rule ( ) must obkey an equation sayingit is a functor. Rules (a), (I), (r), and (c) must
okey equations saying they are natural transformations. Rules (a), (I), (r) and ( ) must
also otkey the triangle and pentagon equations.

De nition  18. A closed braided monoidal theory is a closal monoidal theory with this
additional inference rule:

W X Y
=V < ®

W'y X

We demandthat this rule give a natural transformation satisfying the hexagonequations.

De nition  19. A closed symmetric monoidal theory is a closal braided monoidal
theory whete the rule (b) is its own inverse.



These are just the usual de nitions of various kinds of closed category | monoidal,
braided monoidal and symmetric monoidal | written in a new style. This new style lets us
build such categories from logical systems To do this, we take the objects to be propositions
and the morphisms to be equivalence classesof proofs, where the equivalencerelation is
generatedby the equationslisted in the de nitions above.

However, the full advantages of this style only appear when we dig deeger into proof
theory, and generalizethe expressionswe have beenconsidering:

XY

to “sequets' like this:

Loosely we can think of such a sequen as meaning
X1 Xn o Y:

The advantage of sequelts is that they let us use inferencerules that | except for the
cut rule and the identity rule | have the “subfornmula property’ mentioned near the end of
Section1.3.1

Formulated in terms of these inference rules, the logic of closed symmetric monoidal
categoriesis called “multiplicativ e intuitionistic linear logic', or MILL for short [49, 77].
There is a “cut elimination' theorem for MILL, which says that with a suitable choice of
other inferencerules, the cut rule becomesredundant: any proof that can be done with it
can be donewithout it. This is remarkable, sincethe cut rule correspondsto composition of
morphismsin a category. For details, seethe book by Szalo [85] and Trimble's thesis [87].
For an alternativ e viewpoint, seeKelly and Mac Lane's coherencetheorem for closedsym-
metric monoidal categories[58], and the related theorem for compact symmetric monoidal
categories[59].

MILL is just one of many closely related systemsof logic. Most include extra features,
though somesubtract features. Here are just a few examples:

Algebraic theories. In his famous thesis, Lawvere [65] de ned an algebraic theory to
be a cartesian category where every object is an n-fold Cartesian power X X

(n  0) of aspecic object X . He shoved how suc categoriesregardedaslogical theories
of asimple sort | the sort that had previously beenstudied in “universal algebra' [24].
This work initiated the categoricalapproac to logic which we have beensketching here.
Crole's book [32] givesa gertle introduction to algebraictheories aswell as somericher
logical systems.More generally, we can think of any cartesian category as a generalized
algebraic theory.

Intuitionistic linear logic (ILL). ILL supplemens MILL with the operations familiar
from intuitionistic logic, as well as an operation ! turning any proposition (or resource)
X into an ‘inde nite stock of copiesof X'. Again there is a nice category-theoretic
interpretation. Bierman's thesis [22] gives a good overview, including a proof of cut
elimination for ILL and a proof of the result, originally dueto Girard, that intuitionistic

logic can be be embeddedin ILL.



Linear logic (LL). For full- edged linear logic, the online review article by Di Cosimo
and Miller [35] is a good placeto start. For more, try the original paper by Girard [44]
and the book by Troelstra [88]. Blute and Scott's review article [23] servesas a Rosetta
Stone for linear logic and category theory, and so do the lectures notes by Schalk [77].

Intuitionistic Logic (IL). Lambek and Scott's classicbook [63] is still an excellert intro-
duction to intuitionistic logic and cartesian closedcategories.The online review article
by Moscdhovakis [72] contains many suggestionsfor further reading.

To conclude,let us say preciselywhat an “inferencerule’ amourts to in the setup we have
described. We have said it givesa function from a product of homsetsto a homset. While
true, this is not the last word on the subject. After all, instead of treating the propositions
appearing in an inferencerule as xed, we can treat them as variable. Then an inference
rule is really a “'schema’ for getting new proofs from old. How do we formalize this idea?

First we must realizethat X * Y is not just a set: it is a set degending in a functorial
way on X and Y. As noted in De nition 13, there is a functor, the “hom functor

hom:C°® C! Set

sending (X ;Y) to the homsethom(X;Y) = X * Y. To look like logicians, let us write this
functor as " .

Viewedin this light, most of our inferencerules are natural transformations. For example,
rule (a) is a natural transformation betweentwo functors from C°% C3 to Set, namely the
functors

W, X;Y;Z2) "W (X Y) Z)
and
(W; X;Y;2) 7" W ™ X (Y  2)):

This natural transformation turns any proof
f:w! (X Y) 2)

into the proof
ax;y;zf:W I X (Y Z)

The fact that this transformation is natural meansthat it changesin a systematic way as
we vary W; X ;Y and Z. The commuting squarein the de nition of natural transformation,
De nition 3, makesthis precise.

Rules (I), (r), (b) and (c) give natural transformations in a very similar way. The ( )
rule givesa natural transformation betweentwo functors from C°? C C° C to Set,
namely

w;xX;Y;2)ynn (W - X) (Y 2Z2)

and
W;X;Y;Z2) "W Y X Z

This natural transformation sendsany elemern (f ;g) 2 hom(W;X) hom(Y;Z)tof g.



The identit y and cut rulesaredi eren t: they do not give natural transformations, because
the top line of theserules hasa di erent number of variablesthan the bottom line! Rule (i)
says that for eadh X 2 C there is a function

ix:1! XX
picking out the identity morphism 1x : What would it mean for this to be natural in X ?
Rule ( ) saysthat for ead triple X;Y;Z 2 C there is a function
(XY) (Y Z)! X' Z
What would it mean for this to be natural in X;Y and Z? The answer to both questions

involvesa generalization of natural transformations called “dinatural’ transformations [67].

As noted in De nition 3, a natural transformation :F ) G betweentwo functors
F;G:C! D makescertain squaresin D commute. If in fact C = C* C,; then we actually
obtain commuting cubesin D: Namely, the natural transformation assignsto eac object
(X1; X2) amorphism x,.x, sud that for any morphism (f1:Y1 ! Xg;f2:X2! Y2)in C,
the cube shown in Figure 1.1 commutes.

G(ly,f2)

G(Yl, Xz) = G(YL Y2)
Y1:X 2 Y1:¥2
G(f1ilx,) G(f1ily,)
. F(ly,if2) . .
F(Y1;X2) F(Y1:Y2)
F(fl;lXZ) F(flile)
b ”?
! G(lx if2) _ )
G(X1;X2) G(X1;Y2)
X 1X 2 X 1Yo
5 ”?
: F(lxif2) _ ’
F (X1 X2) F(X1Y2)

Fig. 1.1. A natural transformation betweenfunctors F;G:C®¥ C,! D givesa commuting cube
in D for any morphisms fi: X; ! VY in Cj.

If C; = C5; we can choosea single object X and a single morphism f: X ! 'Y and use
it in both slots. As shown in Figure 1.2, there are then two paths from one corner of the



cube to the antip odal corner that only involve for repeated argumerts: that is, x.x and
vy, but not x.y or vy.x.Thesepaths give a commuting hexagon.

G(Y:X) G(Y:Y)
YY
F(Y:X) PO - E(viy) 6(fi1y)
Gy f 7
Fiino  G(X:X) D - gx;v)
XX
?
F(X;X) F(X;Y)

Fig. 1.2. A natural transformation betweenfunctors F;G:C°® C! D givesa commuting cube
in D for any morphism f: X ! Y, and there are two paths around the cube that only involve
for repeated arguments.

This motivates the following:

De nition  20. A dinatural transformation :F ) G betweenfunctors F;G:C° C!
D assignsto everyobject X in C a morphism x:F(X;X)! G(X;X) in D suchthat for
every morphismf:X ! Y in C, the hexagonin Figure 1.2 commutes.

In the caseof the identit y rule, this commuting hexagonsays that the identit y morphism
is a left and right unit for composition: seeFigure 1.3. For the cut rule, this commuting
hexagonsays that composition is assaiative: seeFigure 1.4.

So, in general,the sort of logical theory we are discussinginvolves:

A category C of propositions and proofs.

A functor *:C° C! Setsendingany pair of propositions to the set of proofs leading
from oneto the other.

A set of dinatural transformations describing inferencerules.



1y
iy
1 1 _ 1 ¢
?
N X X foo X'y
! 1>< f 1><=1y f
? )
¢ ix
1

Fig. 1.3. Dinaturalit y of the (i) rule, wheref:X ! Y. Here 2 1 denotesthe one elemert of the
one-elemernt set.

Xz
h(f g)
3
(X W) (Y 2) « o (XTY) (Y 2) )
(g;h) (fg;h)
?
e Xz 1 i} X'z
' (hf)g (hf)g= h(fg)
3
?
(X W) (W' 2)
(g;hf)

Fig. 1.4. Dinaturalit y of the cut rule, wheref :W ! Y; g X! W;h:Y! Z:



1.4 Computation

1.4.1 Overview

In the 1930s,while Turing wasdeveloping what are now called "Turing machines' asa model
for computation, Church and his student Kleene were developing a di erent model, called
the “lambda calculus' [27, 60]. While a Turing machine can be seenas an idealized, simpli-
ed model of computer hardware, the lambda calculus is more like a simple programming
language It took a while for computer sciertists to prot from the Church and Kleene's
insights, but in 1965 Landin pointed out a powerful analogy betweenthe lambda calculus
and the programming language ALGOL [64].

Landin's paper was very in uential. It led to a renewed burst of work on the lambda
calculus which cortinuesto this day [14, 81]. By now, a number of computer languagesare
explicitly basedon ideasfrom the lambda calculus. The most famous of these are Haskell
and LISP. Theselanguages,called “functional programming languages',are beloved by the-
oretical computer scientists for their conceptual clarity. So, everyone majoring in computer
scienceat MIT is required to take an introductory coursethat involves programming in
Sdeme,a dialect of LISP. The cover of the textb ook for this course[1] evenhasabig on
the cover!

Languagesof adi erent sort| ‘imperative programming languages| aremore popular
amongworking programmers. Examplesinclude FORTRAN, BASIC, and C. In imperative
programming, a program consistsof statemerts that tell the computer how to changestate.
Functional programming is seeminglymore limited: here a program is just a description of
a function, and running it evaluates this function. But, this ‘limitation' is precisely what
makes functional programming languagestheoretically pleasing.

In fact, the best-behaved functional programming languagesare even more limited than
the original lambda calculus: they are “typed'. In the original lambda calculus, every ex-
pressionis a program that can be applied to any other expression.So, for example, we can
feedany expressionasinput into itself! This makesthe lambda calculus very powerful but
also a bit dangerous.In the “typed' lambda calculus, ead program can only be applied to
data of a specic type.

In 1980,Lambek realizedthat the typed lambda calculusis just another way of talking
about cartesian closed categories[62]. Ever since then, theoretical computer sciencehas
beencloselyentwined with categorytheory. There is no way we can summarizethe resulting
enormousbody of work, even though it constitutes a crucial aspect of the Rosetta Stone.
For an intro duction, we urge the readerto tackle the book by Lambek and Scott [63], or the
more pedagogicalbook by Crole [32] | or or, for a concisetreatment that alsocoverssome
newer developmerts, the review article by Scott [75]. Our goal hereis to explain something
a bit dierent: how more closed symmetric monoidal categoriescan be seenin terms of
“combinatory logic'.

Combinatory logic is closely related to the lambda calculus, but it was born earlier,
in a 1924 paper by Schen nk el [78]. The idea was to develop a simple logic for functions
(or programs) which completely avoids the use of variables Later, combinatory logic was



extensiwely developed by Curry [33], and seento be equivalent to the (untyped) lambda
calculus. Sinceit strips everything down to the bare minimum, combinatory logic is in some
ways more awkward than the lambda calculus. However, it seemsa bit easierto adapt to
the “linear' or "quartum' context, where duplication and deletion of data is not allowed,
except when explicitly speci ed.

Various avors of linear or quantum lambda calculus have already been studied, for
example by Benton, Bierman, de Paiva and Hyland [19], Dorca and van Tonder [90] and
Selinger[81]. But, given our expository goals,it seemsmore e cien t to describe a version
of combinatory logic that is just another way of talking about closedsymmetric monoidal
categories. This is a fragment of the “linear combinatory algebra' studied by Abramsky,
Haghverdi and Scott [5].

1.4.2 Categories in Functional Programming

In functional programming, the fundamertal operation is “application'. Mathematicians
might apply a function f to an argument x and write the result as f (x); in functional
programming we apply a program f to a pieceof data x and write the result as(f Xx).

To actually evaluate such expressionswe need ‘rewrite rules'. For example, supposewe
have programs double and increment , which compute the obvious functions from integers
to integers. Then we might have rewrite rules

(increment 3) = 4
and
(double 4) =8

Note that the symbol = is not being usedin the sameway here asin pure mathematics! It
denotesa rewrite that takesthe expressionon the left and rewrites asthe expressionon the
right.

By nesting applications, we can build up “application trees'. To get a taste of how these
trees work, considerthis expression:

(double (increment 3))

We can draw this as an application tree:

"y

double H
. H
increment 3

By applying rewrite rules at the bottom of the tree, we can successiely rewrite the whole
tree until there is nothing left to do:



H
double H = Q =38

increment
Or, more tersely:
(double (increment 3)) = (double 4) =8

To avoid problems, our rewrite rules should be “con uent': wheneer there's a choice of
rewrite rulesto apply, there are further rewrite rules we can apply that will lead usto back
to the same expression.They should also be “terminating': after a nite number of steps
it should be impossibleto apply any more rewrite rules. Given these two properties, if we
apply rewrite rulesto an expressionhowever we like until it is impossibleto apply any more,
we will be left with a unique expression,independent of our choices.

We can handle functions that take more than one argument using a trick discussedin
Section 1.2.6 “currying'. This turns a function of sewral argumerts into a function that
takesthe rst argumert and returns afunction of the remaining argumerts. So, for example,
we can imagine a program plus that addsintegers.

For example, in the expression
((plus 3) 5) =8

the term (plus 3) rewrites to a function that adds 3 to its input. Currying leadsto appli-
cation treesthat branch to the left:

@

5

@

plus 3

With currying, we cande ne increment and double in terms of addition and multiplication.
In other words, we can have rewrite rules

increment = (plus 1)
double = (times 2)

Then, for example, we have

(double (increment 3))

= (double ((plus 1) 3))
((times  2) ((plus 1) 3))
((times  2) 4)

8



Sofar we have focusedon programsthat take integersasinput. In reality, programming
involvesmany other kinds of data. For example,supposewe are writing a program that also
involves days of the week. It would not make senseto write (double Tuesday), because
Tuesdy is not a number. We might chooseto represert Tuesdgy by a number in some
program, but doubling that number doesn't have a good interpretation: is the rst day of
the week Sunday or Monday? Is the week indexed from zero or one? These are arbitrary
choicesthat aect the result, so the expression(double Tuesday) has no well-de ned
meaning.

We can avoid ill-de ned expressionsof this sort by ‘type cheding.' To do this, every
pieceof data should have a "type,' and our type cheder (usually part of a compiler) should
instantly complain if we try to apply a function to a piece of data of the wrong type. For
example, the number 248is an integer, while Tuedayis a day of the week;in programming
we denote this by something like:

248:integer
Tuesday:day

(This notation is usedin Ada, Pascaland someother languages.Other notations are also
in widespreaduse.)

Given sometypes,we can build up other typesin a variety of ways. For example, given
typesXand, there is a newtype for functions that take data of type Xasinput and return
data of type Y as output. This sort of type is called a function type. In the computer
scienceliterature, it would be denoted X -> Y. Howewer, to be consistert with the rest of
our paper, we will write this function typeasX (Y. The functions increment and double
map integersto integers, so we write

increment:iinteg er ( integer
double:integer ( integer

Addition and multiplication both have two inputs and one output:

plus:iinteger ( (integer ( integer)
times:integer ( (integer ( integer)

(The parentheseshere don't stand for application; they are usedfor grouping.)

In fact, everything we have done sofar can be formalized in terms of a closedmonoidal
category. We call the objects of this category data typ es. The morphismsf:X ! Y are
equivalenceclassesof programs that take data of type X asinput and produce data of
type Y asoutput. Any program is built asan application tree from certain basic “built-in'
programs, and the equivalence relation is generated by certain rewrite rules, assumed
con uent and terminating.

We call a morphism f:1 ! X adatum of type X, and we indicate this by writing
f:X . So, when we wrote Tuesday:day above, we can think of this as another way of saying
Tuesdy: | ! day. This hasan easyinterpretation in the closedmonoidal category Set: here
| would be the one-elemen set, ‘day' would be the 7-elemen set consisting of days of the



week,and "Tuesda' would be the function picking out this particular day of the week.But,
we could equally well be working in a closedmonoidal category of data typesand programs,
and this is the interpretation we are trying to stresshere.

As explained in Section 1.2.6, any morphism f: X ! Y in a closedmonoidal category
hasa ‘name":
gog:1! X (VY

In computer sciencethis correspondsto the fact that programs are data: a program taking
data of type X asinput and giving data of type Y as output can be reinterpreted as a
piece of data of type X ( Y. In functional programming, we take advantage of this and
systematically work with the namesof morphisms rather than the morphisms themsehes.

Given this, application is the natural transformation

appy.y - hom(l; X (Y) hom(l;X)) hom(l;Y)
(Fa;x) 7! f xq

We can de ne this natural transformation for any closedmonoidal category.

Computer sciertists call ways of getting new typesfrom old typ e constructors . From
the category-theoretic viewpoint thesecorrespond to functors (though in practice often just
the value of the functor on objects is given). For example,we have already seenthat for any
pair of typesXand Ythereis afunction type X (V. In categorytheory, this corresponds
to the internal hom functor

(:C® C! C:

There is also another type constructor inherent in the de nition of “closedmonoidal cate-
gory:' for any types X and Y we have a pro duct type X Y. This givesa lessawkward
way to dealwith programsthat take more than one argument. We have already mentioned
a program

plus:iinteger ( (integer ( integer)
With the help of product types,we could also have a program
+: (integer integer) ( integer

As we shall see,theseare related by currying.

Besidesthesetype constructors, a closedmonoidal category also givescertain “conbina-
tors'. A combinator can be thought of asa program that takesasinput, not data of a xed
type, but data of a variable type. For example,giventypesXand Y, and data x:X and y:Y,
we would like a program that combinesthesedata into an “orderedpair': a datum x y
of type X Y. But, it would be annoying to use a separate program to do this for each
choice of typesXand Y. So, we will usejust one program, a “conbinator’. Wecall it , and
write:

XN x v



Here X and Y are not xed types, but dummy variables standing for arbitrary types. To
de ne how this combinator behaves,we usethe following rewrite rule:

C Ny =x vy

We can cortin ue along these lines, transcribing the de nition of “closedmonoidal cate-
gory' into combinators and rewrite rules. For example,we should have a combinator curry :

curry:((X neage o Xxe 2
((cury H) y) x) =@ x )

with inverseuncurry :

uncurry:(X (- (Y ( 2)) ( (X (2
((uncurry 1) x y) =(t y) )

Uncurrying lets us start with a program
plus:iinteger ( (integer ( integer)
and de ne a new program
+: (integer integer) ( integer
using the rewrite rule
(+ x y) =(plus x)y)
Then we have
+ 1 3)
= ((plus 1) 3)
=4
Sincea monoidal category has an assaiator, we should also have a combinator
assoc:((X Y) Z) ( X (Y 7))
satisfying the rewrite rule
(assoc (x y) Z) =X VY 2)
And, sincethe assaiator is invertible, we should include another combinator:
unassoc:(X (Y Z) ( (X Y) Z)

with rewrite rule



(assoc x (y 7)) = (X y) z

Furthermore, corresponding to the unit object in a monoidal category, we should have
atypel calledthe void type. This is usedin programming to... WHAT???[[ In languages
with side-e ects, you often don't careabout the target type (or "return" type). For example,
"print" in many languagesis a moprhism with side-e ects print:string ->|. You can get
side-e ects in a functional language by using a functor that tensors ead type with an
ervironment, and then taking "print" to be a morphism in the larger space.]] This type
comeswith a datum void:l , and we have combinators corresponding to the right and left
unit laws, along with the obvious rewrite rules:

left:(I X)( X
(left  void X) =X
right:(X D ( X

(right X void) = X

These needinverses,too.

TALK A BIT ABOUT THE ORIGINAL COMBINA TORS. HOW DO WE GET INFI-
NITE LOOPS, OR COMPUT ATIONAL UNIVERSALITY???

1.4.3 Com binator Calculi from Categories

De nition 21. A closed monoidal combinator calculus consists of:

a collection of typ es suchthat:

{ | is atype;

{ if Xand Y aretypes,then X ( Yis a type;

{ if Xand Y are types, then X Y is a type.

a collection of full binary application trees suchthat:
{ void:l is atree;

{ if XY, and Z are types, then

id:X ( X

compose:(Y ( 2) ( X ( Y)Y ( X( Z
curry:((X YV( 2)( X( Y( Z
uncurry:(X ( Y( 2 ( (X Y) ( Z
left:] X( X

unleft:X (| X

right:X I ( X and



unright:X (X I
are trees.
{ if Xand Y aretypesandt:X and u:Y are trees, thent u:X Yis a tree.
{ if Xand Yaretypesandt:X ( Yandu:X aretrees,then (t u):Y is atree.
a collection of type-preservingtree rewrite rules, including
{ (d t) =t

{ (((compose t) u) v) =(t (u v)
{ ((lcurry 1) u)v) =(t u v
{ ((uncurry t) u v) = (t u) v)
{ (left void ) =t

{ (unleft t) = void t

{ (right t void) =1t

{ (unright t) =1t void

{ tl = void:

whet the variablest, u, v are understaod to refer to the subtreesin those positions.

the smallest equiv alence relation on trees geneated by the tree rewrite rules and
extensionalit y. Extensionality meansthatif (t u) = (' u) thent =t [that s, if
the equivalene is independent of the right subtree, then the left subtrees are eguivalent.

De nition  22. A closal monoidal combinator calculusis symmetric if wheneverX, Y, and
Z are types, then

braid:(X ( (¥ ( 2) ( (v ( X ( 2)
is a tree, and it includes the rewrite rule:

((braid 1t u) v) = ((t V) u)

1.5 Conclusions

In this paper we began eshing out the analogieslisted in Table 1.1. Table 1.4 summarizes
a bit of what we have seen.Howe\er, this is still just the tip of the iceberg. To fully exploit
the links between physics, topology, logic and computation we need to more thoroughly
understand the analogiesbetweenthem | and alsothe special distinctiv e features of each
eld.



Category Theory Physics Topology Logic Computation
object X Hilb ert spaceX manifold X proposition X data type X
morphism operator cobordism proof program
f:X1ry f: X1y f: X1y f:Xry f. X->Y

tensor product | Hilbert space disjoint union conjunction product
of objects: of joint system: of manifolds: of propositions: of data types:
X Y X Y X Y X Y X Y
tensor product of parallel disjoint union of |proofs carried out |programs executing
morphisms: f  g|processesf g| cobordisms:f g |in parallel: f g|in parallel: f g
internal hom: |Hilb ert spaceof| disjoint union of conditional function type:
XY ‘anti- X and Y': |orientation-rev ersed  proposition: X->Y
X Y X and Y: X Y XY

Table 1.4. The Rosetta Stone (larger version)
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