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L*(G) is a |G|-dimensional C-vector space with an orthonormal
basis consisting of the delta functions

1 ifx=a
0 ifx#a.

Obvious. H

da(x) =
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For f,g € L*(G)
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The Laplacian A = % on R/Z can be approximated by
an operator known as the “combinatorial Laplacian” on a
certain type of graph.

Let f € C?(R) and suppose we have sampled its values at
n points xg,- - - ,x,_1 of equal spacing § = % For
simplicity denote f(x;) = f(j).

Assume in addition that f satisfies periodic boundary
conditions; thereby we may regard f as being defined on
the “finite circle” Z,, interpreting all of f's arguments
mod n.
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Definition (Finite Difference Operators)

The “first derivative” is

D1f(j) =
the “second derivative” is

Dy f(j) = Di(D1f(j)) = [n*(A—2D)] f(j +1).

Where I is the identity operator, If(j) = f(j) and A is the
adjacency operator

Af@) =G -D)+7f0+1)
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Definition
The combinatorial Laplacian A. is defined by

A, =A-2]

so that
Dy f(j) = n*Acf(j +1).

Note lim, o n2A. = A, which is to say that n2A,
approximates the second derivative on the circle.
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© The Gaussian f(z) = ¢ ™" is a well-known example for
which equality holds in the continuous version.

It is also porportional to its Fourier transform and so is a

kind of fixed point.

@ |In the discrete case, if H < GG then equality holds for

1

H = 0
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