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1. Determine the interval of convergence for the power series (=1 (x+2)"

n=1 n3"
We need to use the ratio test (or root test) to determine the radius of convergence. So
1 ’m + 2’n+1
. (D3l o onlz+2] |z +2
we look at lim T = lim =
o L2t esdntl) 3
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. By the ratio test the

power series converges when < 1. Or when |z + 2| < 3. Thus f(x) converges

on the interval (—5,1).

We need to test convergence at the endpoints. Plugging in -5 into the power series we
o

> (=" 1
get the series nZ::l (n?)’)l(_5 +2)" = ; - which is a divergent p series.
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= (-1 .
Plugging in 1 into the power series, we get the series (1+2)"
gging p , we g nZl n3” + g
which converges by the alternating series test as = > 0, = > TH and hm % = 0.
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Thus the interval of convergence for the power series is (- 5 ,1].

o0 n
. Determine the interval of convergence for the power series », —(3z —1)"
n=0 T

We need to use the ratio test (or root test) to determine the radius of convergence.

gntl ‘3 B 1|n+1
2|13x — 1
So we look at lim n+21n"3 1] = 1li (‘ x+ 1)| = 0 < 1. By the ratio test the
n—00 — n—oo (n

power series converges for all real numbers .

oo
If f(z) = > apz™ has a radius of convergence equal to 5, does f(5) necessarily
n=0
converge?

If f(z) has radius of convergence 5, we know that f converges on the open interval
(—5,5). We can’t determine if f(5) converges or not. We need to know the behavior
[e.°]

of > a,5". Not knowing a,, we cannot say anymore.
n=0

. Find the 3rd Taylor polynomial for f(z) = % centered at x = 2.

To find the 3rd Taylor polynomial we need to compute 3 derivatives of f and evaluate
them at z = 2.
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. Find the 2nd Taylor polynomial for f(z) = sin(2z) centered at = = %.

s
3

™

To find the second Taylor polynomial at z = %, we need to compute two derivatives

and evaluate them at z = %

f(@) = sin(2a), £(5) = 2

f'(z) = 2cos(2x), f'(3) = —1.

f"(z) = —4sin(2z), f"(3) = —2V/3.

Thus Ps(z) = § —(x—%) - V3(z — §)2

ol

. Find the Taylor series for f(x) = Ilnx centered at x = 1.

> n

The Taylor series for f(z) = Inx centered at z = 1is ) #(m —1)"™. You can
n=1

derive this as we derived the Taylor polynomials above, or you can use the Maclaurin

series for In(z + 1) plugging in (x — 1) for z as In(z — 1+ 1) = In(z).

in(2
Find the Maclaurin series for f(z) = sin x)
x
The Maclaurin series for si S D" o0ty S0GT) 1 i )" (gt
e Maclaurin series for sinx = x . Thus ——— = — x =
o 2! oz n:O (2n —|— 1)!
i (_1)n22n+1 2n
—
|
=~ (2n+1)!
. Find the Maclaurin series for f(x) =
. . =t 2 = 1 22
The Maclaurin series for e* = > 2" Thus e* = > 2"
n=0 n=0
1
. Show that y = we® is a solution to the differential equation 3’ = u
x

Yy =xe’ +e¥ =y+ 2= (x+1)y Thus y = ze” is a solution to the above differential
equation.

Find the general solution to ¢’ = (y? + 1) sec?(x).

This is a separable differential equation. Separating the variables we obtain ygdil =

sec? zdx. Integrating both sides we obtain, arctany = tanz + C. Or y = tan(tanx +

o).
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Find the solution to the initial value problem zy’ —y = z2e*, y(1) = 2.

This is a linear differential equation with p(z) = —1 and ¢(z) = e®. The integrating
factor v(z) = e~/ 3 = ehlel = 3 Now y = uzx. To solve for u we look at
w'r = xe® or ' = e*. Thus u=¢€" + C and y = xe® + Cz. To solve for C, 2 =e+ C
or C =2—e. Thus y = ze® + (2 — e)x.

Find the general solution to y/ — 4y = €3,

This is a linear differential equation with p(x) = —4 and ¢(z) = €3*. The integrating
factor v(z) = e~/ 49 = ¢4 Now y = ue’®. To solve for u we look at u/e’* = e3*
or v =e . Thus u=—e*+C and y = —e3% 4+ Ce*.

A 20 gallon container contains 10 gallons of water and one half a pound of salt. Pure
water is poured into the container at a rate of 2 gallons a minute. If the subsequent
mixture leaves the container at a rate of 1 gallon a minute, set up a differential
equation with initial conditions to solve for the amount of salt in the container at any
time 0 < ¢ < 10.

Let Q(t) be the amount of salt in the container at any time 0 < ¢ < 10. The rate
the salt is entering the container is 0 as there is no salt in pure water. The rate at
which the salt is exiting the container is &t)t pounds per minute. Thus a differential

10+
equation to solve for Q(t) is

Q'(t) = —?O—(i)t with initial condition Q(0) = 3.

A population of bacteria grows at a rate proportional to the amount present. If the
population doubles in two hours, find the general solution for the amount of bacteria
present.

Let P(t) be the bacteria population at any time t. The word problem describes growth
at a rate P'(t) = kP(t). The solution to this differential equation is P(t) = P(0)e*t.

A bicyclist is coasting down the road at a rate of 3 meters per second. If the bicyclist
and his bicycle weigh 70 kg and the resistance is given by twice the speed he is
traveling, find his velocity after 1 minute.

We use Newton’s second law F' = ma = m% and the resistive force is F' = —kv where
k = 2. Thus f% = —%v. Solving this differential equation, we obtain v = 0067%.
12

Thus v(60) = 3¢5 =3e 7.

Find the series solution to y” —y = 0 with initial conditions ¢'(0) = 0 and y(0) = 1.

o0 o0
Set y = > a,x". Taking derivatives we obtain ¢ = >, (n + 1)apt12™ and y” =
n=0 n=0

[o.¢] o

> (n+2)(n+ 1)aps22™. Thus Y [(n+2)(n+ 1)apt2 — ap)z™ = 0. Hence, (n +
n=0 n=0

2)(n + 1)ap4+2 — ap = 0 for n > 0. From the initial conditions we have ap = 1 and
a; = 0. Using the recurrence relation above we see that 2a2 —ag = 0 or ay = %
3-2a3—a1 =0o0ra3=0. 4-3a4 —as = 0 thus aq4 = %. In general ag, = % and
et+e "

o0
aon+1 = 0. Hence y = > ﬁx%. This is equivalent to y = “—5—.
n=0
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17. Use series to evaluate lim M
z—0 Sin T

x
(_1)n+1 n n+1 n+1 TL—l
T x 1

In(14+x) n§1 " . i nz . i nZ

| 1 - = hn(1) = = hr% = hr% — .
xr— SInxr Tr— xr— xr— —_1\n
E (2n+1 z?nl T+ Z 2n+1 Grpy 1+ 21 (2n+)1)!9”2n
n=

The terms in both serles are all 0; thus the limit i IS 1



