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Abstract. Let A be a set of N matrices. Let g(A):= |A + A| + |A - A|, where
A+A={a1+az|a; € A} and A- A = {ajas | a; € A} are the sumset and productset.
We prove that if the determinant of the difference of any two distinct matrices in A is
nonzero, then g(A) cannot be bounded below by ¢N for any constant c. We also prove
that if A is a set of d X d symmetric matrices, then there exists ¢ = £(d) > 0 such that
g(A) > N, For the first result, we use the bound on the number of factorizations
in a generalized progression. For the symmetric case, we use a technical proposition
which provides an affine space V' containing a large subset E of A with the property
that if an algebraic property holds for a large subset of F, then it holds for V. Then
we show that the system {a?:a € V'} is commutative, allowing us to decompose R¢ as
eigenspaces simultaneously, so we can finish the proof with induction and a variant of
Erdés-Szemerédi argument.

Introduction.
Let A be a finite subset of a ring, and let |A| denote the cardinality of the set A.
The sum set and the product set of A are

A+A::{a1+a2|a¢€A},
A~A::{a1a2]ai€A}.

The study of the sizes of the sum and product sets started when Erdds and Szemerédi
[ES] made their well-known conjecture for A C Z that there exists ¢ > 0 such that for
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2 MEI-CHU CHANG
|A| sufficiently large,
A+ Al +|A- Al > |APE.

Recently a lot of work has been done in this subject. Cf [BC], [BKT], [C1]-[C5], [E],
[ER], [ES], [F], [N1], [N2], [NT], [S]. All of these papers are about A being a subset
of a division ring. In this paper we study the case when A is a set of matrices. The
interesting point about matrices is that one can easily construct an arbitrarily large
set with both sum set and product set "small”. In fact, |A+ A| = |A- A| = 2]|4| — 1,
(see Remark 0.2.) We use the following

notations.
Mat(d)= {d x d matrices over R} and

Sym(d) = {d x d symmetric matrices over R}.
We prove the following two theorems.
Theorem A. Let A C Mat(d) and |A| = N. If
det(a—a') #0, Ya#d € A, (0.1)

then
|A+ A+ |A- Al > ¢(N)N,

where p(N) — 0o as N — o0.

Remark 0.1. Our hypothesis is vacuous for the case when A is contained in a division
ring, because in that case, a # o’ if and only if a — @’ is invertible.

Theorem B. For all d, there is € = e(d) > 0 such that if A C Sym(d) and |A| = N,
then
A+ Al +]A- Al > Nte

Remark 0.2. The following set gives a counterexample for the sum-product conjecture
for subsets of SL(d):= {a :deta = 1}. Let

A:{(é ’f):ke 1, N7}

It is easy to see that |A| = N, |[A+ A|=2N —1 and |A- A| =2N — 1.

Roughly speaking, we prove Theorem A by assuming both |A + A| and |A - A| are
bounded by K |A| with a bounded constant K. We use a bound (cf [C2]) on the number
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of factorizations in a generalized progression to show that there is a large subset Ay
of A consisting of matrices with the same determinant. Then we use the fundamental
theorem of algebra (see Lemma 1.2 and Proposition 1.3.) to show that there is an
affine subspace Vj containing a large subset A; of Ag and that all matrices in V have
the same determinant. Then it is easy to see that the differences of matrices in A; all
have determinant 0, contradicting to our hypothesis.

To prove Theorem B, we use a technical proposition (cf Proposition 2.1) under the
assumption that the sumset of A C R?*? (matrix multiplication is not involved here.)
is not big. The proposition provides an affine set V' containing a subset E of A such
that if an algebraic set I" has sufficiently small degree and sufficiently large intersection
with F, then V C I'. Note that conditions on the rank of matrices and identities of
matrices are all algebraic properties. Proposition 2.1 says that if a large subset of A has
a certain algebraic property, then this affine subspace V' has the same property. Using
Proposition 2.1, we prove that {a?:a € V} forms a commutative multiplicative system.
Therefore, we use this system to decompose R? as eigen-subspaces, use regularization
and use induction to finish the proof. For the initial step of the induction, we use a
variant of Erdés-Szemerédi argument ([C4]). We also construct an example of a linear
space V; C Sym(d) with dim(V;) = j, for any j and with a® € R1 for any a € V;. (See
Remark 5.2.)

The paper is organized as follows. In Section 1, we prove Theorem A. In Section
2, we prove Proposition 2.1 which allows us to find a large subset of A with nice
properties. In Section 3, we give the definition of a good pair (A, V) and prove that
the cancellation law for multiplication holds for a good A. In Section 4, we show that
{a?:a € V} is a commutative multiplicative system.

In section 5, we give the proof of Theorem B.

Notation.

det(A) = {deta :a € A}, for A C Mat(d).

p(S) = {p(s1, - ,8m): (81, ,8m) € S}, for S C R™ and polynomial p(xy,--- ,zy).
,J]=1{1,2,---,J}

log;,, M =loglog - --log M, k-fold iterated logarithm function

d(zx) < f(x) means f(z) > 0 and |d(x)| < c¢f(x) for some constant c.

Section 1.

First, we will show that if a polynomial in m variables vanishes at a large subset
of a generalized progression in R™, then it vanishes at an affine space of R™. (See
Proposition 1.3.)
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We start with a lattice version of the fundamental theorem of algebra for multivari-
able polynomials.

Lemma 1.1. Let S C [1,J1] x -+ x [1, Jg], with
1
S| > ks (1.1)
and let p(xy1,--- ,xk) be a polynomial of degree D, with

D < Vi, (1.2)

If p(S) = {0}, then p=0.

Proof. Let S, ... j,_, = {jx : (J1, -+ ,jx) € S} be the fiber of S over (j1,---,jr—1).
Define

. . Ji
T= {(.71,'“ s Jk=1) 1S5 g | > %} (1.3)
A straightforward averaging argument implies that
Jy- T
T > ———.
T 5
We write
d
play, - wk) = > piwn, - wpo1)Th
i=0
For any (ji, -+ ,Jk-1) € T, p(j1," -, jk—1, k) is a polynomial in zy, of degree < D,
vanishing at the set S, ... j, , of size > Z& > D. So its coefficients p;(j1, - - , jx—1) = 0,

i.e. p;(T) = {0}. Applying induction on ) p? (which has degree < 2D < %), we

have p; = 0,Vi. Hence p=0. 0

The next lemma is the lattice version of Proposition 1.3, our main technical tool to
prove Theorem A.

Lemma 1.2. Let S C [1,J1] x -+ x [1, Jg], with

S| > ——J1- - J,

cN¢e



MATRICES 5

and let p(z1,--- , k) be a polynomial of degree D, such that p(S) = {0}. Then there
is an affine space W C R¥ such that p(W) = {0} and

JyJy

|W N Sl > (CNs)ka—12k(k—1) :

Proof. If 4*~1(cN¢®)D < J;, for all i, then the lemma follows from Lemma 1.1. So we
may assume
4F=1(eNEYD > Jg. (1.4)

Let S;, ={(1, -, jw=1):(J1, -+ ,Jx) € S}. We fix ji, € [1, Ji| such that

1S 1
S |>—> JreoJg—1.
The polynomial p = p(z1,- - ,Zk—1,Jx) vanishes at S;,. Induction implies that there

is an affine subspace W C RF~1 such that p(W) = {0} and

Jyo T

(W nSj,| > (CNs)k—le—ZQ(k—l)(k—2) '

(1.5)

Let W = W x {jk}. Then

Ji ko1 Jk
(ch)k—le—QQ(k—l)(k—Q) 4k—1(cNa)D'

WS> |WnS,,|>

The last inequality follows from (1.4) and (1.5). O
Let by,--- ,bx € R™ be independent vectors. We have the following

Proposition 1.3. Let Ag C P = {j1ib1 + - jibi : ji € [1,J;]}, where N < Hle J; <
a1 N for some N € N, and |Ap| > éNl_E for some € > 0. Let F(xy, - ,xy) €

R[x1,- -+ ,2m] be a polynomial of degree D and F(Ag) = {0}. Then there is an affine
space Vo C R™ such that F(Vp) = {0} and

1

Nl_kg.
(0102D2k—1)’“D—1

’VO ﬂA0| >

In particular, if € = 0, then |Vo N Ag| > N.

1
(Clchzkfl)kDfl
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Proof. Let
S ={(1, - gr) € [L, 1] x -« x [1, Jp] s j1b1 + - - + jiby € Ap}.

Then
S| = |Aol.
Applying Lemma 1.2, with ¢ = ¢ico and p(j1,- -+, jrk) = F(j1b1 + -+ - + jrbk), we have
W C R* p(W) = {0} and [W N S| > (ch)k‘g};;‘{’“Qk(k,U. Let Vg be the corresponding
set in R™ of W. Then Vj is affine, F'(Vy) = {0} and
Vo Ag| =W N S| > N = ! NiTR O

(cN<D2F1)kD-T ~ (¢1caD2F 1)k D1

The next two theorems will be used in the proof of Proposition 1.5.

Freiman-Ruzsa Thoerem. [Bi],[R| Let A be a set of N elements contained in a
torsion-free abelian group G with |A+ A| < KN. Then A is contained in a generalized
progression in GG, i.e. there are by,--- ,b. € G such that

ACP:{j1b1+"'+jrbr jz € [LJi]}a (16)
r <K and [[J; = |P| < ¢(K)N, where ¢(K) is a constant depending on K.

Factorization Theorem. [C2] Let P be a generalized progression as in (1.6), and
let J = maxJ;. Then Vn € C\ {0}, the number of factorizations of n with factors in

P is < Jwes 7, where ¢ = c(r, J) is a constant depending on r,J.

Lemma 1.4. Let A C Mat(d) with |A| = N.

If

|A+ Al < KN,
then det(A) is contained in a generalized progression @ with dim Q < (d+§_1) and
0] < N5

Proof. Freiman-Ruzsa Theorem implies that there are by, --- , b, € Mat(d) such that
A is contained in a generalized progression P generated by by,--- ,b,, with r and |P|
bounded. Let b;f, ;; be the (k,j)-entry of matrix b;. Then

, d
det <;J"b’> = Z (—1)”(7T) kl;[l (Z]z&) e (K)]

TESy

d
= > ()" T] (Zjibi[mk)])’
k=1

wEeSq i
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where Sy is the symmetric group on d letters.

We view det(>"_, j;b;) as a homogeneous polynomial in ji - - - jy,

det(ijlh) = Z jfl"'jSTVa,
i=1

ar+-tap=d

where 7,, is a linear combination of the products of d of the entries b; [, (). Therefore,

: . : . ; : d+K—1
det(A) is Cd(f:fimed in the progression () generated by the v,’s, and dim Q) < ( J ),
Q< NI O
Proposition 1.5. Let A C GL(d) with |A] = N.
If

|[A+ Al < KN (1.7)
and

|A- Al < KN, (1.8)

then there is B € R and Ay C A with |Ag| > %Nl_logczl" , such that det(Ag) = {5}.

Proof. Inequality (1.8) implies that there is b € A x A such that

N
|{(a1,a2) EAXA: b= a1a2}| > ?

We consider the composite map A x A — det(A) x det(A) — det(A) - det(A) given
by (a1,a2) — (detay,detas) — deta; detag, and look at the fiber at §: = detb €
det(A) - det(A) . The lemma follows from applying the Factorization Theorem on the
generalized progression () gotten in Lemma 1.4 with n = det a for any a € A.

Proposition 1.6. Let Ag C Mat(d). Suppose Aq is contained in a generalized pro-
gression as in (1.6) and |Ag| > éNl_E for some e > 0. Ifdet(Ag) = {p}, then there is
a linear space V.C Mat(d), and Ay C Ay with |A;| > 2N such that det(V) = {0}
and a—a' €V fora,a € Ay. Here c = c(c(K), ca,d, ).

Proof. Let F' = det —/3. i.e.

F(xi1,-++ ,%4q) = Z (—1)" ™2y 1y Tama) — B-

TESY

Then Lemma 1.3 applied to F' gives the existence of Vy C Mat(d), such that det(Vp) =
{8} and [Vo N Ag| > LN'="¢, where ¢ = ¢(c¢(K), co,1,d).
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Write Vy = a9 + V, where V is a linear space. Then V a € V and V t € R,
det(ag + ta) = . Therefore, deta = 0. i.e. det(V) = {0}.

Let A; = Vo N A(). Then ’A1| Z N'="¢ and a — d’ c V,V a,a’ cA. O

Proof of Theorem A. We assume that there is a constant K such that (1.7) and
(1.8) hold. Freiman-Ruzsa Theorem provides the existence of a generalized progression
P as in (1.6) which contains any subset of A. Then we use Proposition 1.6 to get a
contradiction to hypothesis (0.1).

Case 1. |ANGL(d)| > &.

We apply Propositions 1.5 and 1.6 to A = AN GL(d) and note that [24] < 2K|A]
and |A?| < 2K|A].

Case 2. |JANGL(d)| < &.

We let
Ao = {a € A:deta = 0}.
Then N
‘AO| > 57

and we apply Proposition 1.6 directly on Ag. O
Our goal in the rest of the paper is to prove Theorem B.

Section 2.
In this section we will prove the following technical proposition.
Proposition 2.1. Let A C R™ be a finite set, |A| = N and
|[A+ Al < KN (2.1)

with
log K < log N.

Then there is E C A and an affine space V- C R™ such that
(1) % =09 > K¢, where ¢ = c¢(m)

(ii) ECV

(i13) IfT C R™ is algebraic of degree < m'® and

TNE|>§°K19E), (2.2)
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then
V cT.

Before we give the proof, we will recall some definitions and facts about algebraic
sets. A set I' C R™ is algebraic, if it is the common zero sets of a collection of
polynomials. We say I is irreducible, if it cannot be expressed as the union I' = I'; UT',
of two proper algebraic subsets. We define the dimension of I to be the maximum of
all integers n such that there exists a chain I'y C I'y C ... C I';, of distinct irreducible
algebraic subsets of I'. The degree of T' is the number of points of intersection of "
with a sufficiently general linear space L of dimension m —dimI'. An irreducible linear
space either is contained in I' or intersects I' at no more than deg ' many points.

Proof of Proposition 2.1. There are two steps in the proof. Assumption (2.1) will
only be used in the second step.

Step 1. We start by proving a weaker version of the theorem, in which an algebraic
set W is obtained instead of an affine set V. An additional argument using the small
doubling property will allow us to deduce that W can in fact be taken to be affine.
Therefore, we will first construct E C A satisfying (i) and an algebraic set W D E (cf
(ii)) such that

(i13") degW < m!'® and W C T for any algebraic set I' C R™, with deg I' < m!?,
satisfying (2.2).

This construction is straightforward and by induction.

For i = 0, we take Eyg = A, Wy = R™. Hence §p = 1. If (iii’) does not hold, there is
a I'g algebraic such that

deg Ty < m*?, (2.3)
Ty N Ey| > 65° K |Ey| , (2.4)

and
Wo & To. (2.5)

Note the fact that Wy = R™ and (2.5) imply
dim Ty < m. (2.6)

Let Wj be an irreducible component of I'g = I'g N Wy such that

1
WinkEy > ————— |[(ToNnWy) NE
Wi 1 Eol > Gz (T (1 Wo) 0 Bl

1
degl'y
>m OB (2.7)

>

K—lO’E()’
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The last two inequalities follow from (2.3) and (2.4).

Take E1 = W1 N Ey. Inequalities (2.6) and (2.7) give my: = dim W; < dim Ty < m,
and §;: = “?V—l‘ > m IOK 10 If (iii’) fails again, there is I'y 7 Wy, with deg 'y < m!©

so that
Ty N Ey| > 0;°K 1 Ey.

Similarly, let W5 be an irreducible component of I'y N W; such that

W N B (D, N W) N By

> 1
deg(F1 N Wl)

>

I'hnke
degI'y T 1
>m 05K By
The fact that Wy C I'y N Wy £ W7 implies
me: = dim Wy < dim W7, = mq.

Take E2 = WQ N El. Then

|Ea|  |Eq| —10 §11 7-—10
§o:— 1221 1721 5 s 10,
2 N |E1| L=m 1

(2.7)

The process terminates after s < m steps, and we obtain £ = E,, W = Wy, such

that W C T for all T algebraic,with deg I' < m!9, satisfying (2.2).

Also

E, E, _ _
:| |_ | | 5_1>m 105;11[{ 10.

0 = d,: = s
N |Es—1|

Step 2.
Now we will show that W obtained in Step 1 is an affine space.

We define
r(&) = |{(a1,a2) € EX E:{ =a; —ax}| =|EN(E+E)|.
Then
EP= Y r(©=> IEN(E+)

¢€E—F

(2.8)

(2.9)

(2.10)
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The first equality and Cauchy-Schwartz imply that

2 Bl
Z r(€) zﬁ-

¢CE—E
Let
BetfccE_E: re)> L
= —E:r
JE-E

Therefore,
> Pz (2 Y iE-p
~ \2|E — E| '
¢€(E-E)\B
Putting (2.11) and (2.13) together, we have

Bl 1EP > Y (e > P
= WE—E|
£eB
Hence ’ ‘2
3B
B> 2=
B> 15— g

On the other hand, from (2.1) and (i), we have
|E+ E|<|A+ Al < KN = K5 '|E|.
Applying Theorem 8.4 in [N3], we get
|E — E| < (K6 1)?|E|.

Both (2.14) and (2.15) will be used in the proof of Claim 3 later.

Claim 1. W =W +¢, for all £ € B.

}CE\E.

11

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Proof of Claim 1. Let £ € B and let I' = W N (W + &). Then the fact that W D E

and (2.9), (2.12), (2.15) give
TNE=ENWnNW+&|>|EN(E+¢)

B2
:M®>mglm>2
Therefore, W C T by (iii’). Namely,
W cCcW+E.
On the other hand, —B = B implies that
W cCcw —E&.

Hence W =W 4+ ¢ O
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Claim 2. W =W + (B).
Proof of Claim 2. 1t follows from Claim 1 that

W =W +r&Vr € Z.

Since W — W is algebraic, the line (£) either is contained in W — W or intersects
W — W no more than deg W — W many points. Therefore ({) C W — W. Namely,

W =W+ (), V¢ € B.
Hence W =W + (B). O
Claim 3. There is an xg € E C W such that

E| 384
&)~ sk Pl

(B —20) N B[ > 7

Proof of Claim 3. This is because of the following estimate

Y HE-x)nB| =Y {@, 2):2' —z=¢}
zelE £eB
=) (¢
£eB
|E)?
—— |B
T
. 3B
8|E — E|?
364| B2
SK4

The last two inequalities are by (2.14) and (2.15). O

Let V = z¢+(B), where z is as in Claim 3. Note that as an algebraic set, deg V' = 1.
Claim 2 implies that V' C W. To see that W C V', we use Step 1. Inequality (2.2) in
(iii’) is satisfied because

364

E E B)| > > |E|.
[ENVI>|EN (20 + B)| > o5 El
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Hence W =V, an affine space.

This completes the proof of Proposition 2.1. U

Section 3.

We will show that cancellation law for multiplication holds for A satisfying (1)-(3)
below. (See the definition of good pair.)

Recall (cf [BC]) that for a set A with |A| = N, the doubling constants for addition

and multiplication are

B |A+ A|
=

KX(A):M.

K1 (4) N

Let A C Sym(d) and assume log[K(A) + K« (A)] < log N.
Applying Proposition 2.1 to the set A with
K =d"" 15 (K (A) + Ky (A)), (3.0)

we obtain £ C A and an affine space V satisfying (i)-(iii).

Since by (i), K{(E) < 61K, (A) and K« (E) < 6 1K« (A), (iii) implies that if
[' C Mat(d) is algebraic of deg" < d?° and satisfies

|E]
I'nE d
O R E e B
thenI' D V.
Let
d
E = U E,, with E, = {a € E: ranka = r}.
r=1
Fix r < d such that ]
E ON
E,| > =l %% 3.2
AR (52)

Assume r < d.

Let Dy j(a) be the determinant of the (r+ 1) X (r + 1) matrix obtained by deleting
d— (r+1) rows I and d — (r + 1) columns J from a. Then rank a < r if and only if

F(a):=) Dy y(a)*=0.
I,J



14 MEI-CHU CHANG

F = F(x11,-- ,74q) is a polynomial on R4*? of degree 2(r +1). Let (F)g be the zero
set of F'. Since

E
(F)o B > |5, > 2,
Proposition 2.1 holds. Cf (3.1). Therefore
V C (}7)07

meaning that
ranka < r for all a € V.

We will work on FE, instead of A. The inequality in (3.2) implies that
K.(F,) <dK.(E), (3.3)

where K, = K, or K.

Inequality (2.2) may be replaced by

|Er|

OB > "B+ KB

because (3.1), (3.2) and (3.3) hold.

Definition. The pair (A,V) is called good, if the following hold.
(1) ACV C Sym(d), A finite, and V is affine
(2) rank a <r,Ya €V, and rank a = r,Ya € A for some r < d
(3) for any algebraic set T C R4 with degT’ < d*°, if

|A]

T > R @) T m A

then ' D V.
(K4 (A) and K« (A) are the doubling constants of A.)

For the rest of the paper, we work on a good pair A, V.
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Proposition 3.1. Let A be as above and let a,b,c € A. If b # ¢, then ab # ac.

Proof. If r = d, the statement is obvious. Assume r < d.

Let o be the orthogonal matrix formed by the orthonormal eigenvectors of a such

that
A

where A1 -+ -\ # 0.
Since A C V = vy + Vy, Vo being linear,

w:=b—ceVy, and a+tw eV fort € R.

Let (w; ;) = o~ 'wo.
Claim 1. wi =0 for allk, e {r+1,...,d}
Proof of Claim. We note that rank (a 4+ tw) < r implies that

A1

rank +t(w; ;) <

Let D** be the determinant of the (r+1) x (74 1) submatrix of 0™ (a4 tw)o obtained
by deleting the p-th rows for all p € {r + 1,---,d} \ {k} and g-th columns for all
g€ {r+1,---,d}\{¢}. So D* is a polynomial in ¢ vanishing identically. In particular,
the coefficient of t is zero. i.e.
Wiy H >\z' =0.
i=1

Therefore, wi ¢ = 0. O
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If aw = 0, then
o aw)o = (0 tao) (o wo) = (Njw; ;) = 0.
Since [[;_; \i # 0,, we have w; ; =0 fori =1,--- ,r and for all j. Now the proposition
follows from Claim 1 and a being symmetric. O
Section 4.

In this section we will study the multiplicative structure of V. Our goal is to prove
the following

Proposition 4.1. Let A C V be a good pair. Then
{a*:a c V}

18 commutative under multiplication.
The proof will use Proposition 2.1 several times.

Lemma 4.2. Let
So ={(a1,az2,a3) € A x Ax A:ajasas € azAaz}.
Then
(a) 150l > &2y
(b) V(a1,az2,a3) € Sp,ar1a2a3 = azaza;
Proof. Part (b) is obvious. To show (a), we note that by Proposition 3.1, there is a
one-to-one correspondence between Sy and
T ={(a1,a2,a3,a4) € A X --- X A: ajas = agay}.
So we will bound |T'| instead.

Let r(n) = |{(a1,a2):n = ajaz}|. Then

Y rn)=N? |T|= > r(n)

neA-A ncA-A

and Cauchy-Schwartz imply |T'| > |£Z‘ =N O

We will work on
S = {(al,ag,ag) cAxAxA a1a2a3 = (a1a2a3>T}.

By Lemma 4.2,
N3

512 %@y
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Lemma 4.3. For as,az € A, let

Lyy.0s = (@ :aazas = azasa),
S(ag,ag) = {al e A: (al,aQ,ag) € S},
N
So3 = {(az,as) € Ax Al |S(az,as3)| > m}
Then
(@) 1S2] > 52
(b) S(ag,ag) = A N FCLQ,CLg
(¢) V CTay a4, Y(az,az) € Sa3.

Proof. (a) follows from a straightforward averaging argument. (b) is obvious. (c)
holds, because of (b) and that (A, V) being a good pair.

Remark 4.3.1. The meaning of (¢) is that ajasas = agaza; holds for all a; € V,
(ag,ag) € 52’3.

Lemma 4.4. Let

52’3(a3) = {CLQ cA: (ag,ag) € 52,3}

N
53 = {ag cA: |5273(a3)] >

4K (A)}
Fg; = (a L ajaagz = agaal), for as € Sg,al cV.
Then
(a) |S3| > ﬁ(fl)
(b) Saz(as) C ANTY
(c) VCIgL.

Proof. Same reasoning as in the proof of Lemma 4.3.

Remark 4.4.1. The meaning of (c) is that ajasas = asasay holds for all ay,as € V,
asz € Ss.

Proof of Proposition 4.1. For aq,as € V, define

I = (q: ayjaza = aagay).
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Then S3 C ANT%-22,
(A, V) being a good pair and Lemma 4.4 (a) imply V' C I's, i.e.
aiasas = asasaq, for all ar,as, a3 € V. (4.5)
In particular

atay = aga? (4.6)

ata; = aja]

for all a1,ao C V.

Thus {a?|a € V} are commutative symmetric matrices. O

Section 5.

In this section we will conclude the proof of Theorem B. Let
R? = @H,

be the eigenspace decomposition by the commutative system {a? : a € V} such that
ifaeV,z € H,, then
a*(z) = Ao(a)x

with A\, (a) € R and also, if « # 3, then
Aa(a) # Ag(a) for some a € V. (5.1)
Returning to (4.6), we have for x € H,
ai(azz) = Aa(a1)(azz)
so that

asx € D Hﬁ. (52)
Ag(a1)=Aa(a1)

Since (5.2) holds for all as € V and (5.1) holds, necessarily
asr € H,, Vo € Hy,Vas € V.

Thus H,, is invariant for all ¢ € V.

Let d,, = dim H,, with ) d, < d, we get a decomposition

a=®a, a® e Sym(d,)N GL(dy).
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At this point, we distinguish 2 cases.
1. d, < d for all a. In this situation, we use the induction hypothesis.

2. There is a unique invariant space H, = R? and
a’> = \a)l forallacV D A.

In this situation, we will use a variant of the Erdos-Szemerédi argument.
Case 1.
Thus all d, < d. We will use induction.

We may assume
A C Sym(dy) x Sym(ds)

and theorem holds for each Sym(d;). We need to establish a sum-product theorem for
Sym(d;) x Sym(ds).

Let 7 be the projection Sym(dy) x Sym(ds) — Sym(dy). For x € 7(A) C Sym(dy),
denote the fiber of A at z by

A(z) = {y € Sym(d2) : (z,y) € A}.

We perform the usual regularization of the graph using the additive doubling con-
stant. Let

My = |m(A)]
My = max |A(z)| = |A(Z)] . (5.3)
zem(A)
Thus
MiMsy > N. (5.4)
Let
K=K (A)+ K«(A).
Then

K Y |Alz) = K|A|

zem(A)
> K (A )\AI !A+A\
> Y| (@)]
wa(A)
> ()] |A(Z)| = My M.
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Let M
B = A): 2 5.5
{wen(A): [A@)]| > 22, (55)
A straightforward averaging argument implies that
My
B 5.6
B> 2L (5.6
Induction on B C Sym(d;) implies that there is £; = £1(d;) such that
M]_ 141
B+ B|+|B- B| > |B|'*t* :
B+ Bl 4|55l > |51 > (5
The last inequality is by (5.6).
Assume e
1/ M; !
B+ B —| — . 5.7
B+50> 3 (5¢) (5.7
Then by (5.7), (5.5) and (5.4),
1/ M\ M, N
> i ! —| — — M. (5.
KN>|A—|—A|_|B+B|x’1£1/1élB|A(x)+A(x)|>2(2K) 5% K3 (5.8)
Hence .
K> M*. (5.9)
Assume -
1/M\
B-B|> - .
551> 5 (51
Similarly,

M.

1/M )\ My, N
KN A-Al>|B-B in |A Al —| —
> 144218 8] min 140 A>3 (30) 5 > s

This is because of the following
Claim. For anyy € A(z), |y- A(2)| = |A(z')] > 32
Proof. This follows from the fact that the map

A(x') — yA(z') : z — yz is one-to-one.
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Indeed, if 21 # 2z in A(2'), then (2/, z1) # (2, 22) are distinct elements of A satisfying
Proposition 3.1. Thus

(x7y) ' (.I‘/,Zl) 7& (xay) . (xlazQ) = y.21 7& Y.z2. U

Hence, in either case (5.9) holds.

Let 9 = £5(d2) be provided by the induction hypothesis for {z} x A(Z) C Sym(ds).

It Mfl > N5, then (5.9) implies the theorem. So we assume

€182

Mt < N2 (5.10)
Note that (5.10) is equivalent to

NeM2> N, (5.11)

The sum-product theorem for {Z} x A(z) gives

N 1+€2
KN > |A+ Al +|AAl > |A(Z) + A(Z)| + |A(Z) - A(T)| > My 1o > (ﬁ) :
1
The last inequality is by (5.4). Hence
K > N2 M; ' > Ne2 M2, (5.12)
Combining (5.11) and (5.12), we obtain
K>N7% >N
Therefore, we may take
e = Shtd: (5.13)
9
and claim
A4+ Al +|A- Al > |A]*Te (5.14)
for A C Sym(dy) x Sym(ds).
This concludes Case 1.
Case 2. d, = d.
Thus A C V C Sym(d) and
a® = MNa)l, foralla € V = vy + Vg, (5.15)

where V) is a linear space.
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Claim. a? = \(a)1, for all a € (v, Vo).
Proof. Let w € Vy,t € R. Then vy + tw € V', hence
v + t(vow + wup) + t*w? € R1 for all ¢.

Therefore, for all w € Vj
w?, vow + wvg € R1 O

Therefore, we may assume A C V, a linear space and a? = \(a)1, for all a € V. For

a matrix a = (a; ;), let
d
1/2
lal= (2 o

the Hilbert-Schmidt norm.

Since V' C Sym(d), the Claim above and orthonormal diagonalization for symmetric
matrices give the following properties for a,b € V:

la| = /Aa)d. (5.16)
A(ab) = A(a)A(b) (5.17)
lab| =d %|a||b] (5.18)

The proof is completed by noting that this case follows from

Proposition. (Theorem 3 in [C4]) Let {Rm +,%*} be an R-algebra with + the com-

ponentwise addition. For a = (a1, --- , let la| = /(D" a?) be the Hilbert-Schmidt
norm, and let V- C R™ such that

1. 3ec=c(m), Ya,b eV, |axb| =c|a||b|

2. for any a € V\ {0},a™? emxists (in a possibly larger field).

Then for any A CV, |A+ A| + |AA| > |A|*+°.

Remark 5.1 Recall however that the set A here is a subset A’ of the original set A,
obtained by applying first Proposition 2.1 and making next the rank specification. Cf

(i) and (3.2). If N is the size of the original set A, from (i), (3.0), (3.4), the size of A’
here satisfies

1
|A"] > EK_CdN > d 7YKL (A) + K (A)]CN. (5.19)
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Hence

[Ki(A)+ K (AN =|A+ Al +|A- A
E‘A/+A/|+‘A/A/’>’A/‘1+E
> d*(1+Cd)(1+5)[K+(A) + Ky (A)]7C’d(1+s)]\71+57

which gives

1 14+e/(14Cq(1+¢))
) N&/(A+Ca(1+e)) (5.20)

Ky (A) + Ko (A) > (3

We may therefore take ¢4 = with e obtained by A’.

13
1—|—Cd(1+€) ?

Remark 5.2. Concerning Case 2, there exists indeed linear space V; of symmetric
matrices a such that a® € R1 for any a € V;, and dim V; = j for any j.

Take Vi = R.

Let dj = 2771 and assume V; is a subspace of Sym(d;) with the above properties.
Let V;41 consist of the (27 x 27)-matrices

h— )‘j+11 a
a _)‘j-l-l]-

where \j;1 € R and a € V. It is easy to see that b = (\f + -+ + )\?H)l, and
dimVj; 1 =dimV; +1=7+1.
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