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2 INTRODUCTION

known example of such a category is a category of representations of a
quantum group; however, there are also other examples.

We will also need a special class of tensor categories which are called
modular tensor categories (MTC); these are semisimple tensor categories
with a finite number of simple objects and certain non-degeneracy prop-
erties. The main example of such a category is provided by a suitable
semisimple quotient of the category of representations of a quantum group
at a root of unity.

3-dimensional topological quantum field theory (3D TQFT):

Despite its physical name, this is a completely mathematical object (to
such an extent that some physicists question whether it has any physical
meaning at all). A simple definition is that a 3D TQFT is a rule that as-
signs to every 2_dimensional manifold N a finite-dimensional vector space
7{N), and to every cobordism — i.e., a 3-manifold M such that its bound-
ary M is written as M = N, U N; — a linear operator T(Ny) — 7(N2)
(here N is N with reversed orientation). In particular, this should give
a linear operator T(M): C—> C, ie.,a complex number, for every closed
3-manifold M.

We will, however, need a somewhat more general definition. Namely,
we will allow 2-manifolds to have marked points with some additional data
assigned to them, and 9 manifolds to have framed tangles inside, which
should end at the marked points. In particular, taking a 3-sphere with a
link in it, we see that every such extended 3D TQFT defines invariants of |
links. ‘

2-dimensional modular functor (2D MF): topological definition:
By definition, a topological 2D modular functor is the assignment of a
finite-dimensional vector space to every 2-manifold with boundary and
some additional data assigned to the boundary components, and assign-
ment of an isomorphism between the corresponding vector spaces to every
isotopy class of homeomorphisms between such manifolds. In addition, it
is also required that these vector spaces behave nicely under gluing. i.e.,
the operation of identifying two boundary circles of a surface to produce
a new surface.

o_dimensional modular functor (2D MF): complex-analytic defini-
tion: A complez-analytic 2D modular functor is a collection of vector
bundles with flat connections on the moduli spaces of complex curves
with marked points, plus the gluing axiom which describes the behavior
of these flat connections near the boundary of the moduli space (in the
Deligne-Mumford compactification). Such structures naturally appear in
conformal field theory: every rational conformal field theory gives rise to
a complex-analytic medular functor. The most famous example of a ra-
tional conformal field theory — and thus, of a modular functor — is the
Wess- Zumino-Witten model, based on representations of an affine Lie
algebra.

The main result of this book can be formulated as follows: the notions of a
modular tensor category, 3D TQFT and 2D MF (in both versions) are essentially
equivalent.
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4 INTRODUCTION

2D MF (topological) setup. Here, again, we take N = §? = R2 U {o0}
with small disks around the points py,. .., p, removed, and with objects Vi,...,V,
assigned to the boundary circles. The modular functor assigns to such a surface
a vector space 7(S% V), ..., V..). Consider the homeomorphism &; shown in Fig-
ure 0.3. This defines operators

(b)e: T(S5 VL, V) — r(s?;vl,...,14+1,14,...,V,,)

which also satisfy the quantum Yang-Baxter equation. Now this follows from the
fact that the homeomorphisms bib; (1b; and b;+1b;b; 11 are isotopic.

FIGURE 0.3. Braiding for topological modular functor.

2D MF (complex—analytic) setup. We consider the moduli space of spheres
with n marked points. A 2D MF defines a local system on this moduli space; denote
the fiber of the corresponding vector bundle over the surface ¥ = P! with marked
points py = 1,....p, = n by T(IP’I;VI,...,VH). Then the operator of holonomy
along the path b;. shown in Figure 0.4, gives a map

(b T(PHE VA, Vo) = 7P AL L Vi Vi S OF
and the quantum Yang-Baxter equation follows from the identity
bib;y1b; = bi11bb;

in the fundamental group of the moduli space of punctured spheres.
i O i+l

FIGURE 0.4. Braiding for complex-analytic modular functor.

This simple example should convince the reader that indeed there is some
common algebraic structure playing a pivotal role in all of these subjects. In this
particular example, it is not too difficult to show that this underlying algebraic
structure is nothing but the braid group. However, when we try to include the
notion of a dual representation on the tensor category side and of higher genus
surfaces on the topological side, the situation gets more complicated. Still, the
main result holds: under some (not too restrictive) assumptions, the notions of
modular tensor category (MTC), 3D TQFT and 2D MF (topological and complex-
analytic) are essentially equivalent. Schematically, this can be expressed by the
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6 INTRODUCTION

in Chapter 1, we give basic definitions related to braided tensor categories,
such as commutativity and associativity isomorphisms, and state various coherence
theorems. We also give two basic examples of tensor categories: the category C(g)
of representations of a quantum group U,(g) (for formal gq, i.e., over the field of
rational functions in ¢) and Drinfeld's category D(g, 3), 3¢ ¢ Q. which as an abelian
category coincides with the category of finite-dimensional complex representations
of a simple Lie algebra g, but has commutativity and associativity isomorphisms
defined in terms of asymptotics of the Knizhnik—Zamolodchikov equations.

In Chapter 2, we continue the study of the theory of tensor categories. We
define the notion of ribbon category (in other terminology, rigid balanced braided
tensor category) as a category in which every object has a dual satisfying some
natural properties, and in which there are functorial isomorphisms V** ~ V com-
patible with the tensor product. We develop “graphical calculus” allowing one to
present morphisms in a ribbon category by ribbon (framed) tangles. In particular,
this shows that every ribbon category gives rise to invariants of links (Reshetikhin—
Turaev invariants). We also show that both examples of Chapter 1 — that is, the
categories C(g) and D(g. »r) — are ribbon.

In Chapter 3, we introduce one more refinement of the notion of tensor cate-
gory: that of a modular tensor category. By definition, this is a semisimple ribbon
category with a finite number of simple objects satisfying a certain non-degeneracy
condition. It turns out that these categories have a number of remarkable prop-
erties; in particular, we prove that in such a category one can define a projective
action of the group SL2(Z) on an appropriate object, and that one can express the
tensor product multiplicities (fusion coefficients} via the entries of the S-matrix
(this is known as the Verlinde formula}. We also give two examples of modular ten-
sor categories. The first one, the category C(g, 5r), »r € Z., is a suitable semisimple
subquotient of the category of representations of the quantum group U,(g) for g
being a root of unity, ¢ = e==. The second one is the category of representations of
a quantum double of a finite group G or, equivalently, the category of G-equivariant
vector bundles on G. (We do not explain here what is the proper definition of Drin-
feld’s category D(g, s) for 3 € Z, which would be a modular category — this will
be done in Chapter 7.)

In Chapter 4, we move from algebra (tensor categories) to topology, namely,
to invariants of 3-manifolds and topological quantum field theory (TQFT). We start
by showing how one can use Reshetikhin—Turaev invariants of links to define, for
every modular tensor category, invariants of closed 3-manifolds with a link inside.
This construction is based on presenting a manifold as a result of surgery of % along
a framed link, and then using Kirby’s theorem to check that the resulting invariant
does not depend on the choice of such a presentation. Next, we give a general
definition of a topological quantum field theory in any dimension and consider a
“baby” example of a 2D TQFT. After this, we return again to the dimension 3 case
and define “extended” 3D TQFT, in which 3-manifolds may contain framed tangles
whose ends must be on the boundary; thus, the boundary becomes a surface with
marked points and non-zero tangent vectors assigned to them. The main result of
this chapter is that every MTC defines an extended 3D TQFT (up to a suitable
“central extension”). This, in particular, explains the action of SLy(Z) which was
introduced in Chapter 3: this action corresponds to the natural action of SL2(Z)
on the torus with one marked point.
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8 INTRODUCTION

thousands. We tried to list some of the most important references in the beginning
of each chapter; however, this selection is highly subjective and does not pretend
to be complete in any way. If you find that we missed some important result or
gave an incorrect attribution, please let us know and we will gladly correct it in the
next edition.
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