THE 3D EULER EQUATIONS WITH INFLOW, OUTFLOW AND
VORTICITY BOUNDARY CONDITIONS
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ABSTRACT. The 3D incompressible Euler equations in a bounded domain are most often
supplemented with impermeable boundary conditions, which constrain the fluid to neither
enter nor leave the domain. We establish well-posedness with inflow, outflow of velocity when
either the full value of the velocity is specified on inflow, or only the normal component is
specified along with the vorticity (and an additional constraint). We derive compatibility
conditions to obtain arbitrarily high Hdélder regularity of the solution, and allow multiply
connected domains. Our results apply as well to impermeable boundaries, establishing higher
regularity of solutions in Hélder spaces, filling a gap in the literature.
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PART I: OVERVIEW

1. INTRODUCTION

Let © be a bounded domain in R3, possibly multiply connected, having a boundary that is
at least C? regular. We define n to be the outward unit normal vector to the boundary,
I' := 99, and follow the convention that for any vector field v,

vi=v-n, v =v—-1v"nonl. (1.1)

Fixing T > 0, the Euler equations on @ := (0,7 x  can be written,

ou+u-Vu+Vp=f inQ,
diva=0 in Q, (1.2)
u(0) =ug on €.

Here, u is the velocity field of a constant-density incompressible fluid, p its scalar pressure, f
the divergence-free external force tangential to the boundary, and ug the initial velocity.

To complete the system of equations in (1.2) we impose inflow, outflow boundary conditions
in the spirit of [2]. We partition the boundary T' into three portions, I';, T'_, and Ty,
corresponding to inflow, outflow, and impermeability, respectively. Each portion consists of
a finite number of components (with I'g = ) or I'y = I" allowed—see Remark 12.1). We fix a
vector field U on [0,7] x I" and assume that

U™ <0on Ty, U*>0onT_, U™ =0 onTy.
We then define inflow, outflow boundary conditions as

{u":U” on [0,T] x T,

1.3
u=U on [0,7] x I';. (1.3)

We also impose on U the constraint that fF+ un =— fr, U™, required to allow divu = 0.

(We choose to impose inflow, outflow boundary conditions in terms of a vector field U
defined on all of I'—in fact on all of {—because it will be productive for us to view U as a
background flow as done in [7,24,28]. If we wish, we can choose U to be divergence-free as
done in [7], though this is not necessary for our purposes.)

Defining the vorticity,

w = curlu,
applying curl to both sides of (1.2); yields the vorticity equation,
Ow+u-Vw—w-Vu=g:=curlf. (1.4)

It follows from (1.4) that the vorticity is transported and stretched (pushedforward) by the
flow map for u (when g = 0).

In particular, the vorticity is brought into the domain from the inflow boundary, making
inflow, outflow substantially more difficult to treat than impermeable boundaries: the mech-
anism for generating vorticity on the inflow boundary must be understood and controlled.
This is a key reason for using Holder spaces, as there is no loss of regularity of the trace of
the vorticity on the boundary over that in the domain.

Higher regularity solutions for inflow, outflow boundary conditions are employed, for in-
stance, in Prandtl-type boundary layer expansions (such as [7,28] and work in progress of
the authors). The validity of such expansions for inflow, outflow boundary conditions results
from a stability mechanism of injection, suction in boundary layers. These applications were
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the original motivation for this work: because of this, in Appendix C we give the explicit
form of the compatibility conditions for those works.

More commonly, (1.2) is supplemented with impermeable boundary conditions, u-n = 0,
on all of I', meaning that fluid neither enters nor exits the domain. This places one constraint
on the velocity field, as is usual for first-order equations. The condition in (1.3)2, however,
specifies the full velocity on the inflow boundary. This condition is natural in view of (1.4),
which demonstrates that the vorticity is brought into the domain from the inflow boundary.

The system of equations we study, then, are (1.2) with (1.3):

Jgu+u-Vu+Vp=f inQ,

divu=0 in Q,

u(0) =ug on €, (1.5)
u =U" on [0,7] x T,

(u=U on [0, 7] x I'y.

We can state the main result of this paper informally as follows, where throughout, we
fix a € (0,1):

Theorem (Informal statement of main result). Assume that for some integer N > 0, ug
is a divergence-free vector field in the classical Holder space CNT12(Q)), satisfies (1.3), and
satisfies a compatibility condition to be described below. There is a T > 0 such that there
exists a solution to (1.5) with u(t) € CNTL2(Q) for all t € [0,T].

To state our main result rigorously, we must define the function spaces in which we will
work, determine proper conditions on the forcing, and determine the required compatibility
conditions. In addition, a careful study of the pressure will be needed.

Function spaces. For any N > 0 we define the affine hyperplanes of CN*+1%(Q) and
CN+L(Q),

CYL(Q) = {u e CNTL(Q): divu=0,u-n =U"(0) on T},
CNHLa(@) = {ue CNTH(Q): divu=0,u-n=U"on [0,T] x I'}.

Since only the normal component of u is specified on the entire boundary, only the boundary
condition in (1.5)4 is included in the definition of these spaces.
We also employ the classical space,

H:={ucl?Q)?* divu=0,u-n=00onT} = Hy® H,, (1.7)

(1.6)

where
H.:={veH:culv=0}, Hy:=H . (1.8)

For u € H, Py u is termed the harmonic component of u.
We define the boundary values (via U) and the forcing f for all time on Q = [0, 00) x £2).
We will prove existence only for short time.

Definition 1.1. We say that the data has reqularity N for an integer N > 0 if
o I'is CN+20 U € 077 (Quo), £ € CNT1(Qu0) N C([0, 00); Ho);
o uy e CYT(Q), ul =UJ onT;.

We assumed that U has one more derivative than u for two somewhat related reasons, as
explained in Remarks 3.2 and 9.4.
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Compatibility conditions. The vorticity generated at the inflow boundary is carried by the
flow into the interior; at the same time, the flow pushes the initial vorticity forward in time.
The interaction between these two sources of vorticity may potentially lead to a singularity.
The main thrust of this work is to show that it is possible to avoid such singularities, at least
for short time, by imposing suitable conditions on the data. We refer to these conditions as
compatibility conditions, satisfying two primary principles:
(1) They depend only upon the initial data, U, and f.
(2) They are compatible with being a solution to (1.5); that is, a solution to (1.5) could,
in principle, satisfy them.
The conditions we develop will ensure regularity of the solution for short time. It remains an
open question whether a regular solution persists for all time even in 2D.
Given u with data regularity N for some N > 0, we define the N** compatibility condition,

cond_; :uj =UJ on Ty,

~ 1.9
condy : condy_; and 8tN+1UT!t:0 = BtNHug onT. (1.9)

For integers n > 0, we define 9/'ug inductively by setting dYug = ug, while for n > 1, we take
the time derivative of (i”_lu at time zero and replace each instance of Jyu in the resulting
expression by —ug - Vug — V¢ + £(0). Here, ¢ is an approximate pressure, whose detailed
description, along with a more complete description of compatibility conditions in general,
we present in Section 3.

For N =0, (1.9) is the compatibility condition in (1.10), (1.11) of Chapter 4 of [2]:

condg : ;U7 |;—g = [~ug - Vug — V¢ + £(0)]” on T
Main result. We can now rigorously state the main result of this paper as follows:

Theorem 1.2. Assume the data has regularity N for some integer N = 0 as in Definition 1.1
and satisfies condy of (1.9). There is a T > 0 such that there exists a solution (u,p) to (1.5)
with (u, Vp) € CéVH’a(Q) x CN2(Q), which is unique up to an additive constant for the
pressure.

Remark 1.3. It follows from the proof of Theorem 1.2 that T is bounded below by a con-
tinuous, increasing function of the morms of I', U, f, and ugy in the spaces appearing in
Definition 1.1. The explicit form of the estimate is, however, involved and not optimal.

Vorticity boundary condition. We also consider solutions (u, p,z) to the Euler equations
with vorticity boundary conditions, where the value of the vorticity on the inflow boundary
is given by a function H on [0, 7] x I';:

ratu+u-Vu+Vp:f+z in Q,

divu=0 in @,

u(0) = ug on €, (1.10)
u™ =U" on [0,T] x T,

(curlu=H on [0,7T] x I';.

Here, z € H, is an harmonic vector field. We can either treat it as part of the data or as part
of the solution. That is, we can either: (1) choose z or (2) choose the harmonic component of
u(t), from which the value of z can be obtained. We choose the latter option in Theorem 1.4,
as it allows for the uniqueness of solutions.
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Theorem 1.4. Fiz u. € CNTL(Q) N C([0,T); H.). Assume that the data has regularity N
for some integer N > 0 as in Definition 1.1, that condy holds, and that u.(0) = Py, Pruy.
Also assume that H € C™>{N:1ba ([0, T] x T'y) and

H™ =0, divp[U"HT]+curlf -n=0on[0,T]x 4. (1.11)

There is a T > 0 such that there exists a solution (u,p,z) z'TLCéVH’O‘(Q) x CN2(Q) x
(CN+L( Q)N C([0,T]; H) to (1.5) for which Py, Pgu = u. on Q. If N > 1 the solution is
unique up to an additive constant for the pressure. In addition, z(0) = 0.

Remark 2.3 explains why the condition in (1.11) is imposed; divr is the divergence operator
on the boundary (see Appendix B).

What is novel in our approach. There are many proofs of well-posedness of the Euler
equations taking different approaches. To the authors’ knowledge, all such proofs in Holder
spaces in a 3D domain with boundary, including this paper, and many in the whole space
or a periodic domain, follow in the tradition of McGrath [20,21] and Kato [11], in which the
solution is obtained as a fixed point of an operator A derived from a linearization of the Euler
equations, employing Schauder’s fixed point theorem.

For inflow, outflow boundary conditions, this approach was taken in Chapter 4 of [2],
which establishes Theorem 1.2 for N = 0 and simply connected domains. The operator A
is derived from a linearization of the vorticity equation (1.4) with prescribed values on the
inflow boundary. This leads to linear compatibility conditions based on vorticity, whereas the
nonlinear boundary conditions are based on the velocity. In fact, one challenge is to ensure
that the nonlinear compatibility conditions at the level of the velocity imply the linear ones
at the level of the vorticity.

To handle inflow, outflow boundary conditions, the authors of [2] make many adaptations
to the Kato-McGrath approach, but we would identify their two key innovations as the
following;:

e They obtain estimates on the operator A under the simple linear compatibility condi-
tion that on the inflow boundary, the vorticity matches the prescribed inflow vorticity
at time zero (akin to the Rankine-Hugoniot condition).

e They show how to achieve the needed regularity of the inflow vorticity from the
pressure.

For N > 1, several complications arise. We can still use the same operator A as in [2],
but now the linear compatibility conditions becomes more involved (see (2.3) and (2.4)).
This linear issue was resolved in [9], but deriving and relating the nonlinear compatibility
conditions to the linear ones remained a significant challenge, which we address here.

Moreover, unlike the N = 0 case, data satisfying the N > 1 compatibility condition is by
itself insufficient to insure that the corresponding linear compatibility condition is satisfied.
To address this, we must restrict the domain of the operator A by imposing an additional
condition on the time derivative of the initial velocity (as in (4.1)) and show that, in fact,
the resulting domain is nonempty.

The estimates on the operator A that result become much more complex for the higher
regularity we treat here. This is in contrast to proving existence in the full space or a periodic
domain, where one can bootsrap as in Section 4.4 of [16], which takes advantage of the simple
form of Biot-Savart kernel for the full space. And in 2D, where the vorticity equation has no
stretching term, one can bootstrap as Marchioro and Pulvirenti do in [19] (which originates
in their earlier text [18]).
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Instead, we must obtain existence directly in the higher-regularity spaces, and the resulting
estimates are much more involved than the N = 0 case.

Indeed, even in the impermeable boundary case, which is also covered by our results, there
is, to the authors’ knowledge, no result in the literature for higher regularity in Holder spaces
(for higher regularity in Sobolev spaces, see, for example, the seminal works [12,29]). Hence,
we fill a gap in the literature even for the impermeable case.

Other Prior work. In addition to [2], we also drew ideas from [15], which proves well-
posedness of the 3D Euler equations for impermeable boundary conditions in Holder spaces
(the equivalent of our N = 0 regularity). We mention also the work of Petcu [24], who
presents a version of the argument in Chapter 4 of [2], specializing it to a 3D channel with a
constant U, which simplifies and makes clearer some of the arguments in [2].

Section 1.4 of [17] contains an extensive survey of results, both 2D and 3D, related to the
problem we are studying here. We also mention the 2D work of Boyer and Fabrie [3,4] and
the recent works [5,23].

Vorticity boundary conditions were studied in 2D by Yudovich in [10]. We refer in addition
to the historical comments in Section 1.4 of [17] concerning partial results in 3D.

Structure of this paper. This paper consists of three parts, along with three appendices.

In Part I, following this introduction, we begin in Section 2 by summarizing results from [9]
on the linearization of (1.5), a key tool at the heart of all of our arguments. In Section 3,
we explore in-depth the nonlinear compatibility conditions condy as they apply to (1.5) and
their counterparts for the linearized equations. We then give the proof of our main result,
Theorem 1.2, in Section 4. This proof relies upon three propositions, Propositions 4.5 to 4.7:
the rest of the paper is devoted to proving these propositions.

In Part II, we summarize additional background material from [9] and present identities
and estimates on the flow map, on the vorticity generated on the boundary, and on the
pressure.

In Part III, we use results primarily from the second part to prove Proposition 4.5, then
leverage it to obtain Proposition 4.6. We also give the proof of Proposition 4.7. In the
final section of this part, we describe how Theorem 1.4 follows from a simplification of the
estimates obtained in Part II.

Appendix A contains a number of estimates in Holder spaces, some very standard, some
specific to this paper. In Appendix B we construct a convenient coordinate system in an
e-neighborhood of I';.. We use this system to develop properties of the operators Vr, divr,
and curlp we use in the body of the paper. This allows us to treat the various calculations on
the boundary in a coordinate-free manner, which makes the calculations more transparent.
Finally, in Appendix C, we discuss the compatibility conditions in the special case in which
U7 =0 and U™ is constant along I'y (as occurs in [7,28]).

We have structured this paper so as to allow the reader to grasp the overall structure of the
proof of Theorem 1.2 without it being obscured by the many technical details. It is possible
to read only Part I and get the gist of the proof. A more in-depth reading would involve at
least examining the key pressure estimates in Section 9 and a reading of [9], to understand
how the linear compatibility conditions arise.

On notation. Our notation, while fairly standard, has a few subtleties. If M is a matrix,
M, refers to the entry in row ¢ of M, column n; v* refers to the ith entry in the vector v, which
we always treat as a column vector for purposes of multiplication. If M and N are matrices
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of the same dimensions then M - N := M! N where here, and elsewhere, we use implicit
sum notation. If u and v are vectors then the matrix u® v has components [u® v]i, = uiv™.

We define the divergence of a matrix row-by-row, so div M is the column vector with
components [div M| = 9, M. Hence, [div[u® v]]’ = div[u® v]* = 9, (u'v"), where 9, is the
derivative with respect to the n'” spatial variable. The notation V means the gradient with
respect to the spatial variables only; by D we mean the gradient with respect to all variables,
time and space. When applied to the flow map 7(t1, t2, x), we write 0y, 7, O, to mean the
derivative with respect to the first, second time variable. Finally, for vector fields u and v,
we will interchangeably write u- Vv and Vv u, as they both are vectors with i component
w0, v

For any tangent vector field v on I', vt = n x v is the tangent vector field v on I rotated
90 degrees counterclockwise around the normal vector n when viewed from outside €.

2. THE LINEARIZED PROBLEM
The linearized Euler equations corresponding to the vorticity form of (1.5); are

ow+u-Vwo—w-Vu=g inQ,
w=H on [0,T] x Ty, (2.1)
w(0) =wy on Q.

Here, H is given on [0,T] x '}, @y is given on {2, u and g are given on ), and (2.1) is to be
solved for w. In application, we will set @y = wp := curlu(0), though then @(t) # curlu(t)
in general for ¢ > 0.

We employ the following three types of solution to (2.1):

(1) Classical Eulerian or simply classical solutions to (2.1), by which we mean that (2.1);
holds pointwise, and each term is continuous.

(2) Weak Eulerian solutions, defined as follows:

Definition 2.1. We say that @ € C(Q) is a weak (Eulerian) solution to (2.1) if
w=H on [0, T)xT pointwise, @(0) = wy in CN*, and Ow+div(@weu)—w-Vu =g
in D'(Q).

Note that w has sufficient time and boundary regularity that we do not need to enforce
the initial and boundary conditions weakly. Also, w ® u is a regular distribution, so
div(w ® u) is a distribution even for N = 0.

(3) Lagrangian solutions, adapted to accommodate the inflow of vorticity from I';.. Be-
cause we must first introduce some concepts related to this inflow, we defer to Defi-
nition 7.4.

As shown in [9], the constraint,
O H™ + divp[H™u™ —U™H"] - g-n =0, (2.2)
is required to obtain a solution to (2.1) for which w(t) lies in the range of the curl. We hence
define the linear compatibility conditions,

lincondp : H(0) = wp on 'y,

lincond; : lincondp and 0;H|i—o = wp - Vug — ug - Vwo +g(0) on I'y, (2:3)

where ug := u(0). In lincond;, we formally replaced 0,w(0) with the value it would have
were w an actual classical solution to (2.1). Continuing this process inductively on higher
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derivatives, we define a formal operator ('i (see Definition 3.3 for the details), and define, for
all N > 2,
lincondy : lincondy_; and ONH|i—o = 5,{Vw0 on ;. (2.4)
We define the space
Co’(f.VH’O‘(Q) ={u:Q - R3: divu=0,u-n= U",@gc'?lu € CQ),

. . (2.5)
j+ Y| <N+1,5 <N},

endowed with the natural norm induced by the regularity of its elements. That is, (J,V +1’O‘(Q)
is defined as C2 T1*(Q), but we require one fewer derivative in time.

Theorem 2.2 ( [9]). Assume that the data has regularity N for some N > 0 and that
e g:=curlf,

ueC; Q),
H ¢ omaxiNiba((0, 7] x T'y),
lincondy holds,
wo is in the range of the curl,
(2.2) is satisfied on (0,T] x T';.
There exists a solution @ to (2.1) in CN*(Q), such that W(t) is in the range of the curl for
all t € [0,T]. When N > 1, the solution is classical Eulerian and unique. When N =0, the
solution is Lagrangian and is also the unique weak Eulerian solution as in Definition 2.1 for
which w(t) is in the range of the curl for all t € [0,T].

Moreover, there exists a unique v € Co T5*(Q) with curlv = @ and v(0) = ug, and a
mean-zero pressure field © with Vr € CNY(Q) satisfying

dv+u-Vv—u- (V) +Vr=f. (2.6)

Recalling (1.8), the harmonic component v, of v is given explicitly as

ve(t) i= Py_u(0) + /O Puf(s)ds — /0 Py, Py (Q(s)u(s)) ds, (2.7)

where the antisymmetric matriz @ = VK[w] — (VK[w])T. Here, K is the Biot-Savart
operator, as in Section 6.

Remark 2.3. As applied to the solution of the linearized problem given by Theorem 2.2, the
condition in (2.2) is a condition on the data, not on the solution, since u is given. Applied to
the fully nonlinear problem, however, the appearance of u™ in (2.2) makes (2.2) a condition
on the solution. Eliminating the term involving u” by requiring that the normal component
of the wvorticity on inflow vanish gives (1.11), which is a condition on the data, ug, f, U,
alone at time zero.

In what follows, we will use w as a Lagrangian solution, but we will need to estimate
v, which is obtained from the Eulerian solution. Hence, it is crucial that Eulerian and
Lagrangian solutions agree.

3. COMPATIBILITY CONDITIONS: LINEAR AND NONLINEAR

For the linear problem (2.1), H is a given value of the vorticity on the inflow boundary. For
the nonlinear problem (1.5) that we wish to solve, however, H at the inflow boundary must
be obtained from the flow itself. We start with a formula for H that holds if (u,p) is a
classical solution to (1.5).
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Proposition 3.1. Assume that (u,p) satisfies (1.5)1 in a classical sense and let w := curlu.
Then on [0,T] x T,

L
1
utwT = [—GtuT —Vr <p + 2|u]2> + f} + (curlp uT) u”, w™ = curlpu”.

Here, Vr is the tangential derivative, and curlp is the curl operator on the boundary. (See
Appendiz B.)

Proof. As on p. 155 of [2], we start with the Gromeka-Lamb form of the Euler equations,
8tu+V<p+;|u]2>—u><w—f—O. (3.1)
The equivalence of (3.1) and (1.5); follows from the identity,
u-Vu=—-ux w—l—%V!u]Q, (3.2)

which holds as long as w = curlu.
From Lemma B.2

T n[w

uxw]™ =u"w™]*
so restricting (3.1) to [0,7] x 'y, we have
1
o™ + Vrp (p + 2|u\2> —u"wWT]t + W uT]t - T =0.
Hence, since (v+)+ = —v for any tangent vector v,
1 L
uwT = [—atuT - Vr (p + 2|u|2) + fT} +w™u.
The proof is completed by observing that w™ = curlpu” by (B.2). O

We see from Proposition 3.1 that for a solution to (1.5)1.4 with w := curlu, we have
w=WJu,p|on [0,T] x 'y, (3.3)
where W/u, p| is defined on [0,7] x 'y by

1 1 |
W7, p]i= — [—GtuT —Vr <p+ 2|u[2> + fT] + —curlru”u’,

unr un (3.4)
W™, p| := curlpu” .
Now let u be any element of CY ™*(Q), not necessarily a solution of (1.5). We seek to

define a function H in CV([0,7] x I'y) as a modification of the expression for W[u, p| in
such a way that when the data has regularity IV, at least the following two properties hold:

(P1) H at time zero can be defined in terms of the initial data and U only.

(P2) If (u,p) solves (1.5)1.4 and H = W]|u,p|] on [0,7] x Iy then (u,p) satisfies (1.5)5 as
well—and so solves (1.5).

We define the function H for all N > 0 as done in [2] for N = 0. First obtain ¢ from u via

{Aq = —div(u- Vu) in Q,

(3.5)
Vqg-n=-0,U"— N[u] onl0,T] xT,
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where

N[u] = {(u -Vu)-n on [0,7] x (T-UTy), (3.6)

(u-Vu)-n+divp(U?(u™ —UT)) on [0,T] x T'y.
We explore the properties of N[u] in Section 8, but it is clear from its definition that if (u, p)
solves (1.5) then N[u] = (u-Vu)-non [0,7] x I', so that Vg = Vp on Q.
Finally, define H on [0,7] x Ty by replacing u” with U7 in all terms in the expression
for Wu, p] having a derivative on u”. This gives

1
T .
H -—m

H™ := curlp U7,

1 + o
-9,uT — Z|UPP) +£7 — curlp UTu”
|: 't VF <q+ 2‘ ‘ > + ] + Un curlr u , (37)

and we see that property (P1) of H holds. We show property (P2) in Proposition 4.7.

Remark 3.2. Because we assumed that U has higher reqularity than u, the function H has
one more deriwative than W, p| in (3.4). This higher regularity will persist in the limiting
solution, where H equals Wu,p]. Such higher regularity is needed to solve the linearized
problem in Theorem 2.2 only for N = 0, but we will see later that it is also needed to handle
the pressure estimates for all N > 0: see Remark 9.4.

Now, if (u,p) solves (1.5)1.4 and w := curlu, then, of course,
8tw(0) = wp - Vuo — Up - va + g,
8t11(0) = —up-Vug — Vqo +f,

where g := curlf. This simple observation is behind both condy and lincondy, which are
based upon applying 0;, N — 1 times, each time replacing dyu or Oyw with the relation in
(3.8), thereby replacing all time derivatives with spatial derivatives. The resulting relation

would be an identity for any actual solution to the Euler equations, and condy consists of
assuming that the identity holds at time zero. We now describe this process precisely.

(3.8)

Definition 3.3. Let N > 0 and assume that the data has regularity N as in Definition 1.1,

and let u € CO’(]TVH’Q(Q) with u(0) = ug. Because the forcing and U are independent of the

solution, we simply define Of'f = Opf, Of'g := 0/'g, and 0f'U = 90U, where we recall that
g = curlf. In accord with (3.8), we define

dpu = —u-Vu—Vqg+f, Dw = —u-Vw+w-Vu+g,

where q satisfies (3.5).
We then define

Ofu = —g,(u- Vu) — Vg + Of,
5t2w = —5tu-Vw—u-Vgtijgtw-Vu+w-V5tu+8tg,
where
é;(u -Vu) := 5tu -Vu+u- V@Ntu,
and define gtq to be the unique mean-zero solution to (see Remark 3.4, below)

Adyq = —divdy(u - Vu) in Q,
Vgt ‘n = —(9tUn — 5,5N[u] on [O,T] X F,
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with
B N[u = Jy(u-Vu) - n on [0,T] x (I'-UTYy),
T 0w Vu) -+ dive (U™ — 9,UT)) on [0,T] x Ty

We note, then, that
Pu=—(—u-Vu—-Vg+1£)-Vu—u-V(-—u-Vu—Vq+£)— Vg + df.
For 5{2 we repeat this process inductively, up to order N + 1 for 5tu and order N for 5tw.

Remark 3.4. In the inductive extension of (inq in Definition 3.3, we can see that 5,?(] 1s the
unique mean-zero solution to

Adrq = —divdP(u- Vu) in Q,
2 = (3.10)
Volq-n=—-0pU™ —0}N[u] on[0,T] xT,

where

N ] = a(u-Vu) n on [0,T] x (T_UTYy),
T 8 V) - n+ dive (UM (@PuT — 82UT)) on [0,T] x Ty

Then
/ [at”U"ngt"N[u]} :/divgf(u-Vu),
r Q

since divU =0 and din(U"(gtnuT — 0rUT)) integrates to zero over each boundary compo-
nent. Hence, (3.10) is solvable.

In Definition 3.3, 575” does not represent a derivative. Rather, it is a shorthand notation to
properly account for the combinatorial nature of lincondy and condy. From the manner in
which d.q was defined, we have

cond,_; = 'ug-n = dU™(0) on I (3.11)

Moreover, if (u, p) is a solution to (1.5) with (u, Vp) € C(f—VH’O‘(le CN2(Q) then 9f'u = 9'u

on @ forall n < N + 1, 0fw = 0w on Q for all n < N, and 9]'N[u] = 9*(u-Vu) - n on
[0,7] x I for all n < N.

Unlike actual time derivatives, we cannot write 9;(9yu) = 9?u, for we have not even

defined how 5,5 would act on 5tu. But the following simple proposition, which will be useful
for treating condy for N > 1, follows immediately from the definition of 9;* in Definition 3.3:

Proposition 3.5. Let u be as in Definition 3.3 for some N > 1 and let t € [0,T]. If
oru = Ofu on {t} x Q for all0 < n < N, then

8,0ru = 9w on {t} x Q for 1 <n < N.
Proposition 3.6 shows that, formally, 5? curlu = curl 5[Lu
Proposition 3.6. Let u be as in Definition 3.3. Then div 5tnu =0 forall0<n <N, and
Ow = curl&u for all0 <n < N — 1. (3.12)

For all0 < n < N -1, @”w is in the range of the curl. Finally, if u € Cévﬂ’a(Q) then
div atNHu =0, (3.12) also holds for n = N, and ONw is in the range of the curl.
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Proof. We constructed the pressure ¢ in Definition 3.3 so that div (‘inu = 0. Then, forn =1,
(3.12) follows from the identity, curl(u- Vu+Vg) =u-Vw —w - Vu.
For n = 2, we will use the identity,

curl(u- Vv 4 v - (Vu)!) =u-Veurlv — curlu - Vv,
valid for any u,v € C%(Q) with divu = 0, which we prove in Lemma 3.10. We will also use,
dru - V(curlu)” + curlu - (Vou)” = V(Gpu - curlu).

Since curl V = 0, we know that the curl of the left-hand side is zero. From (3.9) and (3.12)
for n = 1, we can write

w = —0u - Vw —u- Veurl(dyu) + curl(du) - Vu+ w - Vou + g
= curl(gtu) -Vu—u- chrl(gtu) +w- Vgtu — (§tu -Vw+g
= —curl(Qpu- Vu+ du - (Vu)?) = curl(u - Vou +u - (Vou)") + g
= curl(—gtu -Vu-—u-Vou-—Voqg+ of) = curl 5t2u

Equality in (3.12) follows inductively for higher values of n.

It follows directly from (3.12) that 07w is in the range of the curl for all 0 < n < N — 1.

Finally, if u € C’f,vﬂ’a(@)—as opposed to u € OéVH’a(Q), as in Definition 3.3—then u and

w have one more time derivative, giving that div (:ifv tlu =0, (3.12) also holds for n = N,
and O]Nw is in the range of the curl. O

Since u is given in the linearized problem, lincondy is a condition on the data. For the
nonlinear problem, a different condition is needed to avoid the appearance of 9N u™ |;—¢ in
the expression for OVHT |;—g. We begin the exploration of this issue by examining closely
the N = 0 case.

Using Lemma B.2 along with curlr UT = H™, on [0,7] x 'y, we have

1 1
—[[uxHTJt =U"HT - H™u" = [—@UT —Vr <q - 2\U|2> + fT] ,
SO,

1
[ux H]T =9,UT + Vr (q + 2|U]2> —f7

=0,UT +Vr (q + ;|u\2> —f7 + %vp (JOP = [uf).
Then using the vector identity in (3.2)
Vr (q + ;|u]2) T =[u-Vu+Vg—1£]7 +[ux w]” = =9u” + [ux w|T. (3.13)
Hence,
fux H]T = 8,07 — Gu” + %vr (UP = [u?) + [u x @] (3.14)

Note that (3.14) holds on all of [0, T] x T'y for any u € Ca**(Q) when the data has regularity
0, without assuming any compatibility conditions.

Proposition 3.7. Assume the data has reqularity 0, u € Co’i’a(Q), and condg in (1.9) holds.
Then lincondq in (2.4) holds.
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Proof. All the calculations in this proof apply at time zero on I';.
We have 9,U7 — g;u” = 0 by condg. Since also u(0) = U(0) on I'y, we know that
Vr|U]2 = Vr|ul?, and (3.14) reduces to [U x H]7 = [U x w|7, or,

[Ux (H-w)]™ =0.
Also from (3.7)2, H™ = curlp U7 = curlp u” = w™. Then, since H™ = w™ and only (H—w)7

contributes to n x (H—w), we can apply the vector identity, Ax (BxC) = (A-C)B—(A-B)C
to give

0=nx[Ux (H-w)]" =nx[Ux (H-w))
=n- H-w)]U-[n-UMH-w)=-U"H—-w).
Since U™ never vanishes on I'y, we conclude that H = w on {0} x I'y, meaning that lincondg

is satisfied. OJ

The next proposition shows that our choice of H does, in fact, satisfy the constraint in
(2.2), necessary to ensure that curlu = w.

Proposition 3.8. Assume that the data has regularity 0 as in Definition 1.1. For u €
Ca™(Q), the condition in (2.2) is satisfied on (0,T] x Ty

Proof. From (3.7) and using that curlp UT = H™ we have
1 i
UMHT - H™u™ = [—(%UT —Vr (q + 2|U|2> + fT] .

By (B.2), divp v = — divp(vh)t = curlp v for any tangent vector v. Hence,
O H™+divp[H™u™ —U™HT| —g-n = O, H™ + curlp[(H™u” —U™H")!]| —g-n
=0, curlp UT — 9, curlr UT + g - n—g-n=0,
where curlp f7 = (curlf) - m = g - n by (B.2). This gives (2.2). O

Next, let us consider what happens if we try to extend Proposition 3.7 to condy for N = 1.

Returning to (3.14), suppose that u € Ca™*(Q). Differentiating both sides in time gives

[Dru x H|T + [ux H|T = 0, UT — 9,0u” + %VF&* (I01° = aP?) (3.15)

+ [0pu x w]|T + [u x Ow]T

on [0,T] x I'y. We know from the N = 0 result that if condg holds then H = w on {0} xI',
so two terms above cancel, leaving

[ux 8H|T = |8,UT — 8,0,u” + %Vp@t (|U|2 - ]u|2) + [u x 0yw]” on {0} x ;. (3.16)

If we could satisfy the hypotheses of Proposition 3.5 then we would also have that 0;0,u” =
0?u”. Assuming additionally cond;, the term in brackets would vanish. If, finally, we could
replace Oyw in this expression with gkw then, arguing just as in the proof of Proposition 3.7, it
would follow that cond; implies lincond;. But with our definition of H, we cannot make this
replacement. In order to extend Proposition 3.7 to condy for N = 1, we need to make one
further assumption, leading to the following proposition for all N > 1 (and see Remark 4.1):
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Proposition 3.9. Assume that the data has reqularity N as in Definition 1.1 for some N > 1
with u € CY Q). Suppose that condy in (1.9) holds and that also 8™u(0) = &Muy on Q
for all1 <n < N. Then lincondy in (2.4) holds.

Proof. Let N = 1. From Proposition 3.7, we know that lincondg holds. From Proposition 3.6,
Owo = curl pug = curl u(0) = 9 curlu(0) = dw(0), and from Proposition 3.5 we know
that 8t5tu = 5,52u at time zero. Thus, the term in the brackets in (3.16) vanishes because of
condq, and we are left with

[ux O,H]T = [ux dw]T on {0} x I';.

As in the proof of Proposition 3.7, this gives that 0;H = dyw on {0} x 'y, and hence that
OH = 0w on {0} x I'y, which is lincond;.
The result for N > 2 follows inductively. O

We used the following lemma in the proof of Proposition 3.6:
Lemma 3.10. For any u,v € C%*(Q)3 with divu =0,
curl(u- Vv 4 v - (Vu)!) =u-Veurlv — curl v - Vu.
Proof. Follows from a direct calculation. O

Generating Compatible Initial Data. We can construct examples of initial data satisfy-
ing the compatibility conditions as follows: choose any ug and f having sufficient regularity,
obtain gy from ug via (3.5), then choose U7 (0) so that on I'y we have U(0) = up and the
values of 8;U(0), ..., U(0) are chosen in accordance with the compatibility condition.
See also Appendix C.

4. PROOF OF WELL-POSEDNESS WITH INFLOW, OUTFLOW

In this section, we give the proof of Theorem 1.2. We prepare for the proof by defining
an operator A whose fixed point will be a solution to (1.5), and then define a subspace of
CCJ,V Jrl’O“(Q) in which the fixed point will lie. We then present the three key propositions on
which the proof of Theorem 1.2 relies, before finally giving the proof itself.

The operator A. Fixing ug € C(],VH’Q(Q) satisfying condy, we define
Domp(A) := {u e CN*1(Q): u(0) = ug, &u(0) = ugon Q,0< n < N}, (4.1)

where 5{” is as in Definition 3.3. We will show in Lemma 6.4 that Dompy(A), which will serve
AN+1,a

as the domain of the operator A, is a nonempty, convex subset of Cy (Q).

Remark 4.1. The condition in Dompy(A) that 0fu(0) = aﬁuo on Q for all1 < n < N arises
from Proposition 3.9. For N = 0, H(0) depends only upon the data and only H(0) appears
in lincondg, so there is no need to restrict the domain of A beyond C’;’O‘(Q). For N > 1, we
must impose dfu(0) = (i”uo on Q for all 1 < n < N as an additional condition and show
that the resulting domain is, in fact, nonempty, as we do in Lemma 6./.

To define A, let u € Domy(A) and define H as in (3.7). We know from Proposition 3.9 that
lincond y is satisfied for any u € Domy(A), so we can obtain from Theorem 2.2 the unique
solution @ € CNY(Q) to (2.1) with Wy = wg = curlug. Proposition 3.8 shows that (2.2) is
satisfied, so by Theorem 2.2, @ is in the range of the curl and there exists a unique velocity
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field v e CYTH(Q) and pressure 7 with curl v = @ satisfying 9,v+u-Vv—u-(Vv)T+Vr = f.
Finally, we set

Au =, (4.2)
and define also
Au = curl Au = w. (4.3)
Proposition 4.2. A maps Dompy(A) to itself.

Proof. Let u € Domy(A) and let v = Au. Theorem 2.2 shows that v € C2 ™*(Q) and
v(0) = uyg, so it remains only to show that 9;'v(0) = 9j'ug for 1 < n < N.
Suppose N = 1. Then since v(0) = u(0), (2.6) gives

9v(0) = —ug - Vug + ug - (Vug)? — Vr(0) + £(0).
But ug - (Vug)? = (1/2)V|ug|?, so we have
0v(0) = —ug - Vug — Vr 4 £(0)

for some “pressure” r. But r is recovered in the same manner as p, which is the same as ¢ at
time zero. We see, then, that 9,v(0) = 0,uy.
The result for N > 1 follows inductively. O

We will apply Schauder’s fixed point theorem to obtain the existence of a fixed point of A,
but this requires that A be continuous. Estimates on A in [9] would give that A is bounded
as a map from Domy(A4) to Domy(A) in the C2 ™*(Q) norm, as long as we can obtain
sufficient control of the pressure so as to control H. But A, which is nonlinear, need not
be continuous in the C4 TH*(Q) norm. To ensure continuity, we need to work in some new
spaces, which we introduce next.

Definition 4.3. For a fized 31,02 € (0,1) and any integer N > 0, let

Xé\im = {ue M (Q): curlu e CVN2(Q)},

lallxy = llullers ) + lewlullor.s g)-

B2

Remark 4.4. It will follow from Lemma 6.3 that Xé\{a =N Q).

Fixing o’ € (a, 1), we will show that A is continuous as a map from Xé\fﬁ N Domy(A4) to
Xé\fﬁ N Domp(A) for any § < «, and there exists a convex set K lying in Xﬁ,a N Dompy (A)
that is a compact subset of X é\f ., that is fixed by A. Applying Schauder’s fixed point theorem
gives the existence of a fixed [;oint. We will show a posteriori that the full inflow, outflow
boundary conditions in (1.5)4 5 are satisfied.

In constructing solutions, X, é\] o= cy Jrl’0‘(62) would seem the most natural. Then, once a
solution is obtained, the Euler equations themselves easily yield one more derivative in time,
giving a solution in C& ™*(Q). Indeed, this is how it works for the linearized problem, (2.1).

But there are two difficulties for the full problem: We need the extra time regularity of
X C]Y\,f ., to establish (non-classical) estimates on the pressure, and A is not continuous in X é\,f o
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Three key Propositions. We will show that Theorem 1.2 follows from Propositions 4.5
to 4.7. To streamline the presentation, we defer the proofs of these technical lemmas to later
sections.

Proposition 4.5. Assume that the data has regularity N > 0 and ug € CéVH’a(Q). For any

M > Hu0||CN+l,a(Q) there exists T'> 0 for which the set
K :={ue X) ,NDomy(A): [ulxn <M} (4.4)

is invariant under A. That is, u € Domy (A) with [[u[| xx < M implies that Au € Domy(A)
with | Aul xx < M. ’

Proof. Given in Section 10. O
Proposition 4.6. For any § € (0,a), A: K — K is continuous in the Xé\fﬁ norm.
Proof. Given in Section 11, and follows from Proposition 4.5. g

Proposition 4.7. Assume that (u,p) € Ca®(Q)x C*(Q) solves (1.5)14 and w := curlu = H
on [0,T] x T'y, with H given in (3.7). Then (1.5)s also holds.

Proof. Given in Section 12. O

Proof of well-posedness. Theorem 1.2 we now see is a consequence of Propositions 4.6
and 4.7:

Proof of Theorem 1.2. Choose any 3 € (0,a). Because CV:® is compactly embedded in
CNB and also using Lemma 6.4, below, we see that K is a convex compact subset of X éV 5

By Proposition 4.6, A is continuous as a map from K to K in the X év 5 norm, and so has a
fixed point u by Schauder’s Fixed Point Theorem. It follows that Au = u with u € Xy ,
and hence, in particular, u € Cé—VH’a(Q).

Since v := Au = u, Theorem 2.2 implies that d;u + u - Vu + Vp = f for some pressure
p. Hence, (u,p) is a solution to (1.5)1.4. But since u = Au, we have w = curlu = H.
Proposition 4.7 thus gives that (1.5)5 holds, so (u,p) is a solution to (1.5).

To prove uniqueness, let (ui,p1), (ug,p2) be two solutions to (1.5) with the same initial
velocity in C1 (so we prove uniqueness for N = 0 and it then follows for all N > 0). Letting
W = uj — ug, subtracting (1.5); for (ug,p2) from (1.5); for (uy,p1),

ow+u; - Vw +w-Vug + V(py — p2) =0.
Multiplying by w and integrating over 2, we obtain

1d 2 1 2 2 1 2
But,

—/ - Viw] = —/<u1 )Wl = —/ (w1 - m)|wl? <0,
Q N T

sincew=0onI';, u;-n=0o0nTy and u; -n >0 on I'_. Hence,
d
@HW!V < 2|Vl (g lIw]%,

and we conclude that w = 0 by Gronwall’s Lemma, giving the uniqueness in Theorem 1.2. [
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When I'y = I'—that is, when classical impermeable boundary conditions are imposed on
the entire boundary—Theorem 1.2 gives well-posedness of the 3D Euler equations in C™V:*(Q)
for any N > 0. The proof simplifies, as we discuss briefly in Remark 12.1.

PART II: PRELIMINARY ESTIMATES

Organization of Part II. We introduce in Section 5 some conventions that we will use
throughout the remainder of this paper to streamline the presentation. We summarize in
Sections 6 and 7 some of the results from [9], describe the generation of vorticity on the
boundary in Section 8, and obtain critical estimates on the pressure in Section 9.

5. SOME CONVENTIONS

Pressures. We employ three distinct pressure functions:

p: The “true” pressure recovered by (9.1), appearing in a solution to (1.5)1.4.

¢: The “approximate” pressure recovered by (3.5), used to obtain H on [0,7] x I'.

7: The “linearized” pressure of (2.6), obtained by recovering the velocity from the vor-
ticity for the linearized Euler equations.

The true and approximate pressures, p and ¢, are key, with the majority of our estimates
involving q.

Constants. To simplify notation, we write M as a universal but unspecified bound on
|uf[ x~ . Thus, we assume that

[ullxn < M for some M > 1 (5.1)

in what follows. (Having M > 1 simplifies the form of some estimates.)
Definition 5.1. We define the following two types of positive “constant”:
e = co(l[aoll 1y gy U U v 20 g lewrd Bl )
cx = ex(co, M),
where
Upin = min{|U™(¢,x)|: (t,x) € [0,T] x T'} }. (5.2)

Both ¢y and cx are continuous, increasing functions of each of their arguments. Each ap-
pearance of ¢y and cx may have different values, even within the same expression.

In the process of obtaining constants ¢y and cx, it will be clear that they increase with
their arguments. The value of ¢y will increase with T' because all of its arguments increase
with T'; in particular, ¢y determines inversely the size of the initial data.

Remark 5.2. Many of our estimates contain factors of the form C1T + CoT + C3T°3,
0 < e < ey < ey, where Cp, Co, and C3 may depend upon the norms of the data or the
solution, but have no explicit dependence on time. To simplify matters, we will assume that
T < Ty for some fized but arbitrarily large Ty > 0. Then

ClTel + 02T62 + CsTeg < ClTel 4 C2T€1T062*61 + 03T61T063*e1 < C,Tel,
C' =1 4+T5> + T2 ) max{C, Ca, Cs3}.

Hence, in the final forms of estimates, we will only keep the lowest exponents of T and,
similarly, of |[t1 — ta] for t1,t3 € [0,T].
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6. RECOVERING VELOCITY FROM VORTICITY
We need a few facts from [9] related to the Biot-Savart law, which we present now. We use
the spaces H, H., and Hy of (1.7) and (1.8),
Lemma 6.1. Assume that T' is C™%-regular and let X be any function space contained in
C™2(Q)3. For any v € H,

1Pr.v]x < CX)[v]m
and if also v € X then
Ivlix < 1Pryvlix + C(X)lvla, [Prvlx < [vlx+CX)|v]a.
Letting h € C™(T" ) for some n > 1, we define the subspace,

= {ue C™*(Q): divu=0,u-n="honT}.
Corollary 6.2. If uj,uy € C}' for some n > 1 have the same vorticity and harmonic
component then u; = us.

For any w in the range of the curl, curl(Hg(9)3), there exists a unique u = K[w] €
Ho N HY(Q)3 for which curlu = w. The operator K, which recovers the unique divergence-
free vector field in Hy having a given curl, encodes the Biot-Savart law.

There exists a vector field V as regular as U with divY =0, curlV =0, and V- n =U"
on [0,7] x I'. We define

Kyn|w] = K[w] + V. (6.1)
Define the solution space for vorticity,
VNAQ) = {w: CV(Q): w(t) € curl(HY(Q)?) for all ¢ € [0,T7]}.

Lemma 6.3. Assume that U € C’N+2O‘(Q) and T is CN*2. For all t € [0,T], Kyn )
maps CN(Q) Neurl(HY(Q)?) continuously onto CC]TVJ,E’(% N (Ho+V(t)) and maps WNP(Q)N
curl(HY(Q)3) continuously into WNTLP(Q) for any p € (1,00). Also, Kyn maps Vi *(Q)
continuously onto
CI(Q) = {u € CYFL(Q): u(t) € Hy + V(t) for all t € [0,T]}.
We now have the tools needed to to prove Lemma 6.4:

Lemma 6.4. Assuming condy holds, Domy(A) is a nonempty, convex subset of chth Q).
Proof. We first show that DomN(A) is convex. Let a,b € [0,1] with a +b = 1, let v, w be
in Domp(A), and let u = av + bw. Then u(0) = aug + buyg = ug, and so also condy is
satisfied. Similarly, d/"ul;—o = ad}'v|i—o + bIPwW|i—o = adfug 4 bdfug = df'ug. It follows that

Domy (A) is convex.
To show that Domp(A) is nonempty, let wp := curluy and define

N o
w(t) == wp+ Z ﬁafwo,

so that for all 0 < n < N, 9P'w(0) = dMwp. Because w(t) is in the range of the curl for all
t € [0, T] by Proposition 3.6, we can define

Non
u(t) := Kynfw] + Z mPHCOfUOv
n=0



EULER WITH INFLOW, OUTFLOW AND VORTICITY 19

which we note lies in C2& t5%(Q). Then u(0) = ug by Corollary 6.2, since they have the same
vorticity and harmonic component and both lie in chth "*(Q). Moreover, for 1 <n < N,

curl 07u(0) = 87w (0) = 8wy = curl J'ug
by Proposition 3.6. Also, Py 0Mu(0) = Py dfug. That is, 9u(0) and d'up have the same
curl and same harmonic component, and 9{'u(0) and, by (3.11), 9f'ug lie in CZ}%U"' Hence, it

follows from Corollary 6.2 that 97u(0) = dMuy, and we see that u € Domy (A), demonstrating
that Dompy(A) is nonempty. O

The estimates we will need are given in Lemma 6.5.

Lemma 6.5. Assume U € CY Q). Let w € C¥(Q) be a divergence-free vector field
on ) having vanishing external fluzes. For any u € H there exists u. € H, such that
u = Kpyn|w] + u., and for allt € [0,T],

a@)llw~+1p9) < Cllw®)lwys@) + U@ [wyie@) + luc(@) lwy+isq),

u(@)l| gy+1.0gy < Cllw(®)leva@) + U@ [ler+ia@) + uelt)lor+io@),

[Vu(t )HLP(Q < Cpllw®) ey + IVU@) e (o) + [[Vue(t)| Le)
lu@®)llzr) < Cpllw®) |l zr) + 1@ 2r) + l0e()llr )

for all p € (1,00). In each case, the final term can be replaced by C|lu|g.
Proof. The first three inequalities follow from Lemma 6.3. The fourth inequality follows from

the third and Poincaré’s inequality, since elements of H have mean zero. Lemma 6.1 allows
us to replace each of the final terms by C|jul|g. O

In Section 10, we will require a bound on [[ul|on+1() that is better than just M of (5.1).
To obtain such a bound, first observe that, setting w = curlu,

1
T 2
|w\L2(Q)<</ M2> < MT2.
0

In analogy with SRR “Q), we define C’C],V‘H(Q) to be the space CNT1(Q), but with one
fewer time derivatives, and similarly for CV*1(Q). Then, using Lemmas 6.5 and A.5, for any
0< B <a,
||u”c°§+1(Q) < HvHéNH(Q) + [lu— vHéN+1(Q) <o+ flu— vHéNH(@)
< co + Cgllwllons < co + Callwllre (@) + CollwllEma o) lwl 2o (6.2)
<co+ CﬁHWHLoo(Q) + CﬂMTb,

where 0 < b < 1 (its exact value being unimportant). Here, we used our assumptions that
M > 1 and T < Ty to simplify the form of the estimates coming from Lemma A.5 (see
Remark 5.2).

7. FLOW MAP ESTIMATES

The pushforward of the initial vorticity by the flow map meets, along a hypersurface S in
@, the pushforward of the vorticity generated on the inflow boundary. This requires some
analysis at the level of the flow map. For the most part, the analysis in [9], which we
summarize here, suffices. The coarse bounds developed on the flow map in [9], however,
would only be sufficient for us to obtain small data existence of solutions: for the short time
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result for general data that we desire, we will require more explicit and refined bounds, which
we develop in Lemma 7.2.

We assume throughout this section that U € C’CJ,VH’O‘(Q), uec CO’CJ,VH’Q(Q) for some N > 0.
As in [9], we extend u to be defined on all of R x R3 using an extension operator like that in
Theorem 5, chapter VI of [25]. This extension need not be divergence-free, and is used only
as a matter of convenience in stating results; it is only the value of u on @ that ultimately
concerns us.

We define : R x R x R? — R3 to be the unique flow map for u, so that d,n(t1,t2;%x) =
u(ta, n(t1,t2;x)). Then n(t1,te; x) is the position that a particle starting at time ¢ at position
x € R? will be at time ¢5 as it moves under the action of the velocity field u.

For any (t,x) € Q let

e ~(t,x) be the point on I'y at which the flow line through z at time ¢ intersects I'y;
e let 7(¢,x) be the time at which that intersection occurs.

For our purposes, we can leave 7 and ~ undefined if the flow line never intersects with I";.
Remark 7.1. We will often drop the (t,x) arguments on 7 and ~y for brevity.

We define the hypersurface,
$:= {(t,x) € Q: 7(t,%) = 0},
which is nonempty since it contains at least I'; x {0}, and the open sets Uy C @,
U- :={(t,x) € Q: (t,x) ¢ domain of 7,7},
Uy :={(t,x) € Q: 7(t,x) > 0}.
Then S is of class CN+1@ as a hypersurface in Q and S(t) := {x € Q: (¢,x) € S} is of class
CN*Le a5 a surface in €.
The estimates on the flow map in Lemma 7.2 are more explicit than in [9], where we re-
quired only coarse estimates. We note that ) has one more derivative in both time variables
than has u, which we can see in the explicit estimates. In Lemma 7.2, C*(Q) is the homo-

geneous Holder norm and the subscripts x and ¢ refer to norms only in those variables (see
(A.3) for detailed definitions).

Lemma 7.2. The flow map n € CNTH2([0,T]? x R3). Define u: Uy — [0,T] x T'y by
p(t, x) = (7(t,x), (¢ x)).
The functions 7, 7, p lie in CNTL(T .\ {0} x T'y). Moreover,
100, m(t1, t2; %) || Lge < [[ull Lo (@)he(te, t2),
IVn(t1,te;x) ||l < h(t1,t2),

<
V(0,2 %) o, () < 1 Vull e () (0, THT,

(7.1)
T
HV77(07T§X)||C&(Q) < 6(1+2Q)MTMT17°‘,
where

MT
L<e .

to
/’HVuwnuwds

t1

h(t1,t2) := exp
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Also,
[1Dull Loo(@) < CUpin 1+ [[0l[F e )20, T), (7.2)

mwn

where Upin, s as in (5.2).
More generally, for any N > 0, defining exp™ to be exp composed with itself n times,

107 T n(t1, t: %) oo (0,712 ¢0) < Cllullon gy exp™ T (MT),
IVNH(te, to; X)|| oo 0,120 < exp™ T (MT),
IV E0(0, 825 %) | o () < IV poe () exp™ 1 (MT) T,
2

/

//\

IV 00, 2259l ) < exp™H(CMT) / 19 u(s)l| o ds
x 0
IV (0. T:) ¢ ) < exp™H(OMT)MT',
I DNl o ) < coll + [l 2R ) T exp™ L (MT).

Proof. We will apply Lemma A.2 multiple times without explicit reference.
Taking the gradient of the integral expression in (3.2) of [9],
to
Vn(ti, te;x) =1+ Vu(s,n(ti, s;x))Vn(t, s;x) ds. (7.4)
t1
Thus,

to

[Vn(t1,t2;%)[lLe < 1+ [Vu(s)| L[| Vn(te, s; %) Lee ds|.

t1

Gronwall’s Lemma, applied with fixed 1, gives (7.1)2. Lemma 3.1 of [9] gives 0, n(t1,t2; %) =
—u(t1,x) - Vn(ti, t2;x), from which (7.1); follows.
It also follows from (7.4) that

|ta — 85

[Vull o) IVl L)
1Vn(0, t2; X)HC('Q)Z; < tSl;ét’ [t — 1]
2

< [IVul| oo )R (0, T) T,
giving (7.1)s.

Returning once more to (7.4),

193,230 < [ 19,000, 530) Vi, 50 g 5
But, using Lemma A.1,
IVu(s, n(ty, s;x))Vn(ts, ;%) || ¢a
< IVus,n(te, s3%)llee Va(te, s5x) [ g + [IVuls, nt, s:x)) g [Vn(te, :%) | ¢
IVu(s) e lIn(tes s33) | Zip, V0 (1, 8:%) | 250 + [[Va(s) || oo [V (Er, 53 %) || o
IVu(s)ll¢ah(ts, ) + [Va(s) || = [Vn(ts, ;%) ¢a
SO

IVn(0,t2; %) | o
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to 9 t2
< [T IaE 0,57 ds [T )| 90,530 s

to to
< (0, 12)** ; IVu(s)|l¢a d8+/0 IVu(s)|l Lo () [[VN(0, 55 %) || ¢ ds

Applying Gronwall’s Lemma gives

IVn(0, t2; %) ¢ < [ (0,£2)* !Vu( )IlcadS] exp/ IVu(s)ll Lo o

— h(0, 1)1 2 / IVu(s)]| g ds

which is (7.1)4.
From Lemma 3.5 of [9],
O = —U™(1,7) ' 0yn(t,m5x) -n(y), Vr=-U™(1,~7)" (Vn(t,7;x)) n(vy),
at’y = atln(ta T X) + 8t7—u(7-> '7)1 vﬂy = U(T, 7) ® VT + Vn(t> T X)‘

We use these expressions to calculate,

107 || 1< (@) < CUppy ||at177||L°°( < CU, LIl oo (@yh(0, T),

min min

VTl 0@y < CUi IVl oo () < CULLLR(0,T),

man min

<0 mzn”atlnHLoo + Hu||L°° HatTHL‘X’(Q)
< CU, bl gy + HUHLoo )J1(0,T),
<l zo @IVl (@) + [IVall ze@) < [1+ CU,;

min

19e¥ | oo ()
VYl Lo (@) [al| oo ()] R(0,T).

Summing these estimates gives the bound on Dy = (O, V).
The bounds for higher N follow from inductive extension of these arguments. U

Remark 7.3. The exact bounds in Lemma 7.2 are not so important, but it is important that
M only appear in the exponentials, while other factors contain norms of u lower than Xé\fa,
as these can be bounded a little better (by (6.2), primarily).

We are now in a position to give the definition of a Lagrangian solution to (2.1), as it
appears in [9]. For this purpose, define

Yo = Yo(t, x) :=n(t,0;x). (7.5)
As with 7 and v (see Remark 7.1) we will often drop the (¢,x) arguments on ~.

Definition 7.4 (Lagrangian solution to (2.1)). Define wy and G on Uy by
w- (t7 X) = V?](O, b 70)w0(70) + G+(t, X)7
Wi (t,x) = Vn(r, t;v)H(r,v) + G_(t,x),

G (%) = [ Vnls.tsn(t ssx))g(s.n(t 55)) ds. (7.6)

t
Galtx) = [ Vil tinft,six)g(s,n(t530) s
7(t,x)

Then @ defined by W|y, = W4 is called a Lagrangian solution to (2.1).
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In (7.6), we left the value of @ along S unspecified. Under the assumptions of Theorem 2.2,
w2 can be extended along S so that @ lies in CV%(Q), and the bounds on Uy combine to
give estimates on @ in C™V%(Q).

8. THE NONLINEAR TERM ON THE BOUNDARY

Proposition 8.2 gives coordinate-free expressions for (u-Vu)-n on I'. The proof of Propo-
sition 8.2 is most readily obtained using the boundary coordinates introduced in Appendix B,
so we defer it to that appendix.

Definition 8.1. For any tangent vector field v on T', define v to be v rotated 90 degrees
counterclockwise around the normal vector when viewed from outside Q (so v =mn x v).

We write the gradient and divergence on the boundary as Vr and divr, as in Appendix B.

Proposition 8.2. Assume thatT' is C%. Letu be a divergence-free differentiable vector field,
let u™ =u-n, and, as in (1.1), let u™ = u—u™n. Let k1, ks be the principal curvatures on
I'. On [0,T] xT', we have

(u-Vu)-n=—u"divpu” +u” - Vpru™ — (k; + ko) (u™)? —u” - AuT. (8.1)
Here, A is the shape operator on the boundary: for any tangential vector field, Av is the

directional derivative of m in the direction of v, which is also a tangential vector field.

The nonlinear term on the boundary is key to recovering the pressure, as we will see in
the next section. It was for these purposes that we used N[u] given in (3.6) to define the
approximate pressure in (3.5). Using that u™ = U™, substituting the expression in (8.1) for
(u-Vu) - n, and using (B.1), we see that on ',

N[ = -U™divp UT +u” - VrU™ — (k1 + k2)(U™)? —u” - AT, (8.2)

so N[u] has no derivatives on u”. Nonetheless, integrating (3.6)2 by parts along each bound-
ary component using Lemma B.1, we see that

Q/N' /1yvuyn, (8.3)

which will allow us to use N[u] in place of (u-Vu) - n in the Neumann boundary condition
on the pressure in Section 9.

9. PRESSURE ESTIMATES

We can determine the pressure from the velocity by taking the divergence of (1.5); and using
that divu = 0, which yields

Ap=—Vu- (Vu)? in Q, 0.1)
Vp-n=0u-n—(u-Vu)-n onl. '
On Ty, as we can see from (8.1), Vp-n = —u” - Au” (= —x|u|? in 2D). Hence, when I' = Ty,

standard Schauder estimates imply that Vp and u have the same spatial regularity. This is
the impermeable boundary case. But for inflow, outflow boundary conditions, the expression
for Vp - n contains spatial derivatives of u, as we can see from (8.1), and elliptic theory
gives only a pressure gradient having one fewer spatial derivative than the velocity. (Because
u-n =U" on all of I', the time derivative in (9.1)2 does not impact the regularity of p.)
We see, then, that impermeable boundary conditions are very special, and with inflow,
outflow we should not expect to obtain a gradient pressure field with the same regularity as
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that of u. This is not in itself a problem, for as we can see from (3.7), we only need the
pressure gradient to have the same regularity as the vorticity to generate vorticity on the
boundary. We will need higher regularity, however, to obtain a fixed point for the operator
A: Xa’,a — Xo/,a

We circumvent this difficulty using the simple but clever technique in [2]: we replace the
boundary condition in (9.1)2 using N[u] of (3.6), solving instead, (3.5) for the pressure q. We
see from (8.3) that the required compatibility condition coming from fF Vqg-n= fQ Aq =
Jq div(—8yu—u-Vu) remains satisfied when using —9,U™— N [u] in place of —9,u™—(u-Vu)-n
on I

Lemma 9.1. Suppose that Q' is a compact subset of QUT L, Q' # (. For anyn > 0,

| Flwnszrar) < € [IAflwnr@ +IVF Allyni e, + W] ©02)
for f € W™"(Q), where r € (1,00).

Proof. These bounds for n = 0 are stated near the bottom of page 174 of [2], but let us say
a few words about them. First, they are derived from combining an interior estimate away
from all boundaries with an estimate that includes only I'y. Second, [2] treats the N = 0
case, and we use (15.1.5) of [1] for the N > 1 case. O

We start in Propositions 9.2 and 9.3 by controlling only the spatial derivatives of q.

Proposition 9.2. Let r € [2,00), t1,t2 € [0,T], and q solve (3.5) for some u € Xy o with q
normalized so that

/Q dlal % =0, 9.3)

Then
la(®)|zr @) < Ch,
o (9.4)
lg(t1) — a(t2)l|Lr @) < Collullx,,  [t1 —to
where
G =C |0, + x|, Co=C U@ + ullx@]
the constant C' depending only upon Q) and r.

Proof. We adapt the argument on pages 175-176 of [2]. For now we suppress the time variable.
Let 8 be the unique mean-zero solution to

AB=gqlg* inQ,
VB -n=0 onT,

where the normalization of ¢ in (9.3) gives solvability. Letting ' = r/(r — 1), which we note
is Holder conjugate to r, Lemma 9.1 gives

1Bl @y < Cllal M@y = Clallyio
Then,

il (o) = (A8.0) = ~(V8.Va) + [ (V5 -m)a = (80.5) = [ (Va-m)s.
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Now,

(84.6) = ~(div(u- Vu).§) = (- Vu.79) - [ ((u- Tw)-m).

r
But,

(WwVu,Vp) = /Q u'0u’ 08 = /Q u'0; (1! 9;8) — /Q u'u? 9;0; 8
— [0 V(Y8 - (e u Y8 = - [ U V5) - (wew, V)
Q T
and, using (3.6)

_/F((u.vll).n)ﬂ:/r(ﬁtU"Jer'n)ﬁJr/F divp(U™(u™ —UT))

+
= /F(atU" +Vp-n)B,
the integral over I'; vanishing by Lemma B.1. Hence,
Jallr o) = ~(a 0w YY) + [ QU5 - U (- VB)). (9.5)
We thus have the bound,
ol oy < Il Bl Bl + 1007 ool Bley = [ U™ (- 9).
But,
- [0 V8) < IVl oy Nl @) VB L

< Oz Iall oo () IV Bllwrr () < ClIU| 1o (@) Il oo () | Bllwr2.r ()
We see, then, that

(9.6)

lalry < CallBllw=r < Callalys oy,

from which (9.4); follows.

To obtain (9.4)2 we argue the same way, bounding now § := ¢(t1) — ¢(t2) and using
U™ (t1) — N[u(t1)] — (0:U™(t2) — N]u(t2)]) in place of O,U™ — N[u] evaluated at a single
time. And now f solves

AB=qlgl"* inQ,
VB-n=20 onI.

In place of (9.5), we find

[allzr ) = —(u(t) @ u(t1) — u(tz) @ u(ts), VVE) - /FU"((U(tl) —u(ty)) - V), (9.7
where we note that the boundary integral involving 9;U™f appearing in (9.5) cancels.
For the first term on the right-hand side of (9.7), we use that

Ju(t1) @ u(tr) —a(t2) @ u(ta)|r) < [lult)lre + ultz)l <] [uts) — ult2)| L q)-
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But, applying Lemma A.8 with N =0,
[u(ty) = u(ta)l|r () < Cllutr) = ults)ll (o) < Cllullceglts — 2|

/ (9.8)
< Cllullx,,  [tr = t2|*,
SO
—(u(ty) @ u(tr) — ults) @ u(ta), VV) < Cllul (o lullx,, [t — a1 [1Bllwera)-
For the boundary integral in (9.7), we obtain as in (9.6),
- /FU”((U(tl) —u(t2)) - VB) < Cl[U| () l[ulty) — u(t2)l (g 18llw2r0)-
Combining these bounds, we see that
1l @) < C [lull (@) + 1UllL=(@] lullx,, 1t =t

which is (9.4)2. O

Proposition 9.3. Assume that the data has reqularity N and let ' be as in Lemma 9.1. Let
ue XN NDompy(A) and let q solving (5.5) be normalized as in (9.3) with r = 3/(1 — «).
Then

la(t1) = q(t2) lw~+2r oy < exltn —tal®,

99
1Va(tr) — Va(ta) |owe o) (6:9)

<
<exlt —to|

for all t1,ty € [O,T].
Proof. We first prove (9.9);. Defining g := ¢(¢1) — ¢(t2) and applying Lemma 9.1, we have

[@lhwsszory < C |I1ATIwrr @) + IV 0l b, + Tl | -
Now,
AG = Vu(ty) - (Vu(ta))! — Vu(ty) - (Vu(ty))?
= V(u(t2) —u(t1)) - (Vu(tz))" + Vu(ts) - (V(u(t2) — u(t1)))".
Thus, for N =0,
1AG]| L) < ClIV(u(ts) = ult)llr@) [IVult)lle () + [IValte)l| (o)) -
For N > 1, since Nr > 3N > 3, WY is an algebra, so

1AG][wr.r ) < ClIV(ulty) —u(t2))l[wrrq) [IIVu(tl)HwNm(Q) + ||Vu(t2)||WNﬂ“(Q)} :
In either case, we have
1AG][wr.r ) < ClIVUll oo @ IV (ut) —ulte) lwwrq)-
But, setting w = curlu,
u(ty) —u(te) = Kyn|w(t1)] — Kyn|w(t2)] = K|w(t1) — w(t2)] + w, (9.10)
where
w = V(t1) — V(t2) + uc(t1) — uc(ta).
Hence, applying Lemma 6.5,

[Vu(ti) — Vu(to)|lwr.rq) < Cllw(th) — w(te)llwn.r ) + Clwllwn.rq)- (9.11)
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Applying Lemma A.8,

lw(t) — w(ta)llwrr o) < w(ty) —w(t2)llovo) < lwllevaglts — 2]
Using Lemma A.8 again,

[wllwy.r @) < Clwllov o) < [[wllovaglts — t2|*
< Vllevag |t1 —to|® + [[ul| Loo (0,7;m) [t — t2|* < ex|ts — ta]®,
where we also used Lemma 6.1. Hence,
[Vu(ty) — Vu(ta)|lwnr ) < exlts — t2|* (9.12)
On Iy,
Vg -n=0U"(t1) — U™ (t2) + Nu(te)] — N[u(t1)],

and we can see from the expression for N[u] in (8.2)—the key point being that on I'y, Nu]
has no derivatives on u” —that applying Lemma A.8 again,

qu . nHWN+17%,7'(F+)

<OIVE-nlovivr,) < |[UlEn+20(g) + IIUIlcN+1,a(Q)||U||cN+1,a(Q)] [t — o]
< exlti — 1o,
where in the last inequality we used a bound like that in (9.12).
Along with Proposition 9.2, these bounds give (9.9);.

Since we set 7 = 3/(1 — «), Sobolev embedding gives W1 () C C*(Y'). Applying (9.9);
gives (9.9)s. O

Remark 9.4. It is only in the bound on HV@-nHWNH,; ") in the proof of Proposition 9.3
by

that we use the higher regularity of U over that of u.
To account for time derivatives 8fq, k < N + 1, we note that (3.5) becomes

AdFq = —0F(Vu- (Vu)l) in 0,
VoFqg-n=—-9f'U™ —9FN[u] onT,
and the same analysis in Propositions 9.2 and 9.3 applies to afq. Then, from the key bound
n (9.9), letting Q" = [0,7] x €, we have
Hq(tl) —q<t2)HcN+1a Q) X Cx‘tl —t2’ (9.13)

Moreover, applying the interpolation inequality in Lemma A.4 and Proposition 9.2, we have,

la(t2) — q(t)llov+1oryxry) < Clla(ty) — a(t2)l[En+ra(gllat) — (tl)HLz %
11— . (9.14)
< Clex|ty — t2|*]" |ex M|t — tQ\O‘] ' <exlta — |,

where o < o’ :== aa+ /(1 — a) < o (using the value of a for N + 1 in Lemma A.4). In the
second inequality, we applied Proposition 9.2 and (9.13).

Then from (9.13) and (9.14) and using that [|[Vrq(t1) — Vrq(te)|lcer,) < [Va(t1) —
Vq(t2)l|cea(r,)), we can apply Lemma A.7 with

Fi(t) = ext®,  Fy(t) = cxt®
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to obtain

IVea(®)lleveorxr,) S IVAO)levar,y +exT® +exT+exT ™

(9.15)
We used here that V¢(0) depends only upon the initial data along with Remark 5.2

PART III: ESTIMATES ON THE OPERATOR A

Organization of Part III. In Section 10 we give the proof of Proposition 4.5 by first
obtaining sufficient estimates on the operator A using (primarily) the pressure estimates
from Section 9 along with the estimates on the flow map from Section 7. In Section 11, we
use these estimates on A and the invariant set of Proposition 4.5 to prove Proposition 4.6.
In Section 12, we give the proof of Proposition 4.7. In the final section of Part III, we prove
Theorem 1.4.

10. AN INVARIANT SET

We now make a series of estimates leading in Proposition 4.5 to the existence of an invariant
set in XC]X ., for the operator A.

Pr0p051t10n 10.1. Assume that for N > 0 the data has reqularity N, condy holds, and that
ue XY _ NDompy(A). Then

lwollLoo(ryy + MT* < co+ MT?,
co+cxT?,

[ H| oo o, 7751 ) <
|Hleneqorxryy <
where a = min{a, o’ —a} >0 (& is as in (9.1])).

Proof. By condy, H(0) = wg on I';.. Then, letting w = curlu, we have,
I oo o<y < IH((E, %) = H(0,%)|| oo jo,7)x14) + IIH(0, %) || ooy )

< sup  [H(t,x) = H(0,x)[ + [lwol| pee(ry)
[0,T]xT4

S Hll e o< T + llwoll ooy < llwllew )T + llwoll oo (ry)-
From (3.7), we can write,
H” =6, +6,—Vrq, H" =curlr U7,
where

1 1 + 1
01 := Un |: atUT Vr <2|U‘2> + f:| , 09 := ﬁ curlp UTu™.
Since U € CX2%(Q), we see that H(51HCN,Q([O 7)1, < Co and, applying Corollary A.9,

|’52H0N,a([0,T]xr+) < Cllug HcNa r.) T Cllu™(t) - ug—HCNa (o, T]err)Ta
< co+ CllulleyegT® < C0+CHUHXN T < co+cexT.
With (9.15), then, we see that

HHHCNa ([0,T]xT1) <o+ exT?. O
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Proposition 10.2. Assume that the data has regularity N > 0 and that u € Xé\fa N
Dompy(A). With A as in (4.3),
llwoll o=y + MT*eM < [eg + MT]eMT,
(1 —+ C())F‘C(]\f7 T) + CXT'a7

[Aul| e ()

NN

HAuHCN’a(Q)

for some a > 0, where F, is continuous and increasing in its arqguments with F.(M,0) = co.

Proof. First assume no forcing. Let wp = w(0) and recall the definition of v, in (7.5). From
(7.6), we can write, @ := Au = w4 on Uy, where

w—(tu X) = VU(Q t; 70)‘*}0(70) on U—a
w-i-(tu X) = VT](T(t, X)’ t; 7(t7 X))H(T(tv X)7 7(t) X)) on U—‘r‘
It follows, using Lemma 7.2 and Proposition 10.1, that

(10.1)

[@_(t, %) || ooy < VNl oo (@) lwoll ey < llwollpee e
@4 (8, %) || oo ) < V0| 2o (@) || oo (o 7%y < [lwollpooqryy + MT*| M,

which yields our bound on ||[Aul| ().
Let us now first treat the case N = 0, to get a better understanding of the estimates
involved. Using Lemma 7.2 along with Lemmas A.1 and A.2, we see that

@ lca@_y < [IVn(0,;70) lce @) llwo(Yo) lco @)
< Vn(0, 8 e IVl Eoo 7y P llwoll e
< HwOHCQ(Q)[l + Me(1+2a)MTTlfa]62MT'
Similarly,

ot (&, %) cayy < NVn(T(E,x), 655(E %))l cow ) H(T(E %), (%))l oo ) -
Using Lemmas 7.2 and A.2,

V(7 (t,x), ;v %) oo,y < IIVnte, ta; x) || caqomzxo) 1+ [[Dpll Lo (@))®

< [eMT + e(1+20¢)MT]\4T17(1H1 + HDMHLOO(Q)]a
and, using Lemma 7.2 and Proposition 10.1,
IH(7(¢,%),7(t, %))l co(v,) < [Hlleo(o,rxr) 1+ [1Dpl e @)
< [1+ 1Dl poo () *[eo + exT).

Again using Lemma 7.2, we see that

&4 (¢, %) | o,y < (€M7 + M TPOMTMTT[eg + exT[1 + || Dpl| oo ) **

From (6.2) and our bound above on [|&|| (), we have, for some b < 1,
lal| ooy < co+ [co+ MTYeMT + CMT?,
so (7.2) gives
1+ [ Dppll ey < coll + [[uflFoo ()€™ ™ < colleo + MTPeM )M 1 CMPT.

Hence,

w4 (t, %) |l co )

< coleMT 4 e0F2MT M1 (e + ex T [[co + MT]*e**MT 4 MAT).
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But we know from Theorem 2.2 that w € C*(Q), because we assumed condy: hence, taking
the maximum of the bounds for wy on Uy leads to an estimate of the form,

1Al caqg) < (14 co) Fe(M,T) + exT®,

where @' > 0, and where F.(M,0) = ¢p. Including forcing only adds a cxT term to the
bound, as we can see from (7.6), so an estimate of the same form holds with forcing.

Now consider N > 1. The expressions for @4 in (10.1) each consist of two factors. We
first apply Leibniz’s product rule to these expressions then apply the chain rule to each term.
For @, if § is a time-space multi-index with |3| = N, then D’@, consists of a finite sum of
terms of the form,

DA n(r(t, %), t; (t, ) D= H (7 (t, ), 7 (t,x)) [ | D% u(t, %) on Uy,
/=1

where 81 + 82 = 3 and Z?Zl\ﬁg\ = |B|. The factors can be controlled by Proposition 10.1,
Lemma 7.2, and (6.2). Following the similar process for D%w_ leads to an estimate for
[Aul|cn.a(g) of the same form as for [|Aul|ca(q).- O

Having established our many estimates, we can now give the proof of Proposition 4.5.
Proof of Proposition 4.5. For u € K, Proposition 10.2 gives
[Aullenag) < (14 co)Fe(M,T) + exT*.

Recalling, from the comment following Definition 5.1, that ¢y may increase with 7', let ¢o(0) >
0 be its value for T' = 0. Start by choosing any

M > My :=max{(3(1 + ¢o(0))), 3|| Prr. ol ov+1.0 > 1, (10.2)

which gives (1 + ¢o(0))F.(M,0) < M/3. Next, by continuity there exists 7' > 0 such that

M
(L+ ) F(M.T) < -

We can choose T' > 0 small enough that

M
CXTa < ?
It follows that
2M
[curl Auf|eon.a(g) < =
Then, because M > 3||Pch0”0N+1,a(Q), we see from (2.7) that [[Aullx , < M, after
again decreasing 7T if necessary. O

11. CONTINUITY OF THE OPERATOR A

To prove Proposition 4.6, we first make some definitions and establish a few lemmas.
Throughout this section, we let M, T, and K be given as in Proposition 4.5. We assume
that u;, ug are two vector fields in K and, for j = 1,2, we let w; = curluy, with n;, 7;, v;,
U}, and S; defined for the velocity field u;. Welet Vo = UL NUZ, W =Q\ (Vi U V).
By virtue of Lemma 7.2, we have, for j = 1, 2,

1750, 5 )lev+1.aq < C(T, M). (11.1)
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We generally to not state the the dependence of constants on 7" and M, which are fixed
and hence have no impact on the proof of Proposition 4.6. We do state such dependence
explicitly, however, when it makes the nature of the bound being derived clearer. We define
py: Uy = [0,T] x T'y by pi(t,x) = (75(t,%),7;(t,%)). We let

W i=u; — Uz, M= 1 — M2
We fix € (0, a] arbitrarily and let
03 = Wl x5 = Wl + leurl wles o) (11.2)
Lemma 11.1. We have,
[l oo vy < C(T, M)T65.

Proof. We know from Lemma 3.5 of [9] that 4, is transported by the flow map for u;; that
is,

Op1 +uy - Vg =0,
Opo +ug - Vg = 0.
Hence,
Opp+u -V = —w -V,

or,

ot m(0,15%) = —(w - Vo)1, (0, 1))

Integrating in time, using that wu(t,71(0,¢;%x))|t=0 = 0, and employing Lemma 7.2 gives
t
pu(t,m(0,¢x)) = —/O 9(w - V) (5,100, 8:x)) < [[W]l 1o () V2| o= ()
< C(T, M) O
Lemma 11.2. We have

(
(

M)T4,
M)T[05 + 63].

[l — 772HL°°([0,T]2><Q

) < C T7
IVm = Vna|| e o, 112x0) < C(T),

Proof. We have,

t2

m(tr, t2;x) — na(te, t2;x) = / [ui(s,m(t1, :%)) — uz(s, m2(t1, 5;%))] ds.
t1

Fixing t1, using (11.1), Lemma A.2, Lemma A.3, and applying Minkowski’s integral inequality

gives

Im(t1, 8 x) — m2(te, ¢ %)
t
< Hu1(37772(t173§x)) _u2(37n2(t178;x))||l/°° ds
t1
t
+ ||u1(s,n1(t1,s;x)) _u1(37772(t178;x))||L°° ds
t1
t t
< [ [Jui(s) —az(s)|[re ds + / [ur(s)ll e llm(tr, s3%) — na2(t, s5x)|[ e ds
t1 t1
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t
STOs+ C(T, M) [ |Inu(ts,s;x) — n2(t, $;%)|| L ds.
t1

Taking the supremum over x and applying Gronwall’s Lemma gives
71 (t1,t5x) = m2(t1, %)l (o,r) L () < TeC(M,T)TQB.

Since this holds uniformly for all ¢1,¢ € [0, 7], we obtain the first bound.
Similarly, starting from

Vm(tl,t;x) - V772(t17t;x) = / [VX(ul(S7n1(t178;x))) - VX(u2(37n2(t178;x)))] ds

t1

t
Z/ [V (s,m1(t1, 55%)) Vi (te, 8%) — Vua(s, n2(t1, 53%)) Vna(ts, ;X)) o ds,

t1

we find

(Vi (t1, 5 x) — Vna(ty, t;x)|
t

< Hvul(s7 m (tlv S; X))Vm(th S X) - VU1(S, 772(t1= S; X))Vm(tla 53 X)HLOC ds
t1
t

+ [ [[(Vui(s,n2(t1, s5x)) — Vua(s, n2(t1, 8x)))Vna(t1, s;x)[| Lo ds
t1
t

+ IVuy (s, m2(t1, $;%))(Vni(t1, s;x) — Vna(ty, s;X))|| pee ds
t1

t
< / 101(8) e I (t1, 5 %) — ma (e, 55 ) [Soo | Vi1 () 2= dis
t1

t
+ [ IVui(s) = Vua(s)|| e[| Via(s)[ oo ds

t1
t

+ / 1 ()l [ (£1, 5%) — Vina(ta, 53) | = ds
t1

< O(T, M)[TeCTMTg 1o o O(M, T)T8
t
+C(M,T) [ [[Vm(t, s3x) — Vna(t1, $;%)]| o ds.
t1

In the last inequality, we used Lemma 6.5 to conclude that [[Vui(s) — Vua(s)|[ze) <

VW (s)llc18(0) < Clleurlw(s)||cs ) + Cllw(s)|lm < Cp. Taking the supremum over x and
applying Gronwall’s Lemma as before gives the second bound. O

Lemma 11.3. Letting |W| be the Lebesgue measure of W :=Q \ (V4 UV_), we have

[W| < C(T, M)T?0.
Proof. The set W(t) := {x € Q: (t,x) € W} consists of all points lying between S;(¢) and
Sa(t). Any x3 € Sq(t) is of the form x; = 71(0,¢;y) for some y € I';, and by Lemma 11.2,

the point xp = 72(0,¢;y) is within a distance 6 = C(T, M)T63 of x;. That is, any point in
S1(t) is within a distance § of Sa(¢) and the relation is symmetric. So

W (t) C Ws(t) := {z € Q: dist(z, S (t)) < 5}

As we observed in Section 7, Si(t) is at least Cb* regular as a surface in €, and so has
finite Hausdorff measure; hence, we can see that |W;s(t)| < C'd. Moreover, this constant can
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depend upon T and M, but is bounded over [0, T, for as also observed in Section 7, S; is at
least C1< regular as a hypersurface in Q. Thus, |W| < T|Ws(t)| < C(T, M)T?03. O

Proof of Proposition 4.6. Let u;,us € K. We will obtain a bound in the following three
steps:

(A) Bound the difference in vorticities, Au; — Aug, assuming zero forcing.
(B) Account for forcing in the bound on Au; — Auy.
(C') Account for the harmonic component of u; and ug to bound Au; — Aus.
(A) Vorticity: Let f € CV%(Q). By Lemma A.5,
1Fllons gy < (@) + Elf lena@)lfI2(0), (11.3)

where F(z) = 2% 4+ 2 + 2%, a,, is given in Lemma A .4, and @’ is given in Lemma A.5. The
exponent a depends upon whether || f[|;2(g) is greater or less than 1. Applying (11.3) with
f:= Au; — Auy, we see that

HAU1 — AUQHCN,B(Q) g ||AU1 - Au2||Loo(Q) + C(M)||Au1 - AUQH};(GQ), (114)

since F'([[Aug — Augl|onv.ag)) < M@ + MY + M® < C(M). We conclude that to prove the

continuity of A in the CV#(Q) norm it suffices to obtain a bound on Au; — Auy in L=(Q).
Letting (¢,x) € @), we must estimate |Au;(¢,x) — Aua(¢,x)|. This involves three cases: (1)
(t,x) € V_, (2) (t,x) € V4, (3) (t,x) € W, which we consider separately. We argue first
without forcing.
(1) Define, for (t,x) € V_, j =1,2,

¥ = it x) = n;(t, 0;%). (11.5)
From (7.6), we can write,
Auy(t,x) — Auz(t,x) = Vi (0, 6v0)wo(v0) — V(0,6 78)wo(v5) = I1 + Iz,
where
I = wo(v0) - (V0,8 79) — Via(0, £73)),
Iy == (wo(70) — wo(75)) - V(0. :75).
We also make the decomposition, I1 = wo(v}) - (I§ + I?), where
Ill = an (Oa t; 7(1)) - V771 (07 t; 7g)a
Then,
111l oo vy < llwollzoo(y (Ml zooqvey + I3 [l oeqv)) »
with
123 oo vy < VM0, %) e oy I (8,05 2) = (8,05 ) [ e )
< O(T, M)T[T605)* < C(T, M)T'**63,
121z vy < UVm(0,8;) = V(0,45 ) || ooy < C(T, M)T[85 + 03],
where we applied Lemma 11.2. Similarly, applying Lemmas 11.2 and A.3,
12| oo vy < llwollga gy m (€, 05 +) = m2(t; 05 )| Foo vy VD20, 2, ) | oo v
< C(T,M)M[C(T, M)T0s]*.
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Dropping the dependence upon M or the initial data, which play no role here, we conclude
| A (t,%) = Aua(t, %) | (v ) < C(T)[B + 03).
(2) For (t,x) € V4, we have
Auy (t,x) — Aug(t,x) = Hy(pa (£, %)) - V(1 (E, %), 894 (£,%))
— Ha(pa(t, x)) - Vipp(2(t, %), 5 75(t, %))
=J1+J2+ Js3,
where H;(t,x) is defined in (3.7) for u;, and

J1 = Hl(,ul(t,x)) . (V’I’]l(Tl(t,X),t;’Yl(t7X)) - v"??(Tl(th)vt§"/1(t7X)))’
J2 = Hl(,ul(t,x)) . (V’I’]Q(Tl(t,x),t;’)’l(t7x)) - vnQ(TQ(th)vt§72(t7X)))’
Js = (Hy(p1(t,x)) — Ha(pa(t,x)) - Vna(r2(t, x), t5v2(t, %))

Now, since H;(s,y) = w;(s,y) for (s,y) € [0,T] x I'y, we have, using Lemma 11.2,
[Jillpoe vy S Nlwillze@IVm(sts-) = V(s t59) e (@) < C(T, M)[0p + 03],
where we also used condg. For Jo, we have, using Lemmas 11.1 and A.3,
12l oo vy < lwillzeo @l V2l ga gy 1 (T1(E, %), 71 (2, %)) — (72(t, %), 72 (8, %)) | 7o ()
S O(T, M)|[plzoe ) < C(T, M)05.
For J3, we have
J3 <[ Hy (pa (8, %)) — Ha(pa(t, x)|| Loo () [ V2]l oo (@)
But, [[Vnal| gy < C(T, M) by Lemma 7.2, and, using Lemma A.3,
[ (pa (2, %)) — Ha(pa(t, x)|| ooy
< [[Hy (pa (8, %)) — Ha (1 (8, %) || oo ) + [Hz(pa (8, %)) — Ha(p2(t, x) || 2w,
Hy — Ha || oo jo,7)xry ) + [HL — Hall a0 7y, 11T
w1 — @l oy + C(T, M)O3 < C(T, M)[65 + 03],

where in the second-to-last inequality we used the bounds on H; and Hs from Proposition 10.1
and appealed to condy.
Combined, we see that

1AW (£, x) — Aua(t, %) || oo v,y < C(T, M)[65 + 03],

(3) Now assume (t,x) € W. Applying Lemma A.10 with Lipschitz modulus of continuity,
r—= ||[Auy — Augl|par < M7,

<
<

[Awr — Azl ooy < Far (|Aur — Aua| 2 wy)
for a continuous function Fy; with Fjz(0) = 0. From Lemma 11.3,
1 1
[Aur — Aug|[ 2wy < [|[Aur — Aug||poo iy |[W]2 < CM[W|2 < CO(T, M )0,
which then gives a bound on [|[Au; — Auz|| zeo (1)
(B) Accounting for forcing: To treat forcing, let Gft be given by (7.6) for n;. Then

IGL — G2l L)

T
</0 [Vn1(s, t;m(t, s%))g(s, m(t, 53%)) — Vna(s, t;m2(t, s5%))g (s, na2(t, 53 %)) || Lo () ds-
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But,

V01 (s, t;mi(t, s3%))g(s,m(t, 8;%)) — Vna(s, t;m2(t, s5%))g(s, n2(t, 5, %)) || oo (@)
< IVm(s, tsm(t, s3%x))g(s, mi(t, s5%)) — Vs, tm(t, 53%))8(s,m1(t, 85%))[ Lo (o)
+ IVna(s, t;m1(t, 55%x))g (s, m(t, s3%)) — Vna(s, t;n2(t, 5;%))g(s, m1 (L, 85%)) | Lo ()
+ I Vna(s, t;m2(t, 55%))g (s, m(t, s3%)) — Vna(s, t;n2(t, 5;%))g(s, m2(t, 85%)) | Lo ()
<V = Vel peo o,r2x0) 8l 2o (@) + V2]l o (0,112 IV = V2| To0 (10,772 x0) 18]l 220 (@)
+ V2l Lo (0,112 x2)) 18l e 111 = 12| To0 ()

where we used Lemmas A.2 and A.3. .
Since g € L>(Q), while Vi, and V7 are bounded in C*([0, T)? x §2), by Lemma 11.2 we
see that

IGL - GiHLw(vi) < CT[0p + 03].

Hence, the inclusion of forcing does not change our bounds on [[Au (t, x) — Auz(t, X)|[ oo (v7)
in (1), (2). And G, G2 are bounded on Q, so the estimate on ||Au; — Aug|| 2y in (3)
is also unchanged.

(C) Velocity: It remains to deal with the harmonic component of vi — va. Let Q; =
VK[Au;] — (VK[Au,])T, as in (2.7). We have that

Puv;(t) = P (0) + /O Py f(s) ds — /O Pa Py (2 (s)w (s)) ds.

By Lemma 6.1, || Py u||r~(g) < Cllulg for any u € H, so, noting that v1(t) — va(t) € H,
t
1Pr, (vi — Vo)l 2 (@) < [[ur(0) — u2(0)[|n +/ [ Pr (1u1 — Q2u2) ()| ds
0
t
< 095 +/ H(Qlul — QQUQ) (S)HLQ(Q) ds.
0
But,
t
[ 61— Qo) (5) 120y
0
t t
< /O [€21(s) (w1 — u2)(s)||p2() ds +/0 (21 — Q2)(s)uz(s)||L2(q) ds

t t
< /0 1921 (5) | e ey | (1 — 02 (3)] 2gcn ds + /0 (21— €22) ()] e 12(s) | ey s
< MT¥y,

where we used that the nonzero components of £2; come from Au;.
Applying (11.4), we conclude that

[Auy — Aug|| oo () < C(M, T)[[lur — u2flcs () + [l — w2l[¢s o)),

which shows that A: K — K is continuous in the Xz 3 norm. O



36 G.-M. GIE, J. KELLIHER, AND A. MAZZUCATO

12. FULL INFLOW BOUNDARY CONDITION SATISFIED

We are ready to prove Proposition 4.7, which shows that a solution satisfying (1.5)14 also
satisfies (1.5)5. This can be done by defining H by (3.7) and recovering the pressure using
N{u] of (3.6), as already observed in [2].

Proof of Proposition /.7. Our proof is inspired by the proof of Lemma 4.2.1 pages 156-
159 of [2]. Let

w=u' —UT, P:=p—q.

By Proposition 3.1, w = W][u,p] on [0,7] x Iy, where we recall that W{u, p] is defined in
(3.4). From (9.1), (3.5), and (3.6), we see that on I'y, VP -n = divp(U™w). Hence, P
satisfies

AP =0 in €,
VP -n=0 on I'_UTy,
VP -n=divpr(U"w) onl;.

Multiplying by P and integrating over §2 gives

|vp|y§2(m:_(AP,P)+/ (VP -n)P = divr(U"w)P:—/ Unw - VrP. (12.1)
Iy Iy r,

By (3.3) and the assumption that H = w on I'y, we know that U[H |- = U W7 [u, p]]*.
Using also that (v:)t = —v, we have, from (3.4) and (3.7), that on I'y,

1
oUT + Vr <q+ 2|U|2> —fT +eurlp UT[u" |t = H

=w=0u" +Vr (p + ;\uP) —f7 + curlpu” [uT )t
Subtracting the left hand side from the right hand side, we have
0= VrP+ %vp(|u|2 ~|U?) + 8w + curlp wluT ],
But, w™ = H™ on I', which gives curlp UT = curlr u”. Hence, curlr w = 0, so
VrP = —9,w — %vp(|u|2 —[UP).
Returning to (12.1), we thus have

1
IV Py = [ Um0t 5 [ U Ve(ui - [UP).
I, r

+
Now,
n 1 n 2 1 n 2 1 n 2
Ulw - 0w = — U w|* = = HU™ W] — = U™ |w]
r, 2 Jr, 2 Jr, 2 Jr,
1d 1
LA e - / oU™ [wl?,
2dt Jr, 2 Jr,
SO

d
/ U"\WZZ/ 8tU"|w|2/ Umw - Vr(Ju]® = [U?) + 2|V P| 7 (q)- (12.2)
dt Jr, I, I,
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Writing |U2 — [u?> = [u"|? = [UT|2 = w-v on 'y, since U™ = u™, where v := U7 +uT,
we have

/ Unw - Vr(Ju]? — |UP?) = / Uw - Vp(w-v)
ry ry

:/MUn(W.vFV).er/ U™(w-Vrw)-v

Ly

1
= / U*(w-Vrv) -w— - |w|? divp (U™v).
r, 2 J)r,

For the last term above, we used that U™(w - Vrw) - v = (1/2)U™v - Vr|w|? and integrated
by parts via Lemma B.1. Then because v and U™ are sufficiently regular, we have

D<o [ wh
Ty

Changing sign in (12.2) and integrating in time, we see that

/ U () [wit)? = - / U @)lw()
<- / oUW + / / Unw - Vr(ul? - [OP) / IV P
<[ [ w(ods > [19P <c [ JEORE

In the first equality we used that U™ < 0 on ', in the second equality we used that w(0) = 0,
and in the third equality we used that ;U™ is bounded.
Now since |U™] is bounded away from zero, we have

|w(t) C/ |w(s)|? ds,
r, T,

and we conclude from Grénwall’s Lemma that w = 0. This means that u” = U7, so (1.5)5
holds. 0

/ Uw - Vr(|Ju]? — |U|
Iy

Remark 12.1. If I'g = T, the classical setting of impermeable boundary conditions on the
whole boundary, our proof of existence and uniqueness still applies, though a number of things
trivialize. First, no vorticity is transported off of the boundary, so there is no need for the
pressure estimates in Section 9, and U_ is all of QQ, so many of the flow map constructs,
such as S, T, and 7y are unnecessary. And, of course, none of the estimates involving Uy are
needed. The bound on the time of existence is still finite, however.

13. VORTICITY BOUNDARY CONDITIONS

Proof of Theorem 1./. The proof of existence is the same as that for Theorem 1.2, though
with substantial simplifications. Because H is given with sufficient regularity, it satisfies

[ H| o (jo.11xr4) < cos [Hl[enea(orxr,) < €0

Hence, there are no pressure estimates involved, so the condition in (1.11) immediately gives
(2.2), and there is no need to appeal to Proposition 3.8. Since we only require u-n = U™ on
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I, we simplify the definition of Dompy(A) in (4.1) to
Domp(A) := {u € C¥ Q) u(0) = ug},

and there is no need to invoke Proposition 4.7 or Lemma 6.4. Otherwise, the remainder of
the proof of existence proceeds unchanged.

For uniqueness when NV > 1, let w; = curluy, j = 1,2, and let w = u; —uy. Then w € Hy,
since uj, ue have the same prescribed harmonic component, u.. Let

p=curlw = w; — ws.

Since N > 1, we have enough regularity to write Qiw; + u; - Vw; = w; - Vu; + curlf, and
subtracting this relation for j = 2 from that for j = 1 gives

8,5,u—|—u1~Vu+w'Vw2:w1-Vw+u‘Vu2. (13.1)

Multiplying by p, integrating over €2, and using that (uy - Vi, u) = (1/2)(uy, V|u|?), gives

1d 1
——|lpl]* + / up - Vipl = —(w- Vo, p) + (w1 - Vw, p) + (- Vug, p)
2dt 2 Ja
1 1 1 1 (13.2)
< IVl Wl + Slul® + Sl e IVw]* + S lll® + Vs oo |l
where ||-|| := ||| z2(q) here. As in the proof of Lemma 6.5, elements of H have mean zero, so

by Poincaré’s inequality, ||w| < C||Vw]||. Moreover, since w € Hp, we have |[Vw| < C||u]]
and so obtain

d
Sl < = [ Vi .
Q

We note that Vwy € L>®([0,T] x §2) by the N = 1 existence result. But,

— [ Vil = [ dva P - [0l =— [ onlek <o,
Q Q T T

so we conclude from Gronwall’s lemma, since p(0) = 0, that g = 0. That is, u; = us.
Finally, from (1.10);, we have

o™ + (u-vu)T = (f-Vp)T +27.

From condy, then, we see that z7 (0) = 0. Since also 2™(0) = 0, we know that z(0) =0. O
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APPENDIX A. HOLDER SPACE LEMMAS

We collect here a number of estimates in Holder spaces, which we use throughout much of
this paper. We include proofs only of the less standard ones.

Lemma A.1. Let f,g € C*(U). Then
1fgllce < lIflle=llgllee,

/

1£9llea < NS llzoellgllee + MgllzeellFll ¢
[fgllce < fllzellglice + 1 Flzellglicn + lglzeellfllga,
< fllzellgllos +llgllze<ll fllo,

N

1fgllca < 1 fllzeellgllee + lgllzeellflloa-

Also, for any B € (0, ), allowing o = 1, we have the interpolation inequality,

B 1-8
1l < 20 F N8l e
Lemma A.2. Let U,V be open subsets of Euclidean spaces, o € (0,1], and k > 1 an integer.
If f € CEY(U) and g € C*12(V) with g(V) C U then
If 09||c"a(v) < ||f||Ca(U)||9||%ip(v)a

1f e glleevy < fllpe @y + 1 o @y 191 ipevy < 1 lcaq) [1 9l Zipvy | (A.1)
k+1
1 e gllerawy < CE) flleraw) |1+ ||9||ck’+1(V)} ;
where Lip is the homogeneous Lipschitz semi-norm and C% is the homogeneous Holder norm.

Lemma A.3. Let U,V be open subsets of R?, d > 1, and let o € (0,1]. Assume that the
domain of f is U and the domains of g and h are V, with g(V'),h(V) C U. Then

1f 09— Fohllieq) < Il eaqn g = AllEmqw,
We also have the following interpolation-like inequality:

Lemma A.4. Let U be a bounded open subset of R, d > 1, let n > 1, and V" f € C*(U).
Then

19" Fll o) < Aoy £ 1200,
where
2n+d

= = K
T ot d+2a

Proof. First extend f continuously to all of R? in all Sobolov and Holder spaces, as can
be done using the extension operator in Theorem 5, chapter VI of [25]. Applying a cutoff
function, we can insure that the extension, which we continue to call f, has support with a
diameter no more than twice diam(U).

Then
IV fllee @y = sup [V'f(x)[= sup [V"f(x)—V"f(x0)] <R,
x€Esupp f xesupp f
where xq is a fixed point in (supp f)¢ and

V' f(x) — V" f(x
R= sup |x—x0|* sup [V f(x) /( 0)‘: sup |X—X0|a||vn(f(3'))”c"a(Rd)'

_ e
xesupp f xesupp f |X XO‘ x€Esupp f
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In particular,
IV Fll oo ey < B4 |1 f 1l L2 (may (A.2)

for all f € C3°(RY).
Following the scaling argument in the proof of Proposition 13.3.4 of [27], we write (A.2)
schematically in the form @ < R + P. Replacing f(-) with f(s-), we have V"(f(sx)) =

L n n _d
s"V f(sx). This gives [[V"(f(s))| Lo (ra) = "IV fll oo (ray and [[f (s) |2 ey = 72 [ fl| 12 (ra)-
Also, R becomes

vn - Vvr
sup |SX _ SX0|CX sup sn‘ f(SX) f(5X0)| — s
x€E€supp f x€Esupp f |5X - 5X0|a

Thus, @ < R+ P becomes

n+aR

s"Q < sS"TYR + s_gP — Q<s“R+ s_<”+%)P.
As in [27], we conclude that
IV f 1l ooty < IV F e gy 112Gy < CUV FllEa o 1 1 2oy

as long as aa = (n + %)(1 — a), which gives the stated value of a and the stated estimate,
using the continuity of the extension operator. ([l

The inequality in Lemma A .4 is similar to that in the lemma on page 126 of [22], used by
the authors of [2] (for N = 0).

Lemma A.5. Let U be a bounded open subset of R, d > 1, let n > 1, and suppose that
feC™(U). Let ay be as in Lemma A.j. For any 5 € (0, ),

1 llemsqy < Iy + C [ 1Eneq) e ] [z, + 11z
+ Ol | 132
where
= (B/@) +an(1 = B/a) <1

On [0,T] x T4, by the regularity of Iy, we have the following equivalent formulations of
Hélder norms (a simulation formulation holds for any time-space domain, such as @ and Uy ):

|f(t1,x) — f(t2,x)]

fll Ae = sup = sup ||/, %) || fa ,
1l o,77 ) ook F—— XGF+H (%)l o)

in [0,7]xT

[f(t,x1) — f(¢,x2)| (A.3)

f Yo = Sup — Sup f t o ,
1 e omxry) T Ay e te[wll Ollar.

in [0,T]><F+
1 lleo,rxrsy = Wfllepomyxryy + I legqomxrs)-

Lemma A.6. Let o € (0,1] and assume that f: [0,T] x 'y — R is a continuous function
with the properties that for all t1,ts € [0, T

o [If(t1) = f(t2)llear, ) < Fillts — t2]);

o [If(t1) = f(t2)llpee(ry) < F2(t1 — t2]),
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where Fy, Fy are increasing continuous functions with Fa(t) = O(t*). Then
F(t)
£l e £ garp.y + Fi(T) + sup ,
Co([0,T]xTy) Co(ry) AT

Lemma A.7. Assume that f € C™V2([0,T] x T'y) for some N > 0, with the properties that
for all ty,ty € [0,T],

o [[DYNf(t1) = DN f(t2)llgaqr,y < Fi(lts — t2]);
o [DNf(t1) — DN f(t2)llpoe(ry) < Fa(lts — tal),

where Fy, Fy are increasing continuous functions with Fy(t) = O(t%*). Then

Fo(t
I lesaunp) < LFOlonaqes) +156) = FOllon e, + CAT) + € sup Z0.
€10,

Lemma A.8. If f € CN(Q) for some N =0 and a € (0,1] then for any t1,t2 € [0,T],
1f(t1) = f(E2)llen @) < Clifllovaglts — t2|*.
Corollary A.9. If f € CN*(Q) for some N >0 and a € (0,1] then
1F(#) = FO)llen @) < Cllfllov.agT™.
Lemma A.10 is adapted from Lemma 8.3 of [13].

Lemma A.10. Suppose that f;: R? - R, j = 1,2, each have the modulus of continuity p,
with p: [0,00) — [0,00) continuous and increasing with p(0) = 0. There exists a continuous
increasing function F': [0,00) — oo, depending on p, with F(0) = 0 for which

11 = follzo ey < F(|lf1 = fallL2ray)-

Proof. Fix x € R? arbitrarily and suppose that § = |fi(z) — fa(x)| > 0. Let y be in the ball
B of radius a = u~1(5/4) about z, so that |fi(z) — fi(y)|,|f2(z) — f2(y)| < 6/4. Then

J
1) = o)l 2 & = |fi(@) = Aily)l = | fo(2) = fo(y)] = 5
Hence,
1
\*\* o
1f1 = fell2may = ILfr = fellrzs) = (/ (2) > = 5V,
B
or,
™o _
(3) = o 3/ < I~ Foll e
Since p~! must be increasing, so must h, so setting F' = h~! (noting that F(0) = 0) we have

|fi(z) — fo(z)| = 0 < F(| f1 — fall L2 (may)-

This inequality applies for all x even when § = |fi(z) — fa(x)| = 0, giving the result. O
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APPENDIX B. BOUNDARY DIFFERENTIAL OPERATORS

We can define differential operators up to order two on 0f2 by treating it as a manifold having
at least C? regularity. In this appendix, we describe the properties that we need of the first-
order differential operators, V, divp, and curlp. We refer the reader to standard references
for such operators (for instance, Section 2.2 of [26]).

We will also have the need to calculate V, div, and curl in 3-space, but restricted to the
boundary. This can be done by introducing a convenient coordinate system in a tubular
neighborhood of the boundary in such a way that on the boundary itself, the coordinates
reduce to a convenient coordinate system on the boundary. This is as done, for instance,
in [8], drawing upon [14], and we refer the reader to those references for details.

We can define Vp—and then from it, divp and curlp—in a coordinate-free manner by
requiring that for any f € C°°(I') and any smooth curve x(s) on I' parameterized by arc
length,

Vrf - ¥(0) = lim f(x(s)) = fF(x(0))

s—0 S

We then define divr as the adjoint of Vr, in the sense of Lemma B.1:

Lemma B.1. Let f € CY(T'), v € (CY(T))?. Then
/V-fo:—/dinvf.
r r

divp(fv) = fdivpv+v-Vrf. (B.1)

Moreover,

Proof. This is classical for smooth functions (see, for instance, Proposition 2.2.2 of [26]), and
follows in the same way for C' functions, integrating by parts on the boundary in charts. O

Finally, we define (with the L operator as in Definition 8.1)

curlp v := — divp v.
We collect now a few useful facts.
For u, v tangent vectors,

1 . 1 . 1
(u-Vrv)-v= a—jujajv’ v = gjulﬁjlvlz =gu V|v|?,

so for any component I'), of the boundary,

1
/ (u‘va)~v—2/ u- Vrlv|?

curlp v = (curlv) - n (B.2)

For a vector field v on €,

and
divv = divp v7 + 0pv™ + (k1 + k2)v™ on T (B.3)

Lemma B.2. Let u,v be vector fields on Q. Then

uxv]T = VTt —o"uT)t, u™vT — o™ =[(v xu)T]t
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Proof. We have,
uxv=Uu"+u")x (VP +vT)=u"xv’T —v® xu” +u” xv7,
since u™ x v = 0. Now, u” x v7 is parallel to n, so we see that

T T

uxv]T =u" xvT —v" xu’.

But, u™ is perpendicular to v, so we see that u™ x v7 = u™[v7 ]+, and similarly, v* x u” =
v [uT]t. Hence, [uxv]T = u?[vT ]+ —v"[uT ]+, giving also u™vT —v™u” = [(vxu)T]+. O
Proof of Proposition 8.2. All the following calculations are on I'. We start with a short
calculation in rectangular coordinates, using that divu = d;u* = 0:
(u-Vu)-n =u'du'n’ = 0;(u'vn?) — wWu'din! = div(u™u) —u- (u- Vn)
= div(u"u) —u” - Au”.
In the last equality, we used that because n does not change in the direction of n,
u-Vn="-Vin+u”  -Vn=Au",

which is a tangent vector.
From (B.3) followed by (B.1), then,

div(u™u) = divp(u™uT) + 9 (u™)? + (k1 + Ka)(u™)?
= u™divpu” +u” - Vru™ 4 9, (u™)? + (k1 4 Ro)(u™)?.
Using (B.3) again,
0 = (divu)u™ = (divr u” + 0pu™ + (k1 + K2)u™)u"™,
S0
O (u™)? = 2u™0pu™ = —2u™ divpu” — 2(k1 + ko) (u™)?.
Hence,

(u-Vu)-n=—u"divpu” +u” - Vru™ — (k + ko) (u™)? —u” - Au”. O
APPENDIX C. COMPATIBILITY CONDITIONS: SPECIAL CASE

In [28], Temam and Wang consider a periodic domain with U = (0,0, —1), so UT = 0 for all
time. More generally, the authors of [6] consider U = —U In, where U! > 0 is constant, so
U7 =0 on I'y for all time. The compatibility conditions simplify in these settings.

Proposition C.1. Assume that UT = 0 and U™ is spatially constant along Ty (U™ need
not be constant in time). Then the compatibility condition condy for N > 0 is

N7 =0 = & Vrpli=o — U (&} wT ) i=o for all 0 < j < N, (C.1)
where & Vrpli—o and & w|—o must be treated as explained following (1.9).
Proof. Since u™ = UT =0, (B.2) gives that on 'y,

Ww'=w-n=curlpu’ =0.
In particular, this holds at time zero. Both 6;U7T = 0 and curlp UT = 0, while |[U|?> =
(U™)? is constant on T'y, so also Vp|U|?> = 0. We see, then, that H” simplifies to H” =

(U™~ [T - Vrp]L, so lincondy (which follows from condy by Proposition 3.7) becomes

[£7 — Vrp],_, = Ugwy,
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which is (C.1) for N = 0. The inductive extension of this to higher N follows readily, leading
to (C.1) for N > 0. O

The condition in (C.1) for N = 0 also follows from condy with slightly more work, though
the inductive extension to higher N is not so transparent as it is starting from condy,.

Because divf = 0 with f -n = 0 on I, f plays no role in the calculation of Vrp for N = 0.
By writing the condition in (C.1) as we do, we are stressing that, given initial data one can
always choose a forcing at time zero so that condg is satisfied.

For all N > 1, though, forcing enters into the calculation of 9, Vrp, when d;uy is replaced
by f —ug - Vug — Vpg: even though f - n = 0, the forcing still does not, in general, vanish
from even the N = 1 condition. Because of this fact, the forcing is intimately entwined in
condy for N > 1, appearing on both sides of the condition, even for the simplest nontrivial
case considered in [28]. These same comments hold in the general setting, but are more
transparent in this simplified setting.
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