PROPERTIES OF THE FLOW FOR SOLUTIONS TO THE
EULER EQUATIONS IN THE PLANE

JAMES P. KELLIHER

ABSTRACT. We construct a class of examples of initial vorticities for
which the solution to the Euler equations in the plane has an associated
flow that lies in no Hélder space of positive exponent for any positive
time. Our initial vorticities have LP-norms that do not grow much faster
than log p, which Yudovich showed ensures the uniqueness of solutions
to the Euler equations ([8]). Our class of examples extends an example

of Bahouri’s and Chemin’s ([1]) with bounded initial vorticity, for which

the flow lies in no Holder space of exponent greater than e™*.
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1. INTRODUCTION

Yudovich showed in [7] that there exists a unique solution to the Euler
equations in a bounded domain of the plane with bounded initial vorticity.
Also, there exists a unique continuous flow, and this flow lies in the Holder
space of exponent e~ for all positive time ¢t. Yudovich’s result is easily
modified to apply to solutions in the whole plane. Bahouri and Chemin in [1]
showed that this regularity of the flow was in a sense optimal by constructing
an example for which the flow lies in no Hoélder space of exponent higher
than e~

In [8] Yudovich extended his uniqueness result to a certain class Y of
unbounded vorticities and showed that there exists as well a unique flow.
There is an upper bound on the modulus of continuity of this flow that can
be arbitrarily poor, depending upon how unbounded the initial vorticity is.
It would be useful to know whether the lower bound on the modulus of
continuity can also be arbitrarily poor for certain initial vorticities, as this
might cast some light on how near to the “edge of uniqueness” the class Y
has brought the Fuler equations.

We give some partial information by extending the example of Bahouri
and Chemin to a class of initial vorticities in Y having a point singularity.
We show that for some such initial vorticities the flow lies in no Holder
space of positive exponent for any positive time. We also discuss why it is
difficult, though perhaps not impossible, to extend our approach to obtain
an arbitrarily poor lower bound on the modulus of continuity of the flow.
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2. YUDOVICH’S THEOREM FOR UNBOUNDED VORTICITY

We first define the function spaces in which our initial velocity will lie. We
let E,, be as in [2] (although we could also work in the larger spaces of [3]).
For any real number m, a vector v belongs to F,, if it is divergence-free and
can be written in the form v = ¢ + v/, where v’ is in L?(R?) and where o is
a stationary vector field, meaning that o is of the form

o= (—fi/orpg(p) dp, ZE/OT pg(p) dp) (2.1)

for some g in C§°(R). E,, is an affine space; fixing an origin, o, in E,, we can
define a norm by |lo + ||, = Hv’||L2(Q). Convergence in E,, is equivalent
to convergence in the L?>-norm to a vector in E,,.

We will further restrict our initial velocities to have vorticities that are
“only slightly unbounded” in a sense we now make precise.

Definition 2.1. Let 6 : [py,00) — RT for some pg in [1,2). We say that 6
is admissible if the function § : (0,00) — [0,00) defined, for some M > 0,
by!

B (z) == Cinf {(Mz'~¢/e)0(1/e) : € in (0,1/po]}, (2.2)

where C' is a fixed absolute constant, satisfies

L d
Because

B () = CM%inf {((:U/M)_E/e)e(l/e) : e in (0, l/po]}
= MpBi(x/M),

this definition is independent of the value of M. Also, B is a monotonically
increasing continuous function, with lim, .o+ By (z) = 0.

Definition 2.2. We say that a vector field v has Yudovich vorticity if for
some admissible function 6 : [py, c0) — R* with pg in [1, 2), [|w(v)| 1, < 0(p)
for all p in [pg, ).

Examples of admissible bounds on vorticity are

o(p) = 1,01(p) =logp, ...,0m(p) =logp-log?p---log™p, (2.4)
where log™ is log composed with itself m times. These admissible bounds
are described in [8] (see also [4].) Roughly speaking, the LP-norm of a
Yudovich vorticity can grow in p only slightly faster than logp and still be
admissible. Such growth in the LP—norms arises, for example, from a point
singularity of the type loglog(1/|z|) (see Lemma A.1).

IThe definition of 3 in Equation (2.2) differs from that in [4] in that it directly incor-
porates the factor of p that appears in the Calderén-Zygmund inequality; in [4] this factor
is included in the equivalent of Equation (2.3).
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Given an admissible function # and fixing m in R, we define the space
Yo = {0 € By ¢ [lw(v)] 1 < CO(p) for all p in [py, 00)} .
for some constant C'. We define the norm on Yy to be
[vlly, = llvllg,, + sup flw(@)lL» /0(p)- (2.5)
PE[po,00)

This space is not separable, because LP° N L°°, which is not separable, is
compactly embedded in it.

Finally, we define the space

Y = {v € Yy : 0 is admissible},

but place no norm on this space.
The final thing we must do before stating Yudovich’s theorem is to define
what we mean by a weak solution to the Euler equations.

Definition 2.3 (Weak Euler Solutions). Given an initial velocity v* in Yy, v
in L>(]0,T];Yy) is a weak solution to the Euler equations (without forcing)
if v(0) = v° and
d
(E) /v'go—l—/(v‘Vv)‘cp:O
for all divergence-free ¢ in (H'(R?))2.

Our form of the statement of Yudovich’s theorem is a generalization of
the statement of Theorem 5.1.1 of [2] from bounded to unbounded vorticity.

Theorem 2.4 (Yudovich’s Theorem for Unbounded Vorticity). First part:

For any v° in Y there exists a unique weak solution v of (E). Moreover, v
is in C(R; Ep,) N L3S (R; L (R?)). Also,

lw ()l o (g2) = l® | Lr for all 1 < p < 0. (2.6)

Second part: The vector field has a unique continuous flow. More precisely,
if v0 is in Yq then there exists a unique mapping 1, continuous from R x R?
to R2, such that

P(t,x) =x +/0 v(s, (s, x))ds.
Let
u(r) = (C/r)Bu(r*/4), (2.7)

where 31 is the function of Definition 2.1 associated with 6 and letT'y: [0, 00) —
[0,00) be defined by T'y(0) = 0 and for s >0 by

Ti(s) gy Te(s)?/4 g,
—— =t or equivalentl / =t. 2.8
[ Ve B 29
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Then 6 — T'4(0) is an upper bound on the modulus of continuity of the flow
at time t > 0; that is, for all x and y in R?

[W(t, ) — ¢t y)| < Tellz —yl).
Also, for all x and y in R?
lw(t, z) —v(t, y)| < pllz —yl), (2.9)

Existence in the first part of Yudovich’s theorem can be established, for
instance, by modifying the approach on p. 311-319 of [6], which establishes
existence under the assumption of bounded vorticity; the uniqueness argu-
ment is given by Yudovich in [8]. The second part is Theorem 2 of [8], the
bound on the modulus of continuity of the flow following from working out
the details of Yudovich’s proof (see Sections 5.2 through 5.4 of [5]).

The function p of Equation (2.7) will have all the important properties of
B1: 1(0) = 0, p is nondecreasing, and fol (u(r))~tdr = co. Equation (2.8)
defines I'; in terms of u, but it can equally well be used to define p in terms
of any modulus of continuity I';, and such a p will have the three properties
just described. Thus, Equation (2.8) can give an arbitrarily poor upper
bound on the modulus of continuity of the flow.

The factors of 1/4 in Equation (2.8) are inconsequential, since if we define

Ft(S) by
Te()* gy
/32 O (2.10)

we will simply obtain a slightly weaker upper bound on the modulus of
continuity of the flow.

3. SQUARE-SYMMETRIC VORTICITIES

Ignoring for the moment the Euler equations, we will assume that the vor-
ticity has certain symmetries, and from these symmetries deduce some use-
ful properties of the divergence-free velocity having the given vorticity. In
Section 4, we will then consider what happens to a solution to the Euler
equations whose initial vorticity possesses these symmetries.

For convenience, we number the quadrants in the plane ()1 through Qy,
starting with

Q1 = {(z1,22) 1 21 > 0,29 > 0},

and moving counterclockwise through the quadrants.

Definition 3.1. We say that a Yudovich vorticity (vorticity as in Defini-
tion 2.2) is symmetric by quadrant, or SBQ, if w is compactly supported and
w(x) = w(x1,x2) is odd in z1 and xe; that is, w(—x1,x2) = —w(x1,22) and
w(xy, —x2) = —w(x1, T2)—-s0 also w(—1z) = w(x).
Lemma 3.2. Let w be SBQ. Then there exists a unique vector field v in
EoNY with w(v) = w, and v satisfies the following:

(1) va(x1,0) =0 for all 1 in R;
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(2) v1(0,22) =0 for all o in R;
(3) v(0,0) =0.

If, in addition, w > 0 in Q1, then
(4) v1(z1,0) >0 for all z1 > 0.

Proof. Let p be in [1,2) and let ¢ > 2p/(2 — p). By Proposition 3.1.1 p. 44
of [2], for any vorticity w in LP there exists a unique divergence-free vector
field v in LP + L? whose curl is w, with v being given by the Biot-Savart law,

v=Kx*xw. (3.1)

Here, K is the Biot-Savart kernel, K (z) = (1/27)z+/ ||, which decays like
1/ |x| with a singularity of order 1/ |z| at the origin.

Because w is compactly supported and lies in L?(R?), w is in LP(R?), and
Equation (3.1) gives our velocity v, unique in all the spaces LP + L2. Also,
because [, w =0, v is in (L?)? = Ey (see the comment following Definition
1.3.3 of [2], for instance).

Then

1 " 1 Y2
0) = & dy=o_ | — 5. 5
vi(21,0) = o R Ix—ylzw(y) T e )

= Z / w(y) dy.

+Z/2

w(y) dy

Making the changes of variables, u = (—y1,¥y2), u = —y, and u = (y1, —y2)
on (Y2, Q3, and @4, respectively, in all cases the determinant of the Jacobian
is =1, and we obtain

1 Y2 / U
v1(x1,0) = — ———w(y)dy — w(u) du
1(21,0) 2 [/1(3:1—y1)2+y§ () dy Ly +up)? +ud ()

ug U2
+ / w(u) du—/ w(u) du
1 (3:1+u1)2+u% 1 (xl—u1)2+u§

or
w0 =+ [ (Alery) = falor ) wl) dy, (32)
where
= —y2 x - ¥ .
filz1,y) = e fa(z1,y) RN (3.3)

It follows from (z1 — y1)? + ¥3 < (z1 +v1)? + ¥3 on Qy that fi(z1,y) >
fa(x1,y) for all x1,y; > 0. Conclusion (4) then follows from Equation (3.2).
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By the Biot-Savart law of Equation (3.1),

vy, —x2) = (K2 * w)(x1, —x2)

= [ Ko(z1—y1, —x2 — y2)w(y1,y2) dy

RZ
=/ Ko(z1 — y1, 22 + y2)w(y1, —y2) dy
R
=/, Ky(z1 — y1, 22 — (—y2))w(y1, —y2) dy
R
= —v9(x1,x2).
Here we used Ks(z1, —x2) = —Ka(x1,x2) and the symmetry of w. A similar
calculation shows that vi(—z1,22) = —v1(z1, 22). Thus, the velocity along

the z-axis is directed along the z-axis and the velocity along the y-axis is
directed along the y-axis, so the axes are preserved by the flow. In particular,
the origin is fixed. This gives conclusions (1)-(3). O

The following lemma is a slight generalization of Proposition 2.1 of [1]
(see also Proposition 5.3.1 of [2]):

Lemma 3.3. Let w be SBQ with
w = 2710 ] x[0,r] (3.4)

on Q1 for some r in (0,1). Then for any X in (0,1) and X in (0,\) there
is a right neighborhood N'= N x of 0 for which

v1(21,0) > 4(1 — X)z1 log(1/x1) (3.5)
for all x1 in N for which z3 < r.

Remark 3.1. The neighborhood N depends only upon A and )\'; in partic-
ular, it is independent of 7.

Proof. Equation (3.2) gives

vi(z1,0) = 2771/ (fi(z1,y) — fao(21,9)) dy
[0,r]x[0,7]

™

'S ' y2 T T y2
22/ / HdQQdyl—2/ / 5 dy2dy1.
0o Jo (x1—w1)" +v5 0o Jo (x14+w1)” +v5

Both of the inner integrals above are of the form

T 7’2
y2 1 du 1 2 7'2
— 2y, = = du= -1
[ #gin=3 ) @iat=glosta o)

1 1
= 5 log(a® +72) — S log(a?),
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where a is x1 — y1 and x1 + y1 in the two integrals. This gives

n(er0) =2 [ [ J1ogler = )2 +) - Jlon((ar ~ )

1 1 3.6
~loa((er +9)? + %) + Jloa((er + 90| iy PO
:f'l}/l("L'l,O)"i_El(ﬂfl,O),
where
B (21,0) = / log((x1 + 11)?) dy1 — / log((z1 — 1)) dun,
0 v (3.7)

(x1 —)* +1r?

(x1+y1)? + 12 g

51(%‘1,0) = T/JT(CL‘l) = / lo
0
But,
/ log((z1 —y1)?) dy1 = 2(r — 1) log |r — x1| + 221 log 2y — 2r,
0

which follows by adding the integral from 0 to x; to the integral from z; to
r. Also,

,
/ log((z1 +11)%) dy1 = 2(r + 1) log(r + z1) — 21 log 21 — 2r,
0

SO

v1(21,0) = —4zqlogx1 + 2(r + x1) log(r + x1) — 2(r — x1) log |r — 1]

= dxqlog(1/z1) + ¢r(21),
where
or(z1) = 2(r + 1) log(r + z1) — 2(r — x1) log |r — 1] . (3.8)

(So far, our analysis is much as in the proof of Proposition Proposition 2.1
of [1], the significant difference being that for Bahouri and Chemin r = 1.
This allows them to conclude that vi(z1,0) > —2z;logx; in some right-
neighborhood of the origin, but we will find that for an arbitrary r in (0, 1),
the size of this neighborhood shrinks with . This will be of importance in
Lemma 3.5 where we consider an initial vorticity that is a sum of vorticities
that are square-symmetric by quadrant. We seek both to refine Bahouri’s
and Chemin’s bound slightly and to establish a lower bound on the size of

the right-neighborhood.)
By Equation (3.6), Equation (3.7), and Equation (3.8),

v1(x1,0) = —4x1 log 1 + ¢ (1) + Ur(21)- (3.9)

Suppose we can show for z; lying in (0, 1) but also bounded by some function
of r, that

d)r(xl) + ¢r(l‘1) Z —C:L‘l log(l/xl), (310)
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where 0 < C < 4. This will insure that
U1 (ml, 0) > 01561 log(l/xl) (311)

for the given range of z1, where Cy =4 — C' is a positive constant.

We will first show that ,(z1) is negligible compared to the other two
terms in Equation (3.9). Then we will show that ¢,(z1), while comparable
in magnitude to —4x1 log z1, can be made sufficiently smaller than it so that
Equation (3.10) will hold, as long as we restrict 1 so that 21 < r* for some
Ain (0,1).

We have,

8 _ -1 3:1 —Tr -1 xl + T —1 371
Ewr(xl) = —2tan (r) — 2tan ( " ) 4 4tan <7>

ZL'% +2r2 — 2xy7
x? +2r2 + 227

= 2tan ' (w —1) — 2tan" ! (w + 1) + 4tan~! (w)

<w2+2—2w>
+log | —————

w2+ 2+ 2w
—: h(w),
where w = x1/r < 1, since 0 < 1 < r. Also,
W (w) = 4 w(w? — 4)

(w2 + 2 — 2w) (w2 + 2 + 2w)(1 + w?)’
which is is negative for w in (0, 2), is zero at w = 2, and is positive for w in
(2,00). This means that h(w) decreases from a value of 0 at 0 to a negative
value at w = 2, then monotonically increases. However, it is also true that
limy,—00 h(w) = 0, which means that h(w) < 0 for all w > 0.

What we have shown is that that for all z1,7 > 0,

0
5%(“) = h(w) <0,

so for a fixed value of z1, ¥, (z1) is a decreasing function of r. Restricting
r to lie in the range (0,1], we can therefore bound ¢, (z1) from below by
Y1(x1). But ¢1(z1) is a smooth function equal to zero at the origin, so

Yr(z1) > 1(21) > —C319

for some positive constant C'5 in a fixed neighborhood of the the origin
that is independent of the value of r. This means that by restricting x;
to a possibly smaller neighborhood of the origin, we can insure that the
contribution of ¢, (x1) to the left-hand side of Equation (3.10) is as small as
required. Hence, we can replace Equation (3.10) by the requirement that

¢r(z1) > —Cxylog(l/z1) (3.12)
for all z; < r, where 0 < C' < 4, and from this Equation (3.11) will follow.
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We hayve,
¢r(2:131) = (r+x1)log(r+x1) — (r — x1) log(r — x1)
=r(1+4+w)log(r(l+w)) —r(1 —w)log(r(l —w))
=r(l+w)logr —r(l —w)logr + (1 + w)log(l+ w)
—7r(1 —w)log(l —w)
=rlogr 4+ rwlogr —rlogr 4+ rwlogr
+ 7 [log(1 4+ w) — log(1 — w)] + rw [log(1 4+ w) + log(1 — w)]
1
= 2rwlogr + rlog (1 i_Z) + rwlog(1 — w?).
Since

1
rlog ( + w> + rwlog(1 — w?)
1—w

1 1
> rlog <1+1U> + rlog(l — w?) = rlog <1—|—w (I+w)(1-— w)>
w w

= 2rlog(1 +w) > 0,
it follows that
or(x1) > drwlogr = 4z logr.
We now add the restriction that
x{‘ <r

for some A in (0,1). Then
bp (1) > 4x1 logr > 4z log 2} = —4Az log(1/21),
which is Equation (3.12) with C' = 4. It follows from Equation (3.11) that

v1(21,0) > (4 — 4Nz log(1/x1) — Csxq. (3.13)
Equation (3.5) then follows, since choosing \' < X\ allows us to ignore the
term —Cgxq. O

Definition 3.4. We say that w is square-symmetric if w is SBQ and w(x1, x2) =
w(max{z1,z2},0) on Q.

Being square-symmetric means that a vorticity is SBQ and is constant in
absolute value along the boundary of any square centered at the origin.

Lemma 3.5. Assume that w is square-symmetric, finite except possibly at
the origin, and w(x1,0) is non-increasing for x1 > 0. Then for any X\ in
(0,1) and any X in (0, )

vl (21,0) > C(1 — Nw(27,0)z; log(1/21) (3.14)
for all z1 in the neighborhood N'= N »» of Lemma 3.3, where C' = 2/.
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Proof. We can write w on @1 as

1
() = 2 /O (5) 001 (0.5 () ds, (3.15)

for some measurable, nonnegative function «: (0,1) — [0,00). This means
that
1

w(z1,0) = 277/ a(s)ds. (3.16)

z1
Let V(s) be the value of vi(x1,0) that results from assuming that w is
given by Equation (3.4). By Lemma 3.2, V(s) > 0. Then because the
Biot-Savart law of Equation (3.1) is linear, and using Lemma 3.3,

1
vl(xl,(]):/o a(s)V(s)ds

1
> 27 (/A a(s) d8> %(1 — N1 log(1/z1)

_ %(1 — N)w(z?},0)z1 log(1/21).
0

Remark 3.2. Properly speaking, we must allow the function a of Equa-
tion (3.15) to be a distribution since, for instance, to obtain w of Lemma 3.3,
we would need o = .. We could avoid this complication, however, by as-
suming that w is strictly decreasing and that w(x1,0) is sufficiently smooth
as a function of x1 > 0.

4. SQUARE-SYMMETRIC INITIAL VORTICITIES

We now assume that our initial vorticity is square-symmetric, and consider
what happens to the solution to (E) over time.

Theorem 4.1. Assume that w° is square-symmetric, finite except possibly
at the origin, and w°(x1,0) is non-increasing for x1 > 0. Then for any X in
(0,1) and any X' in (0, \)

vi(t,z1,0) > C(1 — )\')wO(I’t(2’\/2xi\),0)$1 log(1/z1) (4.1)

for all z1 in the neighborhood N'= N of Lemma 3.8 and all time t > 0,
where T'y is defined as in Theorem 2.4. The constant C = 2/w.
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Further, let L(t,x1) be any continuous lower bound on vi(t,z1,0), Equa-
tion (4.1) being one possibility. Then if x1(t) is the solution to
dxl(t)
dt
with £1(0) = a > 0 in N, then ¥'(t,a,0) > x1(t) for all t > 0.

= L(t, xl)

Proof. Since w%(z1,72) = —w®(z1, —x2), if w(t,z1,72) is a solution to (E)
then —w(t, 1, —x2) is also a solution. But the solution to (E) is unique by
Theorem 2.4, so we conclude that w(t,z1,22) = —w(t,x1, —x2). Similarly,
w(t,z1,22) = —w(t, —x1,22), and we see that w is SBQ. By Lemma 3.2, then,
it follows that the flow transports vorticity in Qg, k = 1,...,4, only within
@, because of the direction of v along the axes for all ¢ > 0. Therefore,
w(t) is also nonnegative in @ for all time.

Our approach then will be to produce a point-by-point lower bound @(¢)
on w(t) that satisfies all the requirements of Lemma 3.5. In particular, it is
SBQ, so w(t)—w(t) is SBQ and nonnegative in Q1. It follows from Lemma 3.2
that vi(¢,21,0) —v1(¢,21,0) > 0 for all t > 0, where w(v(t)) = w(t). Thus,
the lower bound on (¢, 21,0) coming from Lemma 3.5 will also be a lower
bound on v (¢, 21,0). We now determine w(t).

Because conclusion (3) of Lemma 3.2 holds for all time, w being SBQ
for all time, the origin is fixed by the flow; that is ¥(¢,0) = %~ 1(¢,0) = 0
for all t. Also, the Euler equations are time reversible, and the function I';
of Equation (2.8) depends only upon the Lebesgue norms of the vorticity,
which are preserved by the flow; therefore, I'; is a bound on the modulus of
continuity of ¢~1(¢,-) as well. Thus,

[ )] =97 () — o7 (1 0)] < ().

In @1, the value of w(t, x), then, is bounded below by using the minimum
value of w” on the circle of radius I';(|z|) centered at the origin, since this
is the furthest away from the origin that ¢ ~!(¢,z) can lie, and w decreases
with the distance from the origin. That is,

wt,z) =W (Y7 (tx)) 2 0 (Te(|2]), 0)

because w" is square-symmetric.
Since v2max{z1,z2} > |z|, I'; is nondecreasing, and wy is nonincreasing

on Q1, w(Ty(v2max{z1,z2}),0) < w(Ty(|z|),0) on Q;. Letting
O(t,x1, 22) = WO (Ty(V2max{xz, z2}),0)

we see that @ is square-symmetric, and on @1, @W(t,z) < w(t,x), so W is our
desired lower bound on w.
Then from Equation (3.14),

v (21,0) > C(1 = N)@(t, 27, 0)z; log(1/21)
= C(1 = M)W ((V2max{z1,0})"), 0)z; log(1/z1)
= C(1 = X)w(T4(2"%27), 0)a1 log(1/z1).

0

, X
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The lower bound on the flow, 1!(¢,a,0) > z1(t), follows from using the
minimum possible value of v!(¢,z1,0) in Equation (4.1), setting it equal to
dxy(t)/dt, and integrating over time. O

5. BOUNDED VORTICITY

We now apply Theorem 4.1 to the first in the sequence of Yudovich’s vor-
ticity bounds in Equation (2.4) in which we have bounded vorticity. We
assume that w is square-symmetric with w° = L0,1/2]x[0,1/2] In Q1 so that
|| 1AL = 1. We have,
Bi(r) = Cinf {rl_e/e :ein (0,1} = Cinf {g(e) : € in (0,1]},

where g(€) = r17¢/e. Then
r1=¢(elog(1/r) — 1)

€2 ’

which is zero when € = ¢y := 1/(log(1/r)) if r < 1 and ¢y < 1, and never
zero otherwise. But

g'(e)=C

so the condition r < 1 is redundant.

Assume that » < e~!. Then g(€e) approaches infinity as e approaches

either zero or infinity; hence, ¢y minimizes g. Thus,
Bi(r) = Cri= /ey = Cr(1/r)® log(1/r)
= Crelos/m)eo log(1/r) = —Cerlog(r).
Then from Equation (2.8),
)2
= log(—log(z1/4)) — log(—log(T'¢(21)?/4)) = Ct
— Ty(21)? = 4(23/4)° " = Tul(z1) = 2(21/2)°

as long as ['y(z1)%/4 < e L.
Thus, Theorem 4.1 gives
vt 21,0) > C(1 — N (2(2M22)/2)¢ 7" 0)zy log(1/21)
> 0(1 - )\/)1‘1 10g(1/$1)
as long as 2(2V222/2)°”" < 1/2.
Solving dx1(t)/dt = C'(1 — X)xqlog(1/x1) with 21(0) = a gives
V! (t,a,0) > @1 (t) = a0,

which applies for sufficiently small a.
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Since 9 (¢,0,0) = 0,
|¢(t7 a, 0) - d}(ta 0, 0)| ‘wl(t7 a, 0)‘ > aexp(fC(lf/\’)t)fa

a® - a®
which is infinite for any o > exp(—C(1 — X)t). This shows that the flow
can be in no Holder space C® for o > exp(—C(1 — X')t). But this is true
for any X in (0, 1), so the flow can be in no Holder space C® for a@ > e~

reproducing, up to a constant, the result of [1] (or see Theorem 5.3.1 of [2].)

)

6. YUDOVICH’S HIGHER EXAMPLES

Assume that m > 2 and let w° have the symmetry described in Theorem 4.1
with

wWO(z1,0) =log™(1/z1), (6.1)

for 1 in (0,exp~™(0)), and w® equal to zero elsewhere in the first quadrant.
Then by Lemma A.1

0(p) = |||z < Clog™ ' p

for all p larger than some p*.

Using an observation of Yudovich’s in [8], if 8 is the function of Def-
inition 2.1 associated with the admissible function 6, then letting ¢y =
1/log(1/r) for r < e7P",

Bi(r) < C(r'=%/ep)0(1/eo) = —Cyppl/logr log r6(log(1/r))
< Crlog(1/r)log™(1/r) < Crlog(1/r) logQ(l/T) +-log™(1/r)
= Crlpmi1(1/r),

with 6,41 given by Equation (2.4).
Then, if we define the upper bound on the modulus of continuity of the
flow by Equation (2.10) instead of Equation (2.8), we have
Te(s)? dr

m FtSQ
~Cllog )i = [T

Te(s)® gy
< =y
- /52 Pa(r)
—C'log™ ™ (1/Ty(s)?) < —Clog™ ! (1/s%) +t

log™ ™ (1/T(5)?) > log™+'(1/s%) — Ct
log™(1/T4(s)%) > e “*log™(1/5”)
log™(1/T4(s)) = (1/2)e”“"log™(1/s%) > (1/2)e”"log™(1/s)

for sufficiently small s by Lemma 6.2.

Pl
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From Equation (4.1), for 21 > 0,
vl (t,21,0) > C(1 — N)O(T4(2M2%27), 0)2y log(1/z1)
> (1 — N)1og™(1/Tp(2?2))x1 log(1/21)

> C'e % log™(1/2M 220z log(1 /1) (62
> C'e” % log™ (1 /1)1 log(1/z1)
as long as z1 is sufficiently small.
Specializing to the case m = 2, we have
vl(t,z1,0) > Ce “tlog?(1/z1)z log(1/z1) = Ce “tai0y(1/xy).
Solving for
d”“’;t(t) = CeCly0y(1 /1) (6.3)

with 1,‘1(0) =a, we get
logg(l/m(t)) = log3(1/a) +C (efCt B 1) 7
¢1(t,a7 0) > z1(t) = exp (_(_ log a)exp(o(efCt_l)))

—(— Y
— —(—loga)”,

where v = exp (C(e~¢" — 1)).
Observe that v < 1 for all £ > 0. Thus, for any « in (0,1) and all ¢ > 0,

Lt —l(t t
a—0t a® a—0t a® 6.4
—(—loga)Y —uY ( : )
= lim . lim = lim e™ %" = o0
a—0t+ el—loga)a u—o0o €U  y oo '

We conclude that the flow lies in no Holder space of positive exponent for all
positive time, a result that we state explicitly as a corollary of Theorem 4.1.

Corollary 6.1. There exists initial velocities satisfying the conditions of
Theorem 2.4 for which the unique solution to (E) has an associated flow
lying, for all positive time, in no Hdélder space of positive exponent.

We used the following lemma above:

Lemma 6.2. Let m be a positive integer. Then for sufficiently small positive
1.7

log™ (1/2) > (1/2) log™(1/a?).
Proof. The proof is by induction. For x < 1,
log(1/2%) = 2log(1/2),
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which establishes the inequality (in fact, equality) for m = 1. So assume the
inequality holds for all positive integers up to m. Then

log™ " (1/2%) = loglog™ " (1/2%) < log(2log™ ' (1/x))
=log2 +log™(1/z) < 2log™(1/x)
as long as z is sufficiently small that log2 < log™(1/x). O

7. DIFFICULTIES FOR m > 2

When m > 2, the right-hand side of Equation (6.3) is no longer exactly
integrable, so it becomes difficult to obtain a lower bound on the modulus
of continuity of the flow. And even if one could obtain such a lower bound,
the severity of the singularity in |w®| decreases with increasing m, so we
should not expect to obtain a worse bound on the modulus of continuity of
the flow.

An alternate approach, and the one followed in [5], is to use

w9(z1,0) = logQ(l/xl) <+ log™(1/x1),

in place of Equation (6.1), because one can show using the same approach
as in the proof of Lemma A.1 that
[ Lr ~ logp- - -log™ " p.

The severity of the singularity in |w°| increases with increasing m, so there
is hope of obtaining a worse bound on the modulus of continuity of the flow.
The equivalent of Equation (6.2), however, becomes difficult to work with,
because we must also bound log®(1/T';(s)) for k = 2,...,m — 1. Attempting
to do this introduces powers of these lower logarithms with exponents that
depend upon ¢, which again makes the analog of Equation (6.3) not exactly
integrable.

Yet another approach is to assume that w? is SBQ, but is constant along
vertical line segments (in each quadrant), though supported in a square.
This would still allow the inner integral in the first expression for vy (z1,0)
in the proof of Lemma 3.3 to be calculated exactly. One would then need
to choose the dependence of w” on the 1 coordinate carefully to produce
the equivalent of Equation (4.1). It is not at all clear that this approach has
any advantages, however.

Most fundamentally, if we are assuming SBQ, then the function f =
f1 — f2, where f1 and fo are defined in Equation (3.3), controls the bound,
and this function is continuous except for a singularity at y = (z1,0), where
it goes to positive infinity (on Q7). Thus, whatever lower bound we derive
on v1(x1,0), it will blow up, and only blow up, at a singularity of |w(¢)| that
lies along the z-axis (this follows from Equation (3.2)). The lower bound
on the modulus of continuity of the velocity then follows from allowing
a point a = (a1,0) to approach the singularity and looking at how large
the appropriate difference quotient becomes, as in Equation (6.4). But to
do this, we need control on the position of the singularity of |w(t)|, and,
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when assuming SBQ), the origin is the one point at which we have the most
control—the singularity doesn’t move at all.

Thus, the assumption of SBQ naturally leads us to assume a point sin-
gularity at the origin. Then, because it appears that we can only bound
from below the effect on vi(z1,0) of the vorticity outside of the square on
which a point lies (actually, an even large square because of the exponent
A inLemma 3.5), we are naturally led to the assumption that |w®| decreases
with the distance from the origin, which leads to Lemma 3.5. Perhaps, then,
one possible way out of our difficulties is to obtain a lower bound on v (z1,0)
that accounts for the vorticity all the way to the origin, but this may simply
be impossible.

Of course, another possibility is to break the SB(@ symmetry, but then ob-
taining any lower bounds using the Biot-Savart law would probably become
extremely difficult.

A final possibility is that the difficulties encountered are an indication
that, in fact, the lower bound on the modulus of continuity does not become
arbitrarily bad. Perhaps one should seek an upper bound, maybe looking
first at Yudovich’s examples for m > 2, for initial vorticities having isolated
point singularities with (or maybe even without) local SBQ.

APPENDIX A. LOGARITHMIC SINGULARITIES

We show how to bound the LP-norms of a function with a singularity like
those we use in Section 6.

Lemma A.l. Let w° have the symmetry described in Theorem 4.1 with
w¥(21,0) =log™(1/z1),

for 1 in (0,exp~™(0)), and w° equal to zero elsewhere in the first quadrant.
Then

][ Lr ~ log™ ' p
for large p, where C =1 for m > 2.

Proof. Because of the symmetry of w°,
exp~"(0) 71
Ol =4/ 2/ (w°(z1,0))P dag day
. 0 (A1)
exp~"™(0)
= 8/ x1 [log™(1/21))P day.
0

Making the change of variables, u = log(1/z1) = —logx1, it follows that
z1 =e " and du = —(1/x1) dx; so dx; = —e " du. Thus,

0 expm’l(O) B o 3
|w® |17, :8/ e ¥ [logm u] (—e ™) du

[e.9]

o0
= 8/ e 2 [logm_1 u]p du.
exp™=1(0)
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Making the further change of variables z = u/p, so that v = px and
du = pdzx, we have

W =sp [ e o )] e (A2
exp™ p

Obtaining a lower bound on HwOHLp(RQ) is easy. For z > 1,

log™ ! (zp) > log™ ' p,
SO
[w°)17, > 8p / e 2 [log™ ' p]” dx
=8p log p/ e 2Py
—29:p
=8p log ( 2p> expm‘l(U)/p

= dexp2m= 1)(O) [log™ ! p]”

Thus, asymptotically, ||w|z» > log™ ! p.
We now obtain an upper bound on |w®| r». For z < 1,

m—1

zp) < log™ " p,
while for z > 1 and sufficiently large p, Equation (A.3) holds. Thus,

0l < 50 / + [T o) e

< 8p / —2zp [logm lp] dx
0

logm—l(

+ 8p/ e 2ep Hlogmflp} exfl]p dz
1
1 o)
< 8p [logm’lp]p [/ e 2P dg + ep/ e P d:c]
0 1

=8p [logm_lp]p [1 (1 — 6_27’) + e_pe;D]

2p
S 8 |:1Ogm—1p:|p
It follows that for sufficiently large p, ||w°||zr < 81/71og™ 1 p, so asymp-
totically, ||wP||zr < log™ ! p, which completes the proof. O

Remark A.1. Essentially the same proof gives the same result for radial
or other symmetries (except that e~? might become a different constant),
as well as for any spatial dimension. In dimension n with radial symmetry,
for example, the factor of x; in the original integration in Equation (A.1)
would become r" and the factor of 8 would become the surface area of
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the unit sphere. The r" factor would become e™™*P (even for n = 1) in

Equation (A.2), which does not materially affect the rest of the argument.

Lemma A.2. Let m be a positive integer. Then for sufficiently large p,
log™ (zp) < (log™ p)e”~! (A3)
forallz > 1.

Proof. We prove this for m = 2, the proof for other values of m being entirely
analogous. First, by taking the logarithm of both sides of Equation (A.3),
that equation holds if and only if

f(z) :=logloglog(zp) < g(x) := log(log ploglogp) + = — 1.
Because equality holds for x = 1, our result will follow if we can show that
f' < ¢ for all x > 1 and sufficiently large p. This is, in fact, true, since

f/ — 1 < 1 — g/
z log(zp) log log(zp) ~
for all x > 1 and p > e°. O
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