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Definition 5.7 A braided monoidal category (V,®, I, o, p, A, 7) is bal-
anced if it i equipped with o natural automorphism 8 : 1y = 1y colled
the balancing or twist map satisfying

& = Id;
rreel
Brvs = oA (0B84 0 04)).
Notice that the second condition may be rewritten as
[78.4] " (Bany) = 04,n(04 2 0p).

In Chapter 12 we will give another characterization of braided mon-
oidal categories in terms of a “multiplication” on a monoidal category,

Another concept familiar from the case of categories of vector-spaces
is the notion of a dual ohject.

Deflnition 5.8 A right (resp. left) dual o an object X in a monoidal
category V = (V, 09, 1,0, A, p) is an object X* (resp. *X ) equipped with
maps ¢ ! X QX * > Tandy: 1 5 X" QX (reap. e "X R X = | and
hol - X 0 "X) such that the composites

,op! .o X My . . oy F . X

XS Xl ™ XX 0X)S Xex oX @ xxdx
and

e A1 e HOX Y e e v rv e ves XUEY . s B
X5 ToX 8 (X aX)oX' S XXX X8 xur s x
{resp.

. AT N g A . T - [ (e

XS 10X (X X)X 3XMXeoX) " yorhx
and

) e g AR oo . . e X .
A5 Xl I XX o) D (XeX)eX 9 1ex ATX)

are identity maps,

{
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Notice that in the case of a symmetric monoidal category
:\_ ¢y H_ , p, \/. Q.v_

a right dual to any object is canonically a lelt dual by taking » = o¢
and h = yo.

This type of duality is an abstraction from the sort of duality which
exists in categories of finite dimensional vector-spaces. N I8 not hard
10 show that the canonical isomorphism from the second dual of a
vector-space Lo the space generalizes 1o give canonical isomorphisms
k*(X*)— X and &: ("X)* = X. In general, however, there may not
even be any maps {rom X** or " X {0 X (cf. [22]). In cases where every
object admits a right (resp. left) dual, it is easy to show that a choice of
right (resp. left) dual for every object extends to a contravariant fune-
tor, whose application to maps will be denoted f* (resp. * f), and that
the canonical maps noted above hecome natural isomorphisms between
ithe compositions of these functors and the identity functor. Likewise,
il is easy 1o show that (A ® 13)* is canonically isomorphic to 3% ¢ A",
and similarly for left duals.

In the case of a braided monoidal category cvery right dual is also
a left dual, but in general the left dual structure is non-canonical {(cf.
[22]). In symmetric monoidal categories, we return to the familiar: right
duals are canonically left duals. In non-symmetric braided monoidal
calegorics it is possible to provide a canonical left dual structure on all
right duals only in the presence of additional stracture on the category:
the category must be balanced and the balancing be related to the
duality structure in a natural way,

Definition 5.9 A braided monvidal category € is ribbon (or tortile) ¢f
all objects admit right duals, and it is cquipped with a baluncing # : 1o =
Loy which moreover satisfies

%b- = tﬂ.—

Definition 8.10 A symmetric monoidal category C is rigid if all objects
admit (right) duals.



{
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Pae for objects, but must be checked for maps. The reader familiar with

X
the diagraums that can be used to represent maps in braided monoidal

calogories can casily recover the proof given in [61]. Beielly, one first
shows that
=X othy)lex 0 XS

by using the naturality of o (twice) and the right duality structure of
(=) (omee). One then uses the left duality structure to obtain the
desired result, O

(6x')" b

¥
-LTm - B . . r . .

(*X) > A Lemma 5.14 Any natural isomorphisie ¢ 3 X* = *X ds induced by o

natural automorphism of the identity functor 8 : X = X, and conversely

Figure 5.2: T'wo-Sided Dual Condition any netural antomorphism of the tdenlily functor induces o natural (so-

morphism from (=)* to *(-).

Um\ms_;_os m.Hw \H.::.Eﬂii q.q..;.ﬁ._‘.w:_.m“ r._.hz:.......,_.:_n._: il is 2_—..&_._5:_:. with proof of Lemma 5.14 This is immediate from the previous lemma
@ choee .?_ carn @ bject X of 4 :.q.; it A . and a left A_:mi X, a.:a. ¢ and the dinaturality properties of ¢ and . Given ¢, # is given by
natural isomorphism ¢x  X* — *X salisfying the condition of Figure

£ o0 . . .

Do Ox =[x & X)[ox 0 X 0 X]ox x[e e X,

We then have the lollowing theorem, which is due to Deligne [15]

while given 8, ¢ is given by
(cf. also {61], where a more detailed proof may be fonnd): ; pie

. g ‘.“l ”.H;Q\..K..._.l\#. ..l..‘.
Theorem 5.12 [very ribhon caleyory 1s a sovervign category when e- #x = [heo Xouy [ 0 X700 “Xfex 2 °X]

quipped with the left-duals oblained by letting "X = X* with siructure .

given by ¢ = 0™V and h = no, and conversely.

Lemma 5.15 A natural isomorphism ¢ 2 X* —=* X provides ¢ sovercign
category structure for the right and left dual struelures given in the
statement of the theorem if and only if the corresponding naturel au-
tmnorphism 0 0 lde = Tde satisfies the balaneing axioms of Definition
5.7,

sketch of proof: The proof is reduced to a sequence of lemmas,
Throughout, we use Mac Lane’s coherence theorem to justify the sup-
pression of all instances of monoidal structure maps.

Lemma 5.13 The identity maps on the right duals are components of a
natural isomorphism from the right dual functor to the lefl dual funcior

(with the given structure maps). sketch of proof of Lemma 5.15

The proof that the balancing condition implies sovercignty is done
by caleulating the two composites in the diagram obtained from that

sketch of proof of Lemma 5.13: This amounts to saying that the . .
ol Fignre 5.2 by inverting hoth vertical maps. By using the naturality

functors (=) and (=)* are equal. This is immediate by construetion
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conditions on the braiding and the dinaturality of the structure maps
for the right duals, it follows that :.;_,,r.w_ oquals

e ® (X)X @ aggage goxpelleon (X)),

(Recall that for any object Y, "Y = ¥Y*.) Observing thal ¢ = [d;, it
follows rom Lthe naturality of # Lhat

zkh_.w._ =
[hex @ CXYIX @ a(x0)e ox )l [Bax mpenys @ (X 7)][eex " (X))
Similarly, recalling the definition of ¢ in terms of # and the definition
of (=) on maps, one can use the triangle condition and dinatnrality of

the unit and counit of the structure maps for (=)* and the naturality
and invertibility of the braiding to show that

Pxbxe =
[hox 82 CX)ICX 8 0gxege ox o [Box 69 Boye 0 (X))
(a2 X" [eox © (X))

It. thus follows that if 8 satisfies the balancing axiom

Bann = (04 D O0k]04BIR 4,

then ¢ defined in the theorem gives asovereign structure on the category
for the given right duals and teft duals oblained by “twisting™ with the
braiding,.

The key to the reverse implication is Lo consider in detail the con-
dition that ¢ be a monoeidel natura) transformation, Lot

bxy  (X@Y) oY X"

be Lhe canonical isomorphism which makes (=)* into a monoidal functor.
In this case, the condition that b be the structure maps for the monoidal
funetor is equivalent to the condition

i
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qw.x._..au\?@.o X® M\u = ...43..:\... M 1y & \.A.J

and a similar condition relating ¢ and 6.
Clomposing both sides of this equation with a and applying the nat-
urality ol o 1o both sides shows that

hxay[X 0V @B =hx[X ®hy @ XX @Y @],

and a similar calculation for the condition on ¢ and ¢ shows that the
structure map for *(=) as a monoidal functor is be~% The condition

that ¢ be a monoidal natural transformation becomey

b e o] = Pha=?

ar equivalently,

bx.yléx ® ¢v)ody'y = dxay.

Now recalling the definition of 8 in terms of ¢, and caleulating fx vy
by substituting the lefi-hand side of the last equation lor ¢x gy, apply-
ing the defining property of b and using the naturality and invertibility
of the braiding, we obtain the balancing condition for 8 as defined in
terms of ¢,

I'hus we establish the lemma and the theorem. O D

In Lhe case of categories of modules over a bialgebra A, the strue-
tiures discussed in this chapter correspond to the additional structures
discussedd at the end of the previous chapter. We state without proof:

Theorem 5.18 If A ix a bialgebra over I, then the following implica-
tions hold for the category A-mod with the induced monoidal structure

of Ezxample 3.7:

{. If A is a Hopf algebra | then A-mod hay right (und left) duals.



