EXPANDING DOMAIN LIMIT FOR INCOMPRESSIBLE
FLUIDS IN THE PLANE
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ABSTRACT. The general class of problems we consider is the following;:
Let Q1 be a bounded domain in R? for d > 2 and let u° be a velocity field
on all of R?. Suppose that for all R > 1 we have an operator Tr that
projects u° restricted to RQ1 (€1 scaled by R) into a function space on
R, for which the solution to some initial value problem is well-posed
with 7gu’ as the initial velocity. Can we show that as R — oo the
solution to the initial value problem on R(); converges to a solution in
the whole space?

We answer this question when d = 2 for weak solutions to the Navier-
Stokes and Euler equations. For the Navier-Stokes equations we assume
the lowest regularity of u° for which one can obtain adequate control
on the pressure. For the Euler equations we assume the lowest feasible
regularity of u° for which uniqueness of solutions to the Euler equations
is known (thus, we allow “slightly unbounded” vorticity). In both cases,
we obtain strong convergence of the velocity and the vorticity as R — oo
and, for the Euler equations, the flow. Our approach yields, in principle,
a bound on the rates of convergence.

Compiled on November 26, 2007

CONTENTS
1. Introduction 2
2. Yudovich Vorticity 3
3. Function Spaces 4
4. Truncation of the initial velocity 5
5. Weak Solutions 8
6. Properties of the Velocity and Pressure 9
7. Tail of the Velocity 11
8. Main Result: Convergence of Solutions 12
Appendix A. Various Lemmas 20
References 22

2000 Mathematics Subject Classification. Primary 76D05, 76C99.
Key words and phrases. Navier-Stokes equations, Euler equations.



2 JAMES P. KELLIHER

1. INTRODUCTION

The properties of the solutions to the Navier-Stokes equations (which we
refer to as (N.S)) and to the Euler equations (which we refer to as (E)) are
reasonably well understood in two dimensions in the setting of a bounded
domain and in the whole space (as well as for periodic domains). It is a
natural question to ask whether the solution to (NS) or (E) in a bounded
domain approaches the solution to (N.S) or (E) in the entire space as we let
the size of the bounded domain increase to infinity.

More precisely, let €1 be a bounded domain with a C2-boundary I'y. For
simplicity, we assume that €2; is connected and simply connected. Define

Qr = ROy and I'p := RI' = 0Qpg for R in [1,00). (1.1)

We assume that the origin lies in the interior of i, so that Qg fills the
whole space as R — oo. For R = oo, we define Qi to be R? and I'p to be
empty.

Let X (Qg) be a function space for which (N S) or (E) is well-posed on Q.
Let u” lie in X (R?) and suppose that 7x is a “truncation” operator that maps
X(R?) to X(Qr) in such a way that [|u’|o, — Tru||x(,) — 0 as R — .
The question we address is the following: If upg is the solution (velocity) to
(NS) or (E) on Qg with initial velocity 7ruo and u is the solution to (N.S)
or (E) on R?, can we show that ||u|q, — uR||L2([07T];X(QR)) —0as R — oo?

We show in Theorem 8.1 that, in fact, such convergence does occur in
X(QR) = HY(QR). For solutions to (N.S) we need only assume that u° lies
in H'(R?). For solutions to (E), though, we need a stronger assumption
on u® to have well-posedness. We will assume that the initial velocity has
Yudovich vorticity, described in Section 2. This is a class of vorticities
introduced by Yudovich in [19] for which he showed uniqueness of solutions
to (E) in a bounded domain in R? d > 2. This class is slightly broader
than initial vorticities lying in L°°, for which Yudovich established the same
uniqueness result in [18]. It is the natural class of initial vorticities for us
to use because it is ideally suited to the use of energy methods, and is the
largest such class for which existence and uniqueness of solutions to (E)
has been established. (For the larger class of initial vorticities defined by
Misha Vishik in [15] existence is not known. Also, this class is not as readily
amenable to the use of energy methods; see, however, [2].)

We will restrict ourselves to solutions in the whole space that have finite
energy, though this is a stronger condition than required. For instance, the
spaces Ey, of [1] which allow infinite energy or spaces that allow even slower
decay of the velocity at infinity can be dealt with using our techniques. The
assumption of finite energy simplifies the analysis considerably, however, in
large part because it does not require us to make significant adaptations
to the standard existence and uniqueness results for the Navier-Stokes and
Euler equations, and because it simplifies considerably the definition of the
truncation operator 7g.
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Our results seem to be most closely related to those of [5] and [6], in which
the authors consider the limit as € — 0 of solutions of (F) and (NS) on the
domain external to 2, = €)1, where (), is a fixed simply connected domain.
In a sense, this is the opposite limit to what we consider. They start with a
smooth initial vorticity w® whose support is compact and does not contain
the origin. For € > 0, they use as an initial velocity the unique divergence-
free vector field in QF that is tangent to 9€), has a curl equal to w° in
QY. and has a given fixed circulation v. Using a weak vorticity formulation
of (E), they find, roughly speaking, that a subsequence of solutions to (E)
converges in the limit as ¢ — 0 to a solution to (E) with an additional
forcing term of 9. (Here, § is the Dirac delta function.) In contrast, for
(NS) they find that a subsequence converges to a solution to (NS) whose
initial vorticity is w® + vd. (The smoothness of the initial vorticity is not
the critical point; their convergence argument for (E) would apply for initial
vorticities in LP for p > 2 and even less smoothness is required for (N S), as
they note.)

The limits considered here and in [5] and [6] can be viewed as falling into
the broad class of limits of singularly perturbed domains, as considered in
detail for elliptic problems in [12].

This paper is organized as follows: In Section 2 we define Yudovich vor-
ticity and in Section 3 we define the function spaces we will use. In Section 4
we describe how we adjust the initial velocity to satisfy the boundary con-
ditions. We define a weak solution to (NS) and (F) in Section 5 and give
the basic existence, uniqueness, and regularity results for the velocity and
pressure in Section 6. We also require a uniform-in-time bound on how fast
solutions to (N .S) and (E) in all of R? vanish at infinity, which we discuss in
Section 7. Our main result, in which we establish convergence of solutions to
(NS) and (E) as R — o0, is given in Section 8. We include in the appendix
various lemmas we use in the body of the paper.

A few words on notation: We define the vorticity of a vector field u on
R? by w(u) := 01u® — deul. By T, we always mean an arbitrary, but fixed,
positive real number representing time. The symbol C stands for a positive
constant that can hold different values on either side of an inequality, though
always has the same value on each side of an equality. The constant may
have dependence on certain parameters, such as viscosity, but will never
have any dependence on our scaling factor, R. We use the notation [ fg
when we sometimes should more properly write (f,g)—the pairing of f in
a function space X with an element g in the dual space of X.

2. YUDOVICH VORTICITY

Definition 2.1. Let 6 : [pg,00) — R* for some pg in (1,2). We say that 6
is admissible if the function By : (0, 00) — [0, 00) defined, for some M > 0,
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by
B () = 2C) inf {(Mexl_e/e)e(l/e) cein (0, (2 + 60)_1]} , (2.1)

where C is a fixed absolute constant and ey > 0 is fixed as in Lemma A.5,
satisfies

U dx
@) 0. (2.2)
Because
B () = ZCOM% inf {((z/M)~/e)0(1/e) : € in (0,(2+€) ']}

= Mpi(x/M),
this definition is independent of the value of M. Also, 8 is a monotonically
increasing continuous function, with lim,_ .o+ Sy (z) = 0.
Yudovich proves in [19] that for a bounded domain in R”, if ||w°||r <
0(p) for some admissible function #, then at most one solution to the Euler
equations exists. Because of this, we call such a vorticity, Yudovich vorticity:

Definition 2.2. We say that a vector field v has Yudovich vorticity if for
some admissible function € : [pg, 00) — RT with pg in (1,2), [|w(v)| 1, < 0(p)
for all p in [pg, ).
Examples of admissible bounds on vorticity are

Oo(p) = 1,01(p) =logp,...,0m(p) =logp-loglogp---log™p,  (2.3)
where log™ is log composed with itself m times. These admissible bounds
are described in [19] (see also [7].) Roughly speaking, the LP-norm of a
Yudovich vorticity can grow in p only slightly faster than logp and still be

admissible. Such growth in the LP-norm arises, for example, from a point
singularity of the type loglog(1/|z]).

3. FUNCTION SPACES
We will use the following function spaces:
H(Qg) = {ve (L*(Qg))* :divo=0in Qg and v-n=0on 'z},
VE(QR) = {ve (H'(QR))*:divo=0in Qr and v-n=0on '},

VNS (Qp) = {ve (HY(QR))? : dive = 0 in Qx and v = 0 on Tr}.
(3.1)

We equip H(Qg) with the L?(Qx)-norm and V) (Qg) and VIV (Qp) with
the H'(Qr)-norm.

IThe definition of By in Equation (2.1) differs from that in [7] in that it directly
incorporates the factor of p that appears in the Calderén-Zygmund inequality; in [7] this
factor is included in the equivalent of Equation (2.2).
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Our solutions to (E) at time ¢ will lie in V#)(Qg), solutions to (NS) in
VNS (Qr). In general, VIV (Qr) ¢ VIE)(Qr) ¢ H(QR); however, when
Qr = R?, the first two spaces coincide, and we simply write V (R?).

Given a function 6 : [pg, 00) — R admissible in the sense of Definition 2.1
for some pg in (1,2), we define the subspace

Yo(2r) = {v € VO Q) : [lo(v) |y < CO(p) for all p in [po, ) }
for some constant C'. We define a norm on Yy by

[ollve@r) = IVll2@p + suP W)l ey /0(P)- (3.2)
PE[P0,0)

Finally, we define the space
Y(Qr) = {v € YQ(E)(QR) : for some admissible 9} ,
but place no norm on this space.

4. TRUNCATION OF THE INITIAL VELOCITY

Definition 4.1 (“Truncation” operator). Let
¥ ={x € QO :dist(z,I'1) < 1/2R},

where % is the maximum curvature of I';. Let o1 in C°°(£21) taking values
in [0,1] be defined so that ¢; = 1 on ©; \ ¥; and ¢1 = 0 on I'y, and let
or() = ¢1(-/R) and X = RX;. Let ¢ be a stream function for u € H(R?);
that is, u = V+¢ (¢ is unique up to the addition of a constant). Finally,
define 7r: H(R?) — H(QR) by

Tru := V- (orvR), (4.1)
where g = 1) — |Sp| ! sz 1, so that fER Yr =0 and u = Vi on all of
R2. '

Lemma 4.2. Tg: H(R?) — H(Qg) with an operator norm that is indepen-
dent of R. For any u in H(R?),
|lu — Trullgr(y) — 0 as R — oo. (4.2)

Tr: V(R?) — VEN(QR) with an operator norm that is independent of R.
For any u in V(R?),

lu — Trul| g1 (ay) — 0 as R — oo. (4.3)

Tr: Yo(R?) — Yg(Q2g) with an operator norm that is independent of R. For
any u in Yg(R?),

|w(u) — w(Tru) Lr(0g) — 0 as R — o0 (4.4)

uniformly over all p in [pp,0), po being as in Definition 2.2.
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If in Definition 4.1 we impose the extra condition on the cutoff function
p1 that Vi1 =0 on 'y then also
Tr: V(R?) — V¥ (Qp) (4.5)

with an operator norm that is independent of R, and Equation (4.2) and
Equation (4.3) continue to hold.

Proof. Define X, ¢r, and ¥ as in Definition 4.1. Observe that
IVerlLem < C/R, VYRl ooy < C/R?,
and by Lemma A.3,
IRl Lr(sR) < CpRINVURI Lr(sr) = CpRllull (s )

for all p in [1, oo] for some constant C,. Thus,

lu — Trull riag = lu — V- (0rvr) 20 =t — 9rV R — VRV Rl 1200,
<1 = @rlze=pllulzsg + IVerlle s VRl L2 0)
Cs

< lullz2(sp) + 7 Rllullr2(s,) < Cllullp2esp)-

This converges to 0 as R — oo since u is in L?(R?), giving Equation (4.2).
The same calculation with the first term dropped gives

1Trullm(0p) < llullr2@p) + Collullzesr) < Cllullzep) (4.6)

which bounds the operator norm of 7z: H(R?) — H(Qg) independently of
8 Similarly,
IVu = VTrull 20, = IVt — VYV (0rYR) | 200

= |Vu = V(erV4r) = V(erV @r)llr2@p)

= ||[Vu — orVV Yr — Vor @ Vg — Vir ® Vior — vrVVT0r| r2(p)

= /(1 = ¢r)Vu — Vor @ V'Y — Vior @ Vior — vrVV 0r 12(0,)

< | Vullasg) + 21IVerll oo (s 1ullz2s0) + IVV T 0RI oo w0 10R] 2055

C Cy
< |Vullp2(sy) + EHUHB(ER) + ﬁRHUHL?(ER) < Cllull gz p),

which converges to zero because u is in H'(R?). This gives Equation (4.3).
The same calculation with the first term dropped gives

IVTrul r20,) < Vullp2iap) + (C/R)|[ullL2ny) < Cllulla g
Together with Equation (4.6), this bounds the operator norm of 7z : V(R?) —
VE)(Qg) independently of R.

Requiring that Vi1 = 0 on I'y (so Vipr = 0 on I'g ) affects none of the
calculations above while ensuring that 7Tzu lies in V(V9)(Qp), since then
Tru = @rV*Yr + YrV+Ypr = 0on I'p, giving Equation (4.5) and the
independence of the operator norm on R.
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Now assume that u lies in Yy(R?). Then for all p in the interval [pg, co),
lw(uw) = w(Tru) || e (0p)
= |w(u) — w(erVYR) — w(WRV0R)| Lo (p)
= [lw(u) = pro(V9R) + ViR - (Vir)"
— Yrw(VI9R) + VR - (Y 0Rr) e @p (4.7)
= (1 — pr)w(u) — 2Vor - Vg — ¥rw(VE0r) | 1o(sh)

C C
< w(u)|lLe(sg) + E||V¢R||LP(ER) + ﬁHwRHLP(ZR)-

We wish to obtain a bound on the last term that is independent of p.
When p > 2,

C C
ﬁ”wRHLP(ER) < ﬁ”l/}RHLQOLOO(ER)
C C
< max {C,Coo} ﬁRHV¢RHLZme(2R) < E”“HL2QLN(ER)7

which converges to 0 because u is in L?(R?) by assumption and is in L>(R?)
by Lemma A.4. For p in [pg,2), let ¢ and b be such that 1/p = 1/2+ 1/q
and 1/pg = 1/2+ 1/b. Then

C C _
ﬁ”wRHLP(ER) < ﬁ”q/}RHL?(ER)Hl”L‘I(ER) < CR*4 *CoR|[ull z2(s )

= CRY " ul| 12 ) -
Since g > b > 2, we have

C _ _
w2 IVRllLe(sr) < CRY* M|ul 2o () < CRYPMlull ponpoe m2),
an inequality that, in fact, holds for all p in [pg, 00). Similarly,
C

EvaRHLP(ZR) < CRY"M|ul| oo (m2).-
Then from Equation (4.7), we have
flw(u) — W(TRU)HLP(QR) < HW(U)HLP(ER) + CRQ/b?lHUHL?ﬁLOO(R?)-

This converges to 0 as R — oo because w(u) is in LP(R?), u is in L2NL>®(R?),
and 2/b — 1 < 0, giving Equation (4.4).
A similar argument gives

o (Tru)l oo < llw(@)l|o@z) + CRYP 7l p20 100 22)-
From interpolation of Lebesgue spaces and Lemma A .4,
Jull 20 poo (r2) < max {||ull L2 (r2), 1u]| oo m2) }

< O (Iullzze) + Nl pagrey ) < C lully, gy
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Thus by Equation (3.2),

"TRU“Ye(QR) < HUHLQ(RQ) + sup
PE[po,00)

<C HUHYQ(W)»

o ()]l 1o g2y + CRP 7 [Jully, (g2
0(p)

showing that 7Tr: Yy(R?) — Yg(2g) with an operator norm that is indepen-
dent of R. O

5. WEAK SOLUTIONS

Definition 5.1 (Weak Navier-Stokes Solutions). Given viscosity v > 0 and
initial velocity u® in H(Qg), uin L2([0, T]; VIV with dyu in L2([0, TT; (V V)Y
is a weak solution to the Navier-Stokes equations (without forcing) if u(0) =
u® and
(NS) (9tu-v—|—/ (u-Vu)-v+v Vu-Vv=0
Qr Qpr Qr
for almost all ¢ in [0, 7] and for all v in VN9 (QR).

For the Fuler equations, existence is only known if the LP-norm of the
initial vorticity is finite for some p in (1, 00|, and uniqueness is known only
under even stronger assumptions, such as the initial velocity lying in Y (see
also [15]). This is reflected in the following definition of a weak solution to
the Euler equations.

Definition 5.2 (Weak Euler Solutions). Given an initial velocity u’ in

Y(Qg), w in L®([0,T); VE)) with dyu in L2([0,T]; (VY is a weak solu-
tion to the Euler equations (without forcing) if u(0) = u® and

(E) 8tu-v~|—/ (u-Vu)-v=0
Qg Qr

for almost all ¢ in [0, 7] and for all v in V() (QR).

Given a solution to (N.S), there exists a distribution p (tempered, if R =
o0) such that

Owu+u - Vu+ Vp = vAu, (5.1)
equality holding in the sense of distributions. This follows from a result of
Poincaré and de Rham that any distribution that is a curl-free vector is the

gradient of some scalar distribution.
Given a solution to (F), there exists a pressure p such that

Ou+u-Vu+ Vp =0, (5.2)

but we can only interpret p as a distribution when R = oo. Otherwise,
we must view dyu + u - Vu as lying in H~*(Qg) and p as lying in L?(Qg).
(Equation (5.2) follows, for instance, from Remark 1.1.9 p. 14 of [14].)
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In both Equation (5.1) and Equation (5.2) the pressure is unique up to
the addition of a function of time. We resolve this ambiguity for R < oo
by requiring that fQR p(t) = 0 and for R = oo by requiring that p(¢) lie in
L%(QR) for almost all ¢ in [0, T).

6. PROPERTIES OF THE VELOCITY AND PRESSURE

Theorem 6.1. (1) Assume that u® is in V(R?). Then there exists a unique
weak solution (u,p) to (NS) with initial velocity u® for R = oo and initial
velocity Tru® (see Definition 4.1) for R in [1,00), with

u € L>([0,T); HQR)), Vue L>®([0,T]; L*(Qr)),
u € LY[0,T); L>®(QR)), Au e L*([0,T]; L*(QR)),

Opu € LQ([OaT]; H(QR))v Vp e LQ([OvT]; L2(QR))7

ue Lo([0,T]; H (Qr)), u e L*((0,T]; H*(QR)),

and the norms in these spaces can be bounded independently of R in [1,00].
If R < oo then p is in L?([0,T]; L*(Qr)) and if R = oo then p is in
L>=([0,T); L*(R?)) and Vp is in L*([0, T]; L*(R?)).

(2) Assume that u® is in Yo(R?). Then there exists a unique weak solution
(u,p) to (E) in the sense of Definition 5.2 with initial velocity u® for R = oo
and initial velocity Tru® for R in [1,00). The velocity u lies in L>=([0,T]; Yo)
and is unique in that class. We have,

u € L>([0,T); HQR)), Vuec L>®([0,T); L*(QR)),
u € L=([0,T] x QR), u € C([0,T] x Qr)
Opu € L=([0,T); H(QR)), Vp e L=([0,T]; L*(Qr)),

and the norms in these spaces and of u in L*([0,T];Yy) can be bounded
independently of R in [1,00]. The pressure p is in L>°([0,T]; H*(R?)). Also,

J O ey = 16l zagan) (6.1)

for all g in [po, ) (and for q = oo if w® is in L°(Qr)) and almost all t > 0,
where pg is as in Definition 2.2.

Furthermore, there is a bound on the modulus of continuity of u(t,z) int
that is independent of x and a bound on the modulus of continuity of u(t,x)
in x that is independent of t, and both of these bounds are independent of
R in [1,00]. There ezists a unique flow X associated with u with bounds
on the moduli of continuity in time and in space with the same properties
just described for w. Finally, the bound, u, on the modulus of continuity of
u(t,x) in x satisfies fol ds/u(s) = oo.

Proof. The facts regarding solutions to (NS) in (1) are entirely classical
except perhaps for the independence of the norms on R. In that regard,
we note that no domain-dependent constants enter into the bounds on u in
L>([0,T); H(2R)) or Vu in L2([0,T]; L?>(Qr)), as these bounds follow from
the most basic energy equality derived by multiplying Equation (5.1) by «
and integrating over Q. (This is true even with forcing, though then the
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domain-independent bounds grow with 7".) Only the norms of u® and Vu? in
L?(Q2R) enter into these bounds, and by Lemma 4.2 the truncation operator
Tr is bounded in L? and H'; hence, the bounds can be made independent
of R.

In the bounds on Vu in L>([0,T]; L?(2g)) and Au in L2([0, T); L*(QRr)),
domain-dependent constants do enter. These bounds follow by an energy
inequality derived (formally) by multiplying Equation (5.1) by Au and inte-
grating over Qg (see, for instance, the proof of Theorem II1.3.10 p. 213-214
of [14] for details). Here, A is the Stokes operator.

The proof of this energy inequality relies on two key inequalities, the first
being

CllAull g2y < [Aullp2qy) < AUl L2y - (6.2)

The constant C' is independent of R because Au and Aw scale the same way
with R. The second key inequality is Equation (A.3) applied to Vu instead
of u, giving

IVulli o < ClIVUll 20y (||VVU”L2(QR) + (1/R) ”VU||L2(QR)) :

But it follows from basic elliptic regularity theory (see, for instance, Theorem
8.12 p. 176 of [4])) that

IVVull 2 < C (I180ll g2y + (1/R) [Vull 2y ) (6:3)

with a scaling argument to give the factor of 1/R and the independence of
C on R. Other than the additional term of (1/R) [|Vul|;2(q ), which is easy
to accommodate, the derivation of the energy inequality proceeds as usual,
giving bounds on Vu in L>([0, T]; H*(QRr)), on w in L*°([0,T]; L*(Qg)), and
on Au in L2([0,T); L?(Qg)) that are independent of R (though not of the
shape of the domain).

Because u, Vu, and Au are each in L2([0,T]; L?(2g)) with bounds on
their norms that are independent of R, it follows from Equation (6.3) that
w is in L2([0,T); H?(2g)) with a bound on its norm that is independent of
R.

The remaining bounds on u, dyu, and Vp follow from these basic bounds,
and in that way we obtain independence of all the stated norms on R.

By Lemma 4.2, the operator norm of 7x: Yy(R?) — Y4(2g) is indepen-
dent of R. So too then are the bounds on the norms in (2), which derive
from the energy inequality and the transport of vorticity along the flow lines
and so involve no domain-dependent constants.

For solutions to (F) in (2), the existence, uniqueness, and regularity of u
for R < oo were proved in the special case of bounded initial vorticity by
Yudovich in [18]. He extended uniqueness to the case of Yudovich initial
vorticity in [19] for R < oo; uniqueness for R = oo is essentially the same
(see [7]). For R in [1,00], existence in the class Y({2r) follows from Theorem
4.1 p. 126 and the comment immediately preceding Remark 4.4 p. 132 of
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[10], the comment being that the LP-norm of vorticity is independent of time
for any p for which w? is in LP. For R < oo, existence can also be established
as in [17], [18] (see comment in the introduction to [19]). Uniqueness in the
class Y(Qr) for R < oo is established by Yudovich in [19], and his argument
extends with little change to R = oc.

To establish the facts concerning the moduli of continuity of the velocity
and flow in the last paragraph of (2), however, it is much easier to adapt
the approach in Majda’s proof of existence and uniqueness of solutions to
(E) as elucidated on p. 311-319 of [11]. (The proof is worked out in all
of R? but can be adapted to a bounded domain without difficulty.) The
only significant change we need make for the unbounded initial vorticities
in Yy(f2R) is to substitute the potential theory arguments in Lemma 6.2 for
those in [11]. O

Lemma 6.2. Let u lie in the space L*°([0,T];Yo(2r)) for R in [1,00] and
assume that u is locally integrable in [0,T] x Qr. Then there exists a unique
associated flow X : [0,T] x Qr — Qgr. The moduli of continuity of u(t,-)
and X (t,-) are each bounded by a function that depends only upon the norm
of win L>®([0,T]; Yg(Qr)) and upon the function 0 itself (in particular, the
bound is independent of t in [0,T).) Furthermore, if p is the bound on the
modulus of continuity of the u in space, then fg ds/u(s) = oo.

Proof. For R = oo this result follows from Theorem 3.1 of [15] (or see Chap-
ter 5 of [8]). For R < oo it follows from Lemma 4.2 and Theorem 2 of [19]
except for the independence of the moduli of continuity on R, but this fol-
lows from a scaling argument. In both cases, the bound depends only upon
the function 0 (via the function p). O

As noted in [19], there is the somewhat surprising relationship between p
and the function 31 of Equation (2.1) that u(r) = (C/r)B3:1(r?/4).

7. TAIL OF THE VELOCITY

For our solutions to (E) and (NS) in all of R?, at any time ¢ > 0 the velocity
u(t) and its gradient Vu(t) lie in L?(R?) and hence vanish at infinity, though
at no specific a priori rate. In the proof of Theorem 8.1, however, we will
need the stronger property that u(t) vanishes at infinity in the L?-norm at
a rate that is bounded in L*°([0,T]) and, for (NS), that Vu(t) vanishes in
the L?-norm at a rate that is bounded in L?*([0,7]). The rate itself, while
unimportant to obtain convergence, will be determined by the rate at which

u® vanishes at infinity, though will never be faster than C/R.

Lemma 7.1. Let (u,p) be a solution to (E) in all of R? with initial velocity
in Y(R?). Then

||U||L<>o([o,T];L2(Qg)) — 0 as R — oo. (7.1)
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Let (u,p) be a solution to (NS) in all of R? with initial velocity in H(R?).
Then Equation (7.1) holds and also
||VUHL2([0,T];L2(Q§)) — 0 as R — oo. (7.2)

Proof. The lemma follows by a standard energy argument that involves scal-
ing by R a cutoff function defined to be 0 on {2, /5 and 1 on 0f. (]

8. MAIN RESULT: CONVERGENCE OF SOLUTIONS

Theorem 8.1. Let u® be in V(R?) and let (ur,pr) be the solution to (NS)
of Definition 5.1 for R in [1,00) with initial velocity Tru® in VINS)(Qpg).
(TR is defined in Definition 4.1.) Let (u,p) be the solution to (NS) in all of
R? with initial velocity u°. Then

lur = ull Lo o122 () — 0 08 B — 00 (8.1)
and
||VUR - V’UJHLz([O,T};Lz(QR)) — 0 as R — . (8.2)

Let u® be in Y(R?) and let (ugr,pr) be the unique solution to (E) of
Definition 5.2 for R in [1,00) with initial velocity Tru® in Y(Qr). Let (u,p)
be the solution to (E) in all of R? with initial velocity u®. Then

lur = ull oo (0,77 220L% (25)) — 0 a8 R — 00 (8.3)
and

IVur = Vull oo (0,17,10(2g)) — 0 a5 B — 00 (8.4)
for all p in [pg, 00), where py is as in Definition 2.2. Also, if Xr and X are

the flows associated to ur and u, as given by Theorem 6.1, then
IXR = Xl Lo 0.71x025) — 0 @8 B — o0, (8.5)
Proof. Basic energy inequality: For the first part of the proof we will

treat (N.S) and (E) in a unified manner, since, formally, (E) is simply (N.5)
with v = 0. We start with a basic energy argument. Let

wW=UR — U

and observe that [[w(0)|| g1, = [[u® — Tru’|| g1, — 0 as R — oo by
Lemma 4.2.

Subtracting Equation (5.1) for (u,p) from Equation (5.1) for (ur,pr), we
have, on Qp,

Ow + uRr - Vugp —ur - Vu+ug - Vu—u-Vu+ Vpg — Vp = vAw
or

ow+ug - Vw+w-Vu+ Vpr — Vp = vAw.
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Multiplying by w and integrating over space, we obtain

1d )
33 10Oy + [ (- w)-wt [ V)

R Qr

+ V(pr—p) - w=v Aw - w
Qr Qr

=—v Vw-Vw+u/ (Vw-n)-w
Qr T

:—u/ ]Vw|2—1// (Vw - n) - u.

In the last equality we used v = 0 for (F) and ug = 0 on I'g for (N.S).
But,

. | . 1
/ (uR-Vw)-w:/ uﬁajwszZQ/ u7,0; ]w|2:2/ up -V |w|?
QR QR QR QR
1 . 1
— 5 [ @vanul 5 [ (unew- o <o,
QR I'r

since divug = 0 and ug -n = 0 on I'g (in fact, ugp = 0 on 'y for (NS)).
Thus, we have,
d

o Hw(t)H%Q(QR) +2v vaH%Z(QR)

—=2 [ Vn-p) w2 [
QR 1—‘R

Integrating in time gives

t
lw(Ol 720 +2v | IVwllZ2@p
0 (

(Vw-n)-u—Q/QR(w-Vu)-w.

= (0220, 2 /0 | Vor-p-w (8.6)

—QV/Ot/FR(Vw-n)~u—2/0t/QR(w-Vu)-w.

Letting £ be the extension operator of Lemma A.1, we have

Vpr —p) -w = — V(pR—P)'U:/ V(Epr —p) - u.
O O ag

The first equality follows from fQR V(pr —p) - ur = 0 and the second from
Jr2 V(EPr — p) - u = 0. Then,

t
// Vp-u
0 Jaog
t
// vng-u
0 Jaog

< VDl L2 go,ry;22 2y lull 20,1522 09)) »

(8.7)

< vapRHL?([o,T};L?(R?)) HUHL?([O,T};L?(Qg)) :




14 JAMES P. KELLIHER

The first integral in Equation (8.7) converges to 0 as R — oo by Theo-
rem 6.1 and Equation (7.1). Because

1
IVEPRl 2@e) < C (HVPRHLQ(QR) th HpR’LQ(QR)> < CIVprllr2@p

by Lemma A.1 and Lemma A.3 (recall that fQR pr = 0), the second integral
in Equation (8.7) converges to 0 as well.

For solutions to (N S), we extend w to all of R? as w = Eug — u (we do
not need a divergence-free extension). Then

/(Vw-n)'u:— Vw - Vu — Aw - u
T'r g Qs
SO

(Vw-n)-u

g < IVl g2 o,ry;2@2)) 1Vl 20,1122 09))
R

+ 18wl 20,7y, 2 m2y) lull L2 0,722 -

By Theorem 6.1, |[Vull 120 7y, 12(r2)) < C- Also,

IVEuURI 20, r2r2)) < C vl 20,1y, (0n)) < C
by Lemma A.1 and Theorem 6.1 so ||[Vw|| 2o 15.2(r2)) < €. Similar rea-
soning gives [|Aw|[ 2o 71, r2(r2)) < C- Therefore,

/ (Vw - n)
FR

as R — oo by Equation (7.1) and Equation (7.2). (It is only in this bound
that we require that u° lie in V(R?). For the other bounds, u° in H(R?)
would have sufficed.)

From Equation (8.6) and the estimates above, we have that

t t
()220, + 20 / Vw2 < K +2 / /Q Val w2, (8.8)
R

where K — 0 as R — oo.

Solutions to (NS) with u” in V: Assume that (ug,pr) and (u,p) are
solutions to (NS) with «9 in VIN$)(R?). Applying Lemma A.2, Young’s
inequality, and the inequality (A + B)? < 2(A% + B?) to Equation (8.8), we
have

t t
()220, + 20 /0 V|22 0,y < K +2 /O 19l 2 ol

¢ 1
<K+ 23/2/0 IVull 2 10l L2(020) <||Vw||L2(QR) tr ||w||L2(QR)>

t 1 t
<&+ [ (190l + gz llsng ) + € [ I9ulay lulfny
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or,

t t
14
s+ [ 1Vl < K+ [ (CIVlR0 + 7) lolian,

t
<K+C [l

where we used Theorem 6.1 in the last inequality. Applying Gronwall’s
lemma gives Equation (8.1) and Equation (8.2).

Solutions to (£): By Lemma 4.2 and Theorem 6.1, there exists a unique
solution (ug,pr) to () for all R in [1,00) and both ugr and u lie in L>(R x
Qr) with a norm that is independent of R. Thus,

M = sup || [w]? || Lo (0.1 x ) (8.9)
R>1

is finite and independent of R in [1, oc].
We now proceed as in [19] or [7]. Let s be in [0, 7], and let

A=luw(s, ), B=|Vu(s,z)|, L(s) = [[w(s)|7z-
Then for all 1/€ in [2 4 €, 00),
/ Vs, )| [w(s, 2)[ dx—/ AB = AfAl—fBgMe/ Al=p
Qr Qr Qr Qr
< M A" Lo 1Bl gye = MY A NIB e
—€ € _51
= ML(s)' " V()| g1 < CML(s)" ™" [lw”l| e
1
< CMEL(s)'™¢=0(1/e),
€

where 6 is as in Definition 2.1. Here we used Lemma A.5 and the bounds on
the LP-norms of the vorticity given by Equation (6.1). Since this inequality
holds for all € in (0,1/(2 + €9) ] it follows that

2/"|Vuw~w\w«&xn2dxs;CﬂM<L@»,
RQ

with (s as in Equation (2.1). From Equation (8.8), then, we have

Lt) <K +C /Ot B (L(r)) dr. (8.10)

L(t) ds t
ds = t. 11
/K CﬂM(s)S/o o=t (1)

It follows that for all ¢ in (0,77,

L ds 1 ds
cr .
/K B (s) =er /L(t) B (s)

By Lemma A.6,
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Since Equation (2.2) holds, as R — oo the left side becomes infinite; hence,
so must the right side. But this implies that L(¢) — 0 as R — oo, and that
the convergence is uniform over [0, 7]: this is Equation (8.1). It also follows
from Equation (8.11) that

L(t) dr
< Ct,
/K B (r) —

which can be used, in principle, to bound the rate of convergence. Also,
Equation (8.3) follows by an application of Corollary 8.4 to ur and u|q,.
Vorticity for solutions to (E): We have,

lwr(t) = W)l Lrg) = |0°(Tru®) 0 X1 (1) = w® o X (1)l Lop)
< w(Tru®) 0 X' (1) — w” 0 X' (1)l o)
+ w0 X5 (t) —” o X1 (O) || o(an)

= [0°(Tru") = &l + 0”0 X5 (1) =’ Xl(t)lle(Q?), |
8.12

using, in the last step, that Xgl(t) is measure-preserving and maps Qg to
itself. The first term on the right-hand side of Equation (8.12) converges to
zero as R — oo by Lemma 4.2.

This leaves the second term on the right-hand side of Equation (8.12),
which converges to zero by Lemma 8.2 if X' — X1 in L>([0,T] x Qg),
which we now show.

The inverse flow X! is given by

t

X Ytz)=2— / u(s, X (s, x))ds,
0
and similarly for X}_zl. Then,

‘Xﬁl(t,x) - X, x)! = /0 (uR(s,X};l(s,x)) —u(s, X (s,)))ds

</0 ‘uR(s,X];l(s,x)) - u(s,X}gl(s,:U))‘ ds

—I—/O ‘u(s,Xﬁl(s,x)) —u(s,X_l(s,x))‘ ds.
But,
}u(s,X]gl(s,:c)) —u(s, X '(s,2))| < ,u(‘Xgl(s,x) — X 1(s,1)]),

where 4 is the bound on the modulus of continuity in space of u given by
Theorem 6.1. Also,

/0 lur(s, X51(s,2)) — u(s, X5\ (s,2))| ds < A(R)T,
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where A(R) = |lur — ull oo (077 2p); this converges to zero as R — oo by
Equation (8.3). Thus,

| X (tx) - X Ht,2)| < A(R)T+/O w(| X5 (s,2) — X (s, 2)]).

Letting Lg(t) = |Xz'(t,z) — X71(t, )|, we have
ds

LR(t)gA(R)T+/O o

Applying Lemma A.6 gives
LR(t) ds
/ R
A(R)T ()

Because fol 11(s) ds = oo, we conclude that Xp' — X~ in L>([0,T] x Qp),
thus completing the demonstration of Equation (8.5). Applying Lemma A.5
for p > 2 + ¢y and standard elliptic regularity bounds along with Equa-
tion (8.3) for p in [po, 2 + €o) gives Equation (8.4). O

We can obtain an upper bound on the rate of convergence of solutions
to (NS) in Equation (8.1) and Equation (8.2) by examining the bounds in
the proof above, in the proof of Lemma 7.1, and the proof of Lemma 4.2.
Similarly, we can obtain a bound on the rate of convergence of solutions to
(E) in Equation (8.3). For (N.S), the convergence rate is controlled by the
rate of decay with R of HUOHLZ(Qg) and HVuOHLz(Qg). For solutions to (F),
the convergence rate is controlled by the rate of decay with R of ||uY|| £2(0%)
and by the function By of Definition 2.1. (The function (Bjs enters into
these bounds much as in [7] or [9].)

We can also obtain a bound on the rate of convergence in Equation (8.4),
but this ultimately relies on measure-theoretic properties of w that are
hard to usefully characterize let alone quantify. The rate of convergence
of the flow, however, can be determined much as for the convergence in
Equation (8.3).

We used the following lemmas in the proof of Theorem 8.1:

Lemma 8.2. Let f be in LP(RY), 1 <p < oo, d>1 and let (X,,) and (Yy,)
be sequences of measure-preserving homeomorphisms from a domain X of
R? to all of R® with

[ Xn — Yn”LOO(ER) < M(n)

with M(n) — 0 as n — oo. Then there exists a nondecreasing function
N :(0,00) — ZT such that for all e > 0 if n > N(e) then

[foXn—fo YnHLP(ZR) <€
Furthermore, the function N depends only upon the functions f and M.
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Proof. Our proof is an adaptation of the proof that translation is continuous
in LP(R%) (see, for instance, Theorem 8.19 p. 134-135 of [16]). Approximate
f in LP(R%) by a sequence of functions ( f;) that are finite linear combinations
of characteristic functions of cubes in R%. It is easy to see that if g is the
characteristic function of a cube, then

lg10 Xn — g1 0 Yall s < ll91(-+ M(n)ej) = g1()ll 1oy »

and that [|g1(- + M(n)e;) — g1()ll o,y — 0 as n — oo. Here, e; is any
of the coordinate basis vectors. If go is also the characteristic function of a
cube, then

(g1 + g92) © X — (91 + 92) © Yall Lo (n )
=llgro Xn —g10Yn+g20Xn = g20Yall1as,
<|[lgroXn—g10 YnHLP(ZR) + llg2 0 Xpn — g2 0 Yn”LP(ER)
< N1+ M)es) = 61 () sy + 920+ M(m)es) — 82Ol
s0 [[(g1 + 92) © X — (g1 + 92) © Yall 1o(ss,) — 0 as m — 00 at a rate that is
bounded in terms of M (n). We conclude then that each f; has the property
that || fx o Xn — fi 0 Yall1p(s,) — 0 @s n — oo at a rate that is bounded in
terms of M (n).
Now let € > 0 and choose k large enough that || f — fl|1»(g2) < €/4. Then
||f o X, — f o Yn”LP(ZR) < ||f o X, — fk o XnHLp(ZR)
10 Xn = fi 0 Yall oy + i © Yo = £ 0 Yall sy
=/ o Xn = froYallpoispy + 1k = flloxzispy + 1k = fllopirisn)
< |lfw o Xn = fr o Yallpoizpy T 21k = flloo ey -
If we choose N large enough that || fi o Xn — fk o Yallpo(s,) < €/2 for all

n > N, it follows that | f o Xy — f o Yo 1ps,) <€ for all n > N. What we

have constructed is the desired map N = N(e) from the properties only of
M and f. U

Lemma 8.3. Let

F(Qr) = {u € (C(Q))*: ulz) —u(y)] < plz —y))},
where p is a nondecreasing continuous function with p(0) = 0. (That is,
F(QRr) consists of all continuous functions on Qg with a given common

bound on their modulus of continuity.) Then there exists a continuous func-
tion F : [0,00) — [0,00) with F(0) = 0 such that for all uy, uy in F(Qr),

Jur =zl poo ) < Flllur — u2llp2(ap))-

Moreover, a choice of F' can be made that is independent of R in [1,c0].
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Proof. Assume first that R = oo and let uy, ug be in F(Qg). Fix x in Qg
and let

0 = |uy(x) — ua(z)|.

Now suppose that y is in the ball B of radius a about x, where a = p~1(§/4).
Then

ur(z) —wr(y)] < ple —yl) < pla) = 6/4
and also |ua(z) — u2(y)| < d/4. It follows that
u1(y) — u2(y)| = 6/2
for all y in B, and thus that

1/2 —~
o =l gy > s = valgagy > ([ 6722) " = b

Hence,

(8) 1= 007 (6/4) < flur — wall e (8.13)
SO
ur(x) — ug()| = 6 < ™ ([Jur — | 2 gay)-
Since this is true for all x in Qg,
lur = ug| oo r2y < F(llur — uall2(r2y); (8.14)

where F' = h™1, and where we note that F'(0) = 0.
The only modification required for R in [1,00) is that we must replace
the ball B with BN Qg. If B has radius

r< 1/(2%3) = R/(Qﬁl) = CR,
where Rg is the maximum curvature of I'r (which is necessarily positive),
then it is easy to see that Area(B N Qr) > (1/4) Area B. This has the
effect of changing the constant /7/2 in Equation (8.13) to y/7/8 and gives
F(x) = h=Y(z) for x in the interval [0, CR]. For z > CR, the constant in
Equation (8.13) decreases below /7 /8 resulting in an F' that increases more
rapidly than A~!. In any case, it follows that the function F' that results for
R =1 serves as an upper bound on F for all R in [1, c0]. O

Corollary 8.4. Let u;: [0,7] x Qr — R?, j = 1,2, with u;(t) in F(Qg) for
almost all t in [0,T], where F(Qg) is as in Lemma 8.3. Then there exists a
continuous function F : [0,00) — [0,00) with F(0) =0 such that

[Jur — u2||L°°([0,T]><QR) < F([Jur - UQHLOO([O,T};LQ(QR)))'
Proof. Apply Lemma 8.3 to u;(t) and ua(t) for all ¢ in [0, T]. O
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APPENDIX A. VARIOUS LEMMAS

Lemma A.1. For any R in [1,00) there ezists a single bounded linear ez-
tension operator £ = Ep, £ : H"P(Qr) — H™P(R?) for alln =0,1,... and
all p in [1, 00|, with

1€ S rnp @2y < Cnllflzrnm gy » (A.1)

where the constant Cy, is independent of p and R in [1, 00].
If f is in HYP(QR) then

1
Vel < € (190l + 5 i) (A2
with a constant C' that is independent of p and R in [1,c0].

Proof. First define the extension operator & on ;. We can use, for in-
stance, a partition of unity and the extension operator of Theorem 5 p.
181 of [13], since we have sufficient smoothness of the boundary. This gives
Equation (A.1) for R = 1 with independence of C,, on p. (The extension op-
erator of Theorem 5 p. 181 of [13] would suffice, except for the independence
of Cy, on p.)

Now let R be in [1,00) with f in H™P(Qp), and define f in H™P(;) by
fi(x) = f(Rx). Then define &g by Erf(z) = (&1f1)(z/R). The factor of
1/R in Equation (A.2) and the independence of C), on R in [1, c0) follow by
scaling. O

The following is Ladyzhenskaya’s inequality and a simple consequence of
it.
Lemma A.2. For u in H}(Qg) with R in [1, 0],
2
lullZ10p < 22 ull L2 1 VUl 220
For w in HY(QR) with R in [1,00),

1
[l < oy (IVulion + 5 iy ) (A3)
where C' is independent of R in [1,00].

Proof. The first inequality is Ladyzhenskaya’s inequality (see, for instance,
Lemma II1.3.3 p. 197 of [14]). The second inequality follows from the first,
since H}(R?) = H'(R?), and from Lemma A.1:

ullZ s < €I i < 22 1€ull 2 IVEUI 1200

1
<l (1Nl + 5 Mol )
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Lemma A.3 (Poincaré’s inequality). Let U be an open bounded connected
subset of R? with a C'-boundary, and let Up = RU. Then for all f in
HYP(Ug) with fURf =0,

1l o @ry < CoRAIV Lo g
for all p in [1,00], where Cy, is independent of R.

Proof. This is classical; see, for instance, Theorem 1 p. 275 of [3]. To verify
that the scaling factor is R, assume that

1l zo @y < Co(B) IV £l Lo g - (A.4)
Let f be in LP(Ug) and define f; in LP(Uy) by fi(z) = f(Rz). Then the
chain rule and a change of variables gives

— R2/p

1l oo Ty

while
valan(Ul) = R/ va”LP(UR) :
Multiplying both sides of Equation (A.4) by R2/? gives
11l oy < Cp(R)R™ IVl o) -

Since this is true for all f in LP(Ug) it follows that C,(1) < Cp(R)R™L.
Interchanging the roles of Ug and U; it follows that C,(R) = Cp(1)R. O

1
Lemma A.4. Let f be a scalar- or vector-valued function in L*(R?) with
Vf in LYR?) for some a in (2,00). Then f is in L*(R?)N L>(R?), and for
all b in (a, 0],

1 lzseey < © (Ifl 2y + C IV Floge) ) (A.5)

where the constant C depends on a and on b.
Let v be a divergence-free vector field in L*(R?) with vorticity w lying in

L%(R?) for some a in (2,00). Then v is in L*(R?) N L*(R?), and for all b

in (a, o],

2

HUHU» R2) <C HUHH (R2 + HWHLG R2) | > (A.6)
) )

where the constant C depends on a and on b.

Proof. This can be proven by decomposing v into low and high-frequencies

using Littlewood-Paley operators. See, for instance, Lemma 2B.1 p. 23-24

of [8]. O
The following is a result of Yudovich’s:

Lemma A.5. Fizing ey > 0, for any p in [2+ €, 00) and any u in V) (Qp)
(recall that Qg is simply connected),

IVull rg) < CPllw@)ll Loy
with a constant C' that is independent of p and of R in [1,0].
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Proof. Let u be in V(E)(QR). Then 1, the stream function for u, can be
assumed to vanish on I'g since g is simply connected. Applying Corollary
1 of [17] with the operator L = A and r = 0 gives

IVull Loary < 19l g2g) < CORPIAY oy = CQRIP [W(W)]l Lr(p) -
To demonstrate the independence of C(Q2r) on R, let u be an arbitrary
element of V(F)(Qg). Then u(-) = ui(-/R) for some u; in V) (). But,
HVUHLP(QR) = R*r1 Hvul”Lp(Ql) and Hw(u)HLP(QR) = R*r~1 HW(Ul)HLp(Qly
so C(2r) < C(); the argument in reverse shows equality of the two con-
stants. g

The following is Osgood’s lemma (see, for instance, p. 92 of [1]). The
succinct proof is due to M. Tehranchi.

Lemma A.6 (Osgood’s lemma). Let L be a measurable nonnegative func-
tion and vy a nonnegative locally integrable function, each defined on the
domain [to,t1]. Let p: [0,00) — [0,00) be a continuous nondecreasing func-
tion, with 11(0) = 0. Let a > 0, and assume that for all t in [to,t1],

¢

L) <at [ A(u(L)ds (A7)

to

L(t) ds t
< v(s) ds.
[ sl
Ifa=0 and [;°ds/p(s) = oo, then L = 0.

Proof. We have,

/L(t) dx /a+f,fo Ywp(L(w)du 7.
< haiadl
o mx) T g p(z)

L y(s)u(L(s) ds .
Séﬂmﬁﬁwwwwmmgéﬂﬁﬁ

The last inequality follows from Equation (A.7), since p is nondecreasing.
O

If a >0, then
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