STREAM FUNCTIONS FOR DIVERGENCE-FREE VECTOR FIELDS
Constructive Version

JAMES P. KELLIHER'

ABSTRACT. In 1990, Von Wahl and, independently, Borchers and Sohr showed that a
divergence-free vector field u in a 3D bounded domain that is tangential to the bound-
ary can be written as the curl of a vector field vanishing on the boundary of the domain.
We extend this result to higher dimension and to Lipschitz boundaries in a form suitable
for integration in flat space, showing that u can be written as the divergence of an antisym-
metric matrix field. We also demonstrate how obtaining a kernel for such a matrix field is
dual to obtaining a Biot-Savart kernel for the domain.
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— | Constructive Version |

This version includes a constructive, more geometric (and much longer) approach to
obtaining the stream function in Section 7. It also includes Appendices A and B.

Blue italicized text in smaller fonts contains parenthetical comments or details of
proofs not intended for publication.

1. OVERVIEW

Let u be a divergence-free vector field on a bounded Lipschitz domain © C R¢, d > 2, that
is tangential to the boundary. For a simply connected domain, it is well known that in two
dimensions, u = V414 := (=91, 01¢) for a stream function, ¢, vanishing on the boundary.
It is also well known that in three dimensions, we can write u = curly, where now the vector
potential 1 is a divergence-free vector field tangential to the boundary. Perhaps somewhat
less well-known is that ¢ can also be chosen (non-uniquely) to vanish on the boundary, though
sacrificing the divergence-free condition. This 3D form of the vector potential was developed
in [9, 26], where it is studied in Sobolev, Hélder spaces, for 11 C° boundaries, respectively.

In higher dimension, we can no longer use a vector field as the potential; instead, we will
use an antisymmetric matrix field A vanishing on the boundary, for which v = div A, the
divergence applied to A row-by-row. This was the manner it was utilized in [20], without,
however, the key antisymmetric condition.
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Our main result is Theorem 1.1.

Theorem 1.1. Let H be the space of divergence-free vector fields on 2 that are tangential to
the boundary and that have L? coefficients. Let H. be the closed subspace of curl-free vector
fields (see (3.1)) in H, let Hy be its orthogonal complement in H, and let

Xo:={A e HY Q)™ A antisymmetric}.

Then Hy = div Xg, and there exists a bounded linear map S: Hy — Xo with div Su = u.
Specializing to d = 2,3, we can write

_ VJ_H(%(Q)a d= 2:
| ewrls HY(Q)3, d=3.

Because the term matrixz potential is commonly used in the literature for other purposes,
we will adopt the 2D terminology for all dimensions, calling A the stream function for u.

Closely connected to stream functions is the Hodge decomposition of L%-vector fields on
Q). Indeed, one form of the Hodge decomposition in 3D is

H = H, @ curl(H N H'(Q)?).

That is, each element of Hy := H. is the image of a classical, divergence-free vector potential
tangential to the boundary. Moreover, for any u € Hg, the boundary value problem

{Curlq/} =u in €,

=0 on Of) (1.1)

is (non-uniquely) solvable, and gives the 3D form of the stream function in Theorem 1.1.

In fact, solving the analog of (1.1) in any dimension in the more general setting of an
oriented manifold with boundary was worked out by Schwarz in [22]. He shows that for such
a manifold with C"! boundary, given a 1-form o having L2-regularity and vanishing normal
component, the boundary value problem

68 =« on M,
Blomr =0 on OM

(9 is the codifferential) is solvable for a 2-form having H!-regularity if and only if
/ aAx\ =0 for all A € Hj(Q).
M

Here, H}V(Q) is the space of harmonic fields having vanishing normal component, the analog
of H., and the integral condition on « defines the analog of Hy. (Appendix A has a more
detailed account.)

Schwarz’s result is not restricted to 1-forms, but holds for k-forms and also allows non-zero
boundary values. It is restricted, however, to C! boundaries. For manifolds embedded in
R?, this restriction is loosened in [21], which applies to boundaries even less regular than
Lipschitz. The authors show that, given an (¢ — 1)-form « for any 0 <[ < d — 1, there exists
an ¢-form B having prescribed boundary value for which §3 = a. They assume, however,
that the (£ — 1)-st Betti number vanishes. Since we need such a result for £ = 2, this means
that the first Betti number must vanish, which means that {2 must be simply connected, an
assumption we wish to avoid.

We present our derivation of a stream function here, therefore, because it applies to non-
simply connected domains having only a Lipschitz continuous boundary. Moreover, we obtain
the stream function non-constructively, using simple functional analytic arguments, avoiding
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entirely the language of differential forms, making it more accessible and self-contained for
our intended primary audience of analysts working in flat space.

Central to our approach is the fact that the divergence operator maps vector fields in
HE(Q)4 onto L3(€), the space of L? functions with mean zero. For arbitrary domains, this
is a result of Bogovskii [7, 8] (see Lemma 2.11, below). Bogovskii produces an integral kernel
for solving the problem divu = f in a star-shaped domain. This kernel and adaptations
of it have been used in other approaches to Theorem 1.1 in 3D, such as [6] for star-shaped
domains, but we use Bogovskii’s result as a “black box,” for with it, we can easily obtain
Theorem 1.1 except for the key antisymmetric condition on the stream function.

Nevertheless, the partially constructive 3D approach taken in [9] can be adapted, using
aspects of the geometric approach taken in [23], to obtain the same result. We present this
approach in Section 7. It relies, however, upon two lemmas that hold true for manifolds in
R? with smooth boundary, but whose proofs for Lipschitz boundaries do not, as far as the
author can determine, appear in the literature. Hence, this approach is incomplete.

We also present in Appendix A an overview of the results as presented in [23] as regards the
Hodge decomposition and what we are calling stream functions in the language of differential
forms, making the connection with the “flat space” approach we have taken.

We assume that © is a bounded, connected, open subset of RY, d > 2, with Lipschitz
boundary, 9. We define the L?-based Sobolev spaces, H*(Q) and HE(Q), for nonnegative k
in the usual way (the boundary is regular enough that all standard definitions are equivalent).
Identifying L? with its own dual, we also define the dual spaces, H=%(Q) := HF(Q)'.

We will work with the classical function spaces, H and V, of incompressible fluid mechanics:

H:={uec L*(Q)?: divu =0, u-n =0},

Vi={ue Hol(Q)d: divu = 0}. (1.2)

The divergence here is defined in terms of weak derivatives, and u-n is defined as an element
of H _%(89) in terms of a trace (see Lemma 2.2), n being the outward unit normal vector.
Both H and V are Hilbert spaces with norms and inner products as subspaces of L? and H&.
By virtue of the Poincaré inequality, we can use

(f,9>H3 = (Vf,Vg)r, HfHHg = V£l
(w,v)v = (Vu, Vo) 2, lully = [[Vullp2 .

With these very cursory definitions out of the way, we give in Section 2 some further
necessary background material drawn mostly from [14, 16]. In Section 3, we prove our main
result, Theorem 1.1, extending it to the space V in Section 4. In Section 5 we show how the
classical 3D vector potentials can be obtained from the stream function of Theorem 1.1.

In Section 6 we demonstrate that the Biot-Savart law, which recovers a vector field in
Hj from its vorticity (curl), is, in a precise way, dual to the problem of obtaining a stream
function from a velocity field in Hy. We show that if there is an integral kernel associated
with one of these problems it is also the kernel associated with the other problem.

In Appendix A we present the Hodge-Morrey decomposition of L? differential forms cor-
responding to the space H by using the results of [23], and give a few results regarding
differential forms that we need in the proof of Theorem 1.1. Finally, in Appendix B, we
present, for comparison, an outline of the more classical characterization of the space Hj.

Throughout, we follow the convention that ||| := |[-[| 2q) or [|[| -

We write (u,v) for the inner product in L? or H. We write v* for the i-th coordinate of
a vector v; A;- for the element in the i-th row, j-th column of a matrix A; A" for the i-th
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row of A; A; for the j-th column of A. We follow the convention that repeated indices are
implicitly summed, even when both indices are superscripts or both are subscripts.

2. BACKGROUND MATERIAL

Here, we present a number of tools we will use in what follows. The results themselves are
classical, but their form and proofs are based primarily upon Galdi’s invaluable introductory
chapters in [14] along with material from the equally invaluable [16]. Table 1 converts some
of Galdi’s notation to the notation we are using, which may be useful for the reader who
wishes to examine our explicit references to Galdi’s text.

TABLE 1. Some notation in Galdi’s [14]

Galdi Our notation

D(Q) V=V NC§(N): divergence-free test functions
H, the space H defined in (1.2)

H' or Hi HnNHYQ), with H as defined in in (1.2)

D™ H™(Q), the homogeneous Sobolev space

Dy HJ*(€2), the homogeneous Sobolev space

(for us, Q is bounded, so HJ*(Q) = HJ ()

Definition 2.1. As in [25], we define the space
E(Q) :={uec L*(Q)?: divu € L*(Q)},
endowed with the norm, ||ul| + ||divul||. We also define the space,
E(Q) :={u e L*(Q)*: curlu € L*(Q)},
endowed with the norm, ||u|| + ||curlul|. We use E(Q) only in 3D.
We frequently integrate by parts using Lemma 2.2 (see Theorem 2.5 and (2.17) of [16]):

Lemma 2.2. There exists a normal trace operator from E(Q) to H=1/2(9Q) that continuously

extends u — u - nlgq from C(Q) to E(Q). We will simply write u-n rather than naming this
trace operator. For all u € E(QQ), ¢ € H'(),

(u, Vo) = —(dive, ) + /8 (g

where we have written (u - 1, SO)Hfl/Z(aQ)’Hl/Z(aQ) in the form of a boundary integral.
In 3D, we also have the following (see Theorem 2.11 of [16]):

Lemma 2.3. In 3D, there exists a tangential trace operator from E(Q) to H~/2(8Q) that

continuously extends u — u X n|aq from C(Q2) to E(Q). We will simply write u X n rather
than naming this operator. For allu € E(Q), ¢ € H (),

(curlu, p) = (u, curl ) —i—/ (uxmn)-o.
o0

Poincaré’s inequality holds not just for V, but for the larger space H N H' ()
Lemma 2.4. There exists a constant C = C(Q) such that for allu € H N H' (),
[ull < C{[Vul.
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Proof. For any u € H,

/uj:/u-ij:—/divu:cj—i-/ (u-m)z? =0.
Q Q Q o0

Hence, u has mean value zero, so Poincaré’s inequality holds in the form stated. O

The well-posedness of solutions to the (stationary) Stokes problem is a classical, deep
result, that lies at the heart of much of what we do. We will rely heavily upon the following
version of it:

Proposition 2.5. For any f € H~Y(Q)¢, the (stationary) Stokes problem,
—Av+Vqg=f inQ,

dive =0 in €, (2.1)
v=20 on €,

has a unique (up to an additive constant for q) weak solution, (v, q) € H*(Q)?x L?(R). Moreover,

[l g2+ llgll < C U fll -
Proof. See, for instance, Proposition 4.2 of [3] or Theorem IV.1.1 of [14]. O

The well-posedness of the Stokes problem quickly yields a proof of the version of de Rham’s
lemma in Proposition 2.6. (This makes de Rham’s lemma appear quite simple, yet de Rham’s
lemma is generally used in the proof of the well-posedness of the Stokes problem, as it is in
the proof in [14] that we referenced. This perceived simplicity, then, is merely a consequence
of the presentation, and hardly a self-contained proof.)

Proposition 2.6 (de Rham’s Lemma). A vector field f € H=(Q) is the gradient of an L?
function if and only if

(f,v) =0 forallveV.

Proof. The forward direction is immediate. For the converse, given f € H=1(Q)4, let (v,q) €
V x L?(Q2) be the solution to (2.1) given by Proposition 2.5. Since v € V, we then have

0= (f,v) = (—Av,v) + (Vg,v) = | Vo|*.
Hence, v =0, so f = Vq. O

Key tools for us will be the decomposition of vector fields in HS(Q) given in Proposition 2.7
and the surjectivity of the divergence operator in Lemma 2.11. These results employ the space

L) = {f € X [ f=o0).
Q

Proposition 2.7. The orthogonal decomposition, H&(Q)d =V @&V, holds with
Vi ={ze HY () Az = Vq for some q € L*(Q)} (2.2)

and ||Pyrp| < C||divp|. Moreover, the orthogonal projection Py : HY(Q)? — V given by
© = Py + 2, where (z,q) € HY(Q)? x L%(Q) is a weak solution to

—Az+Vqg=0 1inQ,
divz =divey in €, (2.3)
z=0 on €.
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Proof. This decomposition is given in Corollary 2.3 p. 23 of [16] (also see Lemma 2.2 of [18]).
We give a proof here for completeness.

Starting with ¢ € H}(Q)4, set g = divy € L?(Q2) and solve (non-uniquely), divw = g for
w € H(Q). That we can solve this is a matter we will return to in Section 3; specifically, see
Lemma 2.11. We have, |[wl|y1(q) < C |g]], as shown, for instance, in Exercise 111.3.8 of [14].

Next let f = Aw € H~1(Q)4, and let (v, q) be the unique solution to (2.1). Set z = v +w
and observe that —Az+Vqg=f — Aw =0, divz = g = divy, and z = 0 on 9f). Hence,
(z,q) is a solution to (2.3), and we see that Py = ¢ — z. Moreover,

(PVQD,Z)V = (VPV%VZ) = 7(A27PV§0)H—1,H01 = 7(qu PV@)H—l,Hé = 0.

Hence, we see that z € V1, so V1 contains the set on the righthand side of (2.2).
It remains to show that V1 contains only the set on the righthand side of (2.2). To see
this, suppose that z € V. Let w € V be arbitrary. Then

(u, 2)v = (Vu, Vz) = (Az,u) -1 g3 = 0.

Thus, Az = Vq for some ¢ € L?(2) by Proposition 2.6. The bound ||Py, 1| < C||div ||
follows, for instance, from the Stokes problem bound in Exercise IV.1.1 of [14]. O

We could have directly used the solution to (2.3) to obtain the decomposition of H}(€2)?,
but we wished to reduce the problem to the classical Stokes problem and (non-unique) inver-
sion of the divergence operator.

Remark 2.8. Going a little beyond (2.2), there is a bijection between VL*(Q) and V* that
comes from solving, for a given q € L*(Q), the elliptic problem, Az = 8;q in Q, z* =0 on
0) for each i. We never, however, make use of this bijection.

Remark 2.9. Corollary 2.3 p. 28 of [16] gives the decomposition in Proposition 2.7, also
using, as we did, a solution to the Stokes problem to obtain it. Interestingly, Amrouche
and Girault in [3] invert this approach, using the decomposition to prove the existence of a
solution to the Stokes problem. They then go on to give a proof of the decomposition that
does not require knowledge of the existence of a solution to the Stokes problem (though it
uses, and proves, that any solution satisfies certain estimates). All this is done in WP
spaces for p € (1,00) and goes far beyond our purposes here.

Note that the solution of (2.1) can be rephrased as follows:

Proposition 2.10.
HY(Q)?1=AV @ VLA (Q) = AV @ AVt = AH Q)%

Proof. Let f € H~*(Q)? and let (v,q) solve (2.1). This gives H~}(Q)¢ = AV + VL?(Q)
and the uniqueness of the solution shows that the decomposition is a direct sum. Then (2.2
shows that AV+ = VL2(Q) = VL2(Q), hence also H~1(Q)4 = AV AV = AV + V)
AHL(Q)?, where we invoked Proposition 2.7.

~— S

|

Lemma 2.11. [Bogovskii [7, 8]] For any f € LZ(Q) there exists v € HE(Q)? for which
dive = f. We can choose the (non-unique) solutions in such a way as to define a bounded
linear operator R: L2(Q) — HY(Q)? for which |[VRf| < C||f|l. Moreover, we can assume
that R maps into the space V=.

Proof. For the proof of all but the last sentence, see Bogovskii [7, 8] or Theorem 2.4 of [9).
Then, for any f € L3(R), div(P,LRf) = div Rf = f and

IV(Py R = 1PvrRf (| gy < I1Rf gy = VRS

So because Py, 1 is a continuous linear operator, we can replace R by Py 1 R. O
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In fact, Bogovskﬁ in [7, 8] showed that the divergence is surjective for an arbitrary domain
in RY. See, for instance, the historical comments on pages 208-209 of [2].

The difficult part of proving Lemma 2.11 is obtaining the surjectivity of the divergence as
a map from HE(Q)4 to L2(Q): once that is obtained (or even just that the range of div is
closed), the bounded linear (partial) inverse map R follows from basic functional analysis, by
arguing much as we do in the proof of Theorem 1.1 in Section 3. (And see Remark 3.8.)

Moreover, since Py,1 does not change the divergence of a vector field, the constant in the
inequality in Lemma 2.11 is at least as small as the constant in Proposition 2.7. (This is
a little misleading, however, as Lemma 2.11 is generally used to prove the estimates on the
Stokes problem that lead to the inequality in Proposition 2.7.)

From R of Lemma 2.11, we define a matrix-valued operator, which we continue to call R,

by applying R on each component of any vector in L%(Q)d:

R: L2 = HYQ)™  (Ru)' := Ru'. (2.4)

We have been somewhat formal in our proof of Proposition 2.7, as we never gave a definition
of a weak solution to (2.3) or even to the special case in (2.1). For this purpose, we unwind
the definitions and results in [14]', leading to the following:

Definition 2.12. The pair (z,q) € H}(Q) x L?(2) is a weak solution to (2.3) if z = v + w,
where v,w € HE(Q), divw = divep, and

(Vu, V) = (f, ) for all p €V,
(Vu,Va) = (f,a) + (¢, diva) for all a € C§°(Q),

where f = Aw and V :=V NCF(Q) (this is what Galdi, very confusingly, calls D(2)). Also,
(-,-) is the pairing between H~1(Q2) and HE(Q).

Now, since
(Vu, V) = (Vz, V) = (Vw, Vi) = (Vz, Vi) + (Aw, ) = (Vz, V) + (f,4)
and, similarly,
(Vu,Va) = (Vz,Va) + (f,a),
we see that

(Vz,Vip) =0 forall € V,

2.
(Vz,Va) = (¢,diva) for all o € C5°(). (25)

In the first equality we used the density of V in V. Although f is eliminated in (2.5), ¢ still
appears, and ¢ ultimately derives from f. Hence, we cannot use these identities together to
define a weak solution.

We have the following simple proposition:

Proposition 2.13. If u € V then for all p € H}(),
(Au, ) = (Au, Py o).
If u € V- then for all ¢ € H}(Q),
(Au, ) = (Au, Pyy1).

1See Definition IV.1.1, Remark IV.1.1, (IV.1.3), Lemma IV.1.1 in [14], and note the sign change, since Galdi
solves Av — Vg = f.
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Proof. Let ¢ € HZ(Q), which we can write as ¢ = Py ¢+ z, as in Proposition 2.7. For u € V,
(AU, 90) = (Au> PVQO) + (Aua Z) = (A’LL, PVSO) - (Vu7 VZ) = (Auv PVQD)

by (25)1
For u € V1, we know by Proposition 2.7 that Au = V¢ for some ¢q € L?(Q2). Hence,

(A, ) = (Au, Prg) + (Au, 2) = (Va, Prg) + (Au, Prig) = (Au, Pyog). O
A simple and immediate consequence of Proposition 2.13 is the following:
Corollary 2.14. Let v € AV. Then for all ¢ € H}(2),
(v, ) = (v, Prep).
Moreover,
(v,90) =0 for allp €V <= (v,9) =0 for all p € H}(Q).

Remark 2.15. We might interpret Corollary 2.1/ as saying that AV is a near proxy for V'
as a distribution space, touching upon the subject of the next section.

3. PROOF OF MAIN RESULT

In this section we prove our main result, Theorem 1.1. We present first some imporant
existing results then establish a series of lemmas and propositions we will use in the (short)
body of the proof of Theorem 1.1, with which we close the section.

Define the subspace

H.:={ue H: curlu =0}
of H. Here, we use the curl operator on R? in the form,
curlu := Vu — (Vu)T. (3.1)

That is, curlu is twice the antisymmetric gradient, the d x d matrix-valued function with

(curl u); = §;u’ — d;u’. This form of the curl is convenient for integrating by parts (applying

the divergence theorem) in flat space. In 2D, we can define curlu := dju® — dou?l, the scalar

curl, and in 3D we can define it as a vector in the usual way, denoting it curls for clarity.
We have the following simple lemma:

Lemma 3.1. H. C{v € H: Av =0}.
Proof. Let v € H., meaning that divev = 0 and curlv = 0. Then
Av = div Vv = div(Vv — (Vo)T) + div(Ve)T = divcurlv = 0,
since (div(Vv)T)! = ;0,07 = §; dive = 0. O
H, is clearly closed, so we can define
Hy:= HF,
the orthogonal complement of H. in H. Hence, H = Hy ® H..

Remark 3.2. H. is finite-dimensional for a large class of domains for which 02 has a finite
number of components. For smooth boundaries, this follows, for instance, from the discussion
in Section 4.1 of [15]. For special classes of 3D Lipschitz domains, Helmholtz domains of [5],
H. (and Hy) can be characterized by making “cuts” in Q that leave the remaining domain
simply connected. This idea goes back to Helmholtz; see the historical comments in [11].
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This is the definition of Hy that we will use to prove Theorem 1.1, as stated precisely in
Theorem 1.1, below. We can view Theorem 1.1 as giving a direct characterization of Hy, but
there is another direct characterization most often employed in 2 and 3 dimensions in terms
of the vanishing of internal fluxes. We outline that perhaps somewhat more geometrical
characterization of Hy in Appendix B.

In [20] (Corollary 7.5), the simple tool in Lemma 3.3 was used to investigate conditions
under which solutions to the Navier-Stokes equation for incompressible fluids converge to a
solution to the Euler equations (the so-called vanishing viscosity limit).

Lemma 3.3. For any u € H there exists (a non-unique) A € HE(Q)44 such that u = div A;
that is, such that u* = @A;.

The idea of the proof is that a simple integration by parts as in the proof of Lemma 2.4
shows that each component of any v € H lies in L3(Q2). But by Lemma 2.11, div maps
H(9)4 onto L2(Q), so we can obtain each row of A independently. The proof of Lemma 3.3
is therefore quite simple, but it relies on the powerful and deep result in Lemma 2.11.

Left open in [20] was whether it could be assured that A in Lemma 3.3 is antisymmetric.
In fact, such antisymmetry can be obtained, and was obtained in 3D by Borchers and Sohr
in Theorem 2.1, Corollary 2.2 of [9], whose lowest regularity result can be stated as follows:

Lemma 3.4. Assume that d = 3 and 9Q is C11. For any u € Hy there exists v € H(Q)3
such that u = curlsv and Adivev = 0. Moreover, one can choose the solutions in such a way
as to define a bounded linear operator S: Ho — HE(Q)3 with ||VSul| < C|ul|.

To see that Lemma 3.4 provides a 3D form of an extension of Lemma 3.3 to antisymmetric
matrices, note that any 3 x 3 antisymmetric matrix can be written in the form,

0 1/]3 _wQ
A= —=y3 0 o' . (3.2)
P2 =yt 0

We can define a bijection Q from a vector in R3 to an antisymmetric d x d matrix, by setting
Q) = QY1 1%, 4?) to be the matrix in (3.2), and we can write that div Q¢ = curlz . The
claim in Theorem 1.1, then, is the natural extension of Lemma 3.4 to d > 2.

The simple argument in Proposition 3.5 shows that div X is at least dense in Hy:

Proposition 3.5. Hy = div Xj.

Proof. First, we show that div Xy is a subspace of H. To see this, observe that if u € div X
then v = div A" = @-Aé. Hence, divu = @ijAé- = —OijAg = —aﬂAg’. = —&jA; = —divu, so
divu = 0. (That divu = divdivA = 0 is a reflection of §2 = 0 when A is expressed as a

2-form as in Appendix A.)
Moreover, since A;- is constant along the boundary, VA;- is normal to the boundary, so we

can write, VA} = ain, where
. 0AL oA’ ,
T J T J
=5 = -5 =—aqj.
on on
Then,
AL = el =ain-el =aind
0;A; =VA; - & =an-e =ajn
: i _ J
so, using that of = —ay,
u-n=dvA -n=dvAn'=0;An"=ain'n" = —alnin' = —ajn/n' = —u - n,

so u-n = 0. We conclude that div Xy C H.
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Here is the proof that div Xo C H specifically in three dimensions, which gives maybe a
little extra insight. We have,
U
A=\|—-f O ,
—g —h
so 1/} = QilA = (h’ _g7.f)7 and
u =curlgy = (82f + 839, —81f + Osh, —819 — 62h)

We then automatically have

0=divu = Oiaf + O13g — O21 f + Oash — 0319 — Os2h,

(=Rl

as required. Also,
0=wu-n=curlzy-n=(0of +dag)n" + (—01f + dsh)n” + (=g — dh)n®

But A, and so f, g, and h, are constant along each boundary component. This means
that V f is parallel to n, so that

ajf:Vf-ef:ﬁnj

on
and similarly,
) g , oh n
09 = o Ojh = an
Thus,
(Daf + D3g)n' 4 (=01 f + Dsh)n® + (—B1g — D2h)n®
_ﬂ2 @31 8f 732 89 7@23_
—(8nn +8nn)n + (- " +8 n” 4+ (— " 8nn)n =0.

We now show that (div Xo)* = H.. Let A € Xy and v € H be arbitrary. Then u := div A
is an arbitrary element of div Xy. Applying Lemma 2.2 and using A = 0 on 0,

(U, U) = (le Aa U) = _(A’ VU) = _(Aa Vv — (VU)T) - (A7 (V/U)T)
= — (A4, curlv) — (AT, Vv) = —(4, curlv) + (4, Vo).
Hence, (A, Vv) = (1/2)(A, curlv), and because both A and curlv are antisymmetric,

1
(u,v) = —(A, Vo) = 2(A curlv) ;AZ curlv
i<j

We can choose the components A;- independently for i < j, and H{ () is dense in L?(Q), so we
conclude that (u,v) = 0 for all u € div X if and only if curl v = 0; that is, if and only if v € H.,.
It then follows that (div Xo)* = H. so that, in fact, div Xo = ((div Xo)*)* = H} = Hy. O

As we see in the proof of Proposition 3.5, the antisymmetry of A € Xy insures that
divA-n =0 on J92. This need not be true without a symmetry assumption, but if div A
happens to be in H so does AT, as we see in Lemma. 3.6.

Lemma 3.6. Let A € H} (Q)dXd, with no symmetry assumption, but with divA =u € H.
Then div AT is also in H.

Proof. We have, 0 = divu = divdivA = 0;0;A4) = 9:9; A7 = divdiv AT. Decomposing A
into its symmetric and antisymmetric parts, As = (1/2)(A+AT) and A = (1/2)(A—AT) €
X, it follows that divdiv As = 0 and, from Proposition 3.5, that div Aa € Hy. Hence,
div A" =divA —2divAs € H. O

The operator R of (2.4) allows us to easily establish that div X actually yields all of Hy:
Proposition 3.7. Hy = div Xj.



STREAM FUNCTIONS 11

Proof. We have, div Xy = div(RdivXp) = divY, where Y = RdivXj,. It follows from
Proposition 3.5 that divY is dense in Hy. If we can show that it is closed, then we are done.

Let (up) be a sequence in divY converging to u in Hy. Then u,, = div B,, with B,, = Ru,,
in Y, and we have from Lemma 2.11 that |VB,| < C|lu,||. Since (u,) converges, it is
Cauchy and hence (B,,) is Cauchy and so converges to some B € Y with v = div B. This
shows that Hy = divY = div X,. O

It remains only to obtain the bounded linear map S of Theorem 1.1. Examining the proof
of Proposition 3.7, we see that B, = Ru,, in Y has some D,, in X for which Rdiv D,, = B,,
but the convergence of (B,) does not mean the convergence of (D,). To surmount this
difficulty, and obtain S, we restrict the domain of div to a subspace:

Proof of Theorem 1.1. Observe that div A = div B for A, B € Xgifandonly if B= A+ F
for some E in V¢ N Xy, a closed subspace of Xy. Letting Yy = (V¢ N X)*t, the orthogonal
complement of V%N Xy in Xo as a Hilbert space, div: Yy — Hy is a continuous bijection.
It follows from a corollary of the open mapping theorem (see, for instance, Corollary 2.7 of
[10]) that the inverse map, S := div |;01, is also continuous. But this means that, |[Suly, =
[Sully, < C |lullg,, giving us the bounded linear map of Theorem 1.1. O

The Baire category theorem appears through the proof of the corollary to the open mapping
theorem we applied. Hence, the constant we obtain in ||V.Su|| < C'||div u|| is not effectively
computable, although we can see that C' is no smaller than the constant in Lemma 2.11.

Remark 3.8. Although the adjoints to the two forms of div appearing in Lemma 2.11
and Theorem 1.1 never appear explicitly, they are, in a sense, hiding in the proofs. It can
be shown that the adjoint of div: Xo — Hy is —(1/2) curl, whose null space is H.. Since
div is a closed map, div Xq is closed if and only if it equals H: =: Hy. Similarly, it can be
shown that the adjoint of div: H}(Q)? — L2(Q) is —V, whose null space is trivial. Hence,
div H} ()% is closed if only if it equals all of L3(R?). Proving that the range of either version
of div is closed is the hard part of each proof, but we were able to leverage the powerful result
in Lemma 2.11 to obtain the hard part for Theorem 1.1 with minimal effort.

We avoided characterizing the space Yo = (V4N X))t explicitly, but given that the adjoint
of div: Xog — Hy is —(1/2) curl, one can show that Yy = {z € Xo: Az = curlq for some q €
L)}, in analogy with Proposition 2.7. In 3D, this is Yo = {z € H}(Q)3: Az = curlz ¢,q €
L)}, which yields Adiv Su =0, as in Lemma 3.4.

4. HIGHER REGULARITY

Bogovskii in [7, 8] showed more than what we stated in Lemma 2.11 (see Theorem 2.4 of [9]):
Lemma 4.1. [Bogouskii [7, 8]] Let p € (1,00) and m > 0 be an integer. Define Hy" () to

be the functions in Hy"" () having mean zero. There exists a bounded linear operator R =
Rpnpt HYGP(Q) — HY VP (Q)4 satisfying div Rf = f with ||V Rf|| o) S CIV™ oy
Restricting ourselves to p = 2, we define, as in (2.4), a matrix-valued operator R,, = Ry, 2:
Ry HPY(Q)? — HP (@) (R,u) := Ryl
We will use Lemma 4.1 to study the stream function for an element of V.

Theorem 4.2. The map S of Theorem 1.1 also maps VN Hy continuously onto YonHZ ()44,
where Yo = (V4N Xo)*t.

Proof. The space YO2 = YynN Hg(Q)dXd is dense in Yy and div: Yy — Hp is a continuous
surjection, so div Y02 is dense in Hy. Moreover, div YO2 C VN Hy, so div YO2 is dense in VN Hy.
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Then, arguing as in the proof of Proposition 3.7, div YO2 = div(R; div YE]Q) is closed in V' N Hy
and hence divYZ = V N Hy. Because div |y, is injective it also holds that div ly2 is injective.

Finally, arguing as in the proof of Theorem 1.1, the inverse map, div |;,%, is continuous. But
0
this is the same map S as in Theorem 1.1, restricted to V N Hy. ]

Remark 4.3. Using R, one can extend Theorem /.2 to S: HyNHF ()4 — YoﬂHg‘H(Q)dXd,
though its utility is likely limited for m > 2. Similarly, one can employ Lemma 4.1 to develop
LP bounds in analog with Theorem 1.1.

5. 3D VECTOR POTENTIALS

In 2D, the stream function of Theorem 1.1 is unique in that no other A € X, satisfies
div A = u for a given u € Hy. This is not, however, true in any higher dimension. Let us
take a closer look at 3D. There, for u € Hy, our “stream function” is to satisfy

curls3p =u in Q,
=0 on Of).

We have, however, complete freedom to choose the divergence. Hence, if p is any scalar field
for which Vp = 0 on 99 (for instance, any p € H3(Q)) then we also have

curls(p + Vp) =u in Q,
Pv+Vp=0 on 012,
so ¥ + Vp is also a stream function.
This kind of argument also leads to the perhaps more familiar formulation of a 3D stream
function in Proposition 5.1.
We can use Theorem 1.1 to obtain the more classical versions of 3D stream functions or

vector potentials of Propositions 5.1 and 5.2 (cf., Theorems 3.5 and 3.6 Chapter I of [16] or
Theorem 3.12 and 3.17 of [1]).

Proposition 5.1. Let u € Hy for d = 3. There exists a vector potential i € H for which
curlg ¢ = u. The vector potential is unique up to the addition of an arbitrary element in H;
or, equivalently, the vector potential is unique if we require it to lie in Hy. If 0Q is CY' then

e Hn HY Q).

Proof. First, we show existence. Let ¢ be the 3D stream function given by Theorem 1.1 and
let p be the unique (up to an additive constant) solution to the Neumann problem,

{Ap =—divy in Q,

5.1
Vp-n=20 on 0f). (5:1)

If 0Q is Lipschitz, we can only conclude that p € H' () so Vp € L*(Q)3, but if 9Q is CH!
then p € H?(Q2) so Vp € HY(Q)3. Letting ¢ = 1 + Vp, we see that

curl3y) =u in Q,
divy =0 inQ, (5.2)
Y-n=0 on 0f).

Hence, 1) € H with curl3 ¢ = u, as required, with ¢y € H N H'(Q)3 if 9Q is C11.

Adding any element of H. to v clearly yields another vector potential for u, and the
difference of any two vector potentials for u lies in H and is curl-free; that is, it lies in H..
This proves the uniqueness statement. 0



STREAM FUNCTIONS 13

The need for a more regular boundary in Proposition 5.1 arose from the need to obtain a
classical solution to an elliptic problem, an issue we avoided in the proof of Theorem 1.1.
Define the space,

H:={¢ e L*(Q)%: divy = 0,curly € L*(Q)3,4) x n = 0 on HQ}

with the norm 4| 7 := [|¢|| 4 [lcurl 9. That ) x 7 makes sense in terms of a trace is shown
in Theorem 2.11 of [16]. Also let

H.:={ € H: curly = 0}.

Proposition 5.2. Let u € Hy for d = 3. There exists a vector potential 1) € H for which

curls ) = u. The Ugctorlaotential is unique up to the addition of an arbitrary element in H..
If 0) is CYY then b € H N HY(Q)3.

Proof. The proof is the same as that of Proposition 5.1, but using the boundary condition
p=0on dQ in (5.1), noting that then Vp x m = 0. As in (5.2), this gives curl3t) = u and
divy) = 0 but with ) xn = ¥ xn+Vpxn = 0 on 952. Adding any element of H. to ¥ clearly
yields another vector potential for u, and the difference of any two vector potentials for u lies
in H and is curl-free; that is, it lies in H,. This proves the uniqueness statement. O

Suppose that  C R? has a finite number of boundary components Iy, --- ,I'y. Then the
vector potential 1) of Proposition 5.2 is unique if one imposes the condition fFi Y -n =0 for
all . This is shown in Theorem 3.6 Chapter I of [16] and 3.17 of [1]. The idea, in essence, is
to use the boundary condition p = ¢; on I'; instead of p = 0 on 9 in (5.1), and show that,
fixing ¢y = 0, there exists a unique choice of the ¢; such that fFi Vp-n=— fFi - m for all
i. See, for instance, the argument on pages 49-50 of [16].

Remark 5.3. The boundary condition ¥ xn = 0 in the definition offI corresponds to An = 0
via the bijection given by (3.2). This suggests that Proposition 5.2 has a natural higher-
dimensional formulation. Indeed for smooth boundaries it does, as follows from Theorem
3.1.1 of [23], in which 1) becomes a co-closed 2-form.

6. A BIOT-SAVART KERNEL?

The Biot-Savart law is the classical method for obtaining a vector field in, say Ho N H'(Q)?,
having a given vorticity in L?(2). But the existence of an integral representation for this
law, that is, of a Biot-Savart kernel, for a bounded domain is a largely open question: the
existence for all of R and for a bounded domain in R? is quite classical, but only recently,
n [13], has a kernel for a 3D bounded domain been obtained, and that was for domains
with smooth boundary. In dimensions higher than 3 a kernel has not been obtained even for
smooth domains. (Also, see the introductory comments in [13].)

We can show, however, the conditional result in Theorem 6.1: a Biot-Savart kernel exists
if and only if a kernel for the stream function exists, and there is a duality between them.

Theorem 6.1. We say that K € LY ()% is a kernel for the Biot-Savart law on Q if for all
antisymmetric B € C ()4,

wm=AWWm&@@ (6.1)

lies in Hy with curlu = B. We say that T' € LY (%) is a kernel for the stream function on
Q if for allv € Hyn C=(Q)¢,

%@ZLE@@W@M—/EWMW@M (6.2)

Q
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lies in Xo with div A = v. A kernel K exists if and only if a kernel T exists, and in such a
case, we can set K =1T.

Proof. Assume that T' exists. Let v € Ho N C>®(Q)? and let A be as given in (6.2). Let
u € Hy N C>®(Q)¢ with curlu = B. Then, applying Fubini’s theorem,
(2u,v) = 2(u,div A) = —2(Vu, A) = —(Vu, A) — (Vu)T, AT)
—(Vu, A) + (Vu)T, 4) = —(curlu, 4) = —(B, 4)

/ Bi(y [ z, ) (z )d:z—/QTj(a:,y)vi(:c) dx] dy
//BZ VT (z, y)v? (2 )dar—//B’ Tj(x,y)v'(z) dx dy
//BZ (@) (2 )dx—//Bﬂ Ty, ) () da dy

—2//3Z Ti(z,y)v’ (z) do dy = (2w, v),
where
wl@) = [ Ten)Bi(w)dy

Since Hy N C*(Q)? is dense in Hy it follows that we must have u = w. Examining (6.1),
then, we see that we can set K =T.

To show that the existence of K implies the existence of T, we reverse the order of the
integrations by parts. O

7. A CONSTRUCTIVE APPROACH

In this section, we give a more constructive, somewhat geometric proof of Theorem 1.1.
We will need, however, a key fact, described in Remark 7.2, not firmly established in the
literature concerning smooth manifolds embedded in R? having Lipschitz boundaries. Hence,
this approach should be considered incomplete (though it would be complete for smooth
boundaries).

Our starting point is Proposition 3.5, which we can use to obtain important information
about any element of Hy:

Corollary 7.1. Let u € Hy and let C be any generator of Hq o(QC,00C:R). If ¥ is any
(d —1)-cycle in Q for which 0% = C' then

/u-n—O.
by

Proof. Let (1) be a sequence in Xy with u, := dive, — w in H, the existence of such a
sequence being assured by Proposition 3.5. Then, using that for a (d —1)-form, %6 = xxd* =
(—1)%dx and applying Stokes’s theorem,

/Eun.n:/z*gun:/E*gdiwn:/z*aewn:(—1)d/2d*e¢n:(—1)d/c*9¢n:o.

In the first step, we used Lemma A.10. In the last step, we used that %), and so 0, and
*01),,, vanish on the boundary. (See Remark 7.2.)

We will apply the analog of Lemma 2.2 for ¥, where now E(Q2) = E(X). Since u, and u
are divergence-free, observe that u, — v in E(X) so u, -n — u-n in H _%(C’), from which
the result follows. O
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Remark 7.2 (Difficulty in the proof of Corollary 7.1). Being a Lipschitz domain in R?, Q
is also a topological manifold, and so singular homology makes sense for it. However, for
integration, we need to have some degree of smoothness to the chains or cycles over which we
are integrating. In particular, while the generator C of Hd,g(QC, 00 R) will have Lipschitz
reqularity, we have no inherent reqularity at all of the (d — 1)-cycle 3 for which 0¥ = C.
Lipschitz regularity of C' is sufficient, but the lack of reqularity of 3 is an obstacle.

Alternate proof of Theorem 1.1. In 2D, any A € Hy would be of the form

(). o

so then div A = (—0at),01¢) = V4 = u. Hence, v is the classical 2D stream function for
u € Hy (so also A is unique, since we require it to vanish on the boundary.)
In 3D, making the bijection in (3.2), we see that

u = (9o1)® — D51p%, 010° — D5t 0190% — Doyt = curls 4p.

Hence if the general result for d > 3 holds, we obtain the 3D result.

So assume now that d > 3. We will establish the expression for Hy following as closely as
possible the 3D argument in [9)].

Assume that u € Hy and let &u be u extended by zero to all of R?. Then Eu € L?(RY)
and div&u = 0 still holds in the sense of distributions, so &u € H(R?). Let G be the
fundamental solution to the Laplacian in R?%, so AG * f = f, and define the antisymmetric
matrix-valued function 1 by

1/)3 = 8JG * &)ui — OIG * 50uj.
(Formally, ¢ = G * (curl &yu).) Then
(divep)' = 0j;G * Eou’ — 9;G x 0;E0u! = AG * Egu’ — ;G * (div Egu) = Egu'.

These calculations are as convolutions of Eu € &'(RY), the space of compactly supported
distributions, with derivatives of G € D’(R?), the space of distributions. Or the convolution
defining 1 can be viewed as the convolution of the Llloc—function 0;G with the compactly
supported Eu’, and the expression for div 1 can be verified by a standard limiting argument.
Hence, &u = dive: this is a form of the Biot-Savart law (see, for example, Chapter 1 of
[12]).

Moreover, for any k,
O} := 0,0;G * Egu' — 0R0;G * Egu .

This calculation holds as the convolution of an element in £(R?) with an element of D'(R?),
but in that form, 0;,0;G* is not a Calderon-Zygmund operator. A more careful, but standard,
argument (see, for instance, Proposition 6.1 of [4]) would give that

. 5 . .
0k0;G x Eyu' (x) = %Sou’(x) +p.v. / 0k0;G(z — y) Eou'(y) dy.

The principal value integrals are Calderon-Zygmund operators applied to Eyu', so each term
on the right-hand side lies in L?(R?). Hence, 1) € L*(R?) so ¢ € H'(R?)4*.

Nonetheless, ¥ does not satisfy the boundary condition, ¥ = 0 on 9€). To correct for this,
let us first consider the 3D approach taken in [9], using the bijection @ given by (3.2).

In the language of the 3D curl, we have curls Q' = Eu on R3. In particular, curly Q1 =
0 on U := R3\ Q. Let v be any simple closed curve that is a generator of H;(Q°, 90 R)

that generate Hy_1(2,0Q; R), the (d — 1)-dimensional real homology class of €2 relative to
its boundary
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and let X be a smooth surface in €2 whose boundary is . Then by Stokes’s theorem, and
using that Q=1 € H'(R3) so its trace on 95 is well-defined,

LQ1w-ds—/zicur13Q1w~n—/2iu-n—0, (7.2)

the last equality following from Corollary 7.1 since u € Hy. It follows that ) = Vp on U (by
the classical, 3D version of Lemma A.9) for some p € H?(U) (since Vp = ¢ € H'(R?)4x4),
Extend p to lie in H?(R?) using Theorem 5’ p. 181 of [24] (and a cutoff function inside
Q). Let N = QVp. Then A := ¢ — N € H}(Q)¥? and is antisymmetric, and divA =
div(yy — N) = divy = u.

In higher dimension, the argument is similar, though now we need to use the language of
differential forms. In Appendix A, we define a bijection # that maps ¢ to a (d — 2)-form on
0, and a bijection £ that maps vector fields on 2 to d — 1 forms on {2 with the property that
df = ¢ div. Then dfy = £(Eyu), which vanishes on U := R\ Q; that is, 6 is closed on U.

We now show that, in fact, 61 is exact on U. Let C' be any generator of Hy_5(Q¢, 99¢; R)
and let ¥ be a (d — 1)-cycle whose boundary is C. Now, although v does not vanish on 0f2,
we still have div iy = u on €2, and so can integrate just as in the proof of Corollary 7.1, though
now we do so in reverse order:

/C*ezp:(—1)d/2d*0w:/2*6div¢:/Z*fdivw:/zfu:/zu-nzo- (7.3)

The vanishing of the final integral follows from Corollary 7.1 since u € Hy.

It follows from Lemma A.9 that x0v is exact on U. Thus, %6y = dp for some 0-form
p € H*(U). We then extend p to H?(RY), and set A = ¢ — 0~ dp, where we used that xx is
the identity when applied to a (d — 2)-form.

Although A is not unique, we have constructed it in an unambiguous way (that depended
only upon our choice of extension operator from H?(U) to H?(R?)). Hence, the operator
S: Ho — Xo, Su= A, is well-defined, and |[Sul| x, < C |ull . O

Remark 7.3. Rather than extending p into ) using an extension operator, as we did in
the proof of Theorem 1.1, which requires only (in fact, less than) Lipschitz reqularity of the
boundary, the authors of [9], working specifically in 3D, solve a biharmonic equation on € to
obtain the equivalent of what we have called N in the proof of Theorem 1.1. This requires
a CY1 boundary to know that N € HY(Q), but gives that divv in Lemma 5./ is harmonic
on . Assuming that uw € Hy vanishes to order m on the boundary, they use a solution
of a higher-order polyharmonic equation with higher-reqularity boundaries, to obtain higher
reqularity of A. We will consider, in Theorem 7.5, only the one additional derivative of
reqularity gained by assuming that u € V (but without adding additional reqularity on the
boundary), as velocity fields vanishing to higher order on the boundary are not common in
fluid mechanics applications.

Remark 7.4. In the proof of Proposition 5.1, we used the stream function of Theorem 1.1
to obtain the classical stream function. In light of Remark A.J and the way we integrated in
(7.3), we could have reversed this, obtaining the stream function of Theorem 1.1 from that of
Proposition 5.1.

Theorem 7.5 gives the regularity of the stream function that results if we assume that u is
in V.

Theorem 7.5. Define the space,
X2 = Xo N H>(Q)P with the H?(Q)™-norm.
The operator S defined in Theorem 1.1 maps V N Hy continuously into Xg.
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Proof. We follow the proof of Theorem 1.1, letting u € V N Hy. Because u € H&(Q)d,
Eou € HY(R?)?. Hence,

VQ/); = 8jG * Vgoui — 0;G * vgoujv

where we have convolutions of an Llloc function with a compactly supported L*° function;

thus, we can treat the convolutions in either of the two ways we treated them in the proof of
Theorem 1.1. It follows as in the remainder of that proof that A € H?(Q) and the operator
S is continuous from V N Hy into Xg. O

Finally, we have the following simple but useful bound in Lemma 7.6, a generalization of
sorts of Corollary 3.2 of [19]:

Lemma 7.6. Assume that 0Q is C* for some k € (1,00]. Let X be any function space
embedded in H that contains C*(Q). For any u € X,

[ullx < 1Pryullx + C(X) [|ullp -

Proof. Since H. is finite dimensional, it has some orthonormal basis wy, ..., wy, and one can
show by elliptic regularity theory that, in fact, each w; € C*(Q). Hence, Hou = > (s wj)w;
with
2 2
D (uw,wi)? = |[Heul|* < [ull*.
J
It follows that

n
lullx < 1Prgully + | Prullx < | Prgully + Y 1w, w))] [lwill
j=1

< [1Proullx + C(X) [[ull g -

APPENDIX A. DIFFERENTIAL FORMS POINT OF VIEW

We have been treating 2 as an open subset of R, We wish now to also treat it as an oriented
manifold with boundary: more specifically, as a 0-manifold, as given in Definition 1.2 of
[23]. We write A¥(H7(Q)) for the space of k-forms on Q having coefficients in H7(Q2). We
identify a vector field v € H7(Q)¢ = TQ(Q) with a 1-form in A'(H7(Q)) the usual way by
the bijection,

.. v = vldey + - 4 vlday.
Defining
X := {antisymmetric A € H'(Q)¥*?},
we define the bijection,
0: X — A*(H'(Q)),
0A = (—1)*> " Aldz; A dx;.
J>i
Here, ¢ is the codifferential operator, defined by
5: AR(HT (@) — AR (H(Q),
ow = (—1)‘1(}“'1)"'1 x d(xw),

where * is the Hodge dual operator.



18 JAMES P. KELLIHER

We will use the notation,
drpg =dry A ANdzTEAdet oA dad,

and similarly, dzy; j), ¢ # j, is the wedge product of dz1 A- - Adz? with dz’ and da? excluded.

Since we are Worklng in flat space, *: A2(H’(Q)) — A?"2(HI(Q)) can be defined by
requiring that

*(dxu A dmlk) = (_1)ndxj1 A dxjd—k’

where i1 < -+ < g, J1 < o0 < Ja—ks {01, ik U1,y Ja—kt = {1,...,d} and n is the
sign of the permutation, (i1,...,ik, j1,.-.,Jd—k). It follows, in particular, that for i < j,

*(dx; N dxy) = (—1)i+jd$1(i’j).
Similarly, we can define *: A'(H7(Q)) — A1 (H7(Q)) by requiring that
wdr; = (—1)j_1d$1(]~).

Observe that for j > 1,

*dxp(;) = (—1)"tda,

ddrygy = (—1)""'dwy A+ Adzg,

drr ) = (1) 'dwrgy — (=17 ey, (A1)
dz' Ndzyi ) = (—l)i ldm](j),

For instance, the wedge product in the fourth identity involves ¢ — 1 transpositions while that
in the fifth identity involves j — 2 transpositions and (—1)772 = (—1)7.

Lemma A.1. For all A € X,
0(0A) =¢Ediv A forall A e X. (A.2)
Proof. Let A € X. We see, then, that
§(0A) = (1) MCTITN—1)T 5 dy " Al s (dwy Ady) = = d Y (—1)" Alday; )

3> >
= x> (~1)H [(~1) T g Al da gy + (1) Alda )]
>t
= =% > [(~1 Ay + (—1)10; Alday )
7>t

= —x | (-1 Aldr ) + Y (—1)'05ALd ),

J<i 7>

where we used (A.1). '
But, again using (A.1), xdx;) = (—1)=tdw;, so

j<i §>i
On the other hand,

EdivA=¢Y > 0jAle; =Y Y 0Aldw; = 0jAjdu;+ ) 0;A}du;
i g i g

J<i J>i
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==Y 9 Al dw;i + Y 9, AL du,
J<e j>i
since A is antisymmetric as a d X d matrix. This gives (A.2). O
We have, then, the bijections,
& LX) — AL (Q)), 6: X — AX(H'(Q)),
so that the diagram,
X —%— A2(HY(Q)

is commutative?; that is, so that (A.2) holds.
Theorem 2.4.2 of [23] gives the Hodge-Morrey decomposition of forms in L2, which for
k-forms is

AR(L2(Q)) = EF(Q) @ CF(Q) @ HF (),
where
EFQ) = {da: a € AFHQ), ta = 0},
ck(Q) :={68: B € AAT(Q), np =0},
HE(Q) = (X € AH(L2(Q)): d\ =0, 6\ = 0},

where t, n give the tangential and normal components of a form on the boundary. It is
important to note that such components vanishing do not (necessarily) directly transfer to
what happens to the corresponding vector field or matrix under the mappings 6 and £ we
have defined. Rather, for a k-form w, tw is defined by its action on vector fields by

tw(X1, ..., Xp) = w(x) . xIh),
where w(Xy, ... 7X,LI) are the components of the vector fields X7, ..., Xy parallel to (tangent
to) the boundary. Then
nw(Xl, ‘e ,Xk) = w(Xl, ‘e ,Xk) — tw(Xl, ‘e ,Xk).

The Hodge-Morrey decomposition is a full decomposition of k-forms in L?; we are interested
in the subspace of those 1-forms in L? corresponding to divergence-free vector fields tangential
to the boundary. That is, we wish to calculate

(AN LA Q) NH).

Since in our correspondence, div of an L? vector field corresponds to § of a 1-form, we
should first determine the subspaces of the Hodge-Morrey decomposition whose codifferential
vanishes, and whose normal components—when translated to vector fields—vanish:

Egvn(Q) = {da: a € A%(Q), ta =0, dda =0, (6 'da) -n =0},
Cla(Q):={08: B € A2(Q), nB=0,68=0,(19p8) n=0}
HE () = {A € AY(LA(Q): dA =0, A =0, (67'\) - n =0}

2The solid lines indicate the maps that commute; the dashed lines indicate maps in the reverse direction that
are not the inverses of those in the solid lines
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Lemma A.2. C;n(Q) =C'(Q), Eg’n(Q) = {0}.
Proof. Let da € £} ,,(Q), and let u = £~ do. Now,
d
da = Z O;adr; = EVa,
i=1

where we are treating « interchangeably as a O-form and as a scalar-valued function. Then,
using (A.1),

d
ddo = (1) wd x da = — Z «d * (O;adz;).
=1
But,
xdx(O;adx;) = *d(O;o x day) = *d(@ia(—l)i_ldajl(i)) = (1)1« d(O;adz(;y)
= (—1)1'71 * (—1)1.7181'1'04 dri A -+ Ndxg = O % (d:cl VANEEIRAN d:L‘d) = Oy
Hence,

d
odo = — Z@iia = —-Aa=0.

i=1

This agrees with divu = divVa = Aa = 0.
Since also we require that u-n = (¢ 'da) - n = 0, we have Ah = 0 with VA -n = 0, and
we conclude that h is constant on €. But then u = Vi = 0, and we find that £} ,,(Q) = {0}.
Now let 63 € C},,(€2). Then Then 6?8 = 0 automatically and hence poses no additional
restriction. So let 3 be any form in A%(Q) for which n8 = 0. Then by Proposition 1.2.6 of
(23], n(68) = 6(nB) = 0. But 643 is a 1-form, so 8 = Y, v'dx; for some v' € L*(2). So let n

be the unit normal vector field and extend it, via the collar theorem, into 2. Then

n(88) = (68)(n) —w(nl) = (58)(n) = Y v'n’ = ¢(55) - n.
That is, £71(68) - n = 0 also poses no additional restriction, and we see that C[}.n(Q) =
(). O
We have the immediate corollary:
Corollary A.3. Hy = ¢ 1(CH(Q)).

Remark A.4. Corollary A.3 can be viewed as the differenential forms analog of Proposi-
tion 5.1 in any dimension:

¢(Ho) = 6{B € A*(Q): np = 0}.

Here, 8 is the stream function whose normal component vanishes on the boundary and § is
playing the role of the curl operator.

Remark A.5. Similar reasoning shows that also Hy = (x£)~1€971(Q).

In fact, using the tools developed in Chapter 3 of [23], we can obtain the differential form
equivalent of Theorem 1.1 in fairly short order:

Theorem A.6. Let M be a 0-manifold with C*° boundary. Define

Ho:={a e A'(Q): na = 0,/ a A\ =0 for all A € HA(Q)},
M
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where
HY(Q) := {\ e AYL3(Q)): dX =0, 6A = 0, n\ = 0}.
Then
Hy = 6{B € A*(Q): Blonr = 0}.

Proof. Given «a € ﬁo, it is always possible, by Corollary 3.3.4 of [23], to solve the boundary
value problem,

08 =« on M,
Bloar =0 on OM.

0

Remark A.7. In Theorem A.6, we are using ro as a conventent proxy for Hg as given by
Remark A.4. Better would be to see it as equivalent to the homology-based version of Hy
given in Section 7. Exploring these issues would take us too far afield, however.

Remark A.8. We could also have proved Theorem A.6 by first establishing that the form
of Hy as given by Remark A.J holds. Then, letting B € Hy, we could “correct” its boundary
value by subtracting from it the solution to

oy=20 on M,
Yor =B on OM,

which we also can solve by applying Corollary 3.5.4 of [23]. This much less direct approach is
in sympathy with the “corrector” argument we made in the proof of Theorem 1.1 (involving
(7.3)). In fact, we could have used Corollary 3.3.4 of [23] in the proof of Theorem 1.1 to
correct the boundary value without resorting to knowledge of the domain exterior to 2. We
wished, however, to obtain a result for Lipschitz boundaries and to, as much as possible, keep
the argument in the language of “flat space.”

The following two lemmas were used in Section 7. Lemma A.9 gives a convenient test for
the exactness of a closed k-form on a manifold with boundary. It follows from Lemma 3.2.1
with Theorem 3.2.3 of [23]), along with a remark following the statement of Corollary 3.2.4
of [23]. Lemma A.10 relates integration of a d — 1 form and a classical integral of a vector
field.

Lemma A.9. A closed k-form «, 0 < k < d, on a manifold with boundary is exact if and

only if
a=20
A

for any k-cycle C' in the manifold. It suffices to only consider k-cycles that are generators of
Hyi(M,0M;R).

Lemma A.10. Let X be a (d — 1)-cycle (or more generally a (d —1)-chain), in R, and also
write ¥ for the corresponding subset of R%. Then for any divergence-free vector field on R?,

/Eu~n:/2u-d5’:/2*§u.

The first two integrals are different ways to write the classical “surface” integral, while the
last integral is the integration of a (d — 1)-form.

Proof. This is a standard calculation. See, for instance, the example on page 169-170 in [17],
which is worked out explicitly for d = 3. O
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APPENDIX B. A CHARACTERIZATION H{ IN 2D AND 3D

In this section we outline the characterization of Hy that is more commonly used in 2D and
3D. The characterization applies to all dimensions d > 2, but the topological issues for d > 4
become more complex. Since our purpose is to be motivational, we will content ourselves
with being a little imprecise about some of our arguments.

Let I'y,...,Tny1, be the N + 1 components of 02 with I'y41 the boundary of the un-
bounded component of Q. Let ¥i,...,%y be pairwise disjoint Lipschitz regular (d — 1)-
submanifolds of €2 that generate Hy_1(€2, 0€2;R), the (d — 1)-dimensional real homology class
of () relative to its boundary. For a vector field v € H, the internal flux across ¥; is the value

of
/ v-n.
DI

Because v is divergence-free and tangential to the boundary, it is easy to see that the internal
fluxes do not depend upon the specific choices of the ;.

In 2D, each ¥; is a curve from one boundary component to another, its boundary being two
points, one on one boundary component the other on another boundary component. In 3D,
each ¥; is a surface whose boundary is a curve lying in a single component of the boundary.
In 4D, each 3; is a 3-manifold, whose boundary is a 2-manifold that lies in one component
of the boundary. The deepest fact about homology that we will use is the following;:

Lemma B.1. {0%1,...,0%y} is a complete set of generators for Hy_(00°;R), an homology
group on the boundary of 2. Because of this, it is also a complete set of generators for
Hy 2(Q%, 09 R).

Proposition B.2 gives a direct characterization of Hy. We prove it using ideas from Ap-
pendix I of [25].

Proposition B.2. Hy = {v € H: all internal fluzes are zero}.

Proof. Let ﬁo = {v € H: all internal fluxes are zero}. Let Q) be the simply connected open

subset of 2 having a Lipschitz boundary that is produced by cutting along (that is, removing)

each X;. (We know that Q is simply connected, for otherwise we would obtain an additional

generator for Hy_1(Q,0;R).) Let h € H.. Then on €, h is curl-free (closed when viewed

as a 1-form) and so is exact; hence, h = Vp for some p € Hl(Q) Of necessity, the jump [p];

across each Y; is constant along ¥;. (Or, we can view p as multi-valued on Q with v = Vp.)
Now let v € H be arbitrary. Then

(h’”):/Qh‘UZ/Qpr:—/deivw/mp(v.n)
:/mp(v.n)ani:/Zip(v.n):zi:[p]i/ziv_n_

This will vanish if and only if v € I;TO. We conclude that Hy := HCL = ﬁo. ]
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