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1. PREFACE

Our goal is to prove a version of the second, “Lagrangian,” part of Yudovich’s
Theorem as it appears in Theorem 5.1.1 p. 85 of [C3]. Our approach is to
modify the argument in Chemin’s Section 5.2 for bounded vorticity. Initially,
this document will make reference to that Section as needed rather than
being self-contained, though over time I may make it self-contained—and
possibly combine it with [Ky].
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2. A STATEMENT OF THE THEOREM

For completeness, we state Yudovich’s theorem for unbounded vorticity in
its entirety, though we must first describe how unbounded the vorticity is
allowed to be. This is as in [Ky].

Let ¢ : [pp,00) — R™ be a continuous function, where pg > 1. We define
two functions, B¢ a4 : RT — RT and By : RT — RT, parameterized by e
in (0,1/pg], M > 0, and ¢:

Berg(x) = Mz p(1/e),

Bure(x) = inf {Bc(x) : € € (0,1/po)} .
For brevity, we usually write 3¢ for (3 as,¢ and 3 for (87,4, with the choices
of M and ¢ being understood.

For all € in (0,1/po], Bc(z) is a monotonically increasing function contin-
uous in z and in €, with lim,_ g+ Be(z) = 0. It follows that 3 is a mono-

tonically increasing continuous function and that lim,_ ¢+ 3(z) = 0. Also,
B(z) < Be(x) for all € in (0,1/po] and z € RT.

(2.1)

Definition 2.1. A continuous function 6 : [pg,00) — R™ is called admissible

if
/1 s _
0 Bue(s) ’

where ¢(p) = pf(p). This condition is independent of the choice of M.

We can now state a Yudovich’s theorem for unbounded vorticity.

Theorem 2.1 (Yudovich’s Theorem for Unbounded Vorticity). First part:
Let vg in By, be a divergence-free vector field whose vorticity wq is bounded in

LP-norm by O(p) for some admissible function 6. Then there exists a unique
weak solution v of (E). Moreover, v is in C(R; E,,)NLS (R; L>=(R?)). Also,

loc

lw(®)||p = HwOHLp for all1 <p < 0. (2.2)

Second part: Moreover, the vector field has a flow. More precisely, there
exists a unique mapping v, continuous from R x R? to R2, such that

t
vltia) o+ [ o(s,v(s,0)) ds.
0
If Ty : [0,00) — [0, 00) is defined by

/-l_‘t(s) A gy
—t,
s/4 Br,6(r)

then § — T'4(0) is an upper bound on the modulus of continuity of the flow
at time t.

See [Ky] for the precise definition of a weak solution to the Euler equa-
tions and for a proof of the first part of the theorem. In the remainder
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of this document, we prove the second part (what Chemin refers to as the
“Lagrangian” part) of the theorem.

3. REPLACEMENT FOR LOG-LIPSCHITZIAN PROPERTY OF THE VELOCITY

The first step in Chemin’s proof of the second part of Yudovich’s theorem
for bounded vorticity is a step he never states or proves—to show that
the velocity field is log-Lipschitzian. This gives Chemin a function u(r) =
Cr(1 —Inr) that satisfies the following five properties:

(1) Ju(t,x) —v(t,2")| < p(lz — 2']) for all t > 0,

(2) p: [0, ] [0, 00),

(3) u(0) =

(4) pis nondecreasmg (strictly increasing is not required), and
(5) p satisfies:

1 da
/0 m = 00. (3.1)

(We can also express the first property as saying that the function u is a
bound on the modulus of continuity of v(t).)

These properties of p allow Chemin to apply the machinery of Osgood’s
lemma to prove the existence and uniqueness of a continuous flow associated
with the velocity field.

Our goal in this section is to establish that a function p with all these
properties also exists in the case of unbounded Yudovich vorticity—that
is, such that the associated function 8 of Definition 2.1 is admissible—thus
establishing the existence and uniqueness of a continuous flow. Our approach
is to modify the proof in [Kc| that the vector field v is log-Lipschitzian when
the initial vorticity is bounded.

Before proceeding, we make a comment on the second property. To apply
Osgood’s lemma, we need p to be defined on the domain [0, 00). We show,
however, in Section 5 that if we can define p on the domain [0, 1], we can
always extend it to the domain [0,00) in such a way that it continues to
obey the other four properties. Thus, we need only define y on the domain
[0, 1].

From the Biot-Savart law, we have

I:=lv(t,z) - (tx)|
L (— )t
L fan[st ]

(1)? + (I2)%,

1
< —
- 27

12—/‘0”534" )—y
|z — o' —y|?

and where [ is defined similarly.

where

dy,




The technique we use to bound Is will clearly apply equally well to I3, so
we will deal only with Is.

Let a = |z — 2'| /2, and let R and A be fixed positive real numbers. We
will specify the values of R and A later, but it will be true that R > A.
Assume also that |z — 2| < 1. Then we can split I3 into three integrals:

Ih=J+K+1L,
where
J e / wit,y)| f) dy, K = w(t,y)| f(y) dy.
By BRr\Bxa
and
L= / w(t,y)] F() dy,
R2\Bpr
with

2oyl (@) gl
fly) = 2 T 2
lz—yl” |2 =y
We bound J, K, and L differently.
Let 1 <p < ooand 1< qg< oo besuch that 1/p+1/g=1. Then

2! _yl (m/)l oyl
JS/ w(t, y)| | 2‘“ p 2‘ dy
Ba |z — | lz" — 9
ly'|
<2 Wt y)| Tz dy < 2[|w(@)ll e 11/ 19l Lacp,y,) -
B2>\a |y|

But,

1 1/q 2Xa 1/q
1 . = / d> :<27T/ TdT>
I8/ sy = () e s
_ 2)\a 1/q _ 1
(o [ _(2m)TNYT
2—q], 2—q
J < Cig) |0 a0,

Thus,

where

To bound K, place the origin halfway between x and 2/, with 2’ placed at
(a,0) and x at (—a,0). Then

(@) =yt =a—rcosh, |/ —y|*=a2+r2— 2arcosb,

et —yt = —a—rcosh, |z—y*=a®+r?+ 2arcosb,



SO

—a —rcosf a—rcosf
Fly) = f(r0) = CL2—|—T‘2+26LTCOSH_CL2+T’2—26LTCOSH‘ 5
B 2a(a? +r? — 2r? cos? 0 (3:2)
~la* +2a2r2 + 14 — 4a2r2 cos? 6 |
and
2r R 1/q
K < [lo(®)ll, (/0 o d9> . (3.3)

Now, the minimum value of r in the integrand of K is Aa, so if we choose
A>1, then a <r so

}2@(@2 + 1% — 272 cos? 9)| < ‘2&(7"2 + 7% — 272 cos? 0)‘ < 8ar?.

If, further, we choose A so that

at +2a%r% + vt — 4a®r? = ot — 2a%r% + 11 > %7‘4, (3.4)
then
at + 2a%r% 41 — 4a%r% cos? 0 > a* + 2a%r% + 1t — 4a®r? > %rA‘, (3.5)
and it follows from (3.2) that
f@ﬂ%;?f:i?. (3.6)

The condition (3.4) is equivalent to
2 4 1 4
t-2(3) +(3) 230
a a 2 \a
4 2
= () ) e
a a
which, by the quadratic equation, will follow if 7/a > 2 + /2, this in turn
being insured by the choice
A=2+V2.

We can then choose R to be any fixed real number greater than or equal to
A, so that R > Aa, a being no greater than 1. It will be convenient to choose

R=\=2+V2.



Then from (3.3) and (3.6),

A q 1/q
K < @), <27r / <16) rdr)
Aa r

A 1/q
<16 HwOHLP (2m)Yq (/ ri=2 dr)
Aa

0 1/q a v
160, 2m)V1a [2—2qLa

1/q
=16 [["[| <1iq) a (N7 — ()\a)2’2q)1/q

— 16|w° T 1/q)\z/q—z 2-2q 1/q
= 16 )], (75 a (a2 1)

a2-29 _ 1 1/q
- 0@l ()

where
Ca(q) = 167/9N2/12,

Todo: We don’t need As with J and K, we bound L using Holder’s inequality, but with a fixed
a fixed p: Using p we  choice of complementary exponents p and g, with pg <P < oo, where py is
would end up with as in Definition 2.1. This gives

L<C HwOHLp a. This !

is a worse estimate, 0

but the same as the L= Hw(t)HLﬁ(RQ\BR) HfHLa(RQ\BR) < 16a Hw HLF r2 LR\ B ’
bound that ultimately (R*\Br)
results on K. where we used (3.6). But,

1 o q 1/g
- = <27r/ —=T dr)
"l La(r2\Br) AT

_o9g 700N 1/7 1/q
- (27)1/5 ([;2 2;] ) ! — (W 1) & A\2/7-2

L < Cga,

Thus,

where

0 T\ 2/q—2
G =10 ()

From our bounds on J, K, and L, we have

~2¢ _ 1 1/q
1 < o) [0 0?7 + Cala) [0 (“ )



With the identical bound on 1, we can write
1
I < —\/(1)?+ (I)?
< VP + ()

1 229 _ 1 1/q
< 2 Cn@ o0l a0 + o) [0 o (ST )
(3.7)

We will reexpress this bound in terms of p rather than ¢, because it will
allow us to recognize the connection with Yudovich’s bounds on the LP
norms more easily.

Because the condition on admissibility in Definition 2.1 does not depend
on the choice of py, we can assume that py > 2, in which case C1(q) and
C3(q) are bounded for p in [pp,c0) by constants that we will simply call C}
and Cg.

Then, using

1 p—-1 D 1
- — 4 1= 1
q p p—1 p—1
we have

0220 _ 1\ 4 a-2/-1) _q (p—1)/p
a —_— = Qa F—
< q—1 ) 1/(p—1)
a(p— 1)/ (a—2/(p—1) 1
~1
<afp—1) (a0 1)

-1
<a(p—1) (a72/(p71))(p )/p

)(pfl)/p

But 5 9
S 1=1-12
q p
so from (3.7), we have

1< el a2 4 Cal|o]  pa =27 + Csa

< C|w°||, pa' =P < Ca'=HPpo(p) = Ca' =P (p),

where the functions 6 and ¢ are as in Definition 2.1, and where we used the
fact that for a in (0,1/2], a < a'~2/? < pa'=2/P.
Since (3.8) holds for all p in [pg, 00), it follows that

1< inf {Ca'76(p) : p € [po, ) },

(3.8)

or,

lo(t,z) —v(t,2)| < p(|z — 2’

), (3.9)



where
p(r) :=inf {C’ (g) e o(p) : p € [po, oo)} . (3.10)

The first three required properties of p follow immediately from (3.10).

To show that p is nondecreasing, first observe that r ~— (r/2)!72¢ is an
increasing function for all € in (0, 1/pg], since, having assumed that py > 2,
it follows that 1 — 2¢ > 0. Thus, if r < s then

u(r) = inf {C(r/2)"2(1/€) : € € (0,1/po]}
< inf {C(s/2)!"26(1/e) : € € (0,1/po]} = ()

Finally, to verify (3.1), we express u in terms of the function 3 of Defini-
tion 2.1:

wu(r) = inf {C(r/2)1726¢(1/e) e € (0, 1/p0]}
= (C/r)inf {(r/2)* *¢(1/e) : € € (0,1/po] }

3.11
= (C/ryinf {(r?/4)'¢(1/€) : e € (0,1/po] } 34y
= (C/r)B(r?/4).

Then, making the change of variables u = r2/4
/1 ﬂ _ /1 rdr
o 1) C/r T2/4 o A/ (3.12)

1/4
C/ —>oo

since (8 is an admissible function by assumption. Thus, p satisfies the final
of its required properties. As mentioned earlier, this is enough to establish,
using the argument in Section 5.2 of Chemin, the existence and uniqueness
of a continuous flow.

It is worth observing that the function p is independent of time. Also,
since 11(0) = 0, the vector field v(t) is uniformly continuous (see, for instance,
exercise 17 p. 14 of [WZ]).

Finally, if the vorticity is bounded, then

B(r) =-C HwOHLpomLoo rlnr,

for r < e7P0 (see, for example, [Ksc]). This gives
u(r) = (C/r)B(r*/4) = (C/r) (=C ||| oy e (2 /4) In(r? /4))
= —C [l poorrpoe 7 (21 = Ind) < C ] gy o 7

in accord with Chemin’s result for bounded vorticity.

1—Inr),



4. BOUNDING THE MODULUS OF CONTINUITY OF THE FLOW

The flow 9 that results from the argument in Section 3 can be written in
the form

Y(t,z) = x—|—/0 v(s, (s, x)) ds, (4.1)

as in Theorem 5.2.1 p. 90 of Chemin. To bound the modulus of continuity of
the flow, we want to determine how far apart two nearby points at time zero
can become after time t. Toward this end, let 1 and x2 be two points in
the plane and let x;(t) = ¥ (¢, x;), i = 1,2, be the corresponding trajectories
of these points along the flow (So x; = x;(0), which is just slightly confusing
notation.) Then from (4.1),

|[21(t) — 22(t)| < |21 — 22 +/O (s, ¥1(s, z)) — v(s, ¥a(s,z))| ds
= |x1 — x| +/O lv(s, z1(s)) — v(s,z2(s))| ds

< r:cl—x2|+/0 p(x1(s) — z2(s)) ds.

Applying Osgood’s lemma in the the form of Theorem 5.2.2 p. 91 of [C3]
with p(t) = |x1(t) — x2(t)|, a = |x1 — z2|, and y(¢t) = 1, we conclude that

/1 dr /1 dr /ml(t)xz(t)l dr
_ [ —|— _— = —_—
o1 ()22 () Sz —ao) () Jizy—an) p(r)

/m<t)—xz(t>/4 dr
- =7~ S t7
|1 —2] /4 B(r)

where in the last integration we changed variables as in (3.12).
Let Ty : [0,00) — [0,00) be defined by

/‘Ft(s) dr /Ft(s)/4 dr
— = — =1.
s ,u(r) s/4 ﬁ(?")

It follows that |x1(t) — x2(t)] < Ty¢(|xr — 22]), so & — T'4(d) is an upper
bound on the modulus of continuity of the flow at time ¢. Arguing much
as at the end of the proof of Theorem 2.2 of [K] and in Section 4 of [K], it
follows that |z1(t) — z2(t)] < Ty(Jz1 — x2|) — 0 as |x1 — x| — 0, but that
the bound on the convergence can be arbitrarily slow for initial vorticities
that satisfy Yudovich bounds on the growth of their vorticity. It follows that
the bound on the Holder exponent can be arbitrarily small or even fail to
exist.

Speculative comment: In fact, a bound may not even exist even for
any positive time. To prove this, suppose that

t

_ln|331 — ZL'2|

(4.2)

Ly(z) = (4.3)



for small . Then for any v in (0, 1],

t) — t —t/1 tx™"
N O R 10| T 7 T )
T2—T1 |.561 —ZL‘QPI z—0t x z—0+ Inx
vt
= lim ¢y = lim tya” = o,

z—07F 1/1’ z—07F

meaning that the velocity field v(¢) is not Holder continuous at any time
t > 0.

What makes this speculative is that it is not clear that (4.3) is a possible
bound. We know that for any fixed ¢t we can achieve such a bound, for we
have great freedom in choosing how I';(x) behaves as a function of z. We
have not shown how it can behave as a function of ¢, however.

5. EXTENDING THE DOMAIN OF g TO [0, 0]

If we wish to apply Osgood’s lemma as is, we need to extend the domain
of our function p to all of [0, c0) while maintaining the validity of the other
four properties described in Section 3. Only the first and fourth properties
are of any concern, since the remaining two are not affected by any change
to the value of y on [0, 1].

It is possible to make this extension because we know that the v(t) is
bounded, even for the case of unbounded vorticity. Thus,

lv(t,x) —v(t,2)| < C,

for some constant C. If u(1) < C, extend p linearly so that u(2) = C, then
let p(z) = C for all x > 2. Otherwise, let u(z) = p(1) for all > 1. Note
that both the first and fourth properties are maintained.

Now, the constant C' increases with time because our bound on |[v(¢)||; «
increases with time (see the equation preceding Equation (5.2) p. 87 of
[C3] for the case of bounded vorticity; the form is essentially the same for
unbounded vorticity). So if we wish our bound to apply for only a fixed time
interval [0, 7], we choose C' = C(T'). This will not affect the inversion of
(4.2) to obtain the function I'y, since for sufficiently small values of |x1 — x|,
both |z1 — x2| and |z1(t) — z2(¢)| will be less than 1, and we did not change
the value of u(x) for z < 1.

Thus, we need only worry about the value of x on the domain [0, 1].

(It might be possible to arrive at the same conclusion by reexamining the
argument for the existence of the flow on p. 92-93 of [C3], but I have not
looked into this. Modifying Chemin’s argument for the uniqueness of the
flow, however, is easy, since given that x1(t) and z2(t) are two continuous
solutions to (ODE) on p. 91 of Chemin, we know that the function p
can be restricted to the domain [0, 1] for some finite time, so the proof of
Osgood’s lemma still applies. Thus, z;(t) = x2(t) for this finite time. But
then there can be no greatest time over which they are equal, since we can
always extend the equality at least some finite time further. If this approach
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does work, it has the perhaps inconsequential advantage of not requiring the
velocity field to be bounded.)

6. THE DETAILS OF THE REST OF CHEMIN’S PROOF

We now give the details of Chemin’s proof that given a function p with the
five properties of Section 3, that a continuous flow associated with the veloc-
ity field v exists and is unique. We do this in just slightly less abstraction,
however.

Theorem 6.1. For all z in R?, there exists a unique continuous function
x 1 [0,00) — R2—the trajectory of the point xo—such that

z(t) = zo —l—/o v(s,z(s))ds. (6.1)

Proof. First we prove uniqueness. Suppose = and z’ are two solutions to

(6.1). Let

plt) = |o(t) — /(1))
Then

p(t) = ‘x(t) - x/(t)‘ = ‘/0 v(s,z(s)) — v(s,2'(s)) ds

t
0

S/o ‘v(s,x(s))—v(s,m’(s))’ dsg/ u(’x(s)—x/(s)‘)ds
— [ uto()ds.

0
By Osgood’s lemma it follow that p is identically zero on [0, ¢]. Since ¢ is an
arbitrary positive number, it follows that any solution that exists to (6.1) is
unique on [0, 00).
To establish existence, we use a classical Picard scheme. We construct a
series of trajectories, {zy}- ;, inductively by

t
x1(t) = x9 —|—/ v(s,xo)ds
0

and

¢
xp11(t) = xo —|—/ v(s,x) ds.
0

We restrict ourselves to the interval [0, T], where T > 0 is arbitrary. Since
we know that v is bounded over such an interval by some constant, M,

t
|1 (B)] < Jzol +/ v(s, 2k (s))] ds < [xo| + MT,
0

so the sequence {zj} is bounded over the interval [0, 7).
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We will now show that {xj} is a Cauchy sequence in the space of contin-
uous functions from the interval [0, 7] to R?. Let

Prt1,n(t) = |Thg14n(t) — Trpa (2)] -

Then
t
0< prosn(t) = / 05, Thm) — 0(5, 1) ds
0
t t
< / [0(8, Than) — v(s24)| ds < / 11T (s) — z(s)]) ds
0 0
t
- /0 1(prn(s)) ds.
Letting
pi(t) = sup prr1.n(t),
n>0
we have
t t
0= () < sup [ pora(s)) ds < [ supslpn(s)) ds
n>0J0 0 n>0

the last inequality being by Fatou’s lemma. Because p is increasing, it
follows that

t
() = limsup pi(t) < /O n(p(s) ds.

k—o0
By Osgood’s lemma, it follows that p is identically zero on the interval [0, 77,
which means that the sequence {zj} is Cauchy in the complete space of con-
tinuous functions from the interval [0, 7] to R2. Hence, z(t) = limy,_.oo T (t)
exists and is continuous—and also must satisfy (6.1).
Since T' > 0 was arbitrary, it follows that a unique continuous z satisfying
(6.1) exists on the interval [0, c0). O

The flow is now defined by
Y(t, wo) == x(t).

The continuity of 1 in time follow from Theorem 6.1, the continuity in space
by the results of Section 4.
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Fluid mechanics references appear first, then general references.
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