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Preface
This document was written in preparation for a series of four lectures in the
Fluid Mechanics Seminar at the University of Texas Austin, Spring 2003.
This was a “learning” seminar with detailed lectures on each topic. The topic
of my lectures is the result of Delort in [2] on vortex sheets. My lectures
followed a series of four lectures on vortex patches by Roman Shvydkoy; the
two sets of lectures are logically independent but complementary.

There are a number of published versions of Delort’s original result. (In
Section 1, I briefly discuss them.) I follow Chemin’s mathematical narrative
of Delort’s result as it appears in Chapter 6 of [1], the flow and details of
his argument, but a lot of the understanding of what is really going on,
and some of the math, comes from Chapter 11 of Majda and Bertozzi’s [7],
especially Section 11.4, and also some results from Chapters 8 through 10.

Nonetheless, the reader should view this document as an expanded rewrite
of Chapter 6 of [1]. And view it with CAUTION, since I have undoubtedly
got a few things wrong.

The setting throughout is that of a perfect incompressible fluid (zero
viscosity) in two-dimensional Euclidean space.
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1. Introduction

We adopt Chemin’s definition of a vortex sheet as a measure on the plane
derived from the length of a compact C1 curve. We fix such a curve in the
plane, and define the Borel measure, ω, for any open subset, Ω, of the plane
by setting ω(Ω) to be the total length of those portions of the curve that
lie in Ω. This truly results in a Borel measure since it is clearly countably
additive on open sets, and hence on the σ-algebra of Borel sets.

When we talk about a vortex sheet, it is really with the understanding
that it is the initial vorticity of a fluid, or even sometimes a solution given
that initial vorticity. The vortex sheet problem is to find out whatever we
can about the existence, uniqueness, regularity, or any other useful property
of weak solutions to the Euler equations, given an initial vorticity that is a
vortex sheet.

A vortex patch has a jump discontinuity in the vorticity across a curve
(which is the boundary of some domain), but the velocity remains contin-
uous. A vortex sheet exhibits a discontinuity in the velocity itself across a
curve.

In contrast to the approach to the vortex patch problem, we don’t want
to be dealing directly with the curve itself. So we deal with a slightly more
general initial vorticity as described in Theorem 1.1, the proof of which is
the main goal of this document:

Theorem 1.1 (Delort). Let m be a real number, and let v0 be a divergence-
free vector field belonging to the space Em for m ∈ R (Em is defined in
Section A). Suppose that ω0, its initial vorticity, is a finite measure with a
positive singular part. Then there exists a weak solution, (v, p), to the Euler
equations, belonging to the space L∞loc(R;Em)× L∞loc(R;F−1(L2 + L∞)).

Furthermore, for each time t, the vorticity ωt is a bounded measure with
positive singular part, whose total mass is bounded in time (almost every-
where) by the total mass of the initial vorticity.1

The measure ω0 is a signed, or real, measure, a subclass of complex measure
(it does not take complex values, but can take negative values, and hence is
not a positive measure). In Section B we present some results from measure
theory that we will need in our proof of Theorem 1.1.

Theorem 1.1 makes no claim regarding uniqueness, and in fact no unique-
ness result is currently known. And neither existence nor uniqueness is
known in the case where the singular part of the vorticity can have mixed
sign. (See [7] p. 432.)

Majda and Bertozzi in [7] refer to Theorem 1.1 as the “existence of weak
solutions with vortex-sheet initial data of distinguished sign.” So Chemin’s
definition of a vortex sheet is made to roughly match the known results (as

1Chemin doesn’t make the restriction “almost anywhere,” but I don’t know how to
avoid it.
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well as being physically motivated), while Majda and Bertozzi restrict the
domain of their definition in the statement of the result.

TODO: Include Chemin’s argument on the bottom of p. 109 on why this is
more general than the vortex sheet problem. This is actually a very technical
argument when one takes into account that it makes use of Proposition 2.2.6,
which I haven’t even worked through yet.

There are a number of published proofs of Theorem 1.1, none of which I
have done more than peruse. The first was that of Delort in [2]. Chemin’s
account in [1] is based upon [5].

Majda in [6] produces a variant of the Delort’s proof that serves as the
basis for Majda and Bertozzi’s approach in Section 11.4 of [7].

Finally, Evans and Müller in [4] give an approach that involves Hardy
spaces in a manner I do not understand. I believe, at this point, though,
that if I do pursue this topic further, the next thing I will do is study this
paper.
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2. Outline of Approach

To prove Theorem 1.1 we follow the usual procedure of regularizing the
initial velocity, v0, using an approximation of the identity, ρn (a mollifier in
the terminology of [7]), to obtain a sequence of functions,

v0,n = ρn ∗ v0, (2.1)

representing the initial velocity and converging to v0 in all Lp-norms, 1 ≤
p <∞, in which v0 lies. The function ρ is assumed to be smooth, compactly
supported, nonnegative, and have norms ‖ρ‖L1 = 1 and ‖ρ‖L∞ = 1. We also
assume, for simplicity in dealing with radial-energy decompositions, that ρ
is radially symmetric.

By Theorem C.1, there exists a unique global strong solution, vn, of the
Euler equations with initial velocity v0,n, which is continuous in the time
variable, smooth in the space variables, and belongs to L∞loc(R;Em). The
solutions {vn} (or rather some subsequence of them) converge weakly (in
the sense of test functions) to a vector field v, as we show2 in Section 3.
We do not know, a priori, that v is a solution in any sense to the Euler
equations—that is what we must prove.

We also establish in Section 3 properties of the limiting vorticity that will
be critical in proving in Section 7 that v is a solution to the Euler equations.

To make sense of the term “weak solution” in Theorem 1.1, we need to give
a weak formulation of the Euler equations appropriate for the study of vortex
sheets. This we do in Section 4. We show that if

{
v1
nv

2
n

}
converges weakly

to v1v2, then v will be a weak solution to the Euler equations with initial
velocity v0. So we have reduced the proof of the main part of Theorem 1.1
to proving that

{
v1
nv

2
n

}
converges weakly to v1v2.

Toward establishing weak convergence of
{
v1
nv

2
n

}
to v1v2, we show in

Section 5 that for any test function g,〈
v1
nv

2
n, g
〉

=
∫

R5

G(t, x, y) dµn(t, x, y), (2.2)

where
dµn(t, x, y) = ωn(t, x)ωn(t, y) dt dx dy, (2.3)

and where G is defined in Section 5. In Section 6 we show that G is a
bounded function vanishing at infinity, and continuous on the subset (R ×
R2 × R2) \ D, where D = R × diag(R2 × R2). This fact is what Majda
and Bertozzi call in [7] p. 442, “Delort’s (1991) key new observation.” It
appears in all versions of the proof mentioned in Section 1.

We use these properties of G in Section 7 to show that
{
v1
nv

2
n

}
weakly

converges to v1v2, thereby completing the proof of Theorem 1.1.

2A confusing aspect of Chapter 6 of [1] is that Chemin doesn’t prove this weak conver-
gence until near the end of the chapter, but starts referring almost at the beginning to a
vector field v without ever saying what it is.
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3. Weak Convergence of {vn}

In this section we establish the weak convergence of vn to a weak solution
v. We also establish some properties of the associated vorticities ωn and ω
that will be important in Section 7.

Our approach can be summarized as follows:
(1) Prove that the sequence {ωn}, where ωn = ω(vn), is bounded in

L∞loc(R;H−1(R2)) (see Lemma 3.2). We employ an energy estimate to
accomplish this. Weak convergence of {ωn} to some ω (Theorem 3.3)
follows by the Banach-Alaoglu theorem.

(2) Prove that a bounded measure lying in H−1(R2) is continuous (see
Lemma 3.4). (A measure is continuous if the measure of a single
point is always zero).

(3) Decompose ω0 into a positive and negative absolutely continuous
part and a singular part, show that each part flows along the vorticity
lines, prove that ω can be taken to be a finite measure, and show
that the absolutely continuous parts weakly approach functions in
L1 (see Theorem 3.6).

(4) Prove that |ωn| converges weakly to a finite positive measure ωp that
is continuous (see Theorem 3.6). This is the critical fact needed in
Section 7.

(5) Show that corresponding to ωn ⇀ ω there is a sequence of velocities
vn ⇀ v, where v is in L∞loc(R;Em) (see Theorem 3.7).

We will have to deal with the two different kinds of weak convergence,
similar yet subtly different:

(1) Convergence in the sense of integration with respect to a test func-
tion. When the test functions are smooth compactly supported func-
tions on some subset Ω of Rn, our notation will be

fn ⇀ f,

where {fn} is a sequence of functions or distributions on Ω and f is
its weak limit in the sense that for all ϕ in C∞0 (Ω),

lim
n→∞

∫
Ω
fnϕ =

∫
Ω
fϕ,

where the measure is Lebesgue.
(2) When we say that a sequence of bounded measures {µn} on a space

X converges weakly to another measure µ, which we write as

µn ⇀ µ,

we mean convergence in the weak topology on the bounded measures.
This means that the limit of any bounded linear functional (member
of the dual space, X∗) applied to a sequence is equal to the bounded
linear functional applied to the weak limit of that sequence. That
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is, for any linear functional λ in X∗,

lim
n→∞

λ(µn) = λ(µ).

Without exception, all our weakly convergent measures will lie
in the space L∞loc(R;H−1(R2)). By Theorem C.3 and the fact that
L1 is the dual of L∞loc, the dual space to L∞loc(R;H−1(R2)) is iso-
morphic to L1(R;H1(R2)), with an element ϕ in L∞loc(R;H−1(R2))
corresponding to the element λ = (f 7→ 〈ϕ, f〉).

So µn ⇀ µ means that for all ϕ in L1(R;H1(R2)),

lim
n→∞

∫
[0,T ]×R2

ϕdµn =
∫

[0,T ]×R2

ϕdµ.

The function ϕ, then, serves as a test function, just as it did in
our first definition of weak convergence. L1(R;H1(R2)) contains
C0([0, T ] × R2), the space of compactly supported continuous func-
tions, so we also have convergence in the same sense as in Section 4.

On p. 54-59 of [11] is an informative discussion of weak conver-
gence of Radon measures (which includes our measures). Of partic-
ular interest is the proof of Theorem 2, which is less abstract (and
more general) than the proof of the weak convergence of a bounded
sequence of bounded measures that we will give, which relies upon
the Banach-Alaoglu theorem (Theorem C.9).

Lemma 3.1. For any real s, ∂k : Hs(R2) → Hs−1(R2), and for any u ∈
Hs(R2), ‖∂ku‖Hs−1(R2) ≤ ‖u‖Hs(R2).

Proof. We have

‖∂ku‖2
Hs−1(R2) =

∫
Rd

(1 + |ξ|2)s−1
∣∣∣∂̂ku

∣∣∣2 dξ
=
∫

Rd

(1 + |ξ|2)s−1|ξk|2 |û|2 dξ

≤
∫

Rd

(1 + |ξ|2)s−1|ξ|2 |û|2 dξ

=
∫

Rd

(1 + |ξ|2)s |ξ|2

1 + |ξ|2
|û|2 dξ

≤
∫

Rd

(1 + |ξ|2)s |û|2 dξ = ‖u‖2
Hs(R2) .

�

Lemma 3.2. The sequence {ωn} is bounded in L∞loc(R;H−1(R2)).
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Proof. Let
v0 = σ + w

be a radial-energy decomposition of v0, where σ is a stationary solution and
w is in L2(R2). Then

vn,0 = ρn ∗ v0 = ρn ∗ σ + ρn ∗ w. (3.1)

The vorticity ω(ρn ∗ σ) = ρn ∗ ω(σ) is compactly supported and radially
symmetric since both ρn and ω(σ) have these same properties. So there
exists some stationary distribution σ′ whose vorticity is the same as that of
ρn ∗ σ’s (because we can integrate the vorticity as in Equation (A.1)).

Because ρ is compactly supported, ρn ∗ σ decays as σ does—like C/ |x|.
Also, div(ρn ∗ σ) = ρn ∗ div σ = 0 and div σ′ = 0, so ρn ∗ σ and σ′ are two
smooth divergence-free vector fields with identical vorticity that both decay
like C/ |x|. By Theorem A.3, ρn ∗ σ = σ′, so ρn ∗ σ is a stationary solution.

Since also ρn ∗ w is in L2, we conclude that Equation (3.1) is a radial-
energy decomposition of vn(0).

By Theorem B.5 and the second comment following it,

‖ρn ∗ ω0‖L1 ≤ ‖ρn‖L1 ‖ω0‖M ≤ ‖ω0‖M ,

so the total vorticity of ωn,0 is bounded, and ωn,0 belongs to some Emn where
mn need not equal m. By Theorem C.1, vn(t) is in Emn for all time. Thus,
we can use the same stationary solution σn = ρn ∗σ for all time, writing the
radial-energy decomposition of vn as

vn(t) = σn + wn(t) = ρn ∗ σ + wn(t).

Using Lemma 3.1,

‖ωn(t)‖H−1 = ‖ω(ρn ∗ σ) + ω(wn(t))‖H−1

≤ ‖ρn ∗ ω(σ)‖H−1 + ‖∂1wn(t)‖H−1 + ‖∂2wn(t)‖H−1

≤ ‖ρn ∗ h‖H−1 + 2 ‖wn(t)‖H0 ,

where h, the vorticity of σ, is compactly supported.
Now,

‖ρn ∗ h‖H−1 =
∫

R2

∣∣∣ρ̂n ∗ h(ξ)
∣∣∣2

1 + |ξ|2
dξ =

∫
R2

∣∣∣ρ̂n(ξ)
∣∣∣2 ∣∣∣ĥ(ξ)∣∣∣2

1 + |ξ|2
dξ

≤ ‖ρ̂n‖2
L∞

∫
R2

∣∣∣ĥ(ξ)∣∣∣2
1 + |ξ|2

dξ ≤ ‖ρn‖2
L1

∫
R2

∣∣∣ĥ(ξ)∣∣∣2
1 + |ξ|2

dξ

≤
∫

R2

∣∣∣ĥ(ξ)∣∣∣2
1 + |ξ|2

dξ = ‖σ‖H−1(R2) ,
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which is finite because h is compactly supported, so ĥ(ξ) decays like C/ |ξ|.
Also,

‖wn(t)‖H0 = ‖wn(t)‖L2 ≤ ‖vn(t)− σn‖L2 .

Therefore,

‖ωn(t)‖H−1 ≤ C + 2 ‖vn(t)− σn‖L2 .

But by Theorem C.1 we have the following energy estimate for initial
velocity in Em ∩ Cr (the initial velocity for the regularized solution is in
Em ∩ C∞):

‖vn(t)− σn‖L2 ≤ ‖vn(0)− σn‖L2 e
t‖∇σn‖L∞ .

Thus,

‖ωn(t)‖H−1 ≤ C + 2 ‖vn(0)− σn‖L2 e
t‖∇σn‖L∞

= C + 2 ‖ρn ∗ v0 − ρn ∗ σ‖L2 e
t‖∇(ρn∗σ)‖L∞

≤ C + 2 ‖ρn‖2
L1 ‖v0 − σ‖L2 e

t‖ρn∗∇σ‖L∞

≤ C + 2 ‖v0 − σ‖L2 e
t‖ρn‖L1‖∇σ‖L∞

= C + 2 ‖v0 − σ‖L2 e
t‖∇σ‖L∞ .

Thus, ‖ωn(t)‖H−1 is uniformly bounded in n and in time (over any finite
time interval), and the lemma is proved. �

Theorem 3.3. {ωn}⇀ ω for some ω in L∞loc(R;H−1(R2)) (after extracting
a subsequence).

Proof. L∞loc(R;H−1(R2)) is a topological vector space and by Lemma 3.2,
the sequence {ωn} lies within a ball in L∞loc(R;H−1(R2)). But this ball is
compact in the weak-∗ topology by the Banach-Alaoglu theorem (see Theo-
rem C.9), so some subsequence of {ωn} converges in the weak-∗ topology to
some ω in L∞loc(R;H−1(R2)). Identifying the dual spaces , we conclude thatDoes this argument

make sense? this subsequence converges in the weak topology. Without loss of generality,
we assume that the subsequence is the sequence {ωn} itself. �

Comment: When we extract a subsequence of {ωn} reindex it and identify
it with itself, we also reindex the associated sequences, {v0,n}, and {vn}. At
this point, these are the only associated sequences, but later there will be
more; when reindexing, we always mean to include all the sequences. An-
other way of looking at this is that we are only reindexing the one sequence
{ρn}, since all the other sequences are defined in terms of {ρn}.

Lemma 3.4. If the measure µ belongs to H−1(R2) it is continuous.
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Proof. Let h be a smooth, compactly supported, nonnegative function with
h(0) = 1, and define for any λ > 0,

hλ,x(y) = h

(
x− y

λ

)
.

If follows by a simple change of variables that ‖hλ,x‖L2 = λ ‖h‖L2 .
For any smooth, compactly supported function θ, we have, using the

change of variables y = x− λz, which has Jacobian λ2 (since we are in two
dimensions),

∂ihλ,x(y) = ∂i

(
h

(
x− y

λ

))
=

1
λ

(∂ih)
(
x− y

λ

)
=

1
λ

(∂ih)(z).

It follows that

〈∂ihλ,x, θ〉 =
∫
∂ihλ,x(y)θ(y) dy =

∫
1
λ

(∂ih)(z)θ(x− λz)λ2dz

= λ

∫
∂ih(z)θ(x− λz) dz

≤ λ ‖∂ih‖L1 ‖θ‖L∞ .

Thus, as λ approaches 0, hλ,x approaches 0 strongly in L2 and its deriva-
tives approach 0 weakly, so hλ,x must approach 0 weakly in H1. Since H−1

is dual to H1 (Theorem C.3), µ acting on H1 by the inner product is a linear
functional on H1, so

lim
λ→0

〈µ, hλ,x〉 = 0

by the definition of weak convergence of hλ,x to zero.
As for pointwise convergence, for all y in R2,

lim
λ→0

hλ,x = 1{x}(y).

Because |hλ,x| ≤ ‖h‖L∞ and µ is a finite measure, hλ,x is dominated by
‖h‖L∞ ∈ L1(µ). Thus, we can apply Lebesgue’s dominated convergence
theorem to conclude that

0 = lim
λ→0

〈µ, hλ,x〉 = lim
λ→0

∫
R2

hλ,x dµ =
∫

R2

lim
λ→0

hλ,x dµ

=
∫

R2

1{x} dµ = µ({x}).

This completes the proof of the lemma. �

Corollary 3.5. The sequence {ωn} and ω are continuous measures.

Proof. This follows immediately from Theorem 3.3 and Lemma 3.4. (Of
course, ωn is smooth, so continuity follows for it anyway.) �
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Theorem 3.6. After extracting an appropriate subsequence of {ωn} and
identifying it with the sequence itself, the following hold:

(1) The limit measure ω is a finite measure lying in L∞loc(R;H−1(R2)).
(2) There exists a positive continuous measure ωp such that |ωn| con-

verges weakly to ωp.
(3) The measure ωt is bounded with positive singular part, and its total

mass is bounded almost everywhere in Lebesgue measure on time t
by the total mass of the initial vorticity.

Proof. (1): The hypotheses of Theorem 1.1 allow us to decompose ω0 as

ω0 = f+
0 − f−0 + ωs

0,

where
f±0 ∈ L1, f±0 ≥ 0, and ωs

0 ≥ 0.
By Lemma B.2,

|ω0| = ω0 = f+
0 + f−0 + ωs

0.

Because vorticity is preserved along flow lines, and by Equation (2.1),

ωn(t, x) = f+
n (t, x)− f−n (t, x) + ωs

n(t, x), (3.2)

where

f±n (t, x) = (ρn ∗ f±0 )(ψ−1
n (t, x)),

ωs
n(t, x) = (ρn ∗ ωs

0)(ψ
−1
n (t, x)), (3.3)

and ψn is the flow corresponding to vn.
Because ω0 is a finite measure, each of f± and ωs

0 are finite. By Young’s
convolution inequality,∥∥f±n ∥∥L1 ≤ ‖ρn‖L1

∥∥f±0 ∥∥L1 ≤
∥∥f±0 ∥∥L1 . (3.4)

By Theorem B.5 and the second comment following it,

‖ωs
n‖L1 ≤ ‖ρn‖L1 ‖ωs

0‖M = ‖ωs
0‖M . (3.5)

Therefore,

‖ωn‖M = ‖ωn‖L1 ≤
∥∥f+

0

∥∥
L1 +

∥∥f−0 ∥∥L1 + ‖ωs
0‖M ,

meaning that {ωn} is a bounded in the measure norm. By Corollary C.10, a
subsequence of ωn converges to some finite measure ω′ in the weak-∗ topology
on the space M of all bounded Borel3 measures on [0, T ] × R2 and so, as
before, in the weak topology. Since the bounded linear functionals on MIf that argument

made sense before. are the space of all continuous functions vanishing at infinity, which include
continuous compactly supported functions, it is also true that we have weak
convergence in our other sense as well.

3We restrict our spaces to Borel measures so that single point sets {x}, which are the
countable intersections of open balls or radius 1/n about x, are measurable sets, and so
it makes sense to speak of continuous measures. Each ωn is Borel because it is smooth,
and so absolutely continuous with respect to Lebesgue measure, which is Borel.

10



Identify the subsequence with the sequence {ωn} itself. Then we have
that ωn ⇀ ω′. But by Theorem 3.3, we can again extract a subsequence
that converges to an ω′′ that lies in L∞loc(R;H−1(R2)) and is still convergent
in the weak-∗ topology on the space M of all bounded Borel measures on
[0, T ] × R2. Identifying the subsequence with the sequence once more, and
identifying ω with ω′′, we have a sequence ωn converging to a finite measure
lying in L∞loc(R;H−1(R2)).

We can argue similarly for f+
n (using the subsequence we just identified

with ωn as our starting point) to insure that f+
n converges weakly to a

bounded measure f+. Taking subsequences and arguing as before two more
times, we finally arrive at sequences, {ωn}, {f+

n }, {f−n }, and {ωs
n} that

converge individually to bounded measures ω, f+, f−, and ωs, respectively,
and are such that

ω = f+ − f− + ωs.

(2): We need to establish that f± is absolutely continuous with respect
to Lebesgue measure so we can view f± as being in L∞(R;L1(R2)). It is
sufficient to show that for all open sets E on [0, T ] × R2 that given ε > 0
there exists a δ > 0 such that

m(E) < δ =⇒ f±(E) < ε,

where m is Lebesgue measure.
Suppose first we can show that for any bounded integrable ϕ,

lim
n→∞

∫
ϕ(t, x)f±n (t, x) dt dx = lim

n→∞

∫
ϕ(t, x)f±0 (ψ−1

n (t, x)) dt dx. (3.6)

It follows by Lemma B.6 that4

f±(E) ≤ lim inf
n→∞

f±n (E) = lim inf
n→∞

∫
1E(t, x)f±n (t, x) dt dx

= lim inf
n→∞

∫
1E(t, x)f±0 (ψ−1

n (t, x)) dt dx

= lim inf
n→∞

∫
1E(t, ψn(t, x))f±0 (x) dt dx = f±0 (ψn(E)).

Because f0 is absolutely continuous and because m(ψn(E)) = m(E) by the
preservation of Lebesgue measure under the flow, there is some delta for
which we can we can insure that the right-hand side of the above inequality
is smaller than ε, thus demonstrating the absolute continuity of f±. Once
we prove Equation (3.6), that is.

4We are using f and fn both as measures, applying them to a measurable set, and as
functions, which is a bit confusing.
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We have∫
ϕ(t, x)f±n (t, x) dt dx =

∫
ϕ(t, x)f±0 (ψ−1

n (t, x)) dt dx

+
∫
ϕ(t, x)(ρn ∗ f±0 − f±0 )(ψ−1

n (t, x)) dt dx.

Thus, ∣∣∣∣∫ ϕ(t, x)f±n (t, x) dt dx−
∫
ϕ(t, x)f±0 (ψ−1

n (t, x)) dt dx
∣∣∣∣

≤ ‖ϕ‖L∞([0,T ]×R2)

∥∥ρn ∗ f±0 − f±0
∥∥

L1(R2)
,

from which Equation (3.6) follows.
By Lemma B.6, for any compact measurable E in [0, T ]× R2,

ωs(E) ≥ lim sup
n→∞

ωs
n(E).

But by hypothesis of Theorem 1.1, ωs
0 is positive5, hence ωs

n is positive by
Equation (3.3)6, so ωs is positive.

Now we can define a sequence {ω+
n } of positive measures by

ω+
n = f+

n + f−n + ωs
n.

Then |ωn| ≤ ω+
n by Theorem B.1. Each of the components of ω+

n converge
weakly, hence ω+

n itself converges weakly to a measure ω+, and we can write

ω+ = f+ + f− + ωs.

After again extracting a subsequence, |ωn| weakly converges to some bounded
positive measure ωp, and by Lemma B.7, ωp ≤ ω+.

Being locally integrable, f± are continuous measures, and ω is continuous
by Corollary 3.5. Hence, for any point x in R× R2,

0 = ω({x}) = f+({x})− f−({x}) + ωs({x})
= 0 + 0 + ωs({x}),

so ωs({x}) = 0, meaning ωs is continuous. But then

ω+({x}) = f+({x}) + f−({x}) + ωs({x}) = 0,

so ω+ is continuous.
But ωp ≤ ω+, meaning that ωp(E) ≤ ω+(E) for every measurable set E.

Specifically, ωp({x}) ≤ ω+({x}) = 0, so ωp is continuous. Thus, we have a
positive continuous measure ωp such that |ωn| converges weakly to ωp.

(3):All that remains to be shown is that the total mass of ωt is bounded in
time. Applying Theorem B.1 just as in our demonstration that |ωn| ≤ ω+

n ,

5This is the only place in the proof where the positivity of the singular part is used.
6This is why we added the restriction that ρn be nonnegative. Also notice that we are

using the regularity of the measures.
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we conclude that |ω| ≤ ω+. Since these are both positive measures,

‖ω‖M = |ω| ([0, T ]× R2) ≤ ω+([0, T ]× R2) =
∥∥ω+

∥∥
M ,

where we fix T > 0. More generally, if we let I be a subinterval of [0, T ],
then

|ω| (I × R2) ≤ ω+(I × R2).

By the preservation of vorticity along flow lines,

ω+
n (I × R2) = m(I)(ρn ∗ (f+

0 + f−0 + ωs
0))(R2)

= m(I)(ρn ∗ |ω0|)(R2) ≤ m(I) ‖ρn‖L1 ‖ω0‖M
≤ m(I) ‖ω0‖M .

By Lemma B.7,
ω+(I × R2) ≤ m(I) ‖ω0‖M ,

so

|ω| (I × R2) ≤ m(I) ‖ω0‖M . (3.7)

Writing the first measure as an integral, we have

|ω| (I × R2) =
∫

I
|ωt| (R2) dt =

∫
I
‖ωt‖M dt ≤ m(I) ‖ω0‖M ,

or,
1

m(I)

∫
I
‖ωt‖M dt ≤ ‖ω0‖M .

Taking intervals I nicely shrinking to a point and applying the Lebesgue
differentiation theorem we conclude that

‖ωt‖M ≤ ‖ω0‖M
almost everywhere in Lebesgue measure on time. �

Comment: The positivity of the singular part of the initial vorticity was
needed to separate a positive from a negative part of the limiting vorticity
simultaneously with separating the absolutely continuous from the singular
part. This allowed us to demonstrate continuity of the measure ω+. Also,
if we weren’t able to make such a separation, we wouldn’t have been able to
apply Theorem B.1 to conclude that |ω| is also continuous. We won’t really
appreciate why this was so important, though, until we see why continuity
of ω+ is so important in the proof of Theorem 7.1.

Comment: By the reasoning that led to Equation (3.7), without the added
complication of introducing an interval in time, it would be tempting to
conclude directly that ‖ωt‖M ≤ ‖ω0‖M for all time t. However, ωt doesn’t
exist as a limit of its own at each time; rather, we take the limiting measure
ω on [0, T ]×R2 and then ωt is the slice of ω at time t. I see no way to avoid

13



this and obtain what Chemin claims, that the bound on total vorticity is
for all time and not just almost everywhere in time.

Theorem 3.7. vn ⇀ v for some v in L∞loc(R;Em). Moreover, v satisfies the
same energy estimate as for smooth initial data; namely,

‖v(t)− σ‖L2 ≤ ‖v0 − σ‖L2 e
t‖∇σ‖L∞ ,

where σ is a stationary solution in Em.

Proof. From the proof of Lemma 3.2, the sequence vn − σn is bounded in
L∞([0, T ];L2(R2)) by

‖v0 − σ‖L2 e
T‖∇σ‖L∞ .

Therefore, using Theorem C.9 as we have already done a number of times
before, there is some subsequence of vn, which we identify with itself (as
we do all of the corresponding subsequences, of course), such that vn − σn

converges weakly to some vector w in L∞([0, T ];L2(R2)), and w satisfies the
same bound in L∞([0, T ];L2(R2)) as the sequence vn − σn.

But σn ⇀ σ by Theorem C.77, so

vn − σ ⇀ w or vn ⇀ v := σ + w,

meaning that v is in L∞loc(R;Em), and that vn−σ satisfies the energy estimate
claimed. �

7In fact, by Lemma A.6, σn → σ in L2(R2).
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4. Weak Formulation of the Euler Equations

Let us first review the weak formulation of the Euler equations for vortex
patches, following [7] p. 309-311, so we can see why this weak solution fails
to apply to vortex sheets. In a vortex patch, our initial vorticity ω0 is in
L1(R2) ∩ L2(R2), but has no assumed regularity.

Let v(t, x) be a smooth two-dimensional velocity field for an incompress-
ible fluid, and assume that its corresponding vorticity ω(t, x), which will
also be smooth, vanishes at infinity. Then ω is a smooth solution to the
two-dimensional Euler equations, which we can write as

Dω

Dt
= 0,

where
D

Dt
=

∂

∂t
+ v · ∇.

The transport equation (Equation 1.16 p. 5 of [7]) for an incompressible
fluid tells us then that

d

dt

∫
R2

ϕω dx =
∫

R2

D

Dt
(ϕω) dx =

∫
R2

Dϕ

Dt
ω dx,

where ϕ is any smooth, compactly supported function.
Integrating with respect to time gives∫

R2

ϕ(T, x)ω(T, x) dx−
∫

R2

ϕ(0, x)ω(0, x) dx =
∫ T

0

∫
R2

Dϕ

Dt
ω dx.

This last equation applies to a broader class of both test functions (we
only require one derivative) and vorticity (any vorticity in L1(R2)∩L∞(R2)
will do).

This formulation will not serve for vortex sheets, however, because the
vorticity is not even a function and so not measurable with respect to
Lebesgue measure. Another way of looking at this is that ω has a sin-
gular part, so we cannot write it in the form ω = hdx where h is the
Radon-Nikodym derivative with respect to Lebesgue measure—if we could,
we could substitute it into the formula above and have a weak formulation
for vortex sheets.

Since the singular part of the vorticity seems to be such a stumbling block,
we choose instead to formulate the equations in terms of the velocity which,
while it is discontinuous, is at least locally Lebesgue measurable. So consider
the Euler equations in their strong form:

(E)


Dv
Dt = ∂tv + v · ∇v = −∇p

div v = 0
v|t=0 = v0,

(4.1)

Whatever our weak formulation may look like, it cannot include any
derivatives of the velocity, for our velocities will not be continuous let alone
differentiable. The usual way to get rid of derivatives in going to a weak
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formulation, and the way we will follow, is to integrate by parts, thereby
moving the derivatives to the test function. A little preparation of (E) is
what’s needed, noting that for smooth velocities,

v · ∇v :=
∑

j

vj∂jv =
∑

j

vj
∑

i

∂jv
iêi

=
∑

i

∑
j

vj∂jv
i

 êi =
∑

i

(v · (∇vi))êi (4.2)

=
∑

i

div(viv)ei =
∑

i

∑
j

∂j(vivj)

 êi

=: div v ⊗ v.

Here we used the fact that if div v = 0, then v · ∇a = div(av) for any
continuously differentiable function a to conclude that v · (∇vi) = div(viv).)

Thus the system (E) is equivalent for smooth functions to the following
system of equations:

(E)

∂tv + div v ⊗ v = −∇p
div v = 0
v|t=0 = v0,

. (4.3)

We have not removed the derivatives in v·∇v, but they are now positioned
to be removed by integrations by parts. Arguing much as we did before with
the transport formula, substituting Equation (4.2), we obtain (as in p. 361-
362 of [7]), ∫

R2

ϕ(T, x) · v(T, x) dx−
∫

R2

ϕ(0, x) · v0 dx

=
∫ T

0

∫
R2

∂tϕ · v +∇ϕ · (v ⊗ v) dx dt,

where now the test function ϕ is to be any smooth compactly supported
divergence-free vector field. Also, ∇ϕ, the differential of ϕ, is a 2×2 matrix,
as is v ⊗ v, and we define ∇ϕ · (v ⊗ v) to be the sum of the product of the
corresponding elements of each matrix. (The disappearance of the pressure
in this equation was by the divergence theorem and the fact that ϕ has
divergence zero.)

Chemin shows in Theorem 1.3.1(ii) p. 13 of [1] that the system (E) is
equivalent to the system of equations,

∂tv +
1
2

(
∂1 2∂2

−∂2 2∂1

)(
(v1)2 − (v2)2

v1v2

)
= −∇q,

for some vector field q in L∞loc(R;S ′(R2)) ∩ F−1
x (L∞loc(R;L2 + L∞)) with,

I suppose, the same interpretation in terms of integration against a test
function (so the vector field q disappears and plays no direct role in our
analysis).
16



Equivalently, we can let our test function ϕ = ∇⊥η, where η is a scalar
function in C∞0 ([0, T ] × R2) (this follows from Theorem C.4). In effect,
then, η becomes our (now scalar) test function. After integrating by parts,
we obtain Equation (11.95) p. 435 of [7]:∫ T

0

∫
R2

(∂2η)v1 − (∂1η)v2 dx dt

=
∫ T

0

∫
R2

(∂1∂2η)((v2)2 − (v1)2) + (∂2
2η − ∂2

1η)(v
1v2) dx dt. (4.4)

This, finally, is our weak formulation of the Euler equations for a vortex
sheet.

As we showed in Section 3, there exists a vector field v to which a sequence
{vn} of approximate smooth solutions weakly converges. This means that

lim
n→∞

∫ T

0

∫
R2

(∂2η)v1
n − (∂1η)v2

n dx dt =
∫ T

0

∫
R2

(∂2η)v1 − (∂1η)v2 dx dt.

Suppose that we can also show that

lim
n→∞

∫ T

0

∫
R2

(∂1∂2η)((v2
n)2 − (v1

n)2) + (∂2
2η − ∂2

1η)(v
1
nv

2
n) dx dt

=
∫ T

0

∫
R2

(∂1∂2η)((v2)2 − (v1)2) + (∂2
2η − ∂2

1η)(v
1v2) dx dt.

Then since each vn satisfies Equation (4.4), v will satisfy it as well.
DiPerna and Majda show in [3] that rotation by a constant angle of 45

degrees transforms (v2)2 − (v1)2 into v1v2. Also, since η is in C∞0 ([0, T ] ×
R2), we can replace ∂1∂2η and ∂2

2η − ∂2
1η by an arbitrary test function in

C∞0 ([0, T ]×R2), reducing the proof of Theorem 1.1 to proving the following:

lim
n→∞

∫ T

0

∫
R2

ϕv1
nv

2
n dx dt =

∫ T

0

∫
R2

ϕv1v2 dx dt (4.5)

for all ϕ in C∞0 ([0, T ]×R2). In other words, we are reduced to showing that
v1
nv

2
n ⇀ v1v2.

17



5. The Biot-Savart Law and the Function G

Assuming that it is valid to apply the Biot-Savart law (Theorem C.5) to
give vn in terms of ωn, then in combination with Fubini’s theorem, we have
Equation (2.2) and Equation (2.3), where

G(t, x, y) = − 1
4π2

∫
R2

z2 − y2

|z − y|2
z1 − x1

|z − x|2
g(t, z) dz. (5.1)

To apply the Biot-Savart law, it is sufficient to know that ωn lies in some
Lp space for 1 ≤ p < 2. In fact, ωn lies in all Lp spaces, 1 ≤ p ≤ ∞—
that is, ωn ∈ L1 ∩ L∞. Since all Lp norms of the vorticity are preserved,
ωn = ω(vn) ∈ L1 ∩ L∞ if and only if ω(v0,n) ∈ L1 ∩ L∞. But,

ω(v0,n) = ω(ρn ∗ v0) = ρn ∗ ω(v0) = ρn ∗ ω0.

By assumption, ω0 is in L1, being a finite measure. Thus,

‖ρn ∗ ω0‖L1 ≤ ‖ρn‖L1 ‖ω0‖M <∞
and

‖ρn ∗ ω0‖L∞ ≤ ‖ρn‖L∞ ‖ω0‖M <∞,

by Theorem B.5 and the first comment following it.
Our ultimate goal is to show weak convergence of v1

nv
2
n to v1v2. This is

equivalent to showing that

lim
n→∞

〈
v1
nv

2
n, g
〉

=
〈
v1v2, g

〉
or, in other words, bringing the limit under the integral sign in Equa-
tion (2.2). To do this we need some control on the behavior of the function
G, the topic of the following section, and on µn, which we describe now.

Define the norm of a bounded measure ν on Ω byTODO: I am pretty
sure the rest of this
section is not needed.
Chemin argues this,
but it seems
redundant.

‖ν‖ := |ν| (Ω). (5.2)

Setting Ω = [0, T ] × R2 × R2, because of the preservation of the vorticity
along flow lines,

‖µn‖ =
∫ T

0

∫
R2

∫
R2

|ωn(t, x)| |ωn(t, y)| dt dx dy

=
∫ T

0

∫
R2

∫
R2

|ωn(0, x)| |ωn(0, y)| dt dx dy

= T

∫
R2

∫
R2

|ωn(0, x)| |ωn(0, y)| dx dy

= T ‖ωn(0, ·)‖2
L1 = T ‖ρn ∗ ω0‖2

L1

≤ T ‖ρn‖2
L1 ‖ω0‖2

L1 ≤ T ‖ω0‖2
L1 ,

so the sequence {µn} is bounded.
Since {µn} is bounded, it lives in a ball (the unit ball, if we normalize the

measures) in the space of all bounded Borel measures, M, on R7. But M
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is a Banach space (its dual is the Banach space of all continuous functions
vanishing at infinity), and the unit ball is compact in the weak−∗ topology
by the Banach-Alaoglu theorem (see Theorem C.9), so some subsequence of
{µn} converges weakly to a bounded measure µ. Without loss of generality,
we assume that the subsequence is the sequence {µn} itself.
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6. Properties of the Function G

The properties of G we will need are described in the following theorem:

Theorem 6.1. Let E = (R×R2×R2) \D, where D = R × diag(R2×R2).
Then the function G defined by Equation (5.1), restricted to E, is bounded,
vanishes at infinity, and is continuous.

Proof. G is well-defined on E, since off the diagonal of R2 × R2, the singu-
larities at {x} ×R2 and R2 × {y} are removable (since the function |z|−1 is
locally integrable in R2).

Vanishing at Infinity. To prove that G vanishes at infinity, assume first
that t does not lie in the projection of supp(g) on the time axis. Then g is
identically zero in the integrand so G(t, x, y) = 0. In the time axis, then, G
is compactly supported and hence vanishes at infinity.

As for the space variables, we can see that for values of (x, y) sufficiently
far from the projection of the support of g on R2 × R2, that

|G(t, x, y)| ≤ C

max {|x| , |y|}
,

so G vanishes at infinity in the space variables as well.

Continuity. I suppose we could argue continuity of G in various ways.
Chemin just says “The function |z|−1 is locally integrable on R2; therefore
Lebesgue’s continuity theorem implies the continuity of G off the diagonal.”
Unfortunately, I don’t know to which of the many theorems attributed to
Lebesgue, “Lebesgue’s continuity theorem” refers. Majda and Bertozzi in
[7] p. 445-446 go to enormous pain with a direct calculation of the difference
between G(t, x + h, y) and G(t, x, y) to argue continuity. I, however, shall
argue as follows.

Let p = (t, x, y), h = (ht, hx, hy), and write f(t, x, y, z) = f(p, z) for the
integrand in Equation (5.1), so

G(t, x, y) =
∫

R2

f(t, x, y, z) dz or G(p) =
∫

R2

f(p, z) dz,

where

f(t, x, y, z) = − 1
4π2

z2 − y2

|z − y|2
z1 − x1

|z − x|2
g(t, z).

Let K be the projection of the support of g onto R2.
If x and y both lie outsideK, then f is bounded onK since the zeros in the

denominator are avoided. Thus, |f(p+ h, z)| ≤ C1K , which is in L1. Then
since limh→0 f(p + h, z) = f(p, z), by Lebesgue’s dominated convergence
theorem, limh→0G(p+ h) = G(p) (regardless of how h approaches zero), so
G is continuous outside of K.
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For x or y inside K (with x 6= y, since if x = y then p is not in E), the
situation changes only slightly. Because |z|−1 is locally integrable (maybe
this is Chemin’s argument), we can choose a ball B around (x, y) such that
once (x + hx, y + hy) lies within 1

2B, the contribution to both G(p) and
G(p + h) of their respective integrands within B is less than ε/2 for any
given ε > 0, thereby contributing no more than ε to |G(p+ h)−G(p)|,
while outside B, |f(p+ h, z)| ≤ C1K .

That is, for (x+ hx, y + hy) in 1
2B,

|G(p+ h)−G(p)| ≤
∫

B
|f(p+ h, z)− f(p, z)| dz

+

∣∣∣∣∣
∫

R2\B
f(p+ h, z)− f(p, z) dz

∣∣∣∣∣ . (6.1)

The first term in Equation (6.1) is no larger than∫
B
|f(p+ h, z)− f(p, z)| dz ≤

∫
B
|f(p+ h, z)| dz +

∫
B
|f(p, z)| dz

≤ ε

2
+
ε

2
= ε.

As for the second term in Equation (6.1), we argue as we did for (x, y) both
outside K, since

∣∣f(p+ h, z)|R2\B
∣∣ ≤ C1K\B, which is in L1, and f(p +

h, z)|R2\B approaches f(p, z)|R2\B pointwise. Applying Lebesgue’s domi-
nated convergence theorem, we conclude that in the limit as h approaches 0,
the second term in Equation (6.1) is 0. Thus, limh→0 |G(p+ h)−G(p)| < ε.
But ε is arbitrary, so, in fact, limh→0G(p+ h) = G(p).

Boundedness. Finally, we prove boundedness, which is more difficult.
Let

G̃(t, y, w) =
∫

R2

z2

|z|2
z1 + w1

|z + w|2
g(t, y + z) dz.

It follows by the change of variables z′ = z − y that

G(t, x, y) = − 1
4π2

G̃(t, y, y − x).

Since G and hence G̃ vanish at infinity, |G̃| is less than say, 1, outside of
some compact subset of E. So if we can show that G̃ is bounded in every
compact set K, then it is bounded in all of E.

Define
r(t, y, z) := g(t, y + z)− g(t, y),

so,
g(t, y + z) = g(t, y) + r(t, y, z) and r(t, y, 0) = 0. (6.2)

Since g is compactly supported and smooth, its derivatives are bounded,
meaning that r is smooth and has derivatives bounded by some constant C.
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Thus,

|r(t, y, z)| = |r(t, y, z)− r(t, y, 0)|

≤
∫ z

0

∣∣∣∣ ∂∂wr(t, y, w)
∣∣∣∣ dz ≤ C |z| , (6.3)

a fact we will use a little later.
Let B be a ball containing the sum of the projection of K onto the first

copy of R2 in E and of the projection onto R2 of the support of g. Let θ be a
smooth compactly supported radial function, equal to 1 in a neighborhood
of B, and taking values in [0, 1]. Our definition of B insures that for any
(t, y, w) ∈ K, g(t, y + z) = 0 whenever z /∈ B—that is, whenever θ(z) 6= 1.
Thus,

G̃(t, y, w) =
∫

z2

|z|2
z1 + w1

|z + w|2
g(t, y + z)θ(z) dz.

Applying Equation (6.2), it follows that

G̃(t, y, w) = Θ(w)g(t, y) +
∫

R2

z2

|z|2
z1 + w1

|z + w|2
θ(z)r(t, y, z) dz, (6.4)

where

Θ(w) =
∫

R2

z2

|z|2
z1 + w1

|z + w|2
θ(z) dz. (6.5)

Thus,

|G̃(t, y, w)− g(t, y)Θ(w)| ≤
∫ ∣∣z2

∣∣
|z|2

∣∣z1 + w1
∣∣

|z + w|2
|r(t, y, z)| θ(z) dz.

But ∣∣z2
∣∣

|z|2
≤ 1
|z|

and

∣∣z1 + w1
∣∣

|z + w|2
≤ 1
|z + w|

, (6.6)

so, with Equation (6.3),

|G̃(t, y, w)− g(t, y)Θ(w)| ≤
∫

1
|z|

1
|z + w|

|r(t, y, z)| θ(z) dz

≤ C

∫
1
|z|

1
|z + w|

|z| θ(z) dz

≤ C

∫
B′

1
|z + w|

dz (6.7)

= C

∫ 2π

0

∫ r′

0

1
r
r dr dθ = 2Cπr′ = C,

where B′ is a ball centered at −w and containing B, and r′ is the radius of
B′ (which is no larger than twice the radius of B, since −w ∈ B).

Since g is bounded, if Θ is bounded on the projection of K onto the last
copy of R2, then by Equation (6.7) G̃, and hence G, are bounded on K.
Thus, all that remains of the proof of this theorem is to show that Θ is
bounded on the projection of K, which we now proceed to do.
22



Let w be on the unit circle in the plane and let σ be any real number in
the interval (0, 1]. The reason we choose σ in this range is that we wish to
prove the boundedness of Θ(w) for w in the unit disk minus the origin, the
origin (w = 0) corresponding to the projection of the exceptional set D onto
the last copy of R2.

Make the change of variables z′ = z/σ in Equation (6.5)—so z = σz′,
which has Jacobian σ2 (remember z is an ordered pair)—to give

Θ(σw) =
∫

z2

|z|2
z1 + σw1

|z + σw|2
θ(σz) dz

=
∫

σz2

|σz|2
σz1 + σw1

|σz + σw|2
θ(σz)σ2dz

=
∫

z2

|z|2
z1 + w1

|z + w|2
θ(σz) dz.

Now, the function,
z1z2

|z|4
,

integrates to zero over any radially symmetric measurable set centered at
the origin, so

Θ(σw)−Θ(w)

=
∫

R2

z2

|z|2
z1 + w1

|z + w|2
(θ(σz)− θ(z)) dz

=
∫ |z|=2

|z|=c

z2

|z|2
z1 + w1

|z + w|2
(θ(σz)− θ(z)) dz

+
∫ ∞

2

z2

|z|2

(
z1 + w1

|z + w|2
− z1

|z|2

)
(θ(σz)− θ(z)) dz.

Here we can choose c to be the radius of B, for θ(σz)− θ(z) is zero on B.
Because |θ(σz)− θ(z)| ≤ 2, we have

|Θ(σw)−Θ(w)| ≤ 2
∫ |z|=2

|z|=c

∣∣z2
∣∣

|z|2

∣∣z1 + w1
∣∣

|z + w|2
dz

+ 2
∫ |z|=∞

|z|=2

∣∣z2
∣∣

|z|2

∣∣∣∣ z1 + w1

|z + w|2
− z1

|z|2

∣∣∣∣ dz. (6.8)

To bound the first integral in Equation (6.8) we use Equation (6.6) to
conclude that∫ |z|=2

|z|=c

∣∣z2
∣∣

|z|2

∣∣z1 + w1
∣∣

|z + w|2
dz ≤

∫ |z|=2

|z|=c

1
|z|

1
|z + w|

dz ≤ C1 <∞,

the integral being finite because |z + w|−1 is locally integrable, and where
C1 is independent of w.
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The second integral in Equation (6.8) is bounded with the help of Lemma 6.2,
below, giving∫ |z|=∞

|z|=2

∣∣z2
∣∣

|z|2

∣∣∣∣ z1 + w1

|z + w|2
− z1

|z|2

∣∣∣∣ dz ≤ 40
∫ ∞

2

1
|z|

1
|z|2

dz

= 40
∫ ∞

2

1
|z|3

dz ≤ C2 <∞.

Thus, Equation (6.8) becomes,

|Θ(σw)−Θ(w)| ≤ 2C1 + 2C2.

This implies that Θ is bounded on the unit disk minus the origin since it
never differs by more than a constant from some value it attains on the unit
circle, and on the unit circle it is bounded, again because the function |z|−1

is locally integrable. But the above argument can obviously be extended to
any disk in R2 minus the origin, and hence to a disk containing the projection
of K onto the last copy of R2, which completes the proof of Theorem 6.1
except for the proof of Lemma 6.2. �

Lemma 6.2. For all w in on the unit circle in the plane and for all z such
that |z| ≥ 2, ∣∣∣∣ z1 + w1

|z + w|2
− z1

|z|2

∣∣∣∣ ≤ 40
|z|2

.

Proof. ∣∣∣∣ z1 + w1

|z + w|2
− z1

|z|2

∣∣∣∣
=

∣∣∣∣∣ |z|2 (z1 + w1)− |z + w|2 z1

|z + w|2

∣∣∣∣∣ 1
|z|2

=

∣∣∣∣∣z1 |z|
2 − |z + w|2

|z + w|2
+ w1 |z|2

|z + w|2

∣∣∣∣∣ 1
|z|2

≤

(∣∣∣∣∣z1 |z|
2 − |z|2 − 2z · w − |w|2

|z + w|2

∣∣∣∣∣+
∣∣∣∣∣w1 |z|2

|z + w|2

∣∣∣∣∣
)

1
|z|2

=

(∣∣∣∣z1 2z · w − 1
|z + w|2

∣∣∣∣+
∣∣∣∣∣ |z|2

|z + w|2

∣∣∣∣∣
)
.

1
|z|2
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But for |z| ≥ 2,∣∣∣∣z1 2z · w − 1
|z + w|2

∣∣∣∣ ≤ |z| 2 |z| |w|+ 1
(|z| − |w|)2

= |z| 2 |z|+ 1
(|z| − 1)2

=
|z|

|z| − 1
2 |z|+ 1
|z| − 1

≤ 2 · 5 = 10, and∣∣∣∣∣ |z|2

|z + w|2

∣∣∣∣∣ ≤
∣∣∣∣∣ |z|2

(|z| − |w|)2

∣∣∣∣∣ =
∣∣∣∣ |z|
(|z| − |w|)

∣∣∣∣2 ≤ 22 = 4.

Therefore, for |z| ≥ 2,∣∣∣∣ z1 + w1

|z + w|2
− z1

|z|2

∣∣∣∣ ≤ 10 · 4
|z|2

=
40
|z|2

.

�
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7. Weak Convergence of
{
v1
nv

2
n

}
Theorem 7.1 gives the weak convergence of

{
v1
nv

2
n

}
to v1v2, given certain

assumptions on the initial data. As a result of what we proved in Sec-
tion 3, these assumptions are met for initial data satisfying the hypotheses
of Theorem 1.1. Thus, by proving Theorem 7.1 we complete the proof of
Theorem 1.1. (Note that since v belongs to L∞loc(R;Em), it follows by The-
orem 1.3.1(i) of [1] p. 13 that the pressure p associated to v belongs to
L∞loc(R;F−1(L2 + L∞)).)

Theorem 7.1. Let m be a real number and let {vn} be a bounded sequence
in the space L∞loc(R;Em) converging weakly to v. Suppose that the sequence
{ωn} is a bounded sequence in the space L∞(R;L1(R2)) converging weakly
to ω.

If there exists a continuous measure ωp such that |ωn| converges weakly
to ωp then we have, in D′(R3),

v1
nv

2
n ⇀ v1v2.

Weak convergence of a measure here means, as always, that any linear func-
tional in the dual space evaluated on the sequence approaches that same
functional evaluated on the weak limit of the function. The dual space to
bounded measures is the set of functions vanishing at infinity. Chemin only
deals with compactly supported continuous functions, though, in his proof,
and I am not sure whether this is simply because they are dense in the set
of continuous functions that vanish at infinity.

Before proving Theorem 7.1, we need to establish an important lemma.

Lemma 7.2. Let X be a metric space, locally compact and σ-compact [a
countable union of compact sets—Chemin calls this countable at infinity].
Let {µn} be a bounded sequence of bounded measures converging weakly to a
measure µ.

If the sequence {|µn|} converges weakly to ν, then, for any bounded Borel
function f , vanishing at infinity and continuous outside a closed set N that
is ν − negligible [that is, ν(N) = 0], we have

lim
n→∞

∫
f dµn =

∫
f µ. (7.1)

Proof. Let ε > 0. Because f vanishes at infinity, we can choose a compactly
supported continuous function, τ , so that8

‖(1− τ)f‖L∞ ≤ ε

8 supn ‖µn‖+ 1
, (7.2)

where the measure-norm ‖µn‖ is as we defined in Equation (5.2).

8This is a slight correction to Chemin’s Equation (6.6) p. 113 of [1].
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Let
Np = {x ∈ X : d(x,N ∩ supp τ) < 1/p} ,

where d is the metric on X. Define the sequence {θn} by9

θp(x) =
d(x,NC

p )
d(x,NC

p ) + d(x,N2p)
. (7.3)

For x ∈ N ∩ supp τ , d(x,N2p) = 0 while d(x,NC
p ) 6= 0, so θp(x) =

1. For x ∈ (N ∩ supp τ)C , for large enough value of p, d(x,N2p) 6= 0
while d(x,NC

p ) = 0, so θp(x) = 0. Also, the terms in the denominator of
Equation (7.3) can never both be zero10, so θp is well-defined. We conclude
from this that

lim
p→∞

θp(x) = 1N∩supp τ (x). (7.4)

Because ν(N) = 0, it must be true that after some value of p,
∫
θp dν can

be made as small as we desire. Specifically, there is some value of p so that
if we set α = θp, then ∫

αdν ≤ ε

8 ‖f‖L∞ + 1
. (7.5)

But by assumption, {µn} converges weakly to ν, so there exists and integer
n0 so that

n ≥ n0 =⇒
∫
αd |µn| ≤

2ε
8 ‖f‖L∞ + 1

. (7.6)

Then11,∫
f dµ−

∫
f dµn

=
∫

(1− τ)f(dµ− dµn) (7.7)

+
∫
ταf(dµ− dµn) +

∫
τ(1− α)f(dµ− dµn).

We need the following two inequalities, which, to avoid disrupting the
flow of the proof with too many details, we state now and prove later:∣∣∣∣∫ f dµ−

∫
f dµn −

∫
τ(1− α)f(dµ− dµn)

∣∣∣∣ ≤ 3ε
4
, (7.8)

and there exists an integer n1 such that

n ≥ n1 =⇒
∣∣∣∣∫ τ(1− α)f(dµ− dµn)

∣∣∣∣ ≤ ε

4
. (7.9)

Together, these two inequalities imply Equation (7.1), completing the proof
of the lemma.

9This is a slight correction to the equation following Equation (6.6) p. 113 of [1].
10The slight change we made in the definition of θp was to avoid this problem.
11This is a slight correction of the equation before Equation (6.9) p. 114 of [1].
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Proof of Equation (7.8). We have from Equation (7.7) that∣∣∣∣∫ f dµ−
∫
f dµn −

∫
(1− α)τf(dµ− dµn)

∣∣∣∣
≤ ‖(1− τ)f‖L∞

∣∣∣∣∫ dµ−
∫

dµn

∣∣∣∣+ ‖f‖L∞

∣∣∣∣∫ αdµ−
∫
αdµn

∣∣∣∣ ,
where we used |τ | ≤ 1.

But, ∣∣∣∣∫ dµ−
∫

dµn

∣∣∣∣ ≤ ∣∣∣∣∫ dµ

∣∣∣∣+ ∣∣∣∣∫ dµn

∣∣∣∣
≤ 2 sup

n

∣∣∣∣∫ dµn

∣∣∣∣ = 2 sup
n
‖µn‖ .

In the last equality we used the weak convergence of µn to µ.
Also, ∣∣∣∣∫ αdµ−

∫
αdµn

∣∣∣∣ ≤ ∣∣∣∣∫ αdµ

∣∣∣∣+ ∣∣∣∣∫ αdµn

∣∣∣∣
≤
∫
αd |µ|+

∫
αd |µn| ≤ 2 lim sup

n

∫
αd |µn| ,

where we used again the weak convergence of µn to µ along with the fact
that α is nonnegative to conclude that

∫
αd |µ| ≤ lim supn

∫
αd |µn|.

Thus,∣∣∣∣∫ f dµ−
∫
f dµn −

∫
(1− α)τf(dµ− dµn)

∣∣∣∣
≤ 2 ‖(1− τ)f‖L∞ sup

n
‖µn‖+ 2 ‖f‖L∞ lim sup

n

∫
αd |µn|

≤ 2
ε

8 supn ‖µn‖+ 1
sup

n
‖µn‖+ 2 ‖f‖L∞

2ε
8 ‖f‖L∞ + 1

≤ 2
ε

8 supn ‖µn‖
sup

n
‖µn‖+ 2 ‖f‖L∞

2ε
8 ‖f‖L∞

=
ε

4
+
ε

2
=

3ε
4
,

where we substituted Equation (7.2) and Equation (7.6). We also assumed
that ‖f‖L∞ and supn ‖µn‖ were nonzero, but the inequality holds, trivially,
if either one is zero as well.

Proof of Equation (7.9). The function τ is compactly supported and
continuous on all of X, the function α is continuous on all of X, and f
is continuous on X \ N . Therefore, the function (1 − α)τf is compactly
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supported and continuous on X \N . But, in fact, (1 − α)τf is continuous
on all of X.

To see this, first observe that for any x in N \ supp τ , (1 − α)τf is zero
in some open neighborhood of x and hence is continuous at x12.

Suppose x is in N∩supp τ . As we observed in the proof of Equation (7.4),
θp = 1 on N ∩supp τ for all p, and α was chosen to be one such θp; therefore,
α(x) = 1. Now let y be anywhere in X (not just in N). Then

|((1− α)τf)(y)− ((1− α)τf)(x)|
= |(1− α(y))τ(y)f(y))− (1− α(x))τ(x)f(x))|
= |(1− α(y))τ(y)f(y))| ≤ ‖τ‖L∞ ‖f‖L∞ |1− α(y)|
= ‖f‖L∞ |α(x)− α(y)| .

Since f is bounded, ‖f‖L∞ is finite and (1−α)τf is continuous onN∩supp τ .
All these facts about (1−α)τf are enough to conclude that it is a compactly
supported continuous function on all of X. It follows, then, that there exists
an integer n1 such that Equation (7.9) holds. �

Proof. Of Theorem 7.1. We can write µn of Equation (2.3) as

µn = ωn(t)⊗ ωn(t)⊗ dt.

Then
|µn| = |ωn(t)| ⊗ |ωn(t)| ⊗ dt,

where dt, being Lebesgue measure, has no singular part.
Since |ωn| converges weakly to ωp by assumption, it follows that |µn|

converges weakly to
ν = ωp

t ⊗ ωp
t ⊗ dt.

Then

ν(D) =
∫
D
dν =

∫
R×R2

(∫
{x}

dωp
t (y)

)
dωp

t (x) dt. (7.10)

But ∫
{x}

dωp
t (y) = 0,

by the assumption that ωp is continuous. Therefore, ν(D) = 0.
We now know that the function G meets the hypotheses for the function f

of Lemma 7.2 with the ν-negligible set being D. It follows from that lemma
that

lim
n→∞

〈
v1
nv

2
n, g
〉

= lim
n→∞

∫
G(t, x, y) dµn(t, x, y)

=
∫
G(t, x, y) dµ(t, x, y). (7.11)

12Chemin ignores this point in his text.
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Our goal is to show that〈
v1v2, g

〉
=
∫
G(t, x, y) dµ(t, x, y), (7.12)

which combined with Equation (7.11) shows that v1
nv

2
n ⇀ v1v2, completing

the proof of Theorem 7.1. So all that remains is to prove Equation (7.12).
The demonstration of Equation (7.12) is a two step process. The first

step will lead to Equation (7.13), the second to Equation (7.15). These
two equalities, together with Equation (7.11), establish Equation (7.12),
completing the proof.

First step: Having already regularized the initial velocity to obtain a series
of approximate solutions {vn}, we now take the weak limit velocity v and
regularize it using, for convenience, the same approximation to the identity
{ρn}. We call the resulting sequences of velocities and vorticities {ṽn} and
{ω̃n}. (Note that ω̃n := ω(ṽn) = ω(ρn ∗ v) = ρn ∗ ω(v) = ρn ∗ ω. That is,
the vorticity of the regularization equals the regularization of the vorticity.)

We know from Section 6 that G vanishes at infinity and, outside a set
of zero Lebesgue and µ measure, is bounded and continuous. Let χr :
R2 × R2 → R be a smooth compactly supported function equal to 1 on a
ball of radius r centered at the origin and taking values in [0, 1]. Then

lim
n→∞

〈
ṽ1
nṽ

2
n, g
〉

= lim
n→∞

∫
G(t, x, y)(ρn ⊗ ρn) ∗ (ω ⊗ ω) dx dy dt

= lim
n→∞

∫
χrG(t, x, y)(ρn ⊗ ρn) ∗ (ω ⊗ ω) dx dy dt

+ lim
n→∞

∫
(1− χr)G(t, x, y)(ρn ⊗ ρn) ∗ (ω ⊗ ω) dx dy dt

=
∫
χrG(t, x, y) dµ(t, x, y)

+ lim
n→∞

∫
(1− χr)G(t, x, y)(ρn ⊗ ρn) ∗ (ω ⊗ ω) dx dy dt,

where we used Theorem C.7. But,∣∣∣∣∫ (1− χr)G(t, x, y)(ρn ⊗ ρn) ∗ (ω ⊗ ω) dx dy dt
∣∣∣∣

≤ ‖(1− χr)G‖L∞ ‖(ρn ⊗ ρn) ∗ (ω ⊗ ω)‖L1([0,T ]×R5)

≤ ‖(1− χr)G‖L∞ T ‖ρn ⊗ ρn‖L1 ‖ω ⊗ ω‖M
≤ T

∥∥ω0
∥∥2

M ‖(1− χr)G‖L∞ ,
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which approaches zero as r approaches infinity, since G vanishes at infinity.
A similar argument shows that∫

χrG(t, x, y) dµ(t, x, y) →
∫
G(t, x, y) dµ(t, x, y),

and we conclude that Todo: We have really
just proved
Lemma 7.2 in a less
general setting, and
in fact in as general a
setting, I believe, as
was needed when we
applied it. If this
bears out, change the
statement and proof
of Lemma 7.2.

lim
n→∞

〈
ṽ1
nṽ

2
n, g
〉

=
∫
G(t, x, y) dµ(t, x, y). (7.13)

Second step: To complete the proof of Theorem 7.1, we use Lemma 7.3,
and its definitions of α, αn, β, βn, to conclude that

lim
n→∞

∣∣〈ṽ1
nṽ

2
n, g
〉
−
〈
v1v2, g

〉∣∣
= lim

n→∞

∣∣〈ṽ1
nṽ

2
n − v1v2, g

〉∣∣ = lim
n→∞

|〈αn + βn − (α+ β), g〉|

≤ lim
n→∞

|〈αn − α, g〉|+ |〈βn − β, g〉|

≤ lim
n→∞

∫ T

0
‖(αn,t − αt)g‖L1 + ‖(βn,t − βn,t)g‖L1 dt

≤ ‖g‖L∞ lim
n→∞

∫ T

0
‖αn,t − αt‖L1 (7.14)

+ ‖g‖L2([0,T ]×R2) lim
n→∞

∫ T

0
‖βn,t − βn,t‖L2 dt

= ‖g‖L∞

∫ T

0
lim

n→∞
‖αn,t − αt‖L1

+ ‖g‖L2([0,T ]×R2)

∫ T

0
lim

n→∞
‖βn,t − βn,t‖L2 dt

= 0,

where the time projection of supp g is contained in [0, T ]. We were able to
bring the limits inside the integral since Lemma 7.3 gives uniform conver-
gence to zero of the two integrands. Also, the two norms in g are finite
because g is continuous and compactly supported.

It follows from Equation (7.14) that

lim
n→∞

〈
ṽ1
nṽ

2
n, g
〉

=
〈
v1v2, g

〉
. (7.15)

As we stated following Equation (7.12), this completes the proof.
�

Lemma 7.3. Let ṽn be as in the proof of Theorem 7.1. There exist functions
αn, α, βn, β on [0, T ]× R2 such that

ṽ1
nṽ

2
n = αn + βn, v1v2 = α+ β,
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and
lim

n→∞
‖αn,t − αt‖L1 + ‖βn,t − βt‖L2 = 0,

convergence being uniform over any compact interval in time. That is, for
any ε > 0 there exists an integer N independent of the time, such that for
all n > N , ‖αn,t − αt‖L1 + ‖βn,t − βt‖L2 < ε.

Proof. To reduce the amount of notation, we fix the time, but suppress the
time parameter in the argument that follows.

Since
v1v2 = σ1σ2 + w1σ2 + w2σ1 + w1w2

and

ṽ1
nṽ

2
n = (ρn ∗ σ1)(ρn ∗ σ2) + (ρn ∗ w1)(ρn ∗ σ2)

+ (ρn ∗ w2)(ρn ∗ σ1) + (ρn ∗ w1)(ρn ∗ w2),

a logical decomposition is the following:

α = w1w2, β = σ1σ2 + w1σ2 + w2σ1

and

αn = (ρn ∗ w1)(ρn ∗ w2),

β = (ρn ∗ σ1)(ρn ∗ σ2) + (ρn ∗ w1)(ρn ∗ σ2) + (ρn ∗ w2)(ρn ∗ σ1).

Writing,

A = (ρn ∗ σ1)(ρn ∗ σ2)− σ1σ2,

B = (ρn ∗ σ1)(ρn ∗ w2)− σ1w2,

C = (ρn ∗ σ2)(ρn ∗ w1)− σ2w1,

D = (ρn ∗ w1)(ρn ∗ w2)− w1w2,

if we can show that each of ‖A‖L2 , ‖B‖L2 , ‖C‖L2 , and ‖D‖L1 approach 0 in
the limit, then the lemma will be proved.
A and D are the easiest to deal with. We have

‖A‖L2 =
∥∥(ρn ∗ σ1)(ρn ∗ σ2)− (ρn ∗ σ1)σ2 + (ρn ∗ σ1)σ2 − σ1σ2

∥∥
L2

≤
∥∥(ρn ∗ σ1)(ρn ∗ σ2)− (ρn ∗ σ1)σ2

∥∥
L2 +

∥∥(ρn ∗ σ1)σ2 − σ1σ2
∥∥

L2

=
∥∥(ρn ∗ σ1)(ρn ∗ σ2 − σ2)

∥∥
L2 +

∥∥(ρn ∗ σ1 − σ1)σ2
∥∥

L2

≤
∥∥(ρn ∗ σ1)

∥∥
L∞

∥∥ρn ∗ σ2 − σ2
∥∥

L2 +
∥∥σ2

∥∥
L∞

∥∥ρn ∗ σ1 − σ1
∥∥

L2

≤ ‖ρn‖L1

∥∥σ1
∥∥

L∞

∥∥ρn ∗ σ2 − σ2
∥∥

L2 +
∥∥σ2

∥∥
L∞

∥∥ρn ∗ σ1 − σ1
∥∥

L2

→ 0,

since ‖ρn‖L1 = 1, σ is in L∞, and since
∥∥ρn ∗ σk − σk

∥∥
L2 → 0, k = 1, 2, by

Lemma A.6.
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As for D, we start off by arguing as in the first three steps of our ar-
gument for A, then proceed using Hölder’s inequality, Young’s convolution
inequality, and Theorem C.8:

‖D‖L1 ≤
∥∥(ρn ∗ w1)(ρn ∗ w2 − w2)

∥∥
L1 +

∥∥(ρn ∗ w1 − w1)w2
∥∥

L1

≤
∥∥ρn ∗ w1

∥∥
L2

∥∥ρn ∗ w2 − w2
∥∥

L2 +
∥∥ρn ∗ w1 − w1

∥∥
L2

∥∥w2
∥∥

L2

≤ ‖ρn‖L1

∥∥w1
∥∥

L2

∥∥ρn ∗ w2 − w2
∥∥

L2 +
∥∥ρn ∗ w1 − w1

∥∥
L2

∥∥w2
∥∥

L2

→ 0.

Starting with the same first three steps of our argument for A, we have

‖B‖L2 ≤
∥∥(ρn ∗ σ1)(ρn ∗ w2 − w2)

∥∥
L2 +

∥∥(ρn ∗ σ1 − σ1)w2
∥∥

L2

≤
∥∥ρn ∗ σ1

∥∥
L∞

∥∥ρn ∗ w2 − w2
∥∥

L2 +
∥∥ρn ∗ σ1 − σ1

∥∥
L∞

∥∥w2
∥∥

L2 .

But by Young’s convolution inequality,∥∥ρn ∗ σ1
∥∥

L∞
≤ ‖ρn‖L1

∥∥σ1
∥∥

L∞
=
∥∥σ1

∥∥
L∞

,

which is finite since σ is bounded (see p. 11 Chemin).
Also, we claim that

∥∥ρn ∗ σ1 − σ1
∥∥

L∞
→ 0. To see this, let K be any

compact subset of Rd. Then by Theorem C.6, for all ε > 0 there exists a
positive integer N such that

∥∥ρn ∗ σ1 − σ1
∥∥

L∞(K)
< ε for all n ≥ N . Also,∥∥ρn ∗ σ1 − σ1

∥∥
L∞(Rd−K)

≤
∥∥ρn ∗ σ1

∥∥
L∞(Rd−K)

+
∥∥σ1

∥∥
L∞(Rd−K)

,

≤ 2
∥∥σ1

∥∥
L∞(Rd−K)

,

where in the last inequality we use Young’s convolution inequality. But σ
decays at infinity like C/ |x|, so by choosing K large enough, we can insure
that 2

∥∥σ1
∥∥

L∞(Rd−K)
< ε. Hence for all n ≥ N ,

∥∥ρn ∗ σ1 − σ1
∥∥

L∞
is less

than ε, so it approaches zero.
Finally, the uniformness of the convergence follows from the fact that by

an hypothesis of Theorem 7.1, {vn}, and hence its weak limit v, is a bounded
sequence in the space L∞loc(R;Em), so each of the norms in our bounds above
can be assumed uniform over any compact interval of time. �

Corollary 7.4. D is µ-negligible, where µ is the limit measure of Section 5.

Proof. From Corollary 3.5, ω and hence µ are continuous. But that was
precisely the property of ωp that was used in Equation (7.10) to conclude
that D was ν-negligible. Making the same argument with ω in place of ωp,
we conclude that D is µ-negligible �
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Appendix A. The space Em

The most natural function space for a velocity field v that is a solution to
(NS) or (E) is probably L2

sol(R2), the space of all divergence-free (in the
sense of a distribution) vector fields in L2(R2), since this space is exactly the
space of solutions of finite energy. (One could argue that also assuming some
level of smoothness is more natural or even required.) A deficiency of this
space, however, is that, under fairly weak additional assumptions on v in
L2

sol(R2), it necessarily follows that
∫

R2 ω(v) = 0 (see Theorem A.5). There
are, however, applications in which one wishes to consider nonnegative or
nonpositive measures; for instance, when studying vortex patches.

A vortex patch is the solution to (E) in which the initial vorticity ω0 is
the characteristic function of a bounded domain. The velocity v0 associated
to such a vorticity is given by the Biot-Savart law:

v0 = K ∗ ω0,

where K(x) = (−x2, x1)/ |x|2. Since vorticity is transported by the flow
for a solution to (E), ω(t) remains nonnegative for all time, and v(t) is
never in L2

sol(R2). Thus, we need a larger space than L2
sol(R2) when dealing

with vortex patches. It turns out, as we will see below, that the velocity
associated with a vortex patch is in the space Em, where m is the total
vorticity—that is,

∫
R2 ω.

Because the Em spaces are central to all of our results in the plane, we
chose to give a self-contained and careful elucidation of all of their properties
that we will use. This appendix can be seen as a fleshing out of the account
of these spaces given by Chemin in Chapter 1 of [1].
Em is defined in Chapter 1 of [1] p. 12 as the space of all divergence-free

vector fields that are the sum of a stationary vector field σ of total vorticity
m (that is,

∫
R2 ω(σ) = m) and an L2 vector field. A stationary vector field

is defined in [1] p. 11 as a vector field in the plane of the form

σ =
(
−x

2

r2

∫ r

0
ρg(ρ) dρ,

x1

r2

∫ r

0
ρg(ρ) dρ

)
, (A.1)

where g ∈ C∞0 (R).
Majda and Bertozzi in [7] p. 93 call this way of decomposing a vector in

Em the radial-energy decomposition, though they only make the assumption
that g is smooth, not that it is compactly supported. We use whichever of
Chemin’s or Majda and Bertozzi’s terminology seems more convenient at
the time.

The following lemma is Proposition 1.3.1 p. 9 of [1]:

Lemma A.1. Two vector fields whose coefficients are tempered distributions
and whose divergence and vorticity are equal, equal each other up to a vector
field with harmonic polynomials as coefficients.

An immediate corollary of Lemma A.1 is the following:
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Corollary A.2. Two vector fields whose coefficients are tempered distribu-
tions that vanish at infinity and whose divergence and vorticity are equal,
are equal to each other.

Proof. Let v and v′ be two such vector fields. It follows from Lemma A.1
that they differ by a vector field with harmonic polynomials as coefficients.
But v − v′ vanishes at infinity; hence, the polynomial they differ by is zero,
so v = v′. �

Remark: It follows, in particular, from Corollary A.2 that a divergence-
free vector field whose coefficients are tempered distributions that vanish at
infinity is uniquely determined by its vorticity.

The following theorem is a combination of Corollary A.2 and Proposition
1.3.2 p. 11 of [1]:

Theorem A.3. Let σ be a stationary vector field. Then σ has the following
properties:

(1) σ is smooth;
(2) ω(σ) is in C∞0 (R2) and is radially symmetric;
(3) div σ = 0;
(4) |σ| is radially symmetric and for all sufficiently large r,

|σ| (r) =
m

2πr
,

where m =
∫

R2 ω(σ);
(5) σ is a solution to the time-independent Euler equations

Conversely, properties (1) through (4) are enough to insure that a vector
field is a stationary vector field with g = ω(σ); in fact, this still holds if
property (4) is weakened to the assumption that the vector field vanishes
at infinity. (To be more explicit, if properties (1) through (3) hold and σ
vanishes at infinity, then σ is given by Equation (A.1) with g = ω(σ), and
all five properties hold.)

Proof. Let σ be a stationary vector field. Write

σ =
(
−x2f, x1f

)
,

where

f = r−2

∫ r

0
ρg(ρ) dρ.

It is clear that σ is smooth away from the origin, and smoothness at the
origin follows from an argument using Taylor’s remainder theorem. Thus,
we have established property (1).
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The vorticity of σ is

∂1σ
2 − ∂2σ

1 = ∂1(x1f)− ∂2(−x2f) = f + x1∂1f + f + x2∂2f

= 2f + ∂rf(x1∂1r + x2∂2r) = 2f + ∂rf(x1x
1

r
+ x2x

2

r
)

= 2f + r∂rf.

But,

∂rf = − 2
r3

∫ r

0
ρg(ρ) dρ+ r−2rg = −2

r
f +

g

r
,

so
ω(σ) = ∂1σ

2 − ∂2σ
1 = 2f + r(−2

r
f +

g

r
) = g,

establishing property (2).
We have

div σ = ∂1

(
−x

2

r2
f

)
+ ∂2

(
x1

r2
f

)
= 0,

by the obvious symmetry in x1 and x2, establishing property (3).
The prove the decay in property (4), let B be the ball of radius r centered

at the origin. Then∫
B
ω(σ) = −

∫
B

div σ⊥ = −
∫

∂B
σ⊥ · n = −

∫
∂B
σ · n⊥

= −
∫

∂B

(
−x2f, x1f

)
· (−x2, x1)/r = −

∫
∂B
r2f/r = −r

∫
∂B
f

= −2πr2f,

where v⊥ := (−v2, v1). But, |σ| =
∣∣(−x2f, x1f

)∣∣ = r |f |, so

|σ| = 1
2πr

∫
B
ω(σ).

Then, since ω(σ) = g and g is compactly supported, for all sufficiently large
r,

|σ| = m

2πr
.

Finally, we prove that property (5) holds, via a fairly lengthy calculation.
Because σ = (−x2f, x1f),

σ · ∇σ =
∑

i

σi∂iσ = σ1∂1σ + σ2∂2σ

= −x2f(∂1(−x2f), ∂1(x1f)) + x1f(∂2(−x2f), ∂2(x1f))

=
(
−x2f∂1(−x2f) + x1f∂2(−x2f)
−x2f∂1(x1f) + x1f∂2(x1f))

)
.
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Notice that the two coordinates for σ ·∇σ are the same, but with the indexes
1 and 2 transposed. But,

− x2f∂1(−x2f) + x1f∂2(−x2f) = −x2f(−x2∂1f) + x1f(−f − x2∂2f)

= −x1f2 + f
[
(x2)2∂1f − (x1x2)∂2f

]
= −x1f2 + f

[
(x2)2∂1r − (x1x2)∂2r

]
∂rf

= −x1f2 + f

[
(x2)2

x1

r
− (x1x2)

x2

r

]
∂rf

= −x1f2,

where we used the fact that

∂ir = ∂i((x1)2 + (x2)2)1/2 =
1
2
((x1)2 + (x2)2)−1/22xi =

xi

r
.

Similarly,

− x2f∂1(x1f) + x1f∂2(x1f) = −x2f2,

because of the symmetry in the coordinates of σ ·∇σ that we observed above.
Thus,

σ · ∇σ = f2

(
x1

x2

)
.

Now let13

h(r) =
∫ r

0
ρf(ρ)2 dρ.

Then

−∇(h(r)) =
(
−∂1h
−∂2h

)
=
(
−∂rh∂1r
−∂rh∂2r

)
= −∂rh

(
∂1r
∂2r

)
= −rf2

(
x1

r
x2

r

)
= −f2

(
x1

r
x2

r

)
= σ · ∇σ.

Then ∂tσ = 0 (as we would expect for a stationary vector field), and so σ
satisfies Equation 1.6 p. 7 of Chemin—the strong version of (E) of p. 8 of
Chemin—with the pressure p equal to h. This establishes property (5).

To argue the converse, suppose that v is a vector field satisfying proper-
ties (1) through (3) that also vanishes at infinity (which allows, of course,
property (4) as one possible way to vanish at infinity). Let g be its vorticity.
Then we know by what we proved above that the stationary vector field σ
given by Equation (A.1) satisfies properties (1) through (4) as well with the
same vorticity. Thus, ω(σ) = ω(v) = g, so v and σ are two vector fields
vanishing at infinity with the same divergence (namely, zero) and curl and
so, by Corollary A.2, they are equal. �

13This is a correction of an expression in [1].
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Remark: Let σ be a stationary vector field with total vorticity m. Then
because σ divergence-free by Theorem A.3, it follows that if σ+ v is in Em,
then v is also divergence-free.

Corollary A.4. The space Em is independent of the particular choice of
stationary vector field of the form Equation (A.1) that is used to define it.

Proof. If σ and σ′ are two stationary vector fields with the same total vor-
ticity m, then it follows from property (4) of Theorem A.3 that σ − σ′ is
in L2(R2) (in fact, in C∞0 (R2)). Even if the two stationary vector fields do
not share the same origin about which their vorticities are circularly sym-
metric, property (4) insures that their difference decays like 1/r2 and so is
in L2(R2). Hence, the space Em does not depend upon the specific choice
of the stationary vector field. �

Remark: The independence in Corollary A.4 would not follow simply from
assuming that the function g vanishes at infinity: compact support of g is
stronger than required, but an exact statement of the required decay is not
immediately clear.

The following is Lemma 1.3.1 p. 12 of [1]:

Theorem A.5. Let µ be a finite measure such that (1+ |x|) |µ| is also finite.
If µ is in H−1(R2), then there exists a unique divergence-free vector field v
in Em, where

m =
∫

R2

dµ,

and such that ω(v) = µ.

Proof. We first prove uniqueness. Suppose v and v′ both satisfy the conclu-
sion of the theorem. Then v and v′ are both divergence-free and have the
same vorticity. It follows from Lemma A.1 that they differ by a vector field
with harmonic polynomials as coefficients. But v − v′ is in L2(R2) and so
vanishes at infinity; hence, the polynomial they differ by is zero, so v = v′.

We now prove existence. Let σ be any stationary vector field such that∫
R2 ω(σ) = m. Let

v = σ + F−1
[
ξ |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
, (A.2)

where ξ := −iξ⊥ = (iξ2,−iξ1) and i is
√
−1, not an index. We will show

that v satisfies the conclusion of the theorem by showing that div v = 0,
that the vorticity of v equals µ, and that v − σ is in L2(R2). (We motivate
the definition of v in Equation (A.2) following the proof.)
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The first two of these facts follow from straightforward calculations. Since
∂kF−1u = F−1(iξku) for any u : Rd → R,

div v = ∂1v
1 + ∂2v

2

= div σ + ∂1F−1
[
ξ |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
1

+ ∂2F−1
[
ξ |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
2

= F−1
[
−iξ1(iξ2) |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
+ F−1

[
iξ2(−iξ1) |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
= 0,

and

ω(v) = ω(σ) + ∂1F−1
[
ξ |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
2

− ∂2F−1
[
ξ |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
1

= ω(σ) + F−1
[
iξ1(−iξ1) |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
−F−1

[
iξ2(iξ2) |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
= ω(σ) + F−1

[
((ξ1)2 + (ξ2)2) |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
= ω(σ) + F−1 [µ̂(ξ)− ω̂(σ)(ξ)]

= ω(σ) + µ− ω(σ) = µ.

Finally, we need to prove that v belongs to σ + L2(R2); that is, that∥∥∥F−1
[
ξ |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
k

∥∥∥
L2
<∞,

for k = 1, 2. We have, with l = 3− k,∥∥∥F−1
[
ξ |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
k

∥∥∥
L2

=
∥∥∥[ξ |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

]
k

∥∥∥
L2

=
∥∥∥ξl |ξ|−2 (µ̂(ξ)− ω̂(σ)(ξ))

∥∥∥
L2
≤
∥∥∥|ξ|−1 (µ̂(ξ)− ω̂(σ)(ξ))

∥∥∥
L2

=
∫

B

|µ̂(ξ)− ω̂(σ)(ξ)|2

|ξ|2
dξ +

∫
Rd\B

|µ̂(ξ)− ω̂(σ)(ξ)|2

|ξ|2
dξ, (A.3)

where B is the unit ball centered at the origin. We bound these last two
integrals separately.

The derivatives of µ̂ are bounded since

|∂kµ̂(ξ)| = |x̂µ| (ξ) =
∣∣∣∣∫

Rd

xe2πixξ dµ(x)
∣∣∣∣ ≤ ∫

Rd

|x| d |µ| (x),

which is finite by the assumption on µ. Also, ∂kω̂(σ)(ξ) is finite by similar
reasoning, but using the fact that ω(σ) is compactly supported. Hence,
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|∇(µ̂− ω̂(σ))| ≤ C. Then, since

(µ̂− ω̂(σ))(0) =
∫

R2

µ−
∫

R2

ω(σ) = m−m = 0,

it follows that |µ̂− ω̂(σ)| (ξ) ≤ C |ξ|, and we conclude that the quotient
|µ̂(ξ)− ω̂(σ)(ξ)| / |ξ| is bounded. Thus, the first integral in Equation (A.3)
is finite, since its integrand is finite.

As for the second integral in Equation (A.3), it is bounded above by∫
Rd\B

|µ̂(ξ)|2

|ξ|2
dξ +

∫
Rd\B

|ω̂(σ)(ξ)|2

|ξ|2
dξ

≤ 2
∫

Rd\B

|µ̂(ξ)|2

1 + |ξ|2
dξ +

∫
Rd\B

|ω̂(σ)(ξ)|2 dξ

≤ 2 ‖µ‖2
H−1(R2) + ‖ω(σ)‖2

L2 .

Here, the first term is finite by assumption, and the second term is finite
since ω(σ) is compactly supported. �

The definition of v in Equation (A.2) can be motivated by the following
formal calculation, in which, for clarity, we assume that σ = 0. Starting
with Equation (A.2), if it is to be true that ω(v) = µ, then

v = F−1

(
ξ

|ξ|2
µ̂

)
=⇒ v̂ =

ξ

|ξ|2
µ̂ = −i ξ

⊥

|ξ|2
µ̂ =⇒ |ξ|2 v̂ = −iξ⊥µ̂

=⇒ ∆̂v = ∇̂⊥µ

=⇒ ∆v = ∇⊥µ = (−∂2, ∂1)(∂1v
2 − ∂2v

1)

= (−∂1∂2v
2 + ∂2

2v
1, ∂2

1v
2 − ∂2∂1v

1) = ∆v,

where in the last step we used div v = 0 so ∂2v
2 = −∂1v

1. Thus, working
backwards from the final identity, we deduce, formally, Equation (A.2).

Remark: Given a vector in Em, all we can immediately say about its
vorticity is that it lies in H−1(R2) (in particular, it is generically not in any
Lp-spaces). Using Theorem A.5 we could define a space, or at least a set, E′m
of all vectors in Em whose vorticity satisfies the conditions of Theorem A.5.
These sets would have the properties that E′m ∩E′m′ = ∅ when m 6= m′, and
that if v = σ+v is a radial-energy decomposition of v, then

∫
R2 v = 0. Only

the first property is shared by the spaces Em.

Remark: We can use Equation (A.2) to define an operator from the space of
measures satisfying the conditions of Theorem A.5 to a specific Em or even
to the union of all Em. In the latter form, we can view it as a complement
to the Biot-Savart law which Chemin shows, in Proposition 3.1.1 p. 45 of
[1], maps a vorticity in La to its associated vector field lying in La + Lb,
where a < 2 and b > 2a/(2 − a) (in two dimensions). Our new operator
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would partially address the case a = 2, mapping a measure-valued vorticity
satisfying the conditions of Theorem A.5 to a vector in weak-L2 + L2. It
might be interesting to investigate the properties of this operator.

Remark: Let v be in Em. If ω(v) is compactly supported and smooth,
then it follows from the Biot-Savart law that v decays like m/((2π)r). (For
instance, see [7] p. 92.) It follows that such a v will be in L2(R2) if and
only if m = 0; that is, if and only if its total vorticity is zero. Theorem A.5
can be seen as a broad generalization of this result in which the condition
of smoothness and compact support of ω(v) are replaced with much weaker
conditions.

The following is Lemma 5.1.2 p. 89 of [1], along with its proof. The proof
is an expansion of that in [1].

Lemma A.6. Let (ρn) be an approximation to the identity and σ a station-
ary vector field in Em. Then σ − ρn ∗ σ is in L2 and

lim
n→∞

‖σ − ρn ∗ σ‖L2 = 0.

Proof. Being an approximation to the identity means that ρn(x) = (1 +
n)2ρ((1 + n)x) where ρ is in S(R2) and integrates to 1. We let σn = ρn ∗ σ.

By the mean value theorem, given ξ ∈ R2, there exists an η on the line
segment between the origin and ξ/(n+1) (see, for instance, Theorem 8.4 p.
254 of [8]) such that

ρ̂(ξ/(n+ 1))− ρ̂(0)
|ξ/(n+ 1)|

= ξ̂ · ∇ρ̂(η),

where ξ̂ is a unit vector in the direction of ξ. From this it follows that∣∣∣∣1− ρ̂

(
ξ

n+ 1

)∣∣∣∣ ≤ |ξ|
1 + n

‖Dρ̂‖L∞ .

Even though σ is not in L2, we still have

‖σ̂ − σ̂n‖L2 =
∥∥σ̂ − ρ̂n ∗ σ

∥∥
L2 = ‖σ̂ − ρ̂nσ̂‖L2 = ‖σ̂(1− ρ̂n)‖L2

=
∥∥∥∥σ̂(ξ)

(
1− ρ̂

(
ξ

1 + n

))∥∥∥∥
L2

≤
∥∥∥∥σ̂(ξ)

|ξ|
1 + n

‖Dρ̂‖L∞

∥∥∥∥
L2

=
‖Dρ̂‖L∞

n+ 1
‖ξσ̂(ξ)‖L2 =

‖Dρ̂‖L∞

n+ 1

∥∥∥∇̂σ∥∥∥
L2

=
‖Dρ̂‖L∞

n+ 1
‖∇σ‖L2 ≤ C

‖Dρ̂‖L∞

n+ 1
‖ω(σ)‖L2 ,

the last inequality being by Theorem 3.1.1 p. 45 of [1]. Letting n → 0
completes the proof.

�
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Appendix B. Measure Theory

Most of the material in this appendix is adapted from [12] and [13].

Definition B.1. We assume throughout this section that (X,Σ, µ) is a
measure space with X the underlying topological space, Σ the σ-algebra of
measurable subsets of X, and µ the measure. Any sequence µn of measures
we will always assume shares the same same underlying space X and the
same σ-algebra Σ. We also assume that X is locally compact and that all
measures are σ-finite and regular.

(1) |µ|, the total variation measure of µ, is defined for E ∈ Σ by

|µ| (E) = sup
∞∑
i=1

|µ(Ei)| ,

the supremum being over all partitions {Ei} of E.
(2) A measure is called finite if µ(X) <∞.
(3) A measure is called bounded if there exists some M > 0 such that

|µ(E)| ≤M for all E in Σ.
(4) Let M be the set of all bounded Borel measures on X. Then for µ

in M, ‖µ‖M := |µ| (X) is a norm on M (this is really a theorem).
The norm ‖µ‖M is also called the total mass of µ.

(5) A signed or real measure is a complex measure that only takes real
values (positive, negative, or zero). It is a finite measure, as all
complex measures are.

(6) If µ and λ are two signed measures, then µ ≤ λ means that for all
measurable sets E, µ(E) ≤ λ(E).

(7) See Section 3 for the definition of weak convergence of one measure
to another.

Theorem B.1 (Section 6.6 p. 119 and Corollary p. 126 of [12]). If µ is a
signed measure, then µ = µ+ − µ−, where

µ+ =
1
2
(|µ|+ µ) and µ− =

1
2
(|µ| − µ).

Both µ+ and µ− are bounded, positive measures. This decomposition is
called the Jordan decomposition.

Moreover, if µ = λ1 − λ2, where λ1 and λ2 are positive measures, then
λ1 ≥ µ+ and λ2 ≤ µ−. Also,

|µ| ≤ λ1 + λ2.

Proof. We prove the last statement only, the rest of the proof being in [12].
We have by the first two parts that

|µ| = µ+ + µ− ≤ λ1 + λ2.

�
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Lemma B.2. Decompose the measure µ as

µ = f+ − f− + µs,

where f+ − f− is the Jordan decomposition (see Theorem B.1) of the abso-
lutely continuous part of µ with respect to Lebesgue measure, and µs is the
singular part with respect to Lebesgue measure. (There is nothing special
about Lebesgue measure in this theorem: any other positive measure would
do.) If µs is nonnegative, then

|µ| = f+ + f− + µs.

Proof. Let µa = f+ − f−. Then µ = µa + µs is the Lebesgue decompo-
sition of µ into an absolutely continuous and a singular part, which are
mutually singular; that is, there exists a measurable set A such that for any
measurable set E,

µ(E) = µa(E ∩A) + µs(E ∩AC),

where AC = X \A. (See Theorem 6.10 p. 121 of [12], for instance.)
But because f+− f− is the Jordan decomposition of µa, by the Hahn de-

composition theorem (Theorem 6.14 p. 125 of [12]) there exists a measurable
set B—lying in A—such that

f+(E) = µ(E ∩B) and f−(E) = µ(E ∩ (A \B)).

Let C = B ∪AC and let λ+ = f+ + µs, λ− = f−. It follows that

λ+(E) = µ(E ∩ C) and λ−(E) = µ(E ∩ CC).

Let µ = µ+ − µ− be the Jordan decomposition of µ, meaning, again by
the Hahn decomposition theorem, that there exists a measurable set D such
that

µ+(E) = µ(E ∩D) and µ−(E) = µ(E ∩DC).
Then,

µ ≤ λ+ ⇒ µ+(E) = µ(E ∩D) ≤ λ+(E ∩D) ≤ λ+(E)

µ ≤ µ+ ⇒ λ+(E) = µ(E ∩ C) ≤ µ+(E ∩ C) ≤ µ+(E),

so µ+ = λ+. A similar argument give µ− = λ−. But then

|µ| = µ+ + µ− = f+ + f− + µs.

�

We switch between viewing a bounded measure µ on a subset Ω of Rd as
a measure in the usual sense and as a distribution in D′(Ω) in the sense that
if ϕ is in D(Ω) (a continuous compactly supported smooth function on Ω),
then

ϕ 7→
∫

Ω
ϕdµ
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defines a linear functional on D(Ω), and so a distribution in D′(Ω). (See
Section 6.11 p. 157 of [13].) (All bounded measures are distributions, but
not all distributions are bounded measures.)

We also switch in the usual way between viewing µ as a distribution and
as a regular function (when it is, indeed, a regular function), and between
viewing µ as a bounded measure and a regular function. We will not always
comment on our shifts of view.

Theorem B.3 (Theorem 6.13 p. 125 of [12]). Suppose µ is a positive
measure and f is in L1(µ). If the measure λ is defined for any measurable
set E by

λ(E) =
∫

E
f dµ,

then
|λ| (E) =

∫
E
|f | dµ.

Corollary B.4. Let m be Lebesgue measure on Rd and suppose that f is in
L1(Rd). Then

‖f‖M = ‖f‖L1 ,

viewing f as a measure and as a function.

Proof. Apply Theorem B.3 with µ being Lebesgue measure and E being all
of Rd. Then

‖f‖M = |f | (Rd) =
∫

Rd

|f | dµ = ‖f‖L1 .

�

Theorem B.5 (Exercise 5(a) and 5(b) p. 175 of [12]). Let µ and λ be two
measures in M. Then µ ∗ λ can be given a meaning that coincides with the
usual meaning of convolution when µ and λ are in L1, and

‖µ ∗ λ‖M ≤ ‖µ‖M ‖λ‖M .

Comment: When one or the other of the measures in Theorem B.5 is
absolutely continuous with respect to Lebesgue measure, we can replace
the measure norm for that measure with the L1 norm. This follows from
Corollary B.4. Also, in this case, which is the most general case we need,
the inequality follows easily from Hölder’s inequality on an abstract measure
space, so we have made life more complicated than necessary.

Comment: When one or the other of the measures in Theorem B.5 is
smooth, then so is µ ∗ λ (as we can see from our distribution view of the
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measures), so both the smooth measure and µ∗λ can have its norm replaced
by the L1-norm.

Lemma B.6. Let {µn} be a bounded sequence of positive measures, µ a
positive measure, with µn ⇀ µ, let K be a compact subset of X, and let U
be an open subset of X. Then

µ(U) ≤ lim inf
n→∞

µn(U),

and

µ(K) ≥ lim sup
n→∞

µn(K).

Proof. To prove14 the first inequality, let U be open and choose a compact
K in X. By Urysohn’s lemma, there is a continuous function supported in
U taking values in [0, 1] and identically equal to 1 on K. Then

µ(K) ≤
∫
f dµ = lim

n→∞

∫
f dµn ≤ lim inf

n→∞
µn(U).

Thus,

µ(U) = sup {µ(K) : K ⊆ U, K compact} ≤ lim inf
n→∞

µn(U).

To prove the second inequality, let K be compact and choose an open set
U containing it. Define the function f as before. Then

µ(U) ≥
∫
f dµ = lim

n→∞

∫
f dµn ≥ lim sup

n→∞
µn(K).

Thus,

µ(K) = inf {µ(U) : K ⊆ U, U open} ≥ lim sup
n→∞

µn(K).

�

Comment: More is proved in [11]. In fact, weak convergence in the sense
of integrating against compactly supported test functions and the two in-
equalities in Lemma B.6 are shown to be equivalent, as is the statement that
limn→∞ µn(B) = µ(B) for every bounded Borel set with µ(∂B) = 0. And
this is all proved in the setting of Radon measures, which are Borel regular
measures for which the measure of every compact set is finite.

Lemma B.7. Let {µn} and {λn} be sequences of bounded positive measures
converging weakly to the bounded positive measures µ and λ, respectively.
Then:

(1) If µn(E) ≤ α for all n and for one fixed measurable set E, then
µ(E) ≤ α.

14This proof is from the proof of Theorem 1.9.1 p. 54 of [11].
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(2) If µn(E) ≤ λn(E) for all n and for one fixed measurable set E, then
µ(E) ≤ λ(E).

(3) If µn(E) ≤ λn(E) for all measurable sets E, or even just for all
compact sets E, then µ ≤ λ.

Proof. Since (1) is a special case of (2), we need only prove (2) and (3). To
prove (2), assume first that E is compact. Then by Lemma B.6, observing
that λn − µn ≥ 0,

(λ− µ)(E) ≥ lim sup(λn − µn)(E) ≥ 0.

Since we assumed all our measures are regular, for an arbitrary measurable
set it follows that

(λ− µ)(E) = sup {(λ− µ)(K) : K ⊆ E, K compact} ≥ 0.

Applying (2) to every measurable set, (3) follows immediately. �
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Appendix C. Other Useful Results

We collect here the statements of results from fluids, as well as standard
theorems of analysis, for easy reference.

Theorem C.1 (Theorem 4.2.4 p. 82 of [1]). Let m and r be real numbers
with r > 1. Let v0 be a divergence-free vector field in Em ∩ Cr. Then there
exists a unique global strong solution (v, p) of the Euler equations lying in

L∞loc(R;Cr) ∩ C(R;Em)× L∞loc(R;H1 ∩ Cr+1).

Theorem C.2 (Equation (4.33) p. 83 of [1]). 15 Let m and v be as in
Theorem C.1, and σ any stationary solution in Em. Then

‖v(t)− σ‖2
L2 ≤ ‖v0 − σ‖2

l2 e
2t‖∇σ‖L∞ .

Theorem C.3 (Proposition 2.2.1 p. 20 of [1]). Hs(Rd) is dual to H−s(Rd)
for all real s, in the sense that the map

ϕ 7→ (u 7→ 〈u, ϕ〉),
is a conjugate-linear bijective isometry from the dual of Hs(Rd) to H−s(Rd).
(Since all our functions are real, we truly do have the dual.)

Theorem C.4 (Corollary 1.2.2 p. 7 of [1]). Let w be a divergence-free vector
field in R2 whose coefficients are tempered distributions. Then there exists
a tempered distribution f such thatl

w = ∇⊥f := (−∂2f, ∂1f).

Theorem C.5 (p. 44 of p [1]). Let 1 ≤ a < 2, and assume that the vorticity TODO: Check
whether you are off
by a sign.

is in La(R2). Then the vector field whose components are given by

vi(x) =
(−1)m−1

2π

∑
m

∫
R2

xm − ym

|x− y|2
ω(y) dy

is divergence-free and has vorticity ω.
More can be said. Let b be a real number such that

b >
2a

2− a
.

Then the vector v given above lies in La(R2) + Lb(R2) and can be uniquely
decomposed into a sum v = v1 + v2 with v1 in La(R2) and v2 in Lb(R2).
Also, there exists a constant C depending only on a and b such that

‖v1‖La + ‖v2‖Lb ≤ C ‖ω‖La .

15Chemin does not have a 2 in the exponent of this estimate; however, in working
through his calculations, it seems that he is missing a factor of 2. The 2 or the lack of it
is immaterial for us, in any case.
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Theorem C.6 (Lemma 3.5(i) p. 131 of [7]). Let v be a bounded continuousTODO: Include the
proof. function on R2. Then ρn ∗ v → v uniformly on any compact subset of R2.

Theorem C.7 (Theorem 6.32(b) p. 173 of [13]). Let ρn be an approximation
to the identity on Rd. Then for any distribution u in D′(Rd),

ρn ∗ u ⇀ u.

Theorem C.8 (Theorem 9.6 p. 148 of [4]). Let ρ be in L1(Rd) with
∫

Rd ρ =
1, and define

ρn(x) = (n+ 1)dρ((n+ 1)x).
If f is in Lp(Rd) then for 1 ≤ p <∞,

‖ρn ∗ f − f‖Lp(Rd) → 0 as n→∞.

Theorem C.9 (Banach-Alaoglu, p. 68 of [13]). If V is a neighborhood of 0
in a topological vector space X and if

K = {Λ ∈ X∗ : |Λx| ≤ 1 for all x ∈ V } ,
then K is weak-∗ compact.

Proof. See [9] p. 49, [13] p. 68-69, or [16] p. 22. �

Corollary C.10. If {xn} is a bounded sequence in a topological vector space,
then it contains a weakly convergent subsequence.

Theorem C.11 (Theorem 3.12 p. 66 of [13]). Let E be a convex subset of
a locally convex space. Then the closure of E in the weak-∗ topology is the
same as the closure in the strong topology.
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(5) Gérard, Patrick, Résultats Récents Sur les Fluides Parfaits Incom-
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