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(i} Consider the two subalgebras (both of dimension 62):
N = K@ Mat ;(K) ® Mat,(K)

N = Mat,(K) @ Mat4(K) ® Mat.(K)

of the factor M = z:;ﬁ:o. both inclusions being described by

x00 :

(x,y,2z)» |0y 0.
00z

Then >K =AM _ (111) though N and N are not isomorphic.

N
x 0 0]
(ii} Consider N = K® Mat,(K) included in M = Mat, (K} by (xy)» w w o_ and in
Y
x00 M M
M = Matg(K) by (x,y)»10y0|. Then Ay and >~4 are pseudo-equivalent to (2 1)
00y

but M and M are not isomorphic.
(iii) Consider finally N=Keo Zpﬁnco included in M= Zwoueo by

x000 -
(xy) mwmm and by (x,¥)» |0y L. Then the first inclusion matrix (3 1) is not
000y 00y)

pseudo-equivalent to the second inclusion matrix (1 2).

The next proposition is a special case of a statement which appears in [BA 8], §5,
exercise 17.

Proposition 2.3.5. Consider two multi-matriz subalgebras M,N of a factor F with
1e NcMCF. The inclusion matriz for Cp(M) C Cp(N) is the transpose of the inclusion

matriz for N C M.

Proof. The proposition is obvious if M and N are factors (see the Remark following
2.2,2). In general, write

n
pM N= @
i =1

M
OGN Ay =(A )
1 j N 1,

)

and denote by M.w ; the entries of the inclusion matrix for
¥

n n
om.:é = .ﬂmu nwom..g > 015 = .ou vmomcé.

§2.3. Inclusion matrix and Bratteli diagram 49

One has by definition

i 1/2
».Z = _nuvmom.hzuauum : n.._va—uAZFu.vm_ /

and by Proposition 2.2.5.b,

=[c (N, ): € 2,

n.vmm.‘nwum D a.ﬂvmm_nhvmﬁz

3

A ij

As ZE. and Z_E. are factors in nwvwm.a.wnm one has

-.S
Api = M5 N

by the particular case observed in the remark following 2.2.2. #

T -
It is useful to describe a pair of multi-matrix algebras N ¢ M by its Bratteli diagram
B(NcM), which is a bicolored weighted multigraph defined as follows. ("Multigraph”
means that two points may be joined by more than one line, "weighted” means that each
point is given together with a positive integer, and "bicolored" means that points are given
one of two colors, in such a way that any edge in the multigraph connects points of
m n
different colors.) If M= @ Zm{.:c and N= e Mat (K) are as above, then
i=1 i =1 i
B(NCM) has m black vertices vH_. . ..a:. with respective weights B b and n
white vertices Wi, e Wy with respective weights Y]yt ta¥pi TROTEOVET, the m..la black
vertex and the h..@ white vertex are joined by A j lines. (These diagrams were first
1

*
introduced in order to study inductive limit systems of finite dimensional C -algebras; see
[Bra] and [Eff].)

v

[ ]
Example 236.If N = Zpo_\:u ®l1cM= ZE._\:U ® anw?v. then B{NcM) is |||
7
and AM =3

Example 2.3.7. Let G be a finite group and let H be a subgroup of G. As complex
group algebras are semi-simple by Maschke’s theorem (example 11.2), ([H] c C[G] is a
multi-matrix algebra pair.

In particular, let Qu be the group of permutations of {1,2,3} and let @N be that of

{1,2}. Minimal central idempotents of ([S5] correspond to Young frames, and also to
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Chains of multi-matrix algebras. Now consider an increasing chain (finite or infinite)

of multi-matrix algebras over K,

_mZonZ_nZ»n::

Let _.__m. . ..u__w?v denote the minimal central idempotents in Zw_ let >c_c = C_w _.v be

the inclusion matrix for Zr C z_r oy and let ‘:_n be the vector of dimensions of z_r, 80

that var ~ Mat rco. (Thus tx = >A_T:>c?£ >8v.=o.v We associate with the
)

chain of algebras a (finite or infinite) Bratteli diagram B, which is the union of the

diagrams B(M, (M, +_v, the upper (black) vertex of B(MycMp +L corresponding to

v_mi._ being identified with the lower (white) vertex of Ez_r +_nz_r +wv corresponding to

the same idempotent. For example the diagram for em- C a@u ¢ a@w C n@» is

k

(See examples 2.3.7 and 2.3.8.) We say that the vertices v; corresponding to the minimal

central idempotents u_.” in M, g_campo;m r:. noo_.o».p__m&wm_.w:._..H_:m<m_.a8oo_..
the rar and k+1% floors together with the edges joining them — i.e., the image of
ngnz_r +L in B — constitute the kb story of B. The Bratelli diagram B is thus a

weighted multigraph with the following features:
(1) There is a function « from the set of vertices of B to N={0,1,2,---}, which
assigns to each vertex the floor which it occupies.
(a) There are only finitely many vertices on each floor; that is GLE is finite
for all k. If sL:& # 0, we write ﬁl:i = ?“ﬁ.. . ._<__”A5w.
{b) Therange of ¢ is either an interval [0,0] in W, if B is finite, or all of N, if

B is infinite.
(2) Two vertices v and w are adjacent only if |@(v)-(w)| = 1. There are \cw j
edges joining _“_h.ﬂ and <_W+H.
(3) 1f both the k™ and k+1%% floors are occupied (i.e., if oK) #0  and
SL?.ZV # B) then each vertex on the 1™ foor is adjacent to at least one vertex on
the k+1% floor, and each vertex on the r+~$ floor is adjacent to at least one vertex
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th .
on the k' floor. That is, the m(k)-by-m(k+1) matrix Ak - ;w ) s
2

irredundant.
k

(4) Each vector vi has a weight r_..nm {1,2,--+} called its dimension. The

dimensions ?_U and the "multiplicities" ?__.. h; satisfy

Conversely, given a weighted multigraph B with properties (1)<{4) above, we can, by
iterating the procedure of Proposition 2.3.9.b, construct a chain of multi-matrix algebras
with Bratteli diagram B,

Proposition 2.3.10. Suppose

_mz_cnzmn..: and
_m>cn>_n

are two chains of multi—mairiz algebras with the same Bratteli diagram. Then there is an
isomorphism ¢ of Zs = W:Sr onto >s = m>w such that iz_rv = >r Jor all k.

Proof. We have to produce a sequence of isomorphisms .\w : Zr - >r guch that
Pt _Zr =¥ Let ¢,: My — A, be any isomorphism. Suppose g+ *1¥), have been

defined. Then by Proposition 2.3.9.a, there is an isomorphism o : My, i >r +1

such that o +_:$_L = >_z and by Proposition 2.3.3 there is an inner automorphism

of A extendin -1 =
Aerr of Ay g eronrt_.»w. Thuswecan set dy g = By 100y #

Z3.11. A path model, Let B be a Bratteli diagram; we use paths on the diagram to
construct a natural model for the chain of multi-matrix algebras associated to the diagram.
We will suppose that B is infinite; it will be obvious how the construction must be

Mswahmma for a finite diagram. First we produce an augmented diagram B by adding a
V" story corresponding to the inclusion K1 c ch that i3 we append one vertex * with

*y _ .
#(*) = -1 and dim(*) = 1, and we connect * to <M. by :A_.. edges (1¢ js m(0)).
An oriented edge on any graph is an edge together with an ordering of it8 two vertices;
we will call the first vertex of an oriented edge its start and the second its end. A path is

a (possibly infinite) sequence (&) of oriented edges such that end(§;) = start(§ 4y for
1
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all i. A path (-- ..mrv has end equal to mu&mrr a path Anc,. -+) has start equal to
m..p_imov. If £ and 5 are paths such that end(¢) = start (n) we define {on to be the

path "first &, Apath ¢ on B

= p(start(§,)) + 1 for all k.
We let 2 denote the set of infinite monotone increasing paths on B starting at *

b__. the set of infinite monotone increasing paths starting on the * floor of B; D_._ the

then 7".

is monotone increasing if im:&mr:

set of monotone increasing paths starting at * and ending on the _.5 floor; and b? 1]
¥

the set of monotone increasing paths starting on the ™ floor and ending on the s* floor
(r<s8). Given &= ({pfp ‘) €, set:

b = (66 €9 (0<r),
frg) = Cear ol € Mg LET )
and mT‘ = Am—..fu.. e ..J_—. (-1 ¢ 1).

Also let mE be the vertex mE:mL = 2&:21; Similarly if €= Ro.. . .mmv € D& and
r¢ s we can define mq_ = nmc,. . ..mL € :L, and so forth.

Let K be the K-vector space with basis 1. For each re {0,1,2,---} we define an
algebra A € _wua&_sv as follows. Let R = {(&,n) € :L x b_._ : end(€) = end(n)}. For

(&) € Ry define T, € Endy(KQ) by
Hm.a& = xaa_.e_,_vmzoe__. {(wen).
Let A bethe K-linear span of E.m_q” (6meR} in Endy(KQ); since

AM.G.HH.: H‘m_d.“_...mf:. = mﬂﬁum. V.H_hqa.. and 1= Mmmsn.._.”_wmnm.

A, isan algebra. Set

by ={£¢ b_._ : end{§) = <M_ (1 ¢i¢mir)),
so that Q,= WOl (disjoint unjon), and R =Y A:m v 0l ). It follows from the
T30 Ty T]

multiplication law (2.3.11.1) for the _Hm " that

>w = mvgﬁm.a" (Em) € Dr.bg
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is an ideal of A d A mgr) m i i : i
p an L= mMH >n. There is an isomorphism of >“ onto msazﬁ_su._v
defined by
_H.m_:E = 2—2&“ AN.G.E € QM_Y.
s0 that
m{r) . m(r) .
_ i i

Note that the minimal central projections PH in >_. have the form

Pj= Y (Tpei ke sw_w.

The cardinalities *Sw_v satisfy

: ) n(r) )
i:ﬁw_v = :M._ and *Ab?:v = M_ ﬁ.u *A:“_y
J=1

) j X R
since each £€ bn_ can be extended in ﬁ.;. ways, by adjunction of an edge A in

Qe ryyp o2 E..w fod in D“.i_. It follows from this and property (4) of the Bratteli
diagram that *B“_v ut“. forall r and i (05 r, 15 ig m(r)). Thus

m(r)
Ae @ Mat (K.
i=1  H

Finally Ac >~+H, because for (£,7) € R,

H.@a "M*H‘mo>.ao> A€ 5—~.q~.+:_ Oznﬁmv = m..b—.:\’:.

a3 operators K. j J j
on If (én)€ bn_ x Dn_. 80 .H.m.a € ?n__ then

T, pitl= .
& M_S.mo\fao». A€ b__..w.+:. >E = <_ﬁ >__.+: = <M+J.
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> N - . e
1t follows that >>_.+~ = c_m.,.v. and the Bratteli diagram for the chain 1€ A4 ¢C >~ o

r
is B.
As an example of the utility of the path model, let us identify C >mA>L for r¢s. Let

Ry g = (6 € Uiy ) €1 = Ty 204 &g = Tt}

For (&) € _w?.m_ define T £ € ma&_su by
Te = Kfe.g7e,0) 41 %(e.)

. j , since again
and let >_..m = mvmux*.ﬁm,a. (&) € wrm*. Then >H.m is an algebra, since ag

TeoTe g = A€ ey (&€ M) ER Q) and 1= M_ﬁﬂ“ geq qh

We have >_,.m c >m. because if (£,%) € xru. then
Ten= L Moo 2 €M A = &9 = ) )
as operators on K. Clearly A C Ca A>L.
? 8
Proposition 2.3.42. A = of@i.
Proof. For x€ >m define P(x) =

M.ﬁi;ﬁ..» (AM)ER]

One verifies that P is a linear projection of A onto Cy C;L. But for (£,1) € R,
8

P(Tgy) = 86 X (Mragren, 3 Bgend) = G

= 2m~_.$_vﬂm73_u € >Pm.

Thus C >mA>Ln Ay #
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It is an easy exercise to check that the factors of >n g are in bijection with pairs of

vertices (v,w), with v infloor r and w infloor s. The factor corresponding to a pair
(v,w) is the algebra of endomorphisms of the free vector space over the set of paths from v
to w.

Remarks. (1) The path model presented here is due to V.S. Sunder [Sun] and A.

Ocneanu [Ocn]. Compare however [SV], in which a2 maximal abelian subalgebra of
A_=UAp isidentified with KQ.
® Xk

{2) In case K=C, the action of the "path algebras" >w on (! extends to a

representation on the Hilbert space «msv with orthonormal basis . It is evident that

T is then a rank-one partial isometry with adjoint T: =T_, So A_ isa
&n Tné r

£n
C*-subalgebra of E%Ab:.

2.4. The fundamental construction and towers for multi-matrix algebras.

We consider a pair of multi-matrix algebras 1€ N ¢ M, and the associated tower of
algebras

1eM

uznZ~uZn...annZ

0 k+1 ¢

obtained by iterating the fundamental construction, as described in the chapter
introduction. It turns out that all the Zr are then multi-matrix algebras:

I it Q. Let NCM  be e pair of mulli-matriz aigebras ond lel
Mc m:a_mﬁsv be the pair abtained by the fundamental consiruclion. Then

(a) m:a_mﬁ?: is @ multi—matriz algebra and ils minimal central idempotents are of the
Jorm  p(q), where q is a minimal central idempotent in N, and p(q) is right

mulliplication by q.
(b) The inclusion matriz Jor M C mamﬁzc is the transpose of >R—.

Proof. Set F = Endy(M) and define maps Ap:M-—F by A(x)(y)=xy and

p(x)(y) = yx for x,y € M. The homomorphism A is the composition of the inclusions
M C Endy(M) and m_::m?: CF; the map p is an algebra isomorphism from M°PP

into F. Asthe pair N ¢ M is isomorphic to the pair N°PP ¢ M®PP by Corollary 2.3.4, it
is also isomorphic to p(N) C p(M). But m_.iwfgv = Cplp(N)) and M = A(M) =

Cplp(M)). Consequently (a) follows from 2.2.3.a and (b) from 2.3.5. #



50 Chapter 2: Towers of multi-matrix algebras

irreducible representations of Qu. We denote them by

S corresponding to the identity representation T of @u

p. corresponding to the signature representation am of @w

:
"

corresonding to the 2-dimensional irreducible representation amu of &,.

Similarly for

9 corresponding to the identity repregentation 7. of @n

am corresponding to the signature representation am of S,

i ict to &,
It is easy to check that the representations .. amu , a@ of Qw restrict o

i i jon matrix and the Bratteli
respectively a8 7, 7 n® am , am. It follows that the inclusion

diagram for ([8,)] ¢ ([&,] are

o
—— 0

and W/o\m/.._\.

Example 2.3.8. Consider similarly @u as a subgroup of the group S 4 of

permutations of {1,2,3,4}. The group &, has irreducible representations
m amuu am a@u am
of respective dimensions 1,3,2,3,1, whose restrictions to mw are regpectively
- a_Hn_e amu amu aqaw a@ a@ﬂ

see, for example, [Serl], Example 5.8. It follows that the inclusion matrix and the Bratteli

-
diagram for €[8] ¢ ([&,] are as follows. (The reader will check that Av = u)
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OO~
O D

-—0 oo

As in the examples, we always draw Bratteli diagrams on two levels, with the upper
level representing the larger algebra; the coloring of the vertices is actually superfluous,
since the two types of vertices are labelled by their level. The equation AP =7 has the
following interpretation: For a given black vertex v, consider the set of edges entering v,
and for each edge take the weight of the white vertex incident to that edge. The sum of
these weights, over all such edges, i3 the weight of v.

Proposition 2.3.9. (a) Let Nc M and NcM be two multi—matriz slgebra pairs with
the same Bralteli diagram. Then there erists gn isomorphism §:M —M with
&N)=N.

(b) A bicolored weighted multigraph B (with positive integer weights) is the Brattek
diagram of a multi~matriz algebra pair if and only if the weights and the multiplicities »E

satisfy 3 HM»EJ.
i

Proof. As (a) is nothing but a restatement of Proposition 2.3.3, we are left with the
proof of (b).
Let Byt by be the weights of the black points in B and let Vpit iy be those of

the white points and suppose I HM»J i Set
i

¥ ® (K)
M= o Mat (K N= ® Mat, (K.
=1 tw = —\.m

e

Let >w j be the number of lines joining the mm_. black point with the HE white point in

B. Define a map N-—M by associating to (y;,*-.y,) €N the element

(Xyse =% ) €M with x; the block-diagonal matrix

X = A:PWAQ.H.. . .‘u\un. . .u%_._.. N ..V«EV

where ¥ ia repeated A, j times. This map identifiess N with a subalgebra of M and
",
B{NCM) isthe B originally given. #





