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ABSTRACT OF THE DISSERTATION

Lagrangian and symplectic techniques in discrete mechanics
by

James William Gilliam

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, August, 1996

Professor John C. Baez, Chairperson

By a “discrete mechanical system,” we mean a system in which time evo-
lution proceeds in integer steps and the configuration space is a finite set.
The most widely studied examples are cellular automata on finite lattices.
We develop algebraic analogs of many of the basic concepts from differential
geometry to overcome obstacles created by working over algebraic structures.
We extend the methods of Lagrangian mechanics to treat discrete mechanical
systems. In particular, we derive an algebraic analog of the Euler-Lagrange
equation for discrete mechanics, starting from a variational principle. As
an example of how this analog works, we prove a version of Noether’s the-
orem applicable to this context. We relate our framework to Hamiltonian
mechanics, or more precisely, symplectic geometry. We define a Poisson
bracket on our analog of phase space, which allows us to develop some of the
results on the Poisson algebra of functions on configuration space. In the
process, we apply the techniques constructed to the discretizations of some

well-known systems, such as particles in potentials, including the harmonic
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and anharmonic oscillators, the rigid rotating body, and the WZW model.
We give characterizations of the bounded solutions of the discrete harmonic
oscillator on the integers and demonstrate a difference between the discrete
anharmonic oscillator and its continuous analog. We give a definition of com-
plete integrability for a discrete mechanical system on a smooth real affine
algebraic variety and give a criterion for the complete integrability of such
systems. We show that as the time steps of a discrete system decrease to
zero, a solution of the discrete system converges uniformly to a solution of
the corresponding continuous system. We apply this result to the discrete

analog of a particle in a polynomial potential and the rigid rotating body.

vii



Contents

1 Introduction

2 Generalization of Phase Space
2.1 Algebraic Analogs . . . . .. .. .. Lo

2.2 Symplectic Structures . . . . .. ..o

3 Discrete Systems
3.1 Euler-Lagrange Equations . . . . .. ... ... .. ......
3.2 Noether’s Theorem . . . . . .. ... ... ... .. .. ....
3.3 Discrete Symplectic Geometry . . . . . .. ...
3.4 Examples . .. .. .o
3.4.1 Particle in a 1-Dimensional Potential . . . . . . . ...
3.4.2 Particle in a Spherically Symmetric Potential . . . . .

3.4.3 Automata Corresponding to Discrete Wave Equations .

4 The Continuum Limit
4.1  First Order Equations . . . . . ... ... ... .. .. ....

4.2 Second Order Equations . . .. .. ... ... ... ......

5 Discrete Rigid Rotating Body

5.1 Introduction . . . . . . . . . .. .

13
13
17
18
23
23
29
32

34
34
40

42



5.2  Relationship to the continuous model . . . . . . .. .. .. .. 52

5.3 Discrete Complete Integrability . . . . .. ... .. ... ... 54
5.4  Complete Integrability of Rotating Bodies in SO(N,R) . . . . 57
5.5 Discrete WZW Model . . . . . . .. ... oo oL 58
References 63

X



Chapter 1

Introduction

By a “discrete mechanical system,” we mean a system in which time evolution
proceeds in integer steps and the configuration space is a finite set. We
distinguish these systems from “discrete dynamical systems”, in which the
configuration space is a manifold. The most widely known example of discrete
mechanical systems are cellular automata on finite lattices. Recently, as
physicists and computer scientists have become more familiar with using
digital computers to approximately simulate physical systems, there has been
an increased interest in discrete mechanics. But as classical field theories may
be treated as a special case on classical mechanical systems, it is useful to
treat cellular automata as a special case of discrete mechanical systems.

It seems worthwhile to attempt to extend standard techniques in classical
mechanics, such as the Lagrangian and Hamiltonian formalisms, to discrete
mechanics. To do so, we first develop algebraic analogs of many of the basic
concepts from differential geometry, such as substituting an algebraic defi-
nition of differential forms for the classical differential calculus, to overcome
some of the analytical obstacles created by working over algebraic structures.

We begin by deriving an algebraic analog of the Euler-Lagrange equation for



discrete mechanics, starting from a variational principle. As an example of
how this analog works, we prove a version of Noether’s theorem applicable
to this context.

We relate our framework to Hamiltonian mechanics, or more precisely,
symplectic geometry. With the more algebraic definitions used, we define
a Poisson bracket on our analog of phase space, which allows us to develop
some of the results on the Poisson algebra of functions on configuration space.
In the process, we apply the techniques constructed to the discretizations
of some well-known systems, such as particles in potentials, including the
harmonic and anharmonic oscillators, the rigid rotating body, and the WZW
model. We give characterizations of the bounded solutions of

the rigid rotating body, and the WZW model. We give characterizations
of the bounded solutions of the discrete harmonic oscillator on the integers
and demonstrate a difference between the discrete anharmonic oscillator and
its continuous analog. We give a definition of complete integrability for a
discrete mechanical system on a smooth real affine algebraic variety and
give a criterion for the complete integrability of such systems. We show
that as the time steps of a discrete system decrease to zero, a solution of
the discrete system converges uniformly to a solution of the corresponding
continuous system. We apply this result to the discrete analog of a particle
in a polynomial potential and the rigid rotating body.

For somewhat related work on extending notions of classical mechanics
to more general algebraic settings see, for example [2, 12, 15]. For related
work in discrete dynamical systems see [4, 17] and the references therein. For

applications of symplectic mechanics to cellular automata see [5]. For related



work on the integrability of discrete dynamical systems, see [10, 17].



Chapter 2

Generalization of Phase Space

Since the configuration space for our algebraic models may be no more than
a ring or group, which may have no specific topological or analytic proper-
ties, there is not necessarily a concept of tangent vectors, tangent bundles,
cotangent bundles, etc. A new formalism must be developed with structures
which perform the same tasks as the above, but are also able to be utilized
under very general conditions. In this chapter, we explain how the basic con-
cepts from differential geometry can be replaced by more general algebraic
structures and show how some standard tools can be used in this new setting.
First, instead of working directly with configuration space, we work with the
algebraic functions on the configuration space, which form a commutative al-
gebra A over configuration space. For example, if the configuration space is
an n-dimensional vector space over a field k, we use the algebra of polynomial

functions in n variables over k., k[zy, ..., x,].

2.1 Algebraic Analogs

The analog of a vector field on configuration space is a derivation of A, that

is, a k-linear map v: A — A such that v(ab) = av(b) + v(a)b for all a, b € A.



The space of all derivations of A is itself a Lie algebra over A with the bracket

structure given by the commutator of derivations and is denoted Der(A).
In what follows, we will need an algebraic analog of the differential cal-

culus. For this, we use the concept of Kéhler differentials [3, 9], or more

generally, algebraic differential forms.

Definition 2.1. A graded algebra over k is an algebra 2, that is also a

graded module:
o=
p=0

in such a way that if w € QF and p € Q1, then the product wy € QP+?,
Definition 2.2. An element w € Q7 is said to be of degree p.

Definition 2.3. A map f:Q — Q' is said to be of degree q if for any

wE Qp} f(w) c Q/p+q.

Definition 2.4. A map f:Q — Q' is called a graded algebra morphism

if it 1s an algebra homomorphism of degree 0, i.e. it preserves grading.

Definition 2.5. A graded derivation of degree q of a graded algebra

is a map 6: Q) — Q such that if w € QF:
S(wp) = d(w)p + (—1)"wip.

Definition 2.6. A differential graded algebra is a graded algebra €

equipped with a graded derivation d of degree 1 such thalt d* = 0. This map
d is called the differential of Q).



Definition 2.7. Given two differential graded algebras @ and ' with dif-
ferentials d and d', a differential graded algebra morphism f:Q —

is an algebra homomorphism that preserves grading and intertwines the dif-

ferentials, i.e. d' [ = fd.

Definition 2.8. A graded algebra Q is called graded commutative if for

we€Q and p € Q, then wp = (—1)P pw.

Definition 2.9. If B is a commutative k-algebra, the algebraic differ-
ential forms Q(B) are the graded commutative differential graded algebra
with Q°(B) = B defined by the following universal mapping property: given
any graded commutative differential graded algebra Q) and given any algebra
homomorphism f: B — Q°, there exists a unique differential graded algebra

homomorphism f.: Q(B) — Q such that the following diagram commutes

oB) I 0
T T
B L,

We write the product in Q(B) as a wedge product and the differential as d.

We refer to the elements of QP(B) as p-forms.

If B is the algebra of smooth functions on a manifold M, Q(B) is isomor-
phic to the usual space of differential forms. Concretely, Q(B) is the algebra

generated by B and the elements da, where a € B, with the relations:

d(da) = Xda, dla+b) = da+ db,
d(ab) = daNb+aAdb, aNdb = dbAa,
da Ndb = —dbA da, da Nda = 0,

for all a, b € B, XA € k, with the last necessary only if 2 is not a unit in k.

6



Definition 2.10. Given a derivation v of B, we define a degree 1 graded
derivation 1, of Q(B), called the interior product with v as follows: If

w e QP(B), ,w e QP~Y(B) is given by
() (V1. oy Up—1) = w(v,01,. .., Vp_1).

Definition 2.11. If v is a derivation, the Lie derivative in the direction
of v, L, is the degree 0 derivation uniquely determined by the following prop-

erties: given w € QP(B), p € QUB), f € B, a € k,
Lyw+p) = Lw+ Ly
Ly(wAp) = (Lyw) Ap+wA(Lyp)
L(aw) = al,w

va = Uf
L,(dw) = d(L,w)

The following result nicely ties together the differential, interior product,

and Lie derivative on Q(B).
Proposition 2.1. (Weil’s Formula) Let v be a derivation on B. Then
Ly = (iyd + di)

Proof - Since Q( B) is generated by elements of the form a A db, we need only

show the result for these. First

Ly(aNndb) = L,aNdb+aA L,(db)
= vaAdb+aANd(L,b)

= wva Adb+ a A dvb.

7



And
(ivd + diy)(a A db) = i,d(a A db)+ di,(a A db)
= i,(da N db) + d(a A 1,db)
= iy(da) A db— da A i,(db) + da A vb+ a A dvb
= vaAdb+aAdvb
Hence, L, = (iyd + di,).
O
As Der(B) is our analog of vector fields on configuration space and Q'(B)

is our analog of one-forms on configuration space, we want the notion of a

pairing between vector fields and one-forms.

Proposition 2.2. For any commultalive k-algebra B, there exisls a unique
B-bilinear pairing (-,-): Q*(B) @ Der(B) — B such that {(da,v) = v(a) for all
a € B, v € Der(B).
Proof - Since Q'(B) is generated by elements of the form da, where a € B,
the pairing is unique. Now
(da,ov +w) = (av+ w)(a)
= av(a) +w(a)
= afda,v) + (da,w),
and
(e ANda+db,v) = (d(aa+b),v)
= v(aa+b)
= av(a)+ v(b)

= ofda,v) + (db,v).



Therefore, the pairing is bilinear.

2.2 Symplectic Structures

Recall that a symplectic structure w on a space X is a closed, non-degenerate
2-form on X, i.e. w € Q*(X), with dw = 0, such that if w(a,-) = 0, then
a = 0. For example, if X is the phase space for a mechanical system with
coordinates (p;,q;) representing momentum and position respectively, the
canonical symplectic structure on X is given by Z dp; N\ dg;.

Given a symplectic structure w on the phase épace X, one constructs a
Poisson bracket as follows: for every vector field v on configuration space, we
obtain an invertible map « from the vector fields on X to the 1-forms on X
given by

a(v)(w) = w(w,v).
Then given a function F' on X, the corresponding Hamiltonian vector field

vp is given by

vp = o ' (dF).

Now, given two functions F' and G on X, one defines
{F, G} = UFG.

We note that in some cases the symplectic structure used in this process need
only be non-degenerate in the sense that the map « is invertible.

To define the algebraic analog of the above, let A be a commutative k-
algebra and let w be an element of Q%(A). We define a map a:Der(A4) —

Q'(A) by v = a(v), where a(v)(w) = w(w,v). We say that a closed 2-form w

9



is a symplectic structure on A provided the map a: Der(A) — Q'(A) defined
above is an isomorphism of A-modules. If this is the case, given an element
F of A, we can define the derivation vy corresponding to the Hamiltonian

vector field with respect to I’ by
vp = o ' (dF).

This allows us to define a Poisson bracket on A x A as the following: given

two elements F' and GG of A, define
{F, G} = UFG = <UF, dG>

This implies
{Fa G} = w(UF, UG)‘

Proposition 2.3. [fw is a non-degenerate 2-form on A, the above brackel

makes A into a Poisson algebra.
Lemma 2.1. [fw is a symplectic structure on A and f € A, then L,,w = 0.
Proof - By Weil’s formula,

Lyyw = (typd+ diy, )w = typdw+ diy,w=0—ddF =0

O
Proof of Proposition - The linearity of the bracket is clear since w and
a~! are linear. Also, {F,G} = —{G, F'} since w is skew-symmetric. To see

that the bracket is a bi-derivation, note that {F, -} = vp is a derivation. For

the Jacobi identity, by the above lemma,

0 = (va)w(vg,vh)

10



= wvyw(vg,vn) = w([vy, vl vn) +w([vy, va],vg)

= {[iAg. h}} + v, [vrs vg] = tog[vy, 0]

= {fidg.h}} = lvg, vl + [vg, vnlg

= {/ g, h}} = vs(vgh) 4+ va(vih) + vs(vrg) — vnlvsg)

= {fAg.h}} =S Ag. i3} +{g. {f. R} + {f. {h g3} — {h. {f, 9}}
= {g AL h +{S Al g}y + {049, /)

O
Proposition 2.4. Lel f, g be elements of A. Then
Vi.ay = (0550
In other words, the map f > vy is a Lie algebra homomorphism.
Proof - From the Jacobi identity,
0 = {hA{figt} +{fAg,h}} +{g,{h, [}}
= —{figh b +{F g 3} —{g,{/f. h}}
= —vgph +vp(vgh) —vg(vsh)
= —vgh £ [vg, 0]k
Hence, vis 4 = [vg, vg)h.
O

Example 2.1. The canonical symplectic structure on the phase space for a

mechanical system with coordinates (p;, q;) is given by Z dp; A\ dg;, as noted

above. Using the above process, we find

{pi,pi} = o™ (dpi)(p;) = By, (pj) = 0

11



{gi-0;} = o7 (dg:)(q;) = =0p.(g;) = 0

{pi,q;} = a7 (dp:) () = —0,.(q;) = =0

12



Chapter 3

Discrete Systems

Now that we have defined algebraic analogs for the major structures and
tools, we are ready to develop a discrete Lagrangian formalism. In this chap-
ter, we construct analogs of some major tools from classical mechanics. We
then apply these tools to the discrete analogs of a particle in a polynomial
potential and automata corresponding to discrete wave equations. In addi-
tion, we characterize the bounded solutions for the harmonic oscillator on the
integers and point out differences between a discrete anharmonic oscillator

on the integers and its continuous counterpart.

3.1 Euler-Lagrange Equations

Recall from classical mechanics that the Lagrangian Formalism is based on
the fact that a system has a Lagrangian, which defines an action functional.
This action functional, when extremized, yields the equations of motion for
the system. The process of extremization gives rise to the Euler-Lagrange
equations, which can be derived as follows: given the Lagrangian £ for a

system and a path ¢(¢) in configuration space, define the action functional S

13



by
T
5 = / £(q, ).
0

Then consider the variation of S with fixed endpoints.

T
58 = 5/ L(q,q)dt
0

T
— [ sciaqja
0
T . T .
_ / a/~'(cz,cz)5th+/ 0L:4) g 1y
0 dq 0 dq

T . .
/ 0L(q:q) _ d 0L(q,4) Sqdt.
0 dq dt 04

The only way that this variation can vanish is if

9L(q:q)  d 9L(q,q)

dq dt  0q =0.

We call the above equation the Euler-Lagrange equation. The solution
to this equation describes the motion of the system defined by L.

For the discretization of this process, we need to develop a variational
principle applicable in a more general setting and explain how to obtain
equations of motion from this variational principle. In the discrete La-
grangian formalism, the system takes values in an arbitrary commutative
ring k instead of the real numbers, and, as described before, we work with
the algebraic functions on this ring, which form a commutative algebra A
over k. We will consider A as the configuration space for the system. Now,
the algebra H = A®T+H) — A ... A is to be thought of as the func-
tions on the space of “histories”, where time takes values in the discrete set
{0,...,T}. In what follows, it will be convenient to sometimes use the no-
tation H = Ay ® A1 ® --- ® Ar, where the algebras A; are simply copies of

A, with A; thought of as the functions on configuration space at time .

14



The Lagrangian for the system £ is now a fixed element of A® A. In the
algebra H, let
T-1
e
=0
where £; =1®---®@ L ®---® 1 with £ occupying the ith and (i + 1)st slots.
The element S corresponds to the action functional in classical mechanics.
We now proceed to determine the variation of the action, and describe in
what sense it must vanish to obtain the discrete analog of the Euler-Lagrange
equations.
Given the algebra A, we form the algebraic differential forms on A, Q(A).

It can be shown for any algebra A that
P
V(A A) = (A) @ @A)
g=0
and so, by induction,

QH) =0 (A0 0A4) =P A4 -0 (A)R- 8 A,

1=0

Let p;: QY (H) — Q'(H) denote projection onto the ith summand. We define

n n—1
d; = p;d and note d = > d;. We may now define a new operator § = >_ d;,

which we think of as a variation of an element of H keeping the first and
last summands fixed. We will use this new operator to extremize the discrete
action functional.

T-1

Proposition 3.1. §S = > &;L; +d:L;_ ;.
=1

k3

Proof - For j # 1,14+ 1, d;£; = 0, hence
T-1 T-1 T-1
§S =08 Li=) 0Li=Y dili+dLi ;.
=0 =0 =1

15



O

The vanishing of the expression d;L; + d;L£;_1 is supposed to correspond

to the Fuler-Lagrange equation in this framework. But we must describe
precisely in what sense it vanishes. It certainly does not vanish as a 1-form
on the whole space of histories; rather, it should only vanish on trajectories
satisfying the equations of motion. In the discrete-time context, the equations
of motion express the configuration at a particular time as a function of the
configurations at the two preceding times. We formalize this in terms of
a homomorphism ¢: Ay — Ag ® A;. Such a homomorphism determines a

homomorphism ®: A; ® A; = Ag ® A; by

a®R1 = 1®a

l®a — oa).

which plays the role of a time evolution map. (If it is puzzling that the
indices decrease by 1 in this map, simply recall that a map from a space X
to a space Y allows one to pull back functions on Y to functions on X.) We
say that ¢, or alternatively ®, satisfies the Euler-Lagrange equation
provided

O . di Ly +diLy=0

where ®,: Q' (A;®Ay) — Q' (Ag® A,) is the map induced by @, and we regard
Ao ® Ay and A; ® A, as subalgebras of H in order to define the differential
d;.

16



3.2 Noether’s Theorem

Classically, Noether’s theorem states that to any infinitesimal symmetry of
a lagrangian system, there corresponds a conserved quantity, and gives an
expression for this quantity:

Let M be a smooth manifold, £:TM — R a smooth function on its
tangent bundle TM. Let h*: M — M, s € R, be a one-parameter group of
diffeomorphisms which preserves £. Then the lagrangian system of equations
corresponding to £ has a first integral I: TM — R.

In local coordinates g on M the integral [ is written in the form

oL dh*(q
1(g,9) = % di ) L

We consider an analog of Noether’s theorem in the discrete setting. Given
a derivation v on A, we construct a derivation D on AQA by D = 1Qv+v®1;
that is,
Da®b)=a®@v(b)+v(a)®@b
A derivation v is called an infinitesimal symmetry of the Lagrangian £ €

A ® A provided (1@v+v® 1)L =0.

Theorem 3.1. Suppose ® is a time evolution map salisfying the Fuler-

Lagrange equation and v an infinitesimal symmetry of L. Then the quantily

F, € A® A defined by F, = —(v ® 1)L is preserved by @, i.e., ®(F,) = F,.

Proof - Here we use the pairing between 1-forms and derivations. Also, any
isomorphism ®: B — C of such algebras induces a map ®.: Der(C') — Der(B)

given by ®,v = ® ov o 1. We thus have
OF, = —0((v@1)L)==-d(dLv@1)=—-D(d LoD 1)

17



= (0., L, 0. (v 1)) = (drL, (v @ 1))

= (LL1ov)y=(dL1@v)=(1@v)L=—(v )L=F,

Theorem 3.2. The infinitesimal symmelries of a Lagrangian L form a Lie

subalgebra of Der(A @ A).

Proof - Clearly, linear combinations of infinitesimal symmetries are infinites-

imal symmetries. If v and w are infinitesimal symmetries,

([v,w]@l+1@v,w))l = (v@)[(we1)L] - (we [(ve 1)L]
+H1I@v)[(1®w)l]—(1®w)(l®v)L]
= —(ve)[(1@w)Ll]+ (wal)[(l®v)L]
—(1@v)[(we L]+ (10 w)(vel)L]
= —(vQu)L+(wRv)L—(wRv)L+ (v w)L

= 0.

So [v,w] is an infinitesimal symmetry of L. 0

3.3 Discrete Symplectic Geometry

In continuous time classical mechanics the phase space is defined to be the
cotangent bundle over the configuration space. In this discrete formulation,
the Cartesian product of the configuration space with itself in fact plays the
role of a phase space. Hence, the algebra A ® A is the analog of the functions
on phase space. To clarify this analogy, we would like to define a symplectic

structure on A ® A that is preserved by time evolution.

18



In this context, it is more convenient to think of the time evolution map
® as a map from a fixed copy of A ® A to itself. This requires a change of
indexing from Section 3.1; we say that ®: A; ® Ay — A; ® A, satisfies the

Euler-Lagrange equation if
(I)*dl,/:, —|— dg,c — 0,

where £ = £, € A; ® A,. Note that dL = &1L + dy, L. We define the closed
2-form w € Q*(A ® A) by w = —dd,L = dd,L. This plays the role of a
symplectic structure on phase space. In fact, it is always preserved by time

evolution:

Theorem 3.3. w is preserved by the time evolution map ®, that is, P,w =

w, provided ® satisfies the Fuler-Lagrange equations.

Proof -
dw=—-bddL=—-db.dL =ddL = w.

O
Note that, as defined, the symplectic structure w defined above may not
be non-degenerate. In what follows, we assume that w as defined above is
non-degenerate, i.e. the map it induces between Der(A ® A) and Q'(A ® A)
is actually a k-module isomorphism.
We now develop some tools to prove conserved quantities Poisson-commute.
The following lemma gives a simple formula for the derivation generated by

a conserved quantity via the discrete Noether’s theorem.

Theorem 3.4. Suppose w = ddy L is a non-degenerate symplectic structure

and w is an infinitesimal symmetry of L. Lel F,, be the conserved quantity

19



obtained from Noether’s theorem. Then
vp, =a H(d[(w@ )LL) =1Q0w+we 1.
Proof - Consider the decomposition
d{(w @ L] = di[(w @ L] + ds(w @ 1)L].
First, we show a™(d;[(w ® 1)£]) = 1 ® w. Note that
al@w)(leu)=w(l@w,1@u)=0.

Also
(di[(w@ L])(1 @ u) =0,

so a1l @ w) and d;[(w @ 1)L] agree on elements of the form 1 ® w. Similarly,

alw)(uel) = wlRw,u®l)
= (L)1 @w,u®1)
= 1@w)(dL)(u®l)—(u®l)(dL)(l®w)
—(d2£)([1 @ w,u @ 1])

— e D18 wLl.

Since w is an infinitesimal symmetry of £, we have a(1 @ w)(1 @ u) = (uvw ®

1)L. Also,
hf(w@ DL (u@ 1) = (v )[(we L] = (vw @ 1)L,

so a(l®@w) and d; [(w®1)L] also agree on elements of the form u®1. Since any
derivation on A ® A can be written as a combination of elements of the form

1®@uand u®1, we have di[(w®1)L] = a(l ®w). Since a is an isomorphism,

20



we have o™ (d;[(w®1)L]) = 1@w. Now, we show a™(dz[(w®@1)L]) = w1,
As above,

alw@)(uel)=wwel,uxl)=0
and

day[(w @ 1)L](u @ 1) = 0,

so a(w ® 1) and dz[(w @ 1)L] agree on elements of the form v ® 1. Similarly

alwl)(1®u) = wwel,1®u)
= d(dL)w(w®1,1® u)
= (W) (L)1 u)— (1@ u)(dL)(wxl)
—(d2L)([w @ 1,1 @ u])
— (wa D1 8u)L]
= (w@u)L,
while
(dz[(w @ LD @ u) = (w S u)L,
hence aw @ 1) and dy[(w @ 1)L] agree on elements of the form 1 @ u. So, as
above, a™!(dy[(w ® 1)L]) = w ® 1. Thus, we have
o d(we L) =10w+we L.

O

We can restate the above result as follows: If w is an infinitesimal symme-

try of £ and F), is the conserved quantity obtained from w through Noether’s
theorem, then

dfy, =a(l@w+w®l).
We now can prove the following proposition.
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Theorem 3.5. Suppose w is a non-degenerate symplectic structure and v
an infinitestimal symmetry of L. The map v — F, is a Lie algebra homomor-
phism from the Lie algebra of infinitesimal symmetries of L to the Poisson

algebra A @ A.

Proof -

{F, B} = {lv@ )L, (we 1)L}
= o (d[(ve )L])(w e 1)L
= (1@v+v®1)[(wal)L]
= (w@v)L+ (v 1)L
= —(wv@1)L+ (vwe 1)L
= [(vw—wv) @ 1)L
= ([o,w]® 1)L
O

We conclude with a curious relationship which we do not understand, but

may be important.

Proposition 3.2. Suppose w is a non-degenerate symplectic structure and

w € Der(A). Then

a N di[(1®w)L]) =18 w.

Proof - First, note (d1[(1 ® w)L])(1 @ u) = 0 and (d1[(1 @ w)L])(u @ 1)

(u@w)L. Also, a(1@uw)(1®u) =w(l@u,l @w) =0and a(l Qw)(u®1) =

wu®lLwel)=(uw)Ll.
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Hence, d1[(1 ® w)L] and a1 ® w) agree on things of the form (1 ® u) and
(u® 1) and hence
di[(1 ®@ w)L] = a(l @ w).

Since « is an isomorphism,

a N d[(1@w)L]) =13 w.

3.4 Examples

3.4.1 Particle in a 1-Dimensional Potential

Suppose 2 is a unit in a commutative ring k and the algebra A = k[z], so
A® A ZEk[q,q] and H = k[qo, ..., qr], the polynomials in 7' 4 1 variables
over k. We then consider the Lagrangian £; for a particle in a polynomial

potential V' as a function of consecutive positions ¢; and ¢;41 of the particle,

1 .
Li = L(qg;,Giy1) = §m%2 - Via),

where we define ¢; = ¢;41 — ¢; and where m is a ring element representing
the mass of the particle.

Applying the Euler-Lagrange equation yields the equation of motion

m(q — ¢i—1) = —V'(q).

This is the discrete analog of Newton’s equation of motion for a particle
moving in a potential, mg = —V"'(q).
Consider the case when V' = 0, that is, the free particle. The Lagrangian

L= %mq% = %m(qz—ql)z is translation-invariant, that is, it has the derivation
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v = 0J, as an infinitesimal symmetry:
(v@14+1®v)=0,+0,

and

(09, + 95,)L£ = 0.
The corresponding conserved quantity is momentum:
1 2 .
Fy=-(wel)L= —3q1§m(Q2 —q)" = mq.

To compute the symplectic structure w, consider £ € Ay ® Ay = kg1, ¢2)-
Then

diL = 0,L(q1,q) dg

AL = 0,L(q1,q2) dgs.

Hence

w = 04,05, L(q1,92) dq1 N dga.
Recalling that the discrete Lagrangian of a particle moving in a potential is
given by §m(q2 —q1)* — V(q1) and assuming 2 is a unit in k, we see that:

1
w = 0,0y, §m(q2 — q1)2 — V()| dg Ndge = m dga A\ dgy.

If we define the “momentum” p; to be mgq;, we have the familiar formula
w=dp; Adg.
Using the time evolution defined in the previous chapter and assuming m

is a unit, we have

() =q, (@) =2¢0—q—m'Vgp),
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hence the symplectic structure w is preserved:

bw = O.(mdg Ndg)
= m(2dg, — dg — m™'V"(q) dgz) A dgo
= w.
Example. 3.1 Suppose we take our base ring to be the integers and let

V(g:) = kq?, k > 0, the discrete analog of the harmonic oscillator. We

consider the most general quadratic Lagrangian in ¢;, and ¢;,
L(qi, ¢i) = ag} + bgigi + cq;

where a, b, and ¢ are integers, a > 0. Using ¢; = ¢;41 — ¢;, we can rewrite

this Lagrangian as

ﬁ(% %+1) = a(Qi+1 — %)2 + bQi(Qi-I—l — Qi) + cqi2
= aqly, — 2aqiGir1 + aq; + bgiqiy1 — bg} + cq;
= aql,, + (b—2a)¢:gi41 + (a—b+c)q..

aﬁ(qi—la Qi) i aﬁ(%’, Qi—}—l)

Applying the discrete Euler-Lagrange equation =0
9g; dq;
yields
0 = 2aq;+ (b—2a)gi—1+ (b—2a)git1 4+ 2(a — b+ ¢)g
= (b—2a)giy1 + (4a — 2b+ 2¢)q; + (b — 2a)gi—1
2¢
= (b—2a) |qgt1— 24+ —— | G+ gi1
2a¢ — b

So we see

QH—I — 2(1 — bQZ qi—1-
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This time evolution equation will have integral coefficients and hence solu-
2c
a—b

evolution equation as a recursion relation, we see

tions will stay in the integers provided is an integer. Solving the time

G = a(R+ VR =1)"+ B(R - VR —1)",

where
o (B=VR=1)gp—q ﬁ:(R+VRQ_1)QO_Q1
2v/R? — 1 ’ 2R —1 ’
and R=1+ b#() —2 so the

a —

roots of the characteristic polynomial for the recursion relation are distinct.

Note that

(R+ VR - 1)(R-VRE_1)=1

SO |R—|— \/RZ—H = |R—17R\/2——1|
We now determine if any bounded solutions in the integers exist. Consider
the following cases:

Case 1) — If a or 8 is zero, the only integral evolutions will occur when

5:5 = 0 or —2. But the roots of the characteristic polynomial for this

recursion relation would not be distinct in these cases, so a different recursion
relation, described below, must be used.

Case 2) - If o, 7 2 5 1 then R+ +R2—1 > 1 and hence any

solution will be unbounded.
Case 3) ~If o, 8 # 0 and ;5 < —3, then R — v/R? — 1 < —1 and hence
any solution will be unbounded.

Case 4) - If a, 8

—% then R+ VR?—1 =+ —|— z—, which

has order 6. Hence, all solutions will be of order 6.
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Case 5) —If a, f # 0 and == = —1, then R+ R? — 1 =1, which has order

2a—b

4. Hence, all solutions will be of order 4.

Case 6) — If o, f# # 0 and 555 = —2, then R+ VR? — :—%—I—zg,which

2a—b

has order 3. Hence, all solutions will be of order 3.

The remaining cases are when -5 = 0 or —2. For the case - = 0, the

recursion relation is
¢ = (@1 — qo)n + qo
which will be unbounded unless ¢; = g, so the only bounded solutions are

constant. For the case ;-5 = —2, the recursion relation is

Gn = (=1)"" (g1 + qo)n + (—=1)"qo0

which will be unbounded unless g; = —qo, and in this case the solutions will

have order 2. Thus, we have proved:

Proposition 3.3. The discrete harmonic oscillator in Z has bounded solu-

tions of orders 1, 2, 3, /, or 6 and only these orders.

Note that each corresponds to the occurrence of a root of unity in the
solution of the recursion relation.
Example. 3.2 If we again take our base ring to be the integers and let V(q) =
cq* + dg*, d > 0, we have the discrete analog of the anharmonic oscillator.
To allow a variety of kinetic terms, we shall consider any Lagrangian of the
form:

L(qi; 4:) = ag? + bgigi + cq? + dg;

where a, b, ¢, and d are integers and a, d > 0. Using ¢; = ¢;+1 — ¢;, we can

rewrite this Lagrangian as

L(qi,Giv1) = algie1 — ¢)° + bqi(qir1 — ;) — g — dg}
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= aqly; — 2aqiqis1 + aq? + bgigip1 — cq} — dg}

= agly, + (b—20)gigip1 + (a — b — )¢} — dg;’.
Applying the discrete Euler-Lagrange equations for the integers yields

0 = 2aq + (b—2a)gi_1+ (b—2a)giz1 +2(a —b—c)g; — 4dg’
= (b—2a)qi41 + (4a — 2b—2¢)q; + (b — 2a)qi_1 — 4dqg’

2¢ 4dq?
= (b—2a) {%’4—1 - <2+m) G + Gi—1 + b 9|

So we see

= (oy 2¢ ' L 4dq?
qdi+1 = 2a — b qi qi—1 2q — b

This evolution will stay in the integers provided 23ib and % are both
integers. The discrete anharmonic oscillator on Z differs from the discrete

harmonic oscillator on Z in that there are no choice for a, b, ¢, and d which

always gives bounded solutions.
Proposition 3.4. No Lagrangian of the form
L(qi,4:) = ag} + bqig; + cq; + dg]
on the integers yields bounded solutions for all choices of initial data.

Proof - We will prove this by cases: Let m = % and n = 23;}.

Suppose
¢ > qi—1. Then qip1 > mqg’ + (1 + n)q;.

Case 1) — Suppose m > 0, n > —1. Then for any ¢; > 0, g;y1 > ¢;. So the
choice of ¢o = 0, ¢ = 1, will give an unbounded solution.

Case 2) — Suppose m >0, n < —1 or m <0, n > —1. Then for ¢; > /-2,

¢it1 > ¢;- So the choice of g0 =0, ¢; > /—= gives an unbounded solution.
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Case 3) — Suppose m < 0, n < —1. Then for any ¢; < 0, giy1 > ¢. So the
choice of ¢g = —2, ¢ = —1, will give an unbounded solution.
Therefore, there is no choice for the coefficients for the above Lagrangian
for which all solutions are bounded. O
We note that for certain choices of coefficients, there are bounded solu-
4d

tions. For example, for ->% = 1 and jSb = —3, the initial data ¢go = 0,

g1 = 1, gives the solution
{0, 1, 1, 0, —1, —1, 0, ...}.

and we conjecture that the only bounded solutions are those of the following

patterns:
{a,...}
{a,—a,...}
{a,—a,0,...}
{a,0,—a,0,...}
{a,a,0,—a,—a,0,...}
We note that these solutions are of order 1, 2, 3, 4, or 6, exactly as the

bounded solutions to the discrete harmonic oscillator were.

3.4.2 Particle in a Spherically Symmetric Potential

In this example, we work with a n-dimensional configuration space, so that
A = k[zq,...,z,], and let £ be the analog of the Lagrangian for a particle

in a spherically symmetric potential,
1 n
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where z; and y; correspond to the coordinates of the particles at two consec-
utive times and m is an invertible ring element corresponding to the mass
of the particle. If we denote the coordinates at the next time by z;, the
Euler-Lagrange equations are given by

OL(T1y oy Ty Y1y v ey Yn) N OL(Y1y -y Yny 215+ v oy Zn)

ayi ayi =0

Applying these, we see
m(zi — 2y +2) + 24V (yi + - yi) = 0

or
zi =2y — xi = 2m7 g VI (gl 4 -+ yl).
If £ = Z this Lagrangian describes the motion of a particle in the lattice Z"

in discrete time steps. The Lagrangian £ has as infinitesimal symmetries the

derivations corresponding to infinitesimal rotations :L’Z'@r_] — 20y,

n

1
[.’I?iaa:] - l’]azz]/: = [:Ezaz] - 5771.1’]@%] Z(yZ _ $i>2 - V({E% bt J}Z)
=1
= zi[-m(y; — ;) — 2;1;].\/’(;5% 4+t xi)]
_Ij[—m(yi - :EZ) — 2:1:2'\/’(;5% 4+ xi)]

= m(zyi — x;y;)

and
1 n
[yiayj — Y0y, |L = §m[yz’ayj — y;0y] Z(yz - CUZ')Z — V(xf 4+ 4 xi)
=1
= yilm(y; — =;)] — yi[m(y: — z;)]
= m(zy; — T;Y;)
SO

[Iiaz] - xjal‘i]’c + [yiayj - yjayi]/: = 0.

30



The conserved quantities corresponding to these infinitesimal symmetries

are given by

Fij = —(2:0y, — 7;0:,)L
1 n
= —(2i0s; — xjam)§m ;(yz —z) = V(z] +- 4 2d)
= —;L’Z'[m(yj — ;z;]-) — 23;].‘//($% 4+ 4 :1;721)]
taim(y; — ;) — 22V (2} + - + 22)]
= —mx;(y; — ;) + mai(y; — ;)

= m(xiyj - %‘yi)-

These quantities correspond to the components of the angular momentum.
Hence, angular momentum is conserved, even though the lattice does not
have SO(n) symmetry.

The symplectic structure corresponding to this Lagrangian is given by

g 0
w = Dz, aylﬁdl’z A dyi

9 01 O
0 0y, 2™ Y (yi—w) = V(@i 4 4 al)da; Ady;

=1
a n
= —52] m(yi — J}Z)dZL'Z A dy]'

which, as before, corresponds to the standard symplectic structure on R”,

w = zn:dpz- A dg;.

=1
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3.4.3 Automata Corresponding to Discrete Wave Equa-
tions

Now we consider a cellular automaton based on a 1 + 1 dimensional discrete
wave equation. Here the configuration space is the space k% which corre-

sponds to the values of a field ¢ at each of the N sites of the automaton.

The Lagrangian for this system in the continuous case is given by

(%) - (%) v

where V' is a polynomial. Discretizing this Lagrangian gives

Llp(z, 1), p(, 1+ 1)) =

Y (et 1) = ()’ = (plx + 1,0) —(e,0))* = V(e(a,1)).

T

The Euler-Lagrange equations thus take the form

aﬁ(@(xat_ 1),99(:13,?5)) a/:(@(xvt)v@(xvt—l'l))

dp(x,t) do(x,t) =0
Now
a/:(go(:li,t — 1)799($7t)) _
ago(;l:,t) _go(;l},t)—tp(:lf,t—l)
and
IL(p(z, 1), p(z, 1+ 1))

do(x,t)

ple+ L) =gz t+1) =z, ) + oz = 1,1) = V(p(z, 1)),
so the Euler-Lagrange equations yield
—p(z,t —1) +o(z+1,t) —p(z,t + 1)+ p(z — 1,t) — V'(p(z,t)) = 0.
or

@(xat + 1) o 99(3: + 17t) o 99(37 o 17t) + @(Ivt o 1) = —V/(go(:l?,t)),
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which is the discrete analog of the nonlinear wave equation Op = —V"().

The symplectic structure corresponding to this Lagrangian takes the form

0 0
o = g g dlete O] A dlge,t 1)
0? 2

= — (p(z +1,1) — (1)) = V(e(z,1))dp(z, )] A dlp(z,t + 1)]

— o el (e O] A dlgla, 14 1)

= > dle(a, )] Adlg(z, L+ 1)),

Expressing w in terms of p(z,t) and ¢(x,t), we see

w="Y dp(z. ) Adl(z,1)].
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Chapter 4

The Continuum Limit

We have developed a full Lagrangian formalism for discrete mechanical sys-
tems which contains discrete machinery analogous to the important tools
from classical mechanics. In this chapter, we show that as the time step
decreases to zero, the solutions to a discrete mechanical system will converge
to the solutions of the analogous classical mechanical system. In particular,
we show that for a particle in a polynomial potential on a submanifold of
R™, the solution to the discrete mechanical system converges to the solution

of the classical problem.

4.1 First Order Equations

Let z: R — R™ and consider the first order differential equation

Given a discrete step size €, we define the discrete analog of 2'(¢), which we

denote here as i(t) by
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Hence, the discrete analog of this first order equation is just the corresponding
difference equation. In the previous chapters, we only considered a step size
of 1, so &(t) = z(t + 1) — z(t). If we allow ¢ to tend to zero, a solution
to the discrete equation #(t) = f(x(t)) will converge to the solution of the

continuous equation z'(t) = f(x(¢)) with the same initial data.

Theorem 4.1. Lel U be a submanifold of R™ and f:U — R™ be C*. Let A(t)
be a solution to the discrete equation ©(t) = f(x(t)) and C(t) be a solution

to the continuous equation x'(t) = f(x(t)) on some time interval [a,b], each

b—a

staying inside U. Take ¢ = . If A(t) and C(t) are given the same initial
data, i.e. if A(a) = C(a), then as the number n of time sleps increases,
|A — C|| — 0. Hence, the solution to the discrete equation & = f(x(t))

converges uniformly to the corresponding solution to the continuous equation

(1) = f(=(1)).

We begin with some lemmas necessary for the proof. First, we state a useful

result which will be used frequently.

Lemma 4.1. Lelt U be a submanifold of R™. Suppose f:U — R™ is a C'.
In addition, assume x(t) is a solution to either x'(t) = f(x(1) or & = f(x(t),
and z(t) stays in U for all a <t < b. Then for any compact set S C U,
there exists a compact set T' C U such that if x(a) € S, then z(t) € T for all

a <t<b. Moreover, the set T is independent of the size of the lime step e.

Next, we bound the difference between two solutions to the discrete equa-

tion & = f(x(t)).
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Lemma 4.2. Suppose f:U CR™ — R™ isC'. If A(t) and B(t) are solulions
to the discrete equation ©(t) = f(x(t)) on [a,b] staying in U, with ||A(a) —
B(a)|| <4, then ||A(a+¢€) — Bla+¢€)|| < (14 Ke), where K is a constant.
Proof - If A(t) and B(t) are solutions to the given discrete equation, then
Ala+¢€) = A(a)+eA(a)
B(a+¢€¢) = B(a)+ cB’(a).
Note, A(a) and B(a) are contained in a compact set V. Since f is C' and
the solutions stay in U, || f|| and || f'|| attain maximum values on V. Thus, in

particular, there exists a constant K, depending on V', for which || f'|| < K.

Moreover, by Lemma 4.1, K is independent of the time step e. Now,
IBla+ ) = Ala+ ) = [{Bla)+ Bl@)} —{A(a) + A}
= |[tBta) - A@)} + {B(a) - A()}
= |5+ etBi@) - a0}
= |5+ elr(B@) - raa)]]
= [+ B - aw))
)

< S+e| f'(e)(Bla) — Ala)
= S+l f (9o

< b4 €eKd

= (14 Ke)

O
Now, we bound the difference between a solution to the discrete equation
& = f(z(t)) and a solution to the continuous equation z'(¢) = f(z(¢)) which

have the same initial data.
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Lemma 4.3. Suppose f:U C R® — R™ is C'. Let B(t) represent the solu-
tion to the discrete equation @ = f(x(t)) and C(t) represent the corresponding

solution to the continuous equation x'(t) = f(x(t)) with the same initial data,

i.e. B(a)=C(a). Then ||C(a+¢)—B(a+e¢)

| < Mé?, where M is a constant.

Proof - First note, the values of a solution on the compact set [a,a + €] live
in a compact set V and hence f and its derivative attain maximum values
on V. Since 2'(t) = f(x(t)), ||='|| therefore has a maximum value. Also, ||z||
attains a maximum value on [a, a 4+ ¢]. Moreover, by Lemma 4.1, these values
do not depend on the step size € of B(t). Now, if B(t) is a solution to the

discrete equation, then
B(a+ ¢) = z(a) + ex'(a).
On the other hand, if C'(¢) is a solution to the continuous equation, then
a+te
Cla+¢€)=z(a)+ / z'(t)dt.

Hence

IC(at ) — Blat o) = (M) i /+ x’(t)dt) (o) + cwl(a))H

~~

z(a) — x(a)) + /’1 E 2'(t) — ex'(a)

a+e
z'(t)dt — ex'(a)

a+te

/
_ / ) - ;L"(a)]dtH
/

Fla(t) - f(l’(a))]dtH

IN

[ W) - seaia
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< [ Kle) - at@a

a+te
< KK’/ |t — al|dt
aa—}—e
< KK' / edt
= KK'é
= Mé?

O
Using these, we can get a bound on the difference between any solution
to the continuous equation 2'(t) = f(z(¢)) and any solution to the discrete

equation #(t) = f(x(¢)) after evolving one time step.

Lemma 4.4. Suppose f:U C R™ — R"™ is C'. Lel A(t) be a solution to
#(t) = f(z(t)) and C(t) be a solution of x'(t) = f(x(t)). Suppose both
solutions start at t = a and stay in U, Then ||A(a + ¢) — Cla + €)|| <

§5(1 4 Me) + M?e*, where § = ||A(a) — C(a)]|.
Proof - First,
[A(L) = C()|| < [JA(L) = B[+ | B(t) — C(1)]|

where B(t) is the solution to #(t) = f(x(t)) corresponding to the same initial

data as C'(1). Then, using the above lemmas,

[A(a+e¢) = Clat )| <61+ Ke)+ KK’
Setting M = max(K, K'), we see

[A(a+¢) = Clat )| <51+ Me)+ M*e.
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O
Now, if we evolve over n time steps of size €, we can get a bound on
the difference between a solution of z/(t) = f(z(¢)) and a solution of #(t) =

f(z(t)) on the interval [a,b].

Lemma 4.5. Suppose f:U C R" — R"isC'. Let A(t) and C(t) be solulions
to #(t) = f(x(t)) and 2'(t) = f(x(t)) respectively with ||A(a) — C(a)|| = do
and stay in U. Set

6p = 8u1(1 4+ Me) + M?E2,

Then ||A(a + ne) — Ca + ne)|| < d,, where
0p = 0o(1 + Me)" + Me[(1 + Me)™ — 1]
Proof - By induction, we have

6 = Gu1(l+ Me) + M
= [o(1+Me)" '+ Me[(14 Me)"™" —1])(1 + Me) + M?¢?
= Jo(1+Me)" + Me[(1+ Me)* ' —1]](1 4+ Me) + M?¢?
= So(l+Me)"+ Me[(1+ Me)" — (1 + Me)] + M?¢

= do(l + Me)" + Me[(1 + Me)" — 1]

We now prove the theorem.

Proof of Theorem 4.1 - From above,
[A() = C )| = [|A(a+ ne) — Cla +ne)|| < oy

where

do(1+ Me)" + Me[(1 + Me)™ — 1],
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M is constant, and &g = ||A(a) — C(a)||. From the hypotheses, we have

g, = MO (14 MOy

n n

T

As n tends to infinity, (1 + M) tends to M=) Hence 6, tends to

zero and A(t) converges uniformly to C(t).

4.2 Second Order Equations

Given a smooth function f and the second order equation

In order to do the same for the discrete case, we need an analogous way to

change the second order discrete equation

j}7,‘ = f(wtv jjt)v

where

n 5_2 ne n—1)e
e = SmtDe = 20 T (n-1)

€
and
:E(n+1)e — Tne

Tpe = 5
€

into a system of first order discrete equations.
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Consider the system

Yo = Iy

Y = f(xl‘vi;f)'
Given initial data for the continuous system, we obtain initial data for the
discrete system as follows: given z(0) and z'(0), we define o = z(0) and

z. = x(0) + ex’'(0). Now, when we think of this data as initial data for the

discrete system, we have

Yo =

. e — To
Yo = f<$07 . )

Using the definition of z., we see

Yo = f(z0,2'(0)).

Hence, the discrete first order system has the same initial data as the contin-
uous first order system. Therefore, by Theorem 4.1, as ¢ — 0, the solution
to the discrete equation #; = f(x, 2;) converges uniformly to the solution to
the continuous equation z”(t) = f(x(t), 2'(1)).

Applying these results to the discrete system of a particle in a polynomial

potential, we have

Theorem 4.2. Let U be a submanifold of R™. Suppose A(t) is a solution
to the discrete equation Z(t) = —V'(x(t)) and C(t) is a solution to the con-
tinuous equation x"(t) = —V'(x(t)), with both on the interval [a,b], and both
staying in U. If A(a) = C(a), then, as ¢ — 0, A(t) converges uniformly to
C(t).
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Chapter 5

Discrete Rigid Rotating Body

5.1 Introduction

We now turn our attention to the the case of the the rigid rotating body,
which is a system whose configuration space is SO(N). It has been shown
[8] that the continuous model of the rigid rotating body on R is completely
integrable for all N. Here, instead of starting with the functions on SO(N, k),
k a field, we take our algebra to be the functions on GL(N,k), the set of
invertible n X n matrices with entries in k. We remind the reader that this
algebra on GL(N,k) can be defined in the following way:
For k a field, consider k[xf,det_l], 1 <4,7 < N. We then define

A = k[z!,det™"]/(det det™" — 1)

k3

(det™" is adjoined since det may not have an inverse in k[z?]). We note that

A is the algebra of all polynomials in ;L’Z and det™. In what follows we will
refer to GL(N,k) and SO(N,k) as GL(N) and SO(N) respectively. In this

case, the Euler-Lagrange equations have the form
dL(g,h)+ dL(h,k) =0
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where ¢, h, and k represent the configurations at times i, 1 + 1, and ¢ + 2

respectively. Now, since
d= —dh!

2 g™

2,7=1 ?
and the elements dhf are independent in Q'(A), we know for f € A,

df =0 <— d 0 Vi, 1
= — = i, 7 = 1,...n.
dhi g

Hence, we can rewrite the Fuler-Lagrange equations as

d d
—E 7h —E h,k = 07
g £ )+ G L)
with
d d ;
Wﬁ(g,h) = —L(g, h+ )| =0,

where Ef is the elementary matrix with a 1 in the sth row and jth column
and 0 elsewhere.

We take the Lagrangian for our system to be
L{g,h) = —tx(hIg™")
where I € GL(N) represents the moment of inertia for the body. Now, we
determine the equations of motion for the system. Noting that

d .
—tr(kITh™") = —tr(kIh™ EIAT,
dh!

k3

the Euler-Lagrange equations imply

d d iy -1 —1777.—1
@L’(g, h) + @E(h, k) = —te(E/1g™) 4+ tr(kIh™"E/A™)
= tr(El(—Ig~' + A 'kIRTY)).
But this expression can only vanish for all 2, 5 if

k=hlg 'Rl
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Conversely, if we have k = hlg='hI™', we see

d d iy -1 —17rJ7. -1

k3

= —te(ETg™Y) +te(hIg A1 IR EIRTY)
= —te(B/lg™") + tr(Ig7"E))

= 0
Since A is finitely generated over k, we know [6] that

Der(A) = Q'(A).

i

!, we need only consider these

Since Q'(A) is generated by the elements dx
elements. Using the above isomorphism, we have a generating set d ; for

Der(A). Recall
V(A=A A0 AR (A).

So we have

Der(A ® A) = Der(A) @ A® A® Der(A).

This gives us the generators dgg = d(mf@l) and dhﬁg = d(l@xi) of Q'(A® A)

and the generators d ; = @( ) and Oyt = O1gqty of our equivalent of vector

a."f@l
fields, Der(A ® A).

We now compute the symplectic structure on A ® A defined by the La-
grangian L. Using gf and R as generators for the functions on GL(N) x

GL(N), we have

w = ddyL(g,h)
d d

= @d—%[—tf(hfg_l)]dgf A dhy,
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d . ,
= tr((h—l—tef)[(g—l—se;)_l)dgf /\dhéC

 dsdl

= tr(ef[g_le;g_l)dgf A dh};

= (g7 ")1E(g™")2dg! A dhj,

Instead of taking gf and hf as our generators, we can use the functions

(g_l)f and hf We can use (g_l)f since it can be written uniquely as a poly-

nomial in the elements gg and det™. We carry out the above computations

using this new generating set and get an equivalent, but simpler-looking

symplectic structure:

dd?'c(gvh)
d d _ 1]
(dg_l)jd—%[—tr(hlg D)(dg™")! wdh,
2

 dsdl
—tr(epTel)(dg™")! A dhi,

(b + tel) [(g™" + sel))(dg ™) A dh

—(en)ali(e)e(dg™ )] A dhy
— 6", 1267968, (dg™ )] A dhl

—8¥1i(dg™")! A dh},

Recall that the time evolution is given by k = hlIg='hI~!. Using this,

we can show directly that the symplectic structure is preserved by this time

evolution.

b0

. (=67 1{(dg™" )] A dhl)

—&7I{(dh ™Y A dE!

8T I (dh ™Y N d(hIg RI T
—Oi L (dh™ )] A d(RT I (g™ ke (1))
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— [ Rk Y A

+ SLRPILRE(IY (RN A (dg7t)e

r m-o n

+ SR (g7 ) (I (dhTh Y] A dh?

= =& LR IR (I (= (h=)2dhh (hY)]) A (dg™)e,
= =& (I LI (R ke (h ™) (dg ™) A dhl

= —(I"™Y) L (R YR hE (R (dg )2 A dhd

= —(I"Y)LIrs R (R (dg™)o A dh

= =& Irh(h™1)(dg™)s A dRT

= —I2hL(h7")(dg™" ), A R

= 821" (dg™")% A dh™"

= —&01i(dg™")! A dh,

= Ww.

Clearly, Proposition 3.3 saves a lot of time by allowing us to avoid such
computations. We can work out the Poisson bracket for this system using
the generators (g_l)f and h! as follows: Consider the generators of vector
fields a(g‘l)f and ahi' Using the symplectic structure above, we can define
the map a:Der(A ® A) —» Q(A ® A) and determine what it does to these

generators:
a(a(g—l)g) = 5f[;dh§m a(ahg) = _5;]f(dg_l)§m

so that a~! acts on the corresponding generators of 1-forms d(g~!)! and dh}

by:

o~ (d(g™)]) = =87 (I )idhy, a7 (dh) = SH(T7")i0-1y,
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One can also show

a”'(dgy) = g, (9170,
a7 d(h™")y) = —(AT (T R Oy,
Using these facts, one obtains the following table of Poisson brackets,

which allows one to compute all Poisson brackets of algebraic functions on

the phase space of the discrete rigid rotating body:

{g™h (g™} = 0 {h,h} = 0
{99} = 0 {ohmy = —&U™);
{(h)e (D = 0 {(g™HEL BT = (AR
{(g™)hgl} = 0 {hogly = —aqilgl™)
{hi, (h7)} = 0 {gl. (P} = —(h'g)i(gl~'h7")]

By Proposition 2.3, this Poisson bracket turns the algebraic functions on
GL(N) x GL(N) into a Poisson algebra.

It is interesting to seek infinitesimal symmetries of the Lagrangian for
the discrete rigid rotating body, since they will yield conserved quantities via

Noether’s theorem. Note that if £ = R we have

% [,C(e“tg,h) + L(g, e“th)] I % [tr[hl(e”g)_l] + tr[(e“th)[g_l]] -
= % [tr[hlge™""] + tr[(e"h) g™ "]] s

= —tr(hlg 'v) + tr(vhig™)
=0
so any v € gl(N,R) gives an infinitesimal symmetry. In general, we do not

have exponentials, but there is an analogous concept. For any v € gl(N) =
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gl(N, k), we can define two derivations L, and R,:

(Lof)(g.h) = - 1((1+ 1)g. (14 )h)

t=0

and

(Rof)(g.h) = 5 1lg(1 + o), h(1 + )

t=0
Now, notice
d
(1® Ly + Lo @1)Lg,h) = —[Lg, (1+tw)h)+ L((1 + tv)g, h)]

- %[u«(u +to)hIg™") + tr(RI((1 + tv)g)‘l)]‘

= tr(vhlg™") — tr(hlg~'v)

t=0

t=0

= 0.

Therefore, for any v € gl(N) = gl(N, k), L, is an infinitesimal symmetry of
the Lagrangian for the discrete rigid rotating body. Using Noether’s theorem,
the corresponding conserved quantity F, is given by —(L, ® 1)L(g,h) =

tr(hlg~'v). Henceforth, we will denote this quantity by C,.

Proposition 5.1. The quantities C,, v € gl(N), are the infinitesimal gen-

erators of infinitesimal left translations. That is, for any f € AR A,
{Co, f}=(18 L, + L, ®1)f

Proof - Since (), is the conserved quantity obtained from L,, Theorem 3.3
yields
a'(dC)=1® L, + L, ® 1.

Hence

{Co, [} =a ' (dC)f = (1@ Ly+ L, ®1) .

48



O

We will now describe this system in a different way. Instead of using con-

secutive positions as our data, we use initial position g and initial “velocity”

w = ¢g~'h. Time evolution can now be determined in terms of position and
velocity.

Recall the time evolution for discrete rigid rotating body is given by
(9, h) = (¢, 1)) = (h, kg™ hI7).
This is the same as
(g,h) — (gw, hw'),

where w = g7'h and w’ = (¢')"'h’. Hence, to see how the velocity w evolves,

we solve

hw' = hlg *hI™!
and see
w = Twl™'.
Thus, the time evolution in terms of position and velocity is
(g, w) = (gw, [wl™").

We will call the map (g, k) — (gw, hIwl™') a “twisted right translation”
since the amount of translation depends also on the time, i.e. at time ¢, ¢
gets translated as usual, but h gets translated by the velocity at the next

time step. Also, note
L= —tr(hlg™") s —tr(hIwl ' I(gw)™") = —tr(hlww™'g™") = L,

so the Lagrangian is invariant under this map. Our version of Noether’s theo-

rem does not apply to this type of symmetry of the Lagrangian, so we cannot
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use it to calculate the generators of twisted right translations. Nevertheless,

we can find quantities acting to generate twisted right translations.
Proposition 5.2. For v € gl(n), define
D, = —tr(g~'hlv).

These quantities D, are the infinitesimal generators of twisted right transla-

tions. That is, for any f € A® A,
{D, [} = (R, @1+1® Rpy=)f

Proof - We show that the Poisson bracket of D,, with the basic elements

(g_l)f and hz correspond to twisted right translations by v. First

{Du, (g7} = {=te(g"hlv), (g7")]}
= —(Tvg™")idhl (g7}
= —(Ivg )& (I}
= —(vg™")!

which corresponds to the (i, j) entry of the twisted right translate of g=*.

Also,
{Du,h]} = {~tr(g”"hiv), hi}
= —(hlv){(g7")is b1}
= (hlv)[ai(I7");
= (hIvI™Y)]
which corresponds to the (i, j) entry of the twisted right translate of 4. Thus,

the D,’s are the infinitesimal generators of twisted right translations.
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The D,’s themselves are not conserved quantities, but they do have nice

commutation relations with themselves and the C,’s.

Proposition 5.3. Suppose D, and C, are defined as above. Then
a.) {Cy,Cu} = Clyu
b.) {Dv, Dy} = Dy

c.) {Cy, Dy} =0.
Proof - For a), just apply Proposition 3.3. To see b), by 5.2

{D.,.D,} = (R,®@141® Rpy—1)D,
= (R, ®1)Dy, + (1 ® Rpyy-1)D,,
= —(R, @ Dtr(¢g" hiw) — (1@ Ryyr-1)tr(g™ hiw)
= tr(vg ' hilw) — tr(g~ hIvw)
= —tr(g™ hlv, w])

= D
To see c), note
—tr((wg)'whiv) = —tr(g~'w  whiv) = —tr(g ' hiv),

so D, is invariant under left translations. Since the C,’s generate left trans-

lations, we see {C,, D, } = 0.
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5.2 Relationship to the continuous model

Recall the time evolution for the discrete rigid rotating body in terms of

position and “velocity” is given by
(g, h) = (gw, hw')

where w = ¢g~'h and w' = Twl~!.

Here, we describe the relationship between this discrete model and the
continuous model of the rigid rotating body. Let [ be a symmetric matrix
and take initial data in SO(N). Note, the system will not necessarily stay
in SO(N), but it will stay in SL(N). Following [1], we define the “moment
in the body”

M =g 'hi —[¢g7'hD)"

Note that M is skew-symmetric. Also,

(L Mg, k) = S+ w)g, (14 w)h)|
. % (14 0)g) " (14 )bl = [((1+tv)g) " (14 t0)I]]|

d
= SloTthi - [~ hI]"]

t=0

= 0,

hence M is invariant under left translation. We define our angular velocity
w = g 'h = ¢” for some v € gl(N). Using this, we can determine our version
of the “discrete Euler equation” in terms of the quantity M defined above.

Pushing M forward one time step, we get
M = w'l—I(w)"
= Jwl™' — I(Twl™)*
= Jw—w'l
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So
M =w " Muw,
and, computing the “time derivative” of M,

M -M w'Mw-—M

€ €

Approximating e’ linearly, we have w = 1+wve up to terms of order €*. Hence,
M= (14wve)l —I(1 —ve)=e(vl + Iv)

and (up to terms of order €?)

M — M
€
(1 —ve)M(14ve) — M
€
e(—vM + Mv) — vMv
€

= Mv—ovM — ecvMv.

M =

Letting € — 0, we see

M = [M,v]
which corresponds to the continuous Euler equation

dM
= (M,v], M=1Iv+vl, v =g7'g.

Hence, given initial data in SO(N), we have that our discrete system con-
verges in SO(N) and we recover the continuous equations of motion for the
rigid rotating body in SO(N). We now show the solution of the discrete rigid
rotating body on R converges to the corresponding solution of the continuous

rigid rotating body.
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Theorem 5.1. Consider SL(N,R) as a submanifold of RN". Let A(t) be a
solution to the discrete rigid rotating body on the interval [a,b], i.e. A(t) is

a solution to

M) = [M@),v(t),  M(t)= ITv(t)+ o(t)].

Let C(t) be a solution to the continuous rigid rotating body on the interval

[a,b], i.e. C(1) is a solution to

g(t) = (g(t) " u(t)
M) = [M(1),v(t),  M(t) = Tv(t)+v(t)I.

Suppose A(a) = C(a). Then as ¢ — 0, A(t) converges uniformly to C(t).

Proof - First, the evolution of the discrete rigid rotating body is A(a + 2¢) =
A(a+e)I(A(a)) " A(a+€)I~". Given initial data A(a) and A(a+e€)in SL(N),
we see det(A(a + 2¢)) = 1. Hence, the discrete evolution stays in SL(N).
The solution to the continuous rigid rotating body always stays in SL(N).
Thus, both the discrete and continuous solutions stay in the submanifold
SL(N) of RN". The hypotheses of Theorem 4.1 are satisfied and therefore

A(t) converges uniformly to C(t).

5.3 Discrete Complete Integrability

Recall there are several conditions sufficient for a continuous system to be

completely integrable. We cite [1] for the following result.
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Let Fi,..., F, be n smooth functions in involution on a 2n-dimensional

symplectic manifold M:
{FZ',F]'}:O, i,jzl,...,n.

Suppose the functions f;, are independent on M, = {x € M|F;(z) = a;,j =
1,...,n} and the Hamiltonian fields v; = vg;, 7 = 1,...n are complete on
M,. Then every component of M, is diffeomorphic to 7% x R*7*. In addition,
there exist a choice of coordinates ¢1,..., 0k, y1,...,Yn—r on M, such that

Hamilton’s equations on M, take the form
Om = Wmj, Ys = Cs; (w,c = const).

For now, we will assume we have a smooth connected affine algebraic
variety over the real numbers, i.e. a subspace of R” defined by some number

of polynomial equations.

Definition 5.1. Lel A be the algebraic functions over a smooth real affine
algebraic variety and let Iy, ..., F, be elements of A. Then Fy,..., F, are
independent provided their differentials dFy,. .., dF, are linearly independent,
that is,

n

Y adF;=0 = a;=0Vi=1,...n.
=1

where the a;’s are elements of A.

Recall that if a Lagrangian on A x A yields a non-degenerate symplectic
structure, this symplectic structure may be used to turn A® A into a Poisson

algebra. We now define discrete complete integrability.
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Definition 5.2. Lel A be the algebraic funclions over a smooth real affine
algebraic variety. Suppose A is of dimension n over k. Then a discrete system
on Ax A given by a Lagrangian £ € A ® A is completely integrable provided
there exists n Poisson-commuting conserved quantities vy,...,v, which are

independent in the sense of Definition 5.1.

We point out that in [10], a definition of complete integrability was in-
troduced. This definition does not address the necessity of the independence
of the conserved quantities, and, as such, does not generalize the concept of
complete integrability in full to the discrete setting.

Verifying that n Poisson commuting conserved quantities are indepen-
dent is in general very difficult. Here, have a result which makes proving

independence easier [3].

Proposition 5.4. If lwo funclions on a smooth connecled affine algebraic
variety are independent at a point, then they are independent on an open

dense set in the induced topology from R™.

What this means is that if we can find any point at which the two func-
tions are independent, then the functions are independent on most of A ® A.
Thus, we have a useful criterion for proving the complete integrability of a

discrete mechanical system on a smooth real affine algebraic variety.

Proposition 5.5. Lel A be the set of algebraic funclions on a smooth con-
nected algebraic variety of dimension n over the reals. Then a discrete system
given by a Lagrangian £ on A X A is completely integrable if there are n Pois-
son commuting conserved quantities which are all independent at some point

of A x A.
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5.4 Complete Integrability of Rotating Bod-
ies in SO(N,R)

We now consider the complete integrability of our discrete system in SO(N,R).
For the case N = 3, consider the generators of infinitesimal symmetries along
the “coordinate” axes. Using Noether’s theorem, these will yield conserved
quantities .J,, .J,, and .J,. Using the result above, we see {.J,,.J,} = .J, and
similar results for cyclic permutations. Define J? = JI2 + Jy2 + JZQ. We now

cal see
{£,J.} = {tr(hlg "), tr(hlg " e.)} = tr(hlg™'[id,e.]) = 0
5y = A2+ 0y + I8 LY = {02 L+ ) L+ {2 L)
= 20 {Jo, L} 4 20, {Jy, LY+ 204, .}
= —2J,J, +2J,J, =0
{£,7° = AL, 00+ J) + 2y = {L, I3y +{L, T} +{L, T2}
= QAL T} 20,0, 0} + 2010, .} = 0.

The differentials of these functions vanish at the identity. So there are 3
Poisson-commuting conserved quantities for the case N = 3, which is suffi-
cient to show the three dimensional discrete rigid rotating body is completely
integrable.

For the case N = 4, denote the standard generators of so(4) by Tij,
1 < j. Let J; be the conserved quantities obtained from the infinitesimal left
translations by Tf—l—Tf, where 15k 1s a cyclic permutation of 1, 2, 3, and let K;
be the conserved quantities obtained from the infinitesimal left translations
by T — TJ-’“. Let J? = Jt+ J}+ Ji and K* = K{ + K7 + K3. Note that
[Ji, K;] = 014,57 = 1,2,3. Also [J1,.J5] = Js, [K1, K] = K3, and similarly
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for cyclic permutations. Also, consider the Lagrangian £ and the conserved
quantity F; = tr(IM?). Note that Fj is invariant under infinitesimal left

translation. Hence, we have

{Ih,Ki} = 0 {J1,J*} = 0 {J1,K*} = 0

{Ji,L} = 0 {Ji, A} = 0 {Ky,J*} = 0
{Ki,K*} = 0 {Ki,L} = 0 {Ki,Fi} = 0
{J*®,K*} = 0 {J3,L} = 0 {J*) i} = 0

(K2} = 0 {K%LF} = 0 {L,F} = O

Therefore, there are six Poisson commuting conserved quantities, which is
sufficient for the integrability of the discrete rigid rotating body in the SO(4,R)

case.

5.5 Discrete WZW Model

We now turn our attention to a system similar to a discrete WZW model.
Recall that the continuous WZW model corresponds to the wave equation
for a field with values in a Lie group. So where the evolution of the discrete

wave equation takes the form
pla,t+1) = ple+ L) —gle,t = 1) + oz = 1,1),
the evolution our discrete WZW model takes the form
p(z,t+1) =gz +1,1)[e(x,t — 1] p(z — 1,1).
We would like to find such an evolution equation in our formalism starting
from a Lagrangian. A surprising result is that we can get an evolution equa-

tion very similar to this from the Lagrangian of the rigid rotating body model

on GL(N) by thinking about the system in a particular way.
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The idea here is to think of the configuration at each site of the model as
an element of GL(N). Then we can summarize the state of the entire system
as a block diagonal matrix with each block being an element of GL(N). This
will give us an element of GL(N M), where M is the number of sites in the

model. Now consider the matrix I € SO(NM) of the following form

01 0 - 0
=

where 0 denotes the N x N zero matrix and 1 denotes the N x N identity
matrix. Now if we let g = diag(¢g1,...,9m) and h = diag(hq, ..., hy,) be the
elements in GL(NM) representing the states of the system at consecutive
times, we can then use the rigid rotating body model equations of motion
to get the matrix which represents the configuration at the next time step.
First, note that conjugating a block diagonal matrix diag(ay, as, ..., a,) by I
will yield the block diagonal matrix diag(az, ..., am,a1). Next, if g is a block
diagonal matrix in GL(NM), then g~* = diag(g;',...,g."). Now, recall the

equations of motion for the rigid rotating body model:
k=hlg 'hi™!
Computing k£ based on the initial data above, we see
k= diag(hlgglhg, ... ,hm_lgn_llhm, hm,gflhl)

so k; = higﬂ_ll hiy1. We now show how this evolution corresponds in some way
to the evolution for a WZW model. We show graphically what this evolution

looks like in terms of the sites of a WZW model:
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( 141

Now, if we rotate the time axis clockwise 30°, we get
( 141

[k

which is the evolution we wanted. So the evolution for this special case
of the discrete rigid rotating body model is related to the evolution of a
discrete WZW model by a smooth transformation. We now discuss some of
the properties of solutions to this discrete WZW model.

First, note if o(t,z) = f(t + x)g(t — x), then
e(t+1.2) = otz +1)[pt - 1,.1‘)]_199@,1 —1)
= flt+z+ gt —z—1)[f(t+z gt —z—1)]7" -
o flt+x=1)gt —xz+1)
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= flt+a+Dglt—z—Dlglt —z =D [ft+a -1
o flt+x—=1)gt —x+1)
= S+ +2)g9((t+1) — ).
Hence, any function of the form ¢(t,2) = f(t + x)g(t — x) is a solution to
this discrete WZW model. Thus, a solution can be made up of left and
right moving waves. We demonstrate this below with an example. Here,
we work with sites taking values in S3 = GL(2,2) and identify the end
sites, thus working on a cylinder. In the first series below, we see that as
we refine the data by adding more sites and allowing the evolution to run
accordingly longer, the discrete WZW model “smoothes” out and approaches
a continuous model. Also, we can observe the right and left moving waves in

the solution interacting in a non-linear manner.

The next series shows the non-linear interactions can be quite complex.

OO0
il B4
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Now, since we can think of this discrete WZW model as a special case of the
discrete rigid rotating body, the integrability of the discrete WZW model
would be given by the integrability of the discrete rigid rotating body. It
thus is worthwhile to consider the integrability of the discrete rigid rotating

body in higher dimensions.
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