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 [This research treatise develops a mathematical theory of the beautiful but challenging 

subject of the Feynman path integral approach to quantum physics, and of the closely 

related topic of Feynman’s operational calculus for noncommuting operators.  It was 

written over a period of about ten years (Dec. 1989--Dec. 1999) and provides the most 

complete mathematical treatment of these subjects to date.  

  Some advantages of the approaches to the Feynman integral which are treated in 

detail in this book are the following: the existence of the Feynman integral is established 

for very general potentials in all four cases; under more restrictive but still broad 

conditions, three of these Feynman integrals agree with one another and with the unitary 

group from the usual approach to quantum dynamics; these same three Feynman integrals 

possess pleasant stability properties. The background material in mathematics and physics 

that motivates the study of the Feynman integral and Feynman’s operational calculus is 

discussed, and detailed proofs are provided for the central results. The last chapter 

discusses topics in contemporary physics and mathematics (including knot theory and low-

dimensional topology) where heuristic Feynman integrals have played a significant role.]  
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 [This (refereed) research monograph consists entirely of new research carried out by the 

authors over a period of about five years (March 1995--Nov. 1999).  It develops a 

mathematical theory of ‘complex dimensions’ of fractal strings, and of the oscillations 

intrinsic to the geometry and the spectrum of the associated fractals. In particular, new 

results about the critical zeros of zeta functions are established and a geometric 

reformulation of the (Extended) Riemann Hypothesis is obtained in terms of the notion of 

complex dimension and of the frequency spectrum of fractal strings. On the fractal side, for 

example, precise explicit formulas are obtained for the volume of tubular neighborhoods of 

self-similar (and other fractal) strings.  

   In the long-term, this work is aimed at putting fractal geometry in an arithmetic 

context and, conversely, at putting various aspects of number theory (such as the theory of 
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Dirichlet series, for example) in a geometric framework.] 
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pages & 54 illustrations), August 2006. (With Machiel van Frankenhuysen.)  
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               This is a sequel to and a greatly expanded version of the theory of complex fractal 

dimensions first developed in [RB2]. It contains a large amount of new research material 

(including several new chapters, sections, and appendices, along with many new examples 

and applications), almost all of which is directly connected to the work of the authors (and 

their collaborators) since the publication of [RB2], and a portion of which appeared in print 

for the first time in the present book. 

 

 

Overview (of the approx. 200 pages of new material):  New chapters on ‘self-similar flows’ (Chp. 7) 

and on ‘quasiperiodic patterns of self-similar strings’ (Chp. 3), providing a much more precise 

understanding (than in [RB2]) of the complex dimensions of (nonlattice) self-similar fractals (in IR ) 

and dynamical systems, as well as of the error terms in the associated ‘explicit formulas’. A new 

geometric description of self-similar fractal strings (in §2.1.1) and a discussion of self-similar strings 

with multiple generators (in Chp. 2 and throughout the rest of the book). New (and previously 

entirely unpublished) section (§6.3.3) on an (operator-valued) Euler product attached to the spectrum 

of a fractal string (generalizing that for the Riemann zeta function )(sζ  but also converging in the 

critical strip 1Re0 << s ); study of the eigenvalue spectrum of the corresponding ‘spectral operator’. 

 New pointwise tube formulas (§8.1.1), with a number of new applications to tube formulas for self-

similar strings (in §8.4); new results on average Minkowski content (§8.4.3) and on error terms for 
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formula’), as well as of an outline of a higher-dimensional theory of complex dimensions of self-

similar systems and fractals. Also, further discussion of a possible cohomological interpretation of 

the complex dimensions. New appendix (App. A) on Nevanlinna theory and its applications in this 

context, and a new section (§B.4 of App. B) on ‘two-variable zeta functions’.  New examples, 

illustrations, theorems, and proofs, scattered throughout the book.] 
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