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We work over a ground field F.

Definitions.
A weight of an F-algebra A is A € Homp_,;,(A, F).

A left A-integral of A is a A-weight vector /\% in A
(under left multiplication).

Example: GG a finite group, A a Character G — C*.

A left (and right) M-integral is A® = Gl Z Mg Hg

geG
The first orthogonality relation implies: given v #£ A
G — C*, v(AM) =0.
This holds for any F-(Hopf) algebra A, with weights v #
A and left A-integral A7,
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Question. Find a Hopf-version of the second orthogonal-
ity relation.

We will only use one-dimensional characters - i.e., weights.

The second orthogonality relation “changes” to finding
the kernel of a sum of weights.

Setup.
H is an [F-Hopt algebra.
[y is its group of weights Homp_q1,(H, )
(under conwvolution ).
[T C I'g is a finite subgroup.
Y11= yen? : H — F is a functional.

Question. Find ker Xp.

We will focus on examples where H is generated by skew-
primitive and grouplike elements.



Example 1. G is any group; H = FG, its group algebra;
I C FH-

Proposition 1 (Second orthogonality relation). ¥17(g) is
11| if g is killed by 11 (i.e., 1l(g) = {1}), and O other-

wise.

Proof. 1If A(g) # 1 for A € 11, then

X(g) = A= Xqp(g) = AMg)Xn(g)
so (1= A(g))Xn(g) = 0. []

This helps with calculations in a lot of examples, using
the following argument.

Proposition 2. Suppose H C A 1s a Hopf subalgebra
of an F-algebra (so A is an ad H-module). Suppose
V C A satisfies: V= @z Vi, and A = H + AV A.
Then

(1) For any weight pn of A, u(V') = 0.

(2) I'yCly.



Example 2 (Fat quantum groups).

o [F is algebraically closed, char(IF) # 2, 3.

e ¢ € F* is not a root of unity.

o A is a nonsingular symmetrizable I x I GCM.

o G is any (fixed) abelian group containing Q" = 7!
the coroot lattice.

e Extend the characters ¢% to v; : G — F*.

(E.g., G can be a lattice “between” the coroot and coweight
lattices.)

Now define the fat quantum group U,(G,v) to be gener-
ated by {e;, f; - i € I} and G, modulo the usual relations,
such as: ge;g~ 1 = v;(¢g)e;.

For example, Ug(QY, {¢°}) = Us(a)
In general, the representation theory of U,(G,v) should
be similar to that of Uy(g). (See Theorem below.)
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Theorem 1.

(1) Uq(G,v) is a Hopf algebra, generated by the group-
like G and skew-primitive e;, f;.

(2) It has a triangular decomposition:

Uy = Ug(G,v) = U; @FG® U%.

(3) If A is of finite type and |G : QY] < oo, then the
BGG Category O 1is finite length and has a central
character block decomposition.

(4) The set of weights is contained in I'¢.

The last part follows by setting H = FG and V =
span({e;, fi}): Ug=H+U,VU,.
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Example 3 (Hopf regular triangular algebras). For exam-
ple, g (with char(IF) = 0), where g is a Lie algebra with
reqular triangular decomposition, e.g., a

e semisimple Lie algebra.

e symmetrizable Kac-Moody Lie algebra.

e (centerless) Virasoro algebra.

e extended (centerless) Heisenberg algebra.

e (member of a) special class of Borcherds algebras.

Other examples: Fat quantum groups; (quantized) in-
finitesimal Hecke algebras over sly: some Crawley-Boevey
type algebras.

Properties: Each of these algebras A has a triangular
decomposition over a commutative cocommutative Hopf
algebra: A= B_ Q@ H® By

O over some of these algebras, also has a block decom-
position into highest weight categories, regardless of the
center.
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Proposition 3.1'4 C I'y.

Moreover, H is generated by its primitive and grouplike
elements in all the above examples.

Example 4 (Other quantizations).
The problem similarly reduces to the grouplike elements,
for quantizations of

e affine space (i.e., abelian Lie algebras);
e Borel subalgebras of ig:

e the Virasoro algebra;
e GL, and SL,.
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Example 5 (Finite-dimensional pointed Hopf algebras).

Suppose H is such an algebra over C, and G(H) has size
coprime to 2,3,5,7. By the Theorem of Andruskiewitsch-
Schneider,

Proposition 4.1 C FG(H)'

Conclusion: In a wide variety of examples, to determine
11 on a spanning set, we only need to compute Xj(g) for

g€ G(H).



Skew-primitive elements:
Suppose A(h) = g®@h+h®g', where g,¢' € G(H). Let
[T C 'y be a finite subgroup, and char(FF) # 2.

Proposition 5. Let n be the number of elements from
{g,¢"} that are killed by I1.

(1) ]fn 7& 1, Zn<h) = 0.
(2) If n =1 and \gg') # 1 for some \ € 11,
A(h) ||

1 =T )

Products of skew-primitive elements: These and
G(H) span H for many H.

Definition. A skew-primitive h is pseudo-primitive (with
respect to I1) if g~ 1¢ is killed by II.



Now suppose hi,...,hy, € H are pseudo-primitive with
respect to 11. Let

oeh = |1 h;

117

¢ g 17 gZa

LRORES H/ 1T, I1];

e Given a prime p, let ¢, be the p-Sylow subgroup of ®;
and

o @;9 be a Hall complement of ¢, in P.

Theorem 2.
(1) If char(FF) 1 |I1|, then ¥r(h) = 0.
(2) If char(IF) = p > 0 divides |11, then

Xri(h) = |[IL I} - X1 (g) - Yo, (h)
(3) If X, (h) # 0, then (p—1)|n, and Oy = (Z/pZ)* for

some O <k <n/(p—1). Moreover, it can assume
any value in F (for an abelian Lie algebra).
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Skew-primitive elements: Nothing in general.

Proposition 6. There exists a Hopf algebra H = H(TF)
with skew-primitive elements hy, ..., hy € H, such that:

Gwen any r € F and an abelian group G of even order,

there exists a subgroup Il = G of 'y, such that X(h) =
r.

This can be done over any field [F such that
e char(IF) > 0.
e There exists a primitive exp(G)th root of unity in F.
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