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ABSTRACT. In [4] the authors consider the two dimensional Navier-Stokes equations in
the exterior of an obstacle shrinking to a point and determine the limit velocity. Here we
consider the same problem in the three dimensional case, proving that the limit velocity
is a solution of the Navier-Stokes equations in the full space.
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1. INTRODUCTION

The investigation of small obstacle limits in an incompressible fluid was initiated in [3].
In that paper, the authors consider the Euler equations in the exterior of a two-dimensional
obstacle that shrinks homothetically (that is, by dilation) to a point. It is assumed that the
initial vorticity is the restriction to the exterior of the obstacle of a smooth vorticity field
compactly supported in R?\ {0}, and that the circulation of the velocity on the boundary
of the obstacle is independent of the size of the obstacle. It is then proved in [3] that the
limit velocity is a solution of a PDE that looks like an Euler equation that embeds the
Dirac mass of the point the obstacle shrinks to. The vorticity also acquires a Dirac mass at
this point. The case of several obstacles was treated in [5] and the two-dimensional viscous
case in [4], where it is proved that the limit equation is also Navier-Stokes but there is still
formation of an additional Dirac mass in the limit vorticity. This is due to the circulation
of the velocity on the boundary of the obstacle not vanishing.

Here we consider the same problem in the three-dimensional case: pass to the limit in the
Navier-Stokes equations in the exterior of an obstacle that shrinks to a point. In contrast
to the two-dimensional case, we do not have to prescribe the circulation of the velocity on
the boundary since the domain is simply connected. We prove that the limit equation is
the Navier-Stokes equation in the full space and that the vorticity of the limit velocity at
time t = 0 is simply the initial vorticity that we give for the obstacle-dependent problem.
Therefore, there is no formation of additional vorticity as in the case of R?2. We are also
able to consider more general obstacles than in [4]: Instead of assuming that the obstacle
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homothetically shrinks to a point we assume only that the diameter of the obstacle goes
to zero.

More precisely, let II. = R*\ Q. be a simply connected exterior domain with C* bound-
ary such that Q. C B(0, Me), where the constant M is independent of . We assume that
the initial vorticity wp is smooth, divergence-free, and compactly supported in R3. Since
the domain II, is simply connected, there exists a unique square-integrable, divergence-free
velocity field uf in II. tangent to the boundary of II. and whose curl is wo|,,_ (see Proposi-
tion 6 below). We also denote by wug the velocity defined on R? which is associated to the
vorticity wy:

1) wo(z) = — / TV n(y)dy,

s d|le — y)3

where x denotes the standard cross product of vectors in R3.
Let u® = u®(t,z) be a weak Leray solution of the Navier-Stokes equations in II. with
initial velocity u; and homogeneous Dirichlet boundary conditions:

Out —vAuf +uf - Vut = =Vp°© in Il x (0, 00),

@) divu® =0 in I, x [0, 00),
u* =0 on JIl. x (0,00),
u(0,-) = uf in IL..

Such a weak solution is well-known to exist, see for example [2]. The aim of this paper is
to prove the following theorem.

Theorem 1. Let ug, wy, and uj be as defined above. Let u® be a weak Leray solution of
the Navier-Stokes equations on Il with initial velocity ug and denote by u® the extension
of u® to R® with values 0 on Q.. There exists a subsequence of ¢ that converges strongly in
L? ([0,00) x R?) to a weak Leray solution of the Navier-Stokes equations in R® with initial

loc
velocity uyg.

The proof of this result consists of two parts. We prove first that uj converges to w
strongly in L?—see Proposition 6 below. We then conclude by showing in Theorem 7 that
strong convergence in L? for the initial velocity implies convergence of solutions in the
vanishing obstacle limit.

The regularity of the initial vorticity can be lowered considerably and still obtain con-
vergence as in Theorem 1. We briefly discuss this in Section 4.

2. NOTATION AND PRELIMINARY RESULTS

For a function f defined on II., we denote by fvthe function defined on R? which vanishes
on . and equals f on I.. If f is regular enough and vanishes on 0€)., then one has that

Vf =V/fin R3 If v is a regular enough vector field defined on II, and tangent to 95,

then one has that divo = dive in R®. In particular, we have that divu§g = 0 in R3. We

denote by H. the space of square-integrable vector fields on II. which are divergence-free
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and tangent to the boundary. We will also use the classical Sobolev space H™ and the
space C}" of bounded functions having bounded derivates up to the order m.

Definition 2. We say that u® is a weak Leray solution of (2) if
u® € Cp([0,00); He)) N L>([0,00); He) N L. ([0, 00); Hy (11.))

verifies the equation in the sense of distributions, i.e.

(3) —/ /us-atwru/ Vua-Vgo~|—/ /ua-Vuawp:/ ug - ¢(0)
0 € 0 Il 0 € I

for every divergence-free vector field ¢ € C3°([0,00) x II.), and moreover u® verifies the
following energy inequality:

t
(4) [l ()11 +2V/0 IV llZom) < luglzeqn, — VE>0.

Above C? denotes the space of weakly continuous functions. We will use a similar
definition for weak Leray solutions on R3.
For a vector field ¢ in R? we define a stream function 1) = T'p by

¥ = TR)@) = (@) = (590, (o)) == [ Loy

We will use the following properties of the operator T

Lemma 3. Suppose that ¢ is a vector field belonging to L*(R3) N LY(R3). Then Ty €
CY(R?) and ||T ¢ Lomsy < Cll@|r2azs. Moreover, if divp = 0 then curl Te = ¢. Finally,
for all m > 1, the operator T is bounded from H™(R®) into C;* ' (IR3).

Proof. We decompose

(Se)(a) = —/R L ey = [

3 47T|I - y|3 lz—y|<1

o /x_y|>1 o= I(2) + D).

One has that xjz<1 € L*Y3(R3) and EXial>1 € L*(R?) so we obtain from Young’s

|z

inequality that
a
11| oo msy < CH_|I|3X\JC|§1HL4/3(R3)||90HL4(R3) < Olloll o)

and -
| L[ oo (r3y < CHWX|:E\>1HL2(R3)HQDHB(RB) < Ol L2y

together with the continuity of I; and I,. Since ||T¢||fooms) < 2||S@|| Lo r3) We obtain the
desired continuity and uniform bound for T'p.

Suppose now that ¢ € H™(R?). For any multiindex « of order 0 < |a| < m — 1 we have
0°Typ = S0%p and 0% € HY(R?) — L>N L*. From the first part of the proof, we deduce

that S0%p € C}, that is T € C™ }(R?) together with the desired bound.
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Finally, assume that ¢ is divergence-free. If ¢ is compactly supported, then clearly
Sy = curl F where F' = —— % ¢. One has that div F = —— *divy = 0. Then

4|z x|

curl Ty = curl Sp = curlcurl F' = —AF + Vdiv F = _A<47r|m|) xp=0%p=0.

If ¢ is not compactly supported, then there exists a sequence of divergence free compactly
supported vector field ¢,, — ¢ in L? N L. Passing to the limit n — oo in curl Tp, = @,
implies that curl 7o = ¢. This completes the proof of Lemma 3. O

We will use in Section 3 the following approximation of smooth compactly supported
divergence-free vector fields. Let ¢ be a vector field and n € C*°(R?) be such that n = 0
on B(0,M) and n =1 on R*\ B(0,2M). We define n.(z) = n(z/e) and p. = curl(n.v)
with ¢ = T as before. We collect in the following lemma several properties relating ¢,
to .

Lemma 4. Let p € C5°(R3) be a divergence-free vector field and define . as above. Then

(i) e is smooth, compactly supported, divergence-free, and vanishes in a neighborhood
of the obstacle Q. ;

(i) pe — o strongly in H'(R?);

(iii) there exists a constant C independent of € such that ||@c||Looms) + [|@e|lrr@sy <
Cllellmses)

(iv) one can decompose Vi, = & + =, with & — Vo weaks in L°(R3) and 2. — 0
strongly in L*(R3) and there exists a compact set L independent of € such that
suppé&.,supp=. C L for alle < 1.

Remark 5. It will be clear from the proof below that we can allow a time dependence in
. The results of this lemma hold true uniformly with respect to the time variable.

Proof. We will repeatedly use in this proof that ¢(0) = 0 so

(5) 191 Lo (B0,220r)) < 26 M|V oo re) < Cel[ 0| 2.
Part (i) follows immediately from the localization properties of 7. and from Lemma 3.
To prove (ii) we observe from the explicit expression for 7. that 7. — 1 and V7. converge

to 0 in L? and ||V21||p2@s) = £ 2|| V2| 2(ms). Since ¢, = 1. + V. x ¢ we have that

e = @ll2@sy < (0 — Dol 2msy + V0 X ¥l 2ms)

0
< me = Ul ez ol o @s) + V0l 2o [190]] Lo rsy = 0,
and similarly,
[V (0e = @)l2@sy < 17e — Ul z2@3) [ Vol Lo @s) + Cll Ve || L2@s) (@l Lo sy + | V| Lo ms))

e—0

+ CIV?0e || L2y |90 || Lo (B(0,2600)) — 0.



The H' bound in part (iii) follows from the estimates above while the uniform bound is
an immediate consequence of (5) and of the decomposition ¢. = 1.0 + Vn. x 1.

To prove (iv) we set £ = n.Vy and =, = V. — 1.V so that supp&. C supp ¢. The
term =. is similar to the expressions estimated above, so it can be proved in the same way
that it converges to 0 in L? as € — 0. The sequence &, is bounded in L* and converges to
Vein L?. Since & — Vi in L? we deduce first that [(£.—Vp)-h — 0 for all h € C5°(R?)°.
Since &, is bounded in L™ and C§° is dense in L' we infer that [(&. — V) - h — 0 for all
h € LY(R3)?, i.e. & — V¢ weaks in L>. Finally, the condition on the supports is trivially
verified by construction. This completes the proof of the lemma. Il

We prove next a convergence result for the initial velocities.

Proposition 6. Let wy be a divergence-free vector field in Cg°(R?) with ug given by Equa-
tion (1). For alle > 0 there exists exactly one vector field ug € H. such that curl ug = wol,_

and there exists a constant C' independent of € such that ||u§ — uOHLz(R3) < Ces.

Proof. By the Leray-Helmholtz-Weyl decomposition there exists uf§ in H. and p in H! (I1,) =
{p e L} (1) ; Vpe L*(IL.)} such that ug|, =ug+ Vp on II. with u§ and Vp unique in

loc
these spaces (see, for instance, Theorem 1.1 p. 107 of [1]). Since the curl of a gradient is

zero, curlug = curl u|,. = woly, in Il..

Now let w be any vector field in H. with curlw = wp|,, in II.. Then w — u§ is in H.
with curl(w —u§) = 0, so since I, is simply connected, w — u§ = Vg for some ¢ in H'(I1,).
Also, Ag = divw —divuj = 0 on I, and Vg-n = w-n = 0 on JIl,, where n is the outward
unit normal to the boundary. By the uniqueness of the solution to the Neumann problem,
q is a constant, so V¢ = 0 and uf = w, giving the uniqueness of ug.

Noting that u§ is the L?-orthogonal projection of uo|,. on H, we have

(6) [ug — voln, lz2qn.) < [lwe = uoly, lz2qu.) for all w. € He.
Making the particular choice,
w, = curl(n)) = neug + Ve x ¢, ¢ = Ty,

we see that w. vanishes on 0II. and since wy is a curl it is also divergence-free. Equation (6)
with Lemma 3 then yield

[ — wollr2ms) < [lug — woly, [[r2a) + [[uoll p2q.)
< [IVne x 2y + [[(1 = ne)uol| 2 + [lwoll 2o,
(7) < Vel 22| ¥ || Lo (B(0,2012)) + 2||to| L2(B(0,2010))
< CE¥2 ||Vl oo sy + O [futg | oo gy
< 083/2Hw0|\H3(R3).

We used above that ¢(0) = 0. O



3. PROOF OF THE CONVERGENCE OF SOLUTIONS

The aim of this section is to prove a general convergence result: strong convergence in L?
for the initial data implies convergence of weak Leray solutions in the vanishing obstacle
limit. Such a convergence result is classical on a fixed domain; the difficulty here is to
deal with the singularity induced by the obstacle that shrinks to a point. Throughout this
section we drop the previous assumptions on the initial vorticity and the special forms of
the initial velocities ug and uy. We will prove the following independent result.

Theorem 7. Suppose that ui € H. and uy € L*(R3) is a divergence-free vector field such
that u§ — wuq strongly in L*(R3). Let u® be a weak Leray solution of the Navier-Stokes
equations on Il. with initial velocity uy. There exists a subsequence of u° that converges

strongly in LE ([0, 00) x R?) to a weak Leray solution of the Navier-Stokes equations in R?

with initial velocity uyg.

We proceed now with the proof of this theorem. We will use the notation introduced
in Section 2. Since uf is a weak Leray solution and u§ is bounded in L*(II.), the energy

inequality (4) implies that «® is bounded in L>®(Ry; L*(IL.)) N L2 ([0, 00); H'(IL.)). We
require now some temporal estimates for u°.

3.1. Temporal estimates. Let ¢ € C5°(R?) be a divergence-free vector field. We con-
struct ¢. as in Section 2. It follows from Definition 2, using a standard approximation

argument for the test function ¢. and taking advantage of the weak continuity in time of
w in L2(I1,), that

KM®@J—W%ﬁ%M—VZ?A;M?V@+1i/}avwwm
(8) < V/: INAGRIPZIS

1 £ €

< C(t = 8)2 [0l VUl Il 2y < (1 + 16 2oy 220,y
1

<Ot = s)2|[llmsws lugl 2y (1 + |lugl r2m.))

where we used (4), Lemma 4 (iii) and the constant C' is independent of €, s and ¢ (though
it depends on v). For t € R, let us define F.(t) € D'(R?) by means of

C(R*)? 5 hv— (F.(t),h) = (u(t), V. x Th).
We deduce from (4) and (5) that
g 3 &€
[(F(t), )| < Nl (D) 2o Vel 2@y | TRl Lo (B(0.2e0)) < C2 (g L2 1o 112 )
Remembering that u® € CY([0,00); H.)) we infer that F. belongs to CJ([0, c0); H?(R?))
and is bounded by Ce? in L®(R.; H~2(R%)). From (8) one has that

0 (6) + F(8) = n(5) = Fu(s), )] < O = ) ol

t
V¢s||L2<R3)+/ ||| 2oy IV || 210 || @ || oo (m3)



SO
- ~ 1
[Pneus(t) + Fe(t) — neu(s) = Fe(s)][| g-s@s) < C(t —5)2,
where P denotes the usual Leray projector in R3, i.e. the L? orthogonal projection on
the subspace of divergence-free vector fields. We conclude that the set P(n.u® + F.) is
equicontinuous (in time) in C°([0, 00); H3(R?)).
Next, we observe that divu® = 0 so P(u®) = u®. Therefore
P(n.u® + F.) =u* + P[(n. — 1)u* + F.] =0 + v..
We argue now that
3
(9) ||’U5||Loo(]R+ H—3(R3)) < Cez.

Indeed, we know that P is bounded in any H*® so

njw

IPEN oo sm-s ey < CllFellimrosm-s@ey) < Ce

and

IP[(ne — V]|l g-s@s) < |(ne — 1) [|g-s@sy < Cl|(ne — 1)u®|| L1 zs)
~ 3
< Olne — Ul z2@s)l|u® || 2@sy < Ce?||ugl|L2ms)

uniformly with respect to t.

3.2. Passing to the limit. Given the bounds (4) and by the Ascoli theorem, we can
extract from the sequence u® a subsequence u®* such that

(10) u*t —u in L(Ry; L*(R?)) weakx
(11) u* —u in L7 ([0,00); H(R?)) weakly

loc

(12) P(n., u* + F.) =u"* +v.,, —w in C°([0,00); H, *(R?)) strongly

loc

for some limit vector fields v and w

we L2(Ry; LAR) 0 L, ([0, 00); HY(RY)), w € CO([0, 00); Hip? ().

loc

Since divu®* = 0 we necessarily have that divu = 0. Next, from (9) and (12) we infer
that
™t —w in L2 ([0, 00); H *(R?)) strongly.

loc

Next, using that u€’c is bounded in L? ([0,00); H'(R?)) and the interpolation inequality

|- Ne2ewy <] - ||H s |l - ||H1 , that holds true for every bounded open set W, we

conclude that u®* — w strongly in Lzoc(R+ x R?). By uniqueness of limits in the sense of
distributions, we infer that © = w and therefore

(13) u* —u in L} (R, x R?) strongly.

With these pieces of information, it is easy to pass to the limit in the equation of u®*

and obtain that u is a weak solution of the Navier-Stokes equations in R3. Indeed, let
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© € C5°(]0,00) x R3) be a divergence-free test vector field and define ¢., as in Section 2.
Equation (3) with ¢, instead of ¢ gives

(14)
—/ /ﬂ%@%ﬁW/(/Vf“W%—/ /aﬁ®fwv%fi/%h%m»
0 JR3 0o JR3 0 JR3 R3

From Lemma 4 applied to 0,¢ (see also Remark 5) we know that 0y, — Oy strongly in
LRy ; LA(R?)), that ¢, (0) = ¢(0) strongly in L*(R?) and that V., — Ve strongly in
L*(R, x R3). Given (10), (11) and the convergence of the initial velocity (note that only
weak convergence in L? is required at this point for @g*), we deduce that the right-hand
side and the first two terms on the left-hand side of (14) converge to the expected limit.
Using the decomposition V., =&, + =, given in Lemma 4 (iv), we write

[ foem s [ [omas [ [moms,
R3 R3 R3

Given (13) and that &, — Vi weaks in L>=(R xR®) with supports contained in a compact
set independent of £, one has that

0 R3 0 R3

Next, we use the Sobolev embedding H' < L’ and a Holder inequality to write
> T
‘/0 /Rg(ask ®U*) - e, | < C/o Haek||%6(R3)||E€k\|L%(R3)
er—0

T N o R =
where 7T is such that suppp C [0, 7] x R3.
We conclude that sending € — 0 in (14) results in

0 R3 0 R3 0 R3 R3

which is the weak formulation of the Navier-Stokes equations in R3.

To finish the proof of Theorem 7, it remains to prove that the solution u is weakly
continuous in time with values in L? and that it verifies the energy inequality.

We show first that u(t) € L? for all ¢ > 0. Recall that u € C°([0,00); H;,}) so that
u(t) is defined for all ¢ > 0. For fixed ¢, by the energy inequality (4) the sequence u®*(t)
is bounded in L?(R?). Moreover, u(t) — u(t) in H,% so the limit u(¢) must belong to
L*(R3).

Next, using again that () — u(t) in H,_*

ioa we have that [[u®*(t) — u(t)] - h — 0 for
all h € C§°(R3)%. On the other hand, C§°(R?) is dense in L?(R?) and u®*(¢) is bounded in
L% so [[u*(t) — u(t)] - h — 0 for all h € L*(R?)3. Therefore, for all ¢ > 0 one has that
U (t) — u(t) in L? weakly. One can prove in a similar manner that Vu®* — Vu weakly in

L2((0, t) x R3) for all ¢ > 0 and also that u is weakly continuous in time with values in L?.
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We prove now that the energy inequality holds true for w. This is done by means of the
following classical liminf argument. We apply the lim i%f to (4) to obtain
Ep—>

t
(15)  Hminf |7 ()22 es) + 20 lim int / e N S )

Since @+ (t) — u(t) in L? weakly and Va** — Vu weakly in L?((0,¢) x R?) we have that

(16) a8l ey < Timimf [ (8) 2 )
and
(17) [Vu®)llzonms) < Bm sk [VE ()] 20w

The energy inequality for u now follows from Equations (15), (16) and (17). The proof of
Theorem 7 is completed.

Remark 8. It is clear from the proof that if we assume that the initial velocities ug"
converge only weakly to ug, then we can still prove convergence of u®* to some solution u of
the Navier-Stokes equation in the sense of Definition 2 but without the energy inequality.
The strong convergence of ug* to ug is required only to prove the energy inequality.

4. LOWER REGULARITY OF THE INITIAL VELOCITY

The main issue in this work is to prove convergence of the solutions, and not to consider the
weakest possible regularity of the initial vorticity. As we are dealing with weak solutions,
however, it is natural to ask that the initial vorticity have only enough regularity to obtain
existence of the weak solutions while still obtaining convergence. We give next just an
example of how one can improve these regularity assumptions if the support of wy excludes
the origin.

Proposition 9. Let wy be a divergence-free vector field in L'(R®) N H~Y(R?) with compact
support contained in R®\ {0} and let ug be the unique square-integrable divergence free
vector field in R® whose curl is wy. For sufficiently small € there exists exactly one vector
field ug € H. such that curlug = wy and there exists a constant C' independent of € such

that || — uo|| L2gs) < Ce3.

Proof. The operator that associates to every divergence free wy the unique divergence free
vector field ug of curl wy is the Fourier multiplier —V x A~ This operator clearly sends
H'(R3) into L*(R3). Therefore, for every divergence free wy € H'(R?) there exists a
unique divergence free uy € L*(R?) such that curl ug = wy. Moreover, ||ug||zz < C|lwol| z-1-

Next, let € be sufficiently small such that suppwy C II.. We observe that the existence
and uniqueness of u§ follows exactly as in the proof of Proposition 6. Indeed, in that part
of the proof the only assumption that was used is that u, € L%

We prove now the bound on |[ug — uo||r2rs). We consider first the case when wy is

smooth. More precisely, we show that for any § > 0 there exists ¢g = £¢(0, M) and
9



K = K (6, M) such that for any divergence free wy € C§°(R?\ B(0,6)) and & < &y, one has
that ||u5 — uol| 2@ < Ke? [Jwol| -

In this case, relation (1) holds true and the proof is the same as that of Proposition 6
except that instead of ¢ = Tuy we use v = FE x wg — E x wy(0), where £ = el This
is a valid replacement because relation (1) immediately implies that curly = ug. In fact,
this definition of ¢ is equivalent to that of Proposition 6, but we don’t need to prove this.
Because the support of wy excludes B(0,9), Vi = (xB(0,5/2)c VE) * wy on B(0,2Me) for
all e < 6/(4M). Here, xp(0,5/2)c denotes the characteristic function of R*\ B(0,4/2). But
then

1
[Vl e mo.2ney < 1030072 VE) # 0| o sy < [[XB0.072) VE| o lwoll i = —5 ol -

Similarly, under the same condition € < §/(4M) one can use (1) to bound

o I, oo x a0 ] < 7 el
ol _ _rTI v — |Jwol| ;1 -
Oleewoame) =l f s dmfe — g " O Yl poaai) — w2 1O

With these bounds, Equation (7) can be rewritten as follows
g — uol|z2msy < (|Vellp2||¥]| L (B(o,2012)) + 2l[uol|L2(B0,2012))

< 083/2HV1/JHLO<>(B(0,2M5)) + 053/2”7~LOHL°°(B(0,2M6))
3/2

9
< C? llewoll 71 -

This completes the proof when wq is smooth. The general case classically follows by
approximation. Let wy € L' N H~" and § be such that suppwy N B(0,26) = 0. Let p be
a standard mollifying kernel and let us mollify wy in a classical manner: wg, = p1/, * wo.
One has that wg, — wo in L' N H~" and wy,, € C(R?\ B(0,0)) for n sufficiently large.
Denoting by uo, and ug,, the velocities associated to the vorticity wg,, we observe that
Uo, = P1/m * Up SO Ug, — Up in L2 Suppose that e < min(eg,d). Applying the previous
part of the proof to wy, — wo,» we get that

15, — gl L2y < UG, — Uom — UGy, + Uom || L2(r3) + [[tio,n — Womll L2 ms)

3
< Ke? |lwon — womllpigsy + [[ton — tomlr2ms) = 0 as m,n — oo.
Therefore, ug ,, is a Cauchy sequence in H, so it converges in H.. Moreover, curl lim v, =
’ n— 00 ’
lim curlu§, = lim wy, = wp in the sense of distributions. By uniqueness of u?, we
n—00 ’ n—oco

conclude that uj, — uj in H.. We apply now the previous part of the proof to wy, to
deduce that Hﬂgn — Upn |l L2r3) < Ke? |wo.nll ;1 - Letting n — oo we finally deduce that
73§ — woll 2msy < Ke? [|wol - O

Using Proposition 9 in place of Proposition 6 gives the convergence in Theorem 1 for

initial vorticity in L'(R3) N H~(R?) compactly supported in R?\ {0}.
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