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ABSTRACT. We study the three-dimensional incompressible Navier-
Stokes equations in a smooth bounded domain 2 with initial ve-

locity ug square-integrable, divergence-free and tangent to Q2. We

supplement the equations with the Navier friction boundary con-

ditions u - n = 0 and [(2Su)n + au]tan = 0, where n is the unit

exterior normal to 9Q, Su = (Du + (Du)*)/2, a € C°(99) is the

boundary friction coeflicient and []¢an is the projection of its argu-

ment onto the tangent space of 0€2. We prove global existence of
a weak Leray-type solution to the resulting initial-boundary value

problem and exponential decay in energy norm of these solutions

when friction is positive. We also prove exponential decay if fric-

tion is non-negative and the domain is not a solid of revolution.

In addition, in the frictionless case a = 0, we prove convergence of
the solution to a steady rigid rotation, if the domain is a solid of
revolution. We use the Galerkin method for existence, Poincaré-

type inequalities, with suitable adaptations to account for the dif-

ferential geometry of the boundary, and a global-in-time, integral

Gronwall-type inequality.
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1. INTRODUCTION

Let © C R3 be a bounded, connected, open set with smooth bound-
ary 0€). Fix v > 0.

We consider the following initial-value problem for the incompress-
ible Navier-Stokes equations with viscosity v and Navier friction bound-
ary conditions:

ou+ (u-V)u=—-Vp+vAu in (0,400) x €,

divu=0 in [0, 400) x €, (1.1)
u-n =0 and [(2Su)n + aulan =0  on (0, +00) x 0, '
u(0, ) = ug in Q.

Above, u : [0,+00) x © — R3 is the velocity field, p is the scalar
pressure, Su := [Du + (Du)]/2 is the symmetric part of the Jacobian
of u, a : 9 — R is a given material friction coefficient, n refers to the
outward unit normal vector to 02 and the subscript ‘tan’ corresponds
to the orthogonal projection onto the tangent space to 0f2.

The Navier friction condition was first introduced in 1827 by C.
Navier, see [15]. This boundary condition is often considered in the
presence of rough boundaries, see [6,10] and references therein, or in
flows with a turbulent layer next to the boundary, see [11]. Physically,
it expresses a rough balance between the rate of fluid slip and friction
stress at the boundary. In addition, allowing for slip may be regarded
as a relaxation of the no-slip boundary condition, which creates stiffness
in computational modelling of high-Reynolds number flows, see [7].

The standard no-slip boundary condition u© = 0 corresponds to for-
mally setting o = oo above. In this case, global-in-time existence of a
weak Leray-Hopf solution, for initial data ug divergence-free, tangent
to the boundary and square-integrable, is due to J. Leray, see [14]. Ad-
ditionally, the exponential decay of the solution in L? follows from the
energy inequality, by using the Poincaré inequality. In the case o < oo
the literature contains no proof of existence or discussion of large time
behavior, and the objective of the present work is to fill this gap. More
precisely, let Lg}tan(Q) be the space of square-integrable solenoidal vec-
tor fields on 2 which are tangent to 0€2. We prove existence of a weak
solution to (1.1), assuming that the initial velocity ug € L2 ,,(€), and
that o € CY(09Q) is a time-independent friction coefficient. The precise
notion of weak solution is one of the issues that must be addressed, and
will be discussed later. In addition, we establish exponential decay of
the solution in energy norm in two scenarios:

e The friction coefficient « is strictly positive.
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e The friction coefficient « is non-negative and the domain €2 is
such that Ker(S) = {0}, as an operator on L2, ().

o,tan

Furthermore, if the friction coefficient vanishes identically, we prove
that the weak solution decays exponentially to the projection of the
initial data onto the kernel of the operator S. It is a well-known fact,
which we prove for the sake of completeness, that Ker(S) consists of
vector fields which generate a rigid rotation of the domain.

In broad terms, we follow closely the corresponding results for a =
oo. Existence is tackled by passing to the limit in a Galerkin approxi-
mation and the exponential decay is obtained by combining a Poincaré-
type inequality with an integral Gronwall-type inequality. However, the
Navier friction condition introduces a few technical hurdles that must
be addressed. Specifically, we must account for the various equivalent
weak formulations of the problem, the precise choice of basis for the
Galerkin approximation, in a way that is consistent with the Navier
condition, and the influence of the geometry of the boundary. In [4],
Clopeau and collaborators addressed several of these issues in the two-
dimensional case, proving global well-posedness of (1.1) and conver-
gence of the vanishing viscosity limit. We make use of some of the
ideas developed in [4], adapting and extending them as needed to the
three-dimensional case.

In [1], H. Baba and M. Jazar studied the long-time behavior of a weak
solution to the Navier-Stokes system in a bounded 3D domain with
Navier-type boundary conditions. In their work, the friction condition
[(2Su)n + aulian = 0 is replaced by assuming vorticity is normal to
the boundary. These types of boundary conditions are only equivalent
in special cases, namely, if () is a half-space, and o = 0, or if ) is a
sphere of radius 7 > 0 and o« = 2/r. Moreover, their result only applies
to initial data which satisfies their boundary condition and lies in the
orthogonal complement of the kernel of the Stokes operator within that
initial data space. Furthermore, they only obtain algebraic decay of the
solution in energy norm.

One important aspect of the literature concerning the Navier friction
condition is the vanishing viscosity limit in domains with boundary.
This is a classical open problem in the no-slip case and we refer the
reader to [2,16] for recent accounts of the state-of-the art. In contrast,
the corresponding problem with Navier friction boundary conditions is
much more treatable, basically because the associated boundary layer is
less singular. There is a large literature connected with this problem,
beginning with the work of Clopeau et al on the vanishing viscosity
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limit in two-dimensional bounded domains, see [4]. Concerning three-
dimensional bounded domains, there is one result of particular interest
here. In [9], Iftimie and Planas proved convergence of the vanishing
viscosity limit for Leray-type weak solutions of (1.1) in energy norm,
up to the time of existence of a strong solution of the Euler equations.
The authors of [9] omit the proof of global existence of these Leray-type
weak solutions, thus the existence result in the present work completes
their analysis. The connection with the geometry of the domain, a
central concern in our work, is not discussed in [9].

The remainder of this work is organized as follows. In Section 2 we
derive a weak formulation for problem (1.1). In Section 3 we study
the Stokes operator with Navier boundary conditions and we prove a
spectral theorem for this operator. Section 4 contains the statement
and proof of the existence result, including two formulations of the
energy inequality. In Section 5 we prove a Poincaré-type inequality in
H} .., in terms of the symmetric Jacobian of the velocity. In Section 6
we establish exponential decay of weak solutions in the case where
a > 0 and Ker(S) = {0} and in the case a > 0 with no further
restrictions on the domain. In Section 7, we prove that velocity fields in
Ker(S) are steady solutions of (1.1) and that weak solutions with initial
data ugy decay exponentially in time to the projection of ug onto Ker(SS).
We collect final remarks and conclusions in Section 8. Lastly, in an
Appendix we prove the integral Gronwall-type inequality applicable to
the generalized energy inequalities deduced in Section 4. This result is
key to derive the exponential decay we claimed.

2. WEAK FORMULATION

In this section, we derive a weak formulation for (1.1). We begin
by introducing notation for the function spaces we will be using. As
mentioned in Section 1, we denote by L2 . () the space of square-
integrable solenoidal vector fields on {2 which are tangent to 02 (note
that square-integrable, solenoidal fields have a well-defined trace of
the normal component in H~2(09), see, for example, [3, Equation
(IV.10)]). The space H},, () corresponds to the vector fields in

o,tan

L2 . () whose first-order weak derivatives are, additionally, square-
integrable. The notation C’;’f’tan(ﬁ) refers to the €' solenoidal vector

fields which are tangent to 99. Finally, we use C([0,T);w — L2 ,,,(€))
to denote functions which are continuous from [0, T') into L2 ,,, (Q) with
the weak topology; Cioc([0, +00); w — L2 (,,(€2)) denotes functions con-
tinuous from [0, +00) into L7, (€2) with the weak topology, and which

belong to L>([0,T); L?) for every T > 0.
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We will assume, throughout this paper, that o € C°(9) is a non-
negative time-independent friction coefficient.

We require some elementary information on differential geometry of
surfaces, which we recall below.

For each p € 002 let n = n, be the outward unit normal to 02 at
p. This induces a map n : 9Q — S?, where S? is the unit sphere in
R?, called the Gauss map. Its differential is dn,, : T,(0Q) — T,(952),
using the natural identification T, (S?) ~ T,(092). The map dn,,
the differential of the Gauss map, is called the shape operator of 02
and, for each p, it is a self-adjoint linear operator. See [5, Section 3.2,
Proposition 1] for details. The eigenvalues of —dn, are the principal
curvatures of 0 at p, denoted k; = ki(p) and ko = kao(p). Let X be
defined as follows:

A= Ap) = max{[ki(p)], [k2(p)|}- (2.1)

To obtain a weak formulation of (1.1) first assume that u is a smooth
solution of the system and let ® € C'2°([0, +00); C%,,(€2)). Taking the

o,tan

inner product of (1.1) with ® and integrating by parts once yields:

/o+oo/9{at<1>-u + [(u-V)®] - u} dxdt+/9q)(0a5”) o) dw

:1/(/OJFOO/QDQD:Dudxdt—/0+oo/m<1>-(Dun)det>. (2.2)

Above, the notation A : B stands for the trace of the matrix product
AB and dS is the 2-dimensional Hausdorff measure on 0Q2. We will
now examine the boundary integral more carefully, using the Navier
boundary condition and the differential of the Gauss map.

Lemma 2.1. If & € C,,(Q) and if u € C3,,(Q) satisfies [(2Su)n +
Q]gan = 0 on O then it holds that, on 0SQ,

¢ - (Dun) = - [dn(u) — aul.

Proof. Fix p € 0§). Let 7 € T),(092) and choose a curve v : ¢ = ¢(s) on
02 such that ¢(0) = p and ¢(0) = 7. Since we will be working with the
outward unit normal vector to df) at ¢, for different points ¢ € 09, it
is convenient, in this proof, to make the dependence of n on ¢ explicit:
n=mn,.

Since u - n, = 0 for all ¢ on the curve 7, and using the definition of
the differential of the Gauss map, we find

d

0= —
ds(

u-ny) = (Dug(s)) - ng+u-dny(d(s)).
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Recalling that dn, is self-adjoint and that u is tangent to 052, i.e.
u € T,(092), we deduce that

((Du)' m,) - d(s) = —dny(u) - 4(s). (2.3)

Next we add (Dumn,) - ¢(s) to both sides above and, since 2Su =
Du + (Du)*, we obtain that

(2Sumny) - 4(s) = (Dumny) - 4(s) — dny(u) - 4(s).
In particular, at ¢(0) = p, we find
(2Sumn,) - 7= (Dun,) -7 —dny(u) - T,

and hence
(Dumny) -7 = [dn,(u) + (2Sun,)| - 7.

Recall that 7 was chosen as an arbitrary vector in 7,,(0€2). We use
the Navier boundary condition satisfied by u to deduce that

(Dumny)ian = [dn,(u) — ot]an.

This identity is valid at any point p on 0f2, so we can now abandon
the explicit mention to p in dn,. Since the normal component of ®
vanishes on 02 it follows that

O - (Dun) = Pun(Dun)y = Puanldn(u) — aulian = @ - [dn(u) — aul,

as we wished.

U
In what follows we use (H; ,,(€))" to denote the abstract dual space
to H;,tan<Q)'

We are now ready to introduce the definition of a weak solution to
(1.1).
Definition 2.2. Fiza € C°(0Q) andug € L%,,,(Q). Let u € Cioe([0, +00); w—

o,tan
L2 1an(2)) N LY ((0,400); H} 1,n()). In addition, suppose that dyu €
Lﬁjj((o, +00); (Hy 1an(€2))'). We say u is a weak solution of (1.1) with

initial data ug if, for every test vector field ® € C2°([0,400); C25,, (),
it holds that

/om/ﬂ{atq’ At [(u V)P uf dedi+ /Q (0, z) - ug(x) da

:,,/0+°° (/QD(ID:Dud:t—l—/mtb-[au—dn(u)]dS) dt. (2.4)
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3. THE STOKES OPERATOR

We denote by P the orthogonal projection of the space of square-
integrable vector fields in Q onto L2, (), also known as the Leray
projector. To eliminate the pressure from the Navier-Stokes equations,
one applies P to it. Clearly, we have Po,u = 0,Pu = 0Ou, as u is
already divergence-free and tangent to the boundary. The nonlinear
term becomes P[u - Vu] and the viscous term becomes vPAu. As is
well-known, the Laplacian does not commute with the Leray projector,
despite the fact that Awu is divergence free, because the vector field Au
is not, in general, tangent to 0.

The elliptic operator —IPA is called the Stokes operator and the semi-
group it generates is called the Stokes semigroup. These objects play
a key role in the analysis of the viscous flow equations. For flows with
no-slip boundary conditions, the natural phase space is H, ;’O(Q), and
the properties of the Stokes operator and associated semigroup acting
on this space are well-understood. For the present work, we require
properties of the Stokes operator, when acting on the space of vector
fields satisfying the Navier boundary conditions. This is the subject of
the present section.

We return to the calculation performed to obtain (2.2) and we con-
centrate on the Laplacian term. Since we are only concerned with
spatial derivatives, we consider time-independent vector fields. More
precisely, assume u is a time-independent, smooth, divergence-free vec-
tor field on €2, tangent to 99, and let ® € C3,,(Q). Integration by
parts yields the identity

—/@Au:/DQ):Du—/ ¢ - (Dun)dS.
Q Q o0

Assume, further, that u satisfies the Navier boundary condition [(2Su)n+
a]gan = 0. Then, using the result in Lemma 2.1 we obtain

—/@Au:/pq>:9u+/ - jau—dn(w)]dS.  (3.1)
Q Q o0
We see that the right-hand-side above is well-defined for v € H}

a,tan(Q)
and ® € H :Jl',tan(Q)' We thus introduce the Stokes operator, acting on

flows satisfying the Navier boundary conditions, as

A:H;,tan(Q) - (H;,tan(Q))/
u > Au ’

where Au is defined through the duality relation

(Au,v) = /QDU : Du—l—/mv'[ozu—dn(u)] dS, ve H} . .(Q). (3.2)
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Lemma 3.1. The right-hand-side of (3.2) gives rise to a bounded bi-

linear symmetric operator B+ Hy , (Q) x Hy (. (Q) — R.
Proof. Let (u,v) € Hj,,(Q) x H,,,(Q) and define B : H}, () x
H;,tan(Q) - R by

B(u,v):/QDU:Du—i—/m%[au—dn(u)]ds.

Recall A as introduced in (2.1). Then

/Dv ; Du—i—/ v - Jou — dn(u)] dS’

Q B

< Cllullan ol + (M2 @) + lallze @) lull 2o vl 200
SO+ Mz + el oo@) lull 0] e,

where the last inequality is a consequence of the continuity of the trace
of functions in H'(Q) onto L*(99). O

|[B(u,v)| =

Recall the trace inequality (see, for instance, [3, Theorem II1.2.19]),
lullZ200) < lullsz@llulla @) (3.3)

Note, also, that a divergence-free vector field u on €2, which is tangent
to 0f), has mean zero for each of its components u;, 7 = 1, 2, 3. This

follows easily by integrating by parts / u-Vz;. Recall the Poincaré
Q
inequality for mean-free functions

Hu||H1(Q) < CHDUHL2(Q)- (34)

We claim that there exists Cz > 0 such that B:=B+ Cll, with T
denoting the identity operator, is coercive with respect to the H Lnorm,
i.e., there exists ¢ > 0 such that B(u,u) > c|lul|3, for allu € H, ,,(Q).
Indeed, this follows immediately from the estimate below:

B(u,u):/Q|Du| +/89(oz|u| —dn(u) - u)dS

2 1Dullze = (el o) + M= @)Ul 200,
> || Dullz2 = (el oo @) + 1M o)) Cllull 2@ | Dull 2oy
1
2 51 Dullzz = Cllullzzq)
> cllulli — Csllullzzq)- (3.5)

We have used, above, the trace inequality (3.3), the Poincaré inequality
(3.4), and Young’s inequality.
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It follows from (3.5) that B is a positive-definite bilinear operator

on Hy..(€), thus an inner product. We use the notation

((u,v)) := B(u,v) (3.6)
for this inner product and we note that it gives rise to an equivalent
norm on M, ().

Proposition 3.2. There exists a sequence {v;}52, C Hj ., (Q) of
eigenfunctions of A, with corresponding eigenvalues {\;}32, C R, which
form an orthonormal basis of L2,.(Q) and, also, a basis of Hy ()
which is orthogonal with respect to the inner product ((-,-)). The eigen-

values, ordered increasingly, satisfy A\; — 00 as j — oo.

Proof. Let us introduce A=A+ C3sl, where ('3 is the constant from
estimate (3.5). Consider Dom(A) := {u € H, . (Q)[Au € L2,,.()}

o,tan

and note that Dom(A) is compactly imbedded in L2, (). Further-

o,tan

(Q) with respect

more, it is easy to see that Dom(A) is dense in L ,,
to the L?*norm.

The coerciveness of E, together with the continuity and symmetry
of B and the compactness mentioned above, imply that the operator A
has an inverse which is a self-adjoint compact operator from L2, (Q)

o,tan
to Dom(A) C H}, . (Q). Therefore it follows from the spectral the-
ory for compact self—adjoint operators that there exists an orthonormal
basis of L2 ,,.(Q) of eigenvectors of A, along with an increasing se-
quence of eigenvalues tending to +oo, see [3, Section 6, Chapter II].
This basis is also orthogonal with respect to the ((-,-)) inner product

on H!, (), and it is a complete set, [3, Corollary I1.3.8 and Theorem

o,tan 5
IV.5.5]. Clearly, an eigenvector v; of A is also an eigenvector of A,
albeit with eigenvalue \; — Cj. O

4. EXISTENCE OF WEAK SOLUTION

In this section we establish global existence of a weak solution to
(1.1) with initial data in L2 ,,, using a Galerkin approximation, and

we derive two formulations of the energy inequality.
Theorem 4.1. Let o € C°(9Q) and ug € L?,,,(Q) be given. Then

o,tan

there exists u € Cioc([0, +00);w — L7 1, () N LY ((0, +00); Hy 110 (€)),

o,tan loc

such that, Oy € Lfo/f((O, +00); (Hy 1an())') and, for any test vector

field ® € C=([0, +00); C=2, (Q)), the identity (2.4) holds true.

o,tan
Remark 4.2. Theorem /.1 is equivalent to the existence of a weak
solution in the sense of Definition 2.2.
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Proof. The proof is a slight adaptation of the well-known proof of exis-
tence of weak Leray solutions. We outline the main steps and highlight
only the differences with respect to the standard argument.

The first step is to consider the orthonormal basis of Litan(Q) given
by the eigenfunctions of A, {v;}; C H,,(Q), obtained in Proposi-
tion 3.2. We use these vector fields to build finite dimensional approx-
imations u* through the Galerkin method, by projecting the (weak
form of the) PDE onto the space generated by the first M vector fields
in the basis, namely X™ := span{vi,...,vy}. The approximations
uM are given by uM = Z;‘il g¥'v;, with coefficients g}’ = g} (t) which
are solutions of a system of quadratic ODEs with constant coefficients.
Short-time existence is an easy consequence of Picard’s theorem. The

resulting u™ satisfy
/ {(@™) vy + [(W™ - V)uM] 05} da
Q
=—v (/ DuM : Dv; dz —|—/ [au™ — dn(u™)] - v dS) . (4.0)
0 20

Standard energy estimates for (4.1) give:

d
%HUMH%P(Q) < _2V||DUM||%2(Q)+2V (M oo @) + lal o)) ||UM||%2(8Q)=

where A\ was introduced in (2.1). We use the trace inequality (3.3)
for uM, together with the Poincaré inequality (3.4), since the mean
of uM is zero, so that |[u™| ) S [[Du||12q), followed by Young’s
inequality, to deduce that

22y + 71D By < O (A lmion + i) I ey

(4.2)
The Gronwall lemma yields {u"} bounded in L3, ((0, +00); L2 1, ()N
L} ((0,400); H} 1, (€)), from which we deduce global existence of u
for fixed M. Furthermore, the bounds on 4™ are uniform with respect
to M.

In order to obtain, from these bounds, the boundedness of {d;u}
in L3((0, +00); (Hj 1an(2))"), uniformly in M, we need to use the or-
thogonality of {v;} with respect to the inner product ((-,-)) introduced
in (3.6). Let PM denote the L%*orthogonal projection onto X™ and
note that both d,u™ and Au belong to XM, since Av; = \ju; € XM,

Using the notation from Section 3 we note that the right-hand-side of
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(4.1) is a weak formulation of the right-hand-side of:
O + PM[(uM . V)uM] = —vAuM in Q,
divuM =0 in ©, (4.3)
uM-n =0, [2SuM)n+ auM] =0 on 0.
Let W € H!,, (Q). Then W = PMW +Y, where Y is orthogonal to

o,tan
PMIY with respect to both the L? inner product and the ((-,-)) inner
product. In particular, using the ((+,-)) inner product and its induced,
H'-equivalent, norm, it holds that

IPYW [ < CIW . (4.4)
Then, using the definition of A by duality, (3.2), we have
(@™, W] = [(Qu™, P V)]

< /[(uM-V)uM] -PMW dz

Q
+v / Du™ . DPMW dz
Q

+v

/ 0w — dn(uM)] - PMW dS

Each of the three integrals above may be estimated in a standard way,
using Holder’s inequality, interpolation, and the Sobolev imbedding
H' c LS for the first term, Cauchy-Schwartz for the second, and the
trace theorem for the boundary term, to find:

@, W) < © (I 2 1572 + ™l ) IBY WY 1.
It then follows from (4.4) that
1/2 3/2
100 s oy < C (Il N2 137 + i)

Now, recall that we showed, from the energy estimate (4.2), that u™ is
bounded in L%, ((0, +00); L2 ,,(€)) N L{,.((0, +00); H} 1,,(2)). In view

o,tan

of this we obtain, immediately, the desired bound: d,u™ is bounded in
L3((0,+00); (HL ... ())"), uniformly with respect to M.

loc o,tan
To conclude the proof of existence, a standard compactness argu-
ment allows us to pass to the limit M — +oo. Indeed, we may

choose a subsequence, not relabeled, such that ™ converges weakly-x*

in L5, ((0,+00); L2, (2)), weakly in L,.((0, +00); L., (©)), strongly
in L .((0,4+00); L2 ., (Q)) to a limit w. In particular this implies, by the

trace inequality (3.3), that the trace of u on 99 converges strongly in
L} ((0,400); L2 ;,,(02)) to the corresponding trace of u. Furthermore,

loc
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the Aubin-Lions compactness theorem implies u € Coc([0, +00);w —
Li,tan<Q))' o

Using & € C([0, +00); C55,.(€2)) as test vector field in a weak
formulation of (4.3), we can pass to the limit M — oo and obtain the
weak formulation (2.4). This concludes the proof. O

Our next result concerns a different way of writing the term on the
right hand side of (2.4), under the time integral. This will be useful
to write (2.4) in a different way, which will lead to two sets of energy
inequalities.

Proposition 4.3. Let u € H, (). Then, for every ® € C35,,
holds that

/ D® : Dudx +/ - [au—dn(u)]dS
Q o0

:2/S<I>:Sudx+/ ad-udS. (4.5)
Q G

Proof. First assume that u is smooth, divergence free and tangent to

O8). Let @ € C53,,(€2). Recall expression (2.3) deduced in the proof of
Lemma 2.1. The same argument used there yields

[(Du)! n)ian = —[d1(u)ian-

(Q) it

We compute

/D(I):Dudx:/DCI):QSudx—/D(I):(Du)tdx
Q Q Q
:2/S<I>:Sudx—/D<I>:(Du)td:c.
Q 0

Next we observe that, since u is divergence free,

= /Q DO : (Du)da = — /8 @ [(Du)'n]ds = / ® - [dn(u)] dS.

o0

This establishes (4.5) for smooth u. We conclude the proof by density.
O

In view of Proposition 4.3 we have obtained an alternative weak
formulation, equivalent to (2.4), namely,

Q

+o00
:1// </ 25<I>:Suda:+/ qu)'udS) dt. (4.6)
0 Q o0
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We will now amend our existence theorem to include this new weak
formulation and we note that two different energy inequalities arise.

Theorem 4.4. Let o € C°(99Q) and ug € L7, (Q) be given. Then
there exists a weak solution w, according to Deﬁnztion 2.2, such that,
Jor any test vector field ® € C([0,400); C25.,(2)), (4.6) holds, in
addition to identity (2.4) holding true.

Moreover, for almost every s > 0 and for every t > s, u satisfies
both of the following energy inequalities:

t
) 2 [ 1Duleor

t
< Jlu(s)|)32 —|—21// / (H)\HLoo(aQ) —04) lul>dSdr  (4.7)
s JOQ

and
t t
a(t) 2o +-40 / 1SullZ dr < [lu(s)|2s — 20 / / alu? dSdr. (48)
S s o0

Finally, both (4.7) and (4.8) are satisfied for s = 0.

Proof. The existence part is an easy consequence of the existence re-
sult, Theorem 4.1, together with the equivalence between the two weak
formulations (2.4) and (4.6). All that remains to prove are the energy
inequalities.

To show (4.7) we revisit (4.1), multiplying by g} and summing in j,
bounding only the shape operator, to find

d
EHUMH%%Q) < —2VHDUMH%2(Q) +2v /89 (H)‘HL‘”(Q) - 0‘) |UM‘2dS-
(4.9)
Let r > s and integrate in time from s to r to obtain
oy < =20 [ 1D () gy e
w2 [ (Ao = ) e S dr -+ (5 ) e
(4.10)

Fix t > s. As is done in the case of no-slip boundary conditions, see
(13, Proposition 14.1], choose ¢ € CX(R,), fR |p|2dr = 1, Suppgb C

(0,1). Let € > 0 and set ¢. = ¢.(r) = =0 (Tst), r € R,. We multiply

(4.10) by |¢-(r)|?, move the term with DuM to the left-hand-side and
observe that ¢. vanishes if r < s. We may therefore integrate on R
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to deduce that

400 +o0 T
/0 6Pl () 2oy it + 20 / 16:2(r) / 1D (7, )22y dr dr

+o00 T
<2 [0 l0) [ (Wl — o) e S drdr+ (5
(4.11)

Recall, from the proof of Theorem 4.1, that, passing to subsequences
as needed, we may assume u™ converges to a weak solution u weakly

in L (0, 400); H ,,(€2)) and strongly in L ((0, +00); L7 ;,,,(©2)) and

loc o,tan

the trace of u™ on 9 converges strongly in L7, ((0,+00); LZ . (09))

loc
to the corresponding trace of u. Using these properties of convergence

and passing to the liminf,;_, ., in the inequality (4.11) yields

400 r
/0 6o (), ) 2oy b + 20 / 16.1(r) / |Du(r, ) [2a(gy dr dr
—+o0 r
<2u/ |¢5|2(r)// (Ml — a) |uf>dS dr dr
0 s oN

+liminf [[w™ (s, )l|z2q).

+o0

Assume now that ¢ is a Lebesgue point of r — |ju(r,-)||3,. Then,
passing to the limit ¢ — 0 we find

t
Ju(t, ) 22 + 20 / |Du(r, ) 22y dr
S

t
<o [ [ (1limo) — o) [ dSdr + tymint [0 (5. o
(4.12)

Recall that u € Clo([0,+00);w — L2,,,(€)). This extra regularity
enables us to deduce that (4.12) holds true for all ¢ > s. Finally,
since u™ converges to u strongly in L7 ((0,+00); LZ,.(€)) it follows
that, again passing to subsequences as needed, u™ (s) converges to u(s)

strongly in L2, (Q) for almost every s. This concludes the proof of

(4.7).
Next, we note that, by virtue of Proposition 4.3, we have that the
sequence uM also satisfies

/Q{(@tuM) v+ (WM V)uM] o} da

:—1/(/2SuM:Svjdx+/ auM-vde>.
Q o0



NAVIER BCS, 3D MULTIPLY CONNECTED 15

Once again we multiply this identity by gJM and sum in j to obtain

d
M ) < 4150V gy — 20 /m aluM2dS.  (413)

The differential inequality (4.13) is analogous to (4.9) and so we may
proceed with the same steps as in the proof of (4.7) to arrive at (4.8).
Finally, note that s = 0 is a distinguished time since, by construction,
uM(0) converges strongly to u(0) = ug when M — +oo.
This concludes the proof.
U

Definition 4.5. Fiz o € C°(09Q) andug € L%, (). Let u € Cioe([0, +00); w—

o,tan

Lg,tan<Q))mL1200((O7 +OO>7 H;,tan<Q))7 thh atu € Lﬁ)/03<<0’ +OO), (H;,tan(Q)),)7
be a weak solution of (1.1) with initial data ug. We say u is a Leray-
Hopf weak solution if, additionally, for almost every s > 0, and for
s =0, and every t > s, u satisfies both energy inequalities (4.7) and

(4.8).

Remark 4.6. Since dyu € Lﬁf’((o, +00); (Hy a0 (€2))') it is standard to
extend the definition of weak solution so as to allow for time-independent
test vector fields ® € C33,,(S2). For such test vector fields the identity

(4.6) should be substituted by

/Ot/ﬂ[(u.V)Q)] -udxds—i—/ﬂ@(x) o) — ult, z)] dz

t
:y/ (/ 2S®:Sudx—|—/ a@-udS) ds. (4.14)
o \Ja G

We will make use of this alternative formulation later in this work.

5. SYMMETRIC POINCARE INEQUALITY

In Theorem 4.4 we obtained the existence of a weak solution to (1.1)
which satisfies two different energy inequalities. In the remainder of
this article, we will be showing that, under appropriate hypotheses
on the friction coefficient o, we can prove exponential decay of the
weak solution in energy norm. A crucial tool to prove such results are
Poincaré-type inequalities. In this section we obtain such an inequality
in terms of the symmetric part of the Jacobian of u; this is related to
Korn’s inequality in Hi, see [3, Remark IV.7.3, (IV.87)].

Recall the notation KerS := {u € H, ,,(Q)| Su = 0} and (KerS)" :=
{fue H) ()| [ou-vdz =0 for all v e KerS}.
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Proposition 5.1. There exists a constant C' = C(€2) > 0 such that,
for all u € (KerS)*, it holds that

HuHLz(Q) < C||SUHL2(Q)- (51)
Proof. The proof proceeds in three steps.

Step 1. We claim that there is a constant K > 0 such that, for all
ue H!,, . (Q) it holds that

o,tan
| Dul| 20y < 2[[Sul|r2) + K[[All Lo @a)l|ullz2@@)-

To see this let u € H, () and observe that, in (4.5), through a
density argument, we can use ® = u. This eventually yields

/\Du|2dx:2/\5u|2dx+/ u - dn(u)dS.
0 0 o0

Therefore, using the trace inequality, followed by Young’s inequality,
we obtain

||DU||%2(Q) < 2”8“”%2(9) + ||>\||L°°(89)||U||%2(asz)
< 2[Sul|Za0) + Kl 2= @0 lull 2@ | Dull r2)

<K||)‘||L°°(GQ))2 1 Dul|72q
< 2”5““%2(9) + 5 ||u||%2(9) e

Hence,

2
IDullZ2) < 4llSullZ2) + (KlA|=(a0) " [lullZ2(0),
from which the claim follows easily.

Step 2. Next, we claim that there exists C' > 0 such that, for all
u € (KerS)+t, we have

1
ull20) < ClSul|z2@) + )HDUHL?(n),

2K||)‘HL°°(8Q
where K is precisely the constant from Step 1. We argue by contra-
diction: assume it is not so. Then, for every N € N, there exists
uy € (KerS)! such that

1

> NS EY BN
lunllrz@) I1Sunllz2@) + 2K ||\l 2= (a02)

HDUN”LQ(Q)

Dividing the inequality above by ||un/| 2 we may assume, without
loss of generality, that [|uy||z2) = 1, so that
1

1> N||Su 20 + ——— || Du 2
” NHL () 2KH)\HL°°(8Q) H NHL Q)



NAVIER BCS, 3D MULTIPLY CONNECTED 17

1
> —— || Dunl||r2¢0)-
TR pert

In particular, this means that {uy} is a bounded sequence in Hy ., (€2).
Thus, passing to a subsequence as needed, we may assume that uy
converges weakly in H, . (Q) to some u. Since H, ., (€) is compactly

o,tan
imbedded in L2 () it follows that ||u||,2q) = 1. However, since

1
+
KA N

1
— > HSUNHLQ(Q) ’DUNHLQ(Q)

N
2 HSU/NHLQ(Q)’

it follows that Su = 0. But originally we had uy € (KerS)* so, since
(KerS)* is a closed subspace of H! . () (and of L2,  (Q)), it follows

o,tan o,tan

that u € KerS NKerSt, i.e. u =0, a contradiction with [jul[ze = 1.

Step 3. We put together the results in Steps 1 and 2 to conclude:
1
4+ ————— || Du|2
K w1
2K Mz~ o0

lullz2) < C||Sul|r2(q)

< CSull 2 + 2Sull ey + K [Nl o= omy el 20)

1 || 2
<O+ —) Sull 7200y + ————=.
( K e ) 1@ 775

This yields the desired estimate and concludes the proof.

6. EXPONENTIAL DECAY — PART 1

In this section, we put together the energy inequalities in Theo-
rem 4.4 and the symmetric Poincaré-type inequality in Proposition 5.1
to obtain our first exponential decay results, using both energy inequal-
ities and following the path in which such estimates are obtained in the
no-slip case.

Theorem 6.1. Let 2 be a bounded, connected open set in R, with
smooth boundary. Consider ug € Litan(Q) and let u be a Leray-Hopf
weak solution of the incompressible Navier-Stokes equations (1.1) with
Navier boundary conditions and initial data ug, according to Defini-

tion 4.5. Then we have:

(1) If Q is such that KerS = {0} and if the friction coefficient
a=alr) =0 for all z € O, then u — 0 strongly in L*(2),
exponentially fast, as t — 4o00. More precisely, there exists
C > 0 such that [[u(t)] L2 < ||uollr2() exp(—Crt).
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(2) If the friction coefficient « = a(x) > 0, x € 0N, then, with no
further restrictions on §2, the same conclusion above holds true.

Proof. Let us begin by assuming that €2 is such that KerS = {0}. In

this case we can use the Poincaré-type inequality in Proposition 5.1.

Recall the energy inequality (4.8), valid for a.e. s > 0 and for s = 0
and for every ¢t > s, which we rewrite as

t t
()2 < [luls)|2 —4y/ 152, dT—2V/ / alul?dS dr.
s s o0

Now, under the additional assumption that o > 0 and using (5.1), it
follows that

qv [*
Ju(®)]|7: < lu(s))72 — 5/ Ju(r)||72 dr-

Use the version of Gronwall’s inequality in Proposition A.1 with y(t) =
|u(t)||3, and K = 4v/C to conclude the proof of item (1).

Next, assume only that @ > 0. Let n € (0,1). Taking a convex
combination of the energy inequalities (4.7) and (4.8) produces the
estimate

t t
)+ 2o [ 1Dl dr 4 av(1 =) [ [Suldr

t
< Jlu(s) |2 + 20m / /6 (Nlm = 0) P dS -

t
—21/(1—7])// alul*dS dr
s JoQ

t
:Hu(s)||§2—2y/ /m(oz—nH)\HLoo(aQ)) w2dSdr. (6.1)

Again, this is valid for a.e. s > 0 and for s = 0 and for every ¢t > s.
Since o € C%(99Q), with 9Q compact, and because o > 0, we can
choose
minges a(m)’ 1} <1l
Al ooy 2
This allows us to discard the term with the boundary integral.
We may thus re-write (6.1) as

O<n:min{

t t
la(®)122 < llu(s)|122 — 20 / | Dufl2 dr — 4v(1 — 1) / |Sull2. dr,

so that, discarding additionally the term with the symmetric derivative
and using the classical Poincaré inequality, valid since u has vanishing
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mean, we deduce that

2un (7
1= < u(s)Es ~ 5 [ ) dr.

Using once more Proposition A.1 with y(t) = |lu(t)]]7. and K =
2un/C we establish item (2).
This concludes the proof.

7. EXPONENTIAL DECAY — PART 2

In this last section we will address the large time behavior of solutions
of the incompressible Navier-Stokes equations with Navier boundary
conditions when the friction coefficient o vanishes identically on the
boundary of the domain. We have already considered this for domains
Q2 such that KerS = {0}, so we now concentrate only on fluid domains
for which KerS # {0}. Recall that KerS was defined as a subspace
of H} ,,(9) so, in particular, vector fields in KerS must be tangent to
0. As usual we assume (2 is a bounded, smooth, open set in R3, with
smooth boundary and not necessarily simply connected.

We begin with a well-known elementary characterization of vector
fields w = w(z) in R? for which Sw = 0.

Lemma 7.1. Let w = w(z) € H'(Q) be a vector field such that Sw =0
for all x € Q). Then there exist constant vectors a, b € R such that

w(z) =a+bAux.
Moreover, / wdx = a and curlw = b.
Q

The proof of Lemma 7.1 can be found in [3, Lemma IV.7.5]; see also
[19, Chapter 1, Lemma 1.1].

Equivalently stated, the result in Lemma 7.1 is that an H'(Q) vector
field w for which Sw = 0 is the infinitesimal generator of the motion of
a rigid body; that is, translation and rotation about an (at least one)
axis. With this in mind it is intuitively clear that if, additionally, such
a vector field is non-zero and tangent to the boundary of a bounded
domain €2, then € is a solid of revolution around an axis. In the
following proposition we will formalize this statement along with a
partial converse.

Proposition 7.2. Assume that € is a bounded, smooth, connected do-
main in R3.
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(1) Let b € R3, b # 0. If Q is a solid of revolution with symmetry
azris s — a + sb, s € R, then (b (x —a))-n = 0 for every
x €08, n=mn(x).

(2) Conversely, let a, b € R3, b # 0, and consider the vector field
w=w(z)=a+bAz. Assume that w-n =0 for every x € OS2,
n = n(z). Then w(z) =bA (z —c) for some c € R® and Q is
a solid of revolution with symmetry axis s — ¢+ sb, s € R.

Proof. To see the first statement let us take, without loss of generality,
a=(0,0,0) and b = (0,0, 1) = eg, otherwise change variables. Assume
that € is a solid of revolution with respect to the z-axis. Equivalently,
we suppose that (the components of) 0f2 is (are concentric surfaces)
given by f(1/x? 4+ x3,x3) = 0, for some smooth real-valued function(s)
f for which 0 is a regular value. The normal vector, at any point on 052,
is, hence, a linear combination of zy := (x1, 29,0) and ez. The desired
conclusion follows once we observe that b A x = e3 Az = (—x9, 21, 0).

We introduce the notation 3 := (=9, 11, 0).

For the second statement let us, again, assume without loss of gen-
erality that b = ez, otherwise we choose a different coordinate system.

Assume, first, that a-b = 0. In this case there exists ¢ € R3 such that
a = b A c and we may translate our coordinate system so as to assume,
again without loss of generality, that a = 0. Summarizing, we wish to
show that, if [e3 A z] - m = 0 on 01, then Q is invariant under rotation
around the z-axis. Since 2 is smooth it follows that (each component
of) 09 is a level set of a smooth real-valued function f at a regular
value of f; this is a consequence of the Collar Neighborhood theorem.
In particular, Vf # 0 is smooth and parallel to n. Let T 1= xy/|zy|
and 5 = r3;/|vHl. Theri\Vf(x) may be decomposed uniquely as a

linear combinatiorfl\of Ty, vy and ez and, if 0 = [e3 Ax] - n =25 -n, it

follows that V f - 23 = 0. This means there is no azimuthal component
of Vf, that is, f(x) = f(y/2? + 2%,23). Thus Q is invariant under
rotation around the z-axis, as desired.

Lastly, suppose a-b # 0. Writing a = ag + a3zb and translating away
c such that agy = bAc we can assume further, without loss of generality,
that a = agb = (0,0, a3), with ag # 0. From [a+bAz]-n = 0 it follows
that (azes + 23;) - Vf = 0. Hence a30,,f + Vf - x5 = 0 on 0. Since
) was assumed to be bounded it follows that there are, at least, two
points P, and P on 0f) at which V f is parallel to b = e3. In particular,
Vf- x5 =0at P and P;. It follows that a30,,f = 0 at P, (and at P)
and, since ag # 0, 0., f vanishes at P, (and at P,). Since V f is parallel
to e3 at P (and at P») we conclude that Vf(P;) =0 (and Vf(FP) =0
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as well), which is not possible. We deduce that this last case does not
arise and, with this, we conclude the proof.
O

The following result is an immediate consequence of Lemmas 7.1 and
7.2.

Corollary 7.3. Let Q2 be a bounded, smooth, connected domain in R3.
Then

(1) KerS = {0} if Q2 is not invariant under rotation around an axis;
(2) dimKerS = 1 if Q is invariant under rotation around a single
aris;

(3) dim KerS = 3 if 9Q is a (are concentric) sphere(s).

We introduced KerS as a subspace of H, . .(€2). We wish to con-
sider the natural extension of S to L2, (Q), with values in H~(Q);

o,tan

it’s kernel, a subspace of L2, (€2), will still be denoted KerS. We con-

o,tan

sider the orthogonal decomposition L2 ., (Q) = (KerS)* & KerS, with
respect to the L*-inner product. For each v € L2, (Q) we denote the
L2-projection of v onto KerS by Projy..sv-

The proposition below actually encompasses two facts in the case a =
0. The first one is that infinitesimal generators of rigid rotations are
stationary solutions of (1.1). This is not surprising, given the physics
of the problem. The second fact, which is not obvious, is that for any
weak solution v of (1.1), satisfying (4.14), we have that Projy..qv is a

conserved quantity.

Proposition 7.4. Let u be a weak solution of the incompressible Navier-
Stokes equations with Navier boundary conditions, (1.1) with vanishing
friction coefficient. Then the vector field Projk..su s a stationary weak
solution of (1.1).

Proof. Let us assume that KerS # {0}, otherwise the result is trivial.

By Proposition 7.2 this means that €2 is a rotationally invariant do-
main around some axis of symmetry. From Corollary 7.3 we have KerS
is either 1-dimensional or 3-dimensional.

Let us assume, first, that dim KerS = 1, so that €2 is invariant around
a single axis. Let b be a unit vector in the direction of the axis of sym-
metry of 2. We may assume, as usual, that b = e3. Recall Lemma 7.1,
from which we deduce, together with the proof of Proposition 7.2, that
KerS = {Bb A (z — ¢), B € R}. We may assume, without loss of gen-
erality, that ¢ = 0, by translating the coordinate system. In this case
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KerS = {fay, B € R}. Let C' = Co := (||log[lf2()) "+ Then

Projke,su = C (/ u-Th dx) T3
Q

Let us denote W := Projg.su. We will show that W satisfies the weak
formulation provided in (4.14), with a = 0, and that W (¢,-) = Wy(-).
In other words, for any ® € C_ (), we show that

o,tan

/Ot/Q[(W -V)®] - Wdrds + /Qcp(x) [Wolz) — W(t, 2)] da

:2u/0t </QS<I> : sw) da ds. (7.1)

We identify each of the three terms above.

First we observe that, since W € KerS, it is immediate that the
right-hand-side term of (7.1) vanishes.

Next, because x3 is smooth and tangent to JS, it is possible to

integrate by parts, in x, the nonlinear term, obtaining:

/Ot/Q[(W-V)<I>]-Wdards:—/Ot/Q[(W-v)W].@dde'

A direct calculation yields

Therefore, since div® = 0 and ® is tangent to 0f2, it follows that the
nonlinear term in (7.1) also vanishes.

Lastly, we will show that the second term on the left-hand-side of
(7.1) vanishes, thereby establishing (7.1).

Recall u is a weak solution of (1.1), thus it satisfies (4.14), with o = 0,
for any test vector field in C25,,(Q). Weuse ® = z3 € C,,(Q) and we
note that, just as for W, Sx3 = 0. Additionally, it is straightforward to
verify that the nonlinear term [(u-V)x%]-u = 0. Using this information

n (4.14) leaves us with

/Q b uo(z) — u(t,z)] de = 0. (7.2)

Clearly, this implies that W(t,z) = Wy(z), x € Q. Thus W is a
stationary (weak) solution of (1.1). This concludes the proof in the
case dim KerS = 1.

The remaining case, dim KerS = 3, corresponds to 02 being a sphere
or concentric spheres. Without loss of generality we assume, again, that
the center of the sphere or concentric spheres is ¢ = 0. In this case all
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three unit vectors e;, e; and e3 are directions of axes of symmetry of
) and, using Lemma 7.1 and Proposition 7.2, we obtain that KerS is
generated by {e; A z,es A x,e3 A xz}. Writing explicitly each of these
vector products we have

KerS = {OZ(O, _1'3,1'2) + B(m:’)a 07 _:L‘l) + /Y(_x%xla())a «, ﬂa v E R}

Let us introduce the notations Yy := (0, —x3, x2), Y2 := (23,0, —x1)
and Y3 := (—xy, 71, 0); note that x; = Y3. Furthermore, by symmetry,
Y; and Y; are L?-orthogonal if ¢ # j. We find, hence,

3
. 1

Prosasn = 2 g (fv- v ¥
i=1 17°

We want to show that Projy.su is a time-independent weak solution
of (1.1) with @ = 0. As before, let W := Projg.,qu and consider
identity (7.1), with ® € C2,,(€). Clearly the right-hand-side, once
again, vanishes. To show that the nonlinear term vanishes it is enough
to show that, for any a = a(t), 5= 5(t), v = (1),

[(aY1 + BY2 +7Y3) - V](aY1 + BYz + 7Y3)

is a gradient vector field, something which can be easily explicitly
checked; we omit the calculation. Lastly, we consider the second term
on the left-hand-side of (7.1). To conclude the proof that W is a sta-
tionary weak solution it is enough to show that

(/ u-Y; dx) Y; is time-independent, for i = 1,2, 3. (7.3)
Q

The proof of (7.3) is the same as the proof of (7.2) in the case dim KerS' =
1, using, instead of ® = xy;, the test vector fields ® = Y; € 035, (Q),
i=1,2,3.
U
Finally, still in the frictionless case a = 0, we prove decay of the

weak solution with initial data ug to the steady rigid rotation given by
Projxesto-

Theorem 7.5. Let u be a Leray-Hopf weak solution of (1.1) with fric-
tion coefficient « = 0. Then u — Projg.guo exponentially fast as
t — 4+00. More precisely, there exist C' > 0 such that

[u(t) — Projkerstioll22(0) < [luo — Projkerstol|r2o) exp(=Cwt). (7.4)
Proof. We begin by recalling the energy inequality (4.8), substituting
a=0:

t
()17 +4V/ 1Sullz> dr < flu(s)]Z2, (7.5)
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for a.e. s > 0 and for s = 0 and for every t > s Next we note
that, since u — Projgs u is L*-orthogonal to Projy,.su and because
S (Projgeg,st) = 0, (7.5) can be re-written as

lut) = Projxesu(t)lz2 + IProjkesu(t)| 72

t
+ 4y/ IS (1 — Projgest) ||72 A7
< [lu(s) = Projkesu(s)l|z2 + [IProjgegu(s) |72

In view of Proposition 7.4 this inequality amounts to

t
lu(t) — Projgesu(t)l|7> + 4v / IS (u = Projersu) ||72 d7
< Jlu(s) = Projgersu(s)||7z-
Use the symmetric Poincaré-type inequality (5.1) to find
[u(t) ~Projersu(t)|z2

t
< [lu(s) — Projiersu(s)llz> — CV/ [u(r) = Projkesu(r)llz> dr.

Finally, using Proposition A.1 with y(¢) = ||u(t) — Projgesu(t)|/3. and
K = Cv allows us to deduce (7.4) and conclude the proof.
U

8. COMMENTS AND CONCLUSIONS

In this section we summarize what has been accomplished in this
article, discuss the connection with related work, formulate a few open
problems and discuss directions for future investigation.

Our main results are the existence of a Leray-type weak solution,
with two versions of the corresponding energy inequality, and three
long-time exponential decay estimates. The basic structure of the ar-
guments are classical. Still, beyond closing a gap in the literature, the
main point of this work is to account for the influence of the differen-
tial geometry of the boundary on this problem. This arises in several
moments:

e We use Lemma 2.1 to obtain a weak formulation of the Navier
boundary condition using the shape operator of the boundary,
see Definition 2.2.

e We again use Lemma 2.1 to define the Stokes operator A in
(3.2) and we use estimates on the principal curvatures of the
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boundary to prove its boundedness and coercivity, and the self-
adjointness of the shape operator to prove that A itself is self-
adjoint. This is needed for the construction of the basis of
eigenfunctions in Proposition 3.2.

e Aside from the presence of the shape operator in Definition 2.2,
used throughout in Theorem 4.1, we again use the shape op-
erator to express the dissipation term in (1.1) in terms of the
symmetric gradient in Proposition 4.3. This allows us to rewrite
identity (2.4) as (4.6), which does not depend explicitly on the
geometry of the boundary.

e The weak solutions obtained satisfy two energy inequalities,
namely (4.7) and (4.8), where only the former depends explicitly
on the geometry of the boundary, through the bound on the
principal curvatures.

e The constant in the symmetric Poincaré inequality in Proposi-
tion 5.1 depends on the bounds on the principal curvatures.

e The proof of the exponential decay in the case a > 0 uses both
energy identities, juggling one against the other.

e The decay to steady state for domains which are solids of revolu-
tion does not involve the differential geometry of the boundary
explicitly, as it relies on the energy identity (4.8) for the de-
cay, but it still uses the symmetric Poincaré inequality Propo-
sition 5.1. Furthermore, we make essential use of the geometry
of the domain to characterize the vector fields in Ker(S5).

From the discussion above we conclude that the geometric identity
expressed in Lemma 2.1 is a key part of the present work.

Much of our analysis is inspired by the two-dimensional work done by
Clopeau et al in [4]. Notably, the formulation of the Navier boundary
conditions which makes explicit the influence of the geometry of the
boundary is already present: see [4, Lemma 2.1]. Furthermore, their
work depends on the construction of an appropriate Galerkin basis,
which inspired the corresponding construction presented here.

We conclude this section with a discussion of future lines of research
and open problems.

In a forthcoming paper, the authors study the two-dimensional prob-
lem, exploring existence of strong solutions and exponential decay in a
higher norm. Our objective is to extend previous analysis by Kelliher
in [12], complementing the analysis done for domains with holes and
adding the discussion on exponential decay.

One interesting special case which we have left open in our analysis is
exponential decay for domains which are solids of revolution and with
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friction coefficient a@ > 0. Technically, our work does not extend to this
situation, so a new idea is needed.

Lastly, given that dissipation is, in general, due to a combination
of boundary friction and viscosity, it is natural to ask whether decay
might still be true in situations where « is allowed to be negative. This
is a case which might arise in flows with an active boundary, see [8].

APPENDIX A.

In this Appendix we state and prove a version of Gronwall’s inequal-
ity which is key to our exponential decay results. A special case of this
result is implicitly contained in the proof of [18, Theorem 3.5.1].

Proposition A.1. Let y € L [0, +00) be a nonnegative function and

loc

let K > 0. Assume that, for almost every s > 0 and for everyt > s, it
holds that

y(t) < yls) — K / y(€) de. (A1)

Assume, additionally, that (A.1) holds for s = 0.
Then
y(t) <yoe ™ for allt > 0.

Proof. Let E C (0,400) be such that |E| = 0 and (A.1) holds for every
s € E°. In particular we have, for every s € F° and every t > s,

y(t) < y(s). (A.2)
Fix o > 0.
Let Xy = [0,0] N E°. Clearly |Xo| = 0.
We define, recursively, the sets

X, = {7 € X,,_1 such that 7 +nd € E°}.

Observe that X, = X,,_1 N {p — nd such that p € E°N[nd, (n+1)d]}.
We have, inductively, that | X,,| = 6. Indeed, we already know | X,| =
d. Suppose now that |X,,_;| = J. Clearly, |[E°N[nd,(n+ 1)d]] = 4. It
follows immediately that |X,,| = § as the intersection of two subsets of
0, 6] of total measure.
Next observe that the sets {X,,} are nested:

X, C Xy 1 CX,yoC...C X,
Set
Koo = N2y X
Then |Xo| = lim, o | X, = . Consequently Xo, # 0.
It is easy to see that
Xoo = {7 €[0,0] such that 7+ ké € E° for all k =0,1,2,...}.
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Fix 7 € X. Let n € {0,1,2,...}. Since 7+nd € E€, it follows from
our hypothesis (A.1) that
T+(n+1)d
y(r+ (n+1)0) <y(r+nd) — K y(&) d¢€. (A.3)

T4+né
From (A.2) we obtain
y(T+ (n+1)9) < y(§) for every £ € E°N [T +nd, 7+ (n+1)d]. (A.4)

Since the set {& € [T+ nd, 7+ (n+1)0] such that (A.4) does not hold}
is contained in E N [T + nd, 7 + (n + 1)d], which has measure zero, it
follows that

7+(n+1)d
—K/ YO dE < —Koy(r+(n+1)8).  (A5)
T+nd
Inserting (A.5) into (A.3) and moving terms around we find
1
< —— . .
y(7+ (n+1)8) < 755 (7 + 1) (A-6)
Set .
Y= 17K
and iterate (A.6) backwards to deduce that
y(r+ (n+1)8) <" y(r), n=0,1,2,.... (A.7)
Of course (A.7) holds trivially for n = —1 so that
y(t +md) <0™y(0), m=0,1,2,.... (A.8)

where we used, additionally, (A.2) with s = 0 since 0 € E*.
Let t > 7. Then there exists m € {0,1,2,...} such that

T4+md <t <7+ (m+1)0

Because 0 < § < 1 we have ™ < 05 1. In addition, since T+md € E°,
y(t) < y(r +md) by (A.2). We use these estimates in (A.8) to get

T

y(t) < 9%_1y(0), forall t > 7.

We re-write this as

(t—7)/o
y(t) < (1 +1K5) (1+ K8)y(0), forall t>7.  (A.9)

Recall that X, C [0,0] is a set of full measure. Therefore there exists
a sequence {7;} C X such that 7; — 0. Furthermore, the estimate
(A.9) is true for 7 = 75, t > 7, for all j. Therefore, passing to the limit
j — o0 gives

y(t) < (14 K6)~/°(1 + K4) y(0), for all t > 0. (A.10)
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Letting 6 — 0 in (A.10) we conclude that
y(t) < y(0)e ™ for all t > 0,

as desired.
This concludes the proof.
O

Second proof of Proposition A.1. Define the function z: [0, 00) —
[0, 00) by

x(s) = sup{y(t): t > s}.

Then x is decreasing (meaning non-increasing) by its definition, and we
we will show that z is right-continuous, x = y a.e., and 2'(t) < —Kx(?)
a.e..

We first show that z is right-continuous.

Let J be a set of full measure in [0, 00) for which (A.1) holds for
every s € J and for every t > s. From (A.1),

sedt>=s = y(t) <y(s), (A.11)
which gives that for s € J,
x(s) =sup{y(t): t € J,t > s}. (A.12)

If s¢ Jandt > sthen s <t <t for some t' € J, and y(t') > y(t).
This shows that (A.12) holds also for s € J¢, giving (A.12) for all s.
Then, for any t € [0, c0),
z(s) = supy(t) = supsup y(t') = sup x(t) = sup x(t).
t>s t>s t/'>t t>s t>s
teJ ted pey teg
The final equality holds because x is decreasing. Then sup,., z(t) =
lim; .+ z(t), meaning that x is right-continuous.
We now show that x =y a.e..
It follows from the definition of = that

z(s) = y(t) for all 0 < s < ¢, (A.13)
and from (A.11) and (A.12) that
y(s) = z(s) for all s € J (A.14)

/

and for all s, € J with s >0 and 0 < §' < s,
2(s') 2 y(s) = x(s).

We see from this that = y at every positive point of continuity of x.
But being monotonic, x has only a countable number of discontinuities,
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so = y a.e.; hence, x = y on J' for some full measure set J' C J. It
follows that

t
x(t) < x(s) — K/ z(r)dr
for all (s,?) in
A={(s,t): seJ teJ t>s}
Hence, for all (s,t) € A,

(t) — 2(s) <-K L /tx(T) dr. (A.15)

t—s t—s

For any s € J', we will take t — sT, t € J' for both sides of (A.15).
For the left side,

et = a(s)

t—st t—s t—st t—s
teJ’

The first equality holds whenever the second limit exists, and the sec-
ond limit, which is the right-derivative of z(s), exists and equals z/(s)

a.e., since r is monotonic.
For the right side of (A.15),

t t
tl_l)I; — /S x(r)dr = tlggr P— /S x(7)dr = z(s) everywhere,
teJ’

where we used the right-continuity of x to obtain the limit everywhere.
We conclude that

7'(s) < —Kx(s) ae..

Let so = inf{s > 0: z(s) = 0}, setting sop = oo if & never vanishes.
Because z is decreasing, x(s) = 0 for all s > sq.

Let I = [0, sg — ¢] for arbitrary € € (0, s9). Then z is bounded away
from zero on I, so for almost all s € I

(logz)'(s) < —K.

Now, log z is decreasing, so by Lemma A .2,
t
log z(t) — log 2(0) < / (logz)'(s)ds < —Kt,
0

from which z(t) < z(0)e % follows for all ¢ € I, and hence, in fact, for
all t € [0, s9) and then for all ¢ > 0.
Because 0 € J, using (A.14), we have,

z(t) < z(0)e 5 < y(0)e &,
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Then by (A.13), for 0 < s < ¢,
y(t) < x(s) <y(0)e ™

Since this holds for all 0 < s < ¢ it follows that y(t) < y(0)e ! for all
t>0. U

Lemma A.2. Let f be decreasing on [0, o). Then for all [a,b] C [0, so),

7(b) - / 7(s

Proof. See, for example, Theorem 3 Chapter 5 of [17], adapted to de-
creasing rather than increasing functions. U
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