PRODUCT THEOREMS IN SL, AND SL3

IMEI-CHU CHANG

Abstract We study product theorems for matrix spaces. In particular, we prove the
following theorems.

Theorem 1. For all € > 0, there is § > 0 such that if A C SL3(Z) is a finite set, then
either A intersects a coset of a nilpotent subgroup in a set of size at least |A|'~¢, or
A% > A+

Theorem 2. Let A be a finite subset of SLy(C). Then either A is contained in a

virtually abelian subgroup, or |A3| > c|A|**? for some absolute constant § > 0.

Here A3 = {ajasasz : a; € A,i =1,2,3} is the 3-fold product set of A.

60. Introduction.

The aim of this paper is to establish product theorems for matrix spaces, in par-
ticular SLo(Z) and SL3(Z). Applications to convolution inequalities will appear in a
forthcoming paper.

Recall first Tits’ Alternative for linear groups G over a field of characteristic 0:
Either G contains a free group on two generators or G is virtually solvable (i.e. contains
solvable subgroup of finite index). For a solvable group G, one has to distinguish
further the cases G not virtually nilpotent and G with a nilpotent subgroup of finite
index. Also in the solvable non-virtually nilpotent case, G is of exponential growth.
In particular, G contains a ‘free semi-group’ on two generators. (See [Ti].)

The ‘growth’ here refers to the size of the balls

Br(n) ={z € G :dr(z,e) <n}
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where dr refers to the distance on the Caley graph associated to a given finite set of
generators I' of G, and e is the identity of G.

Uniform statements on the exponential growth were obtained recently in the work
of Eskin-Mozes-Oh [EMO] and Breuillard [B].

Nilpotent groups are of polynomial growth. This explains the exponential versus
polynomial growth dichotomy for linear groups. (See [G].)

Here we are interested in the amplification of large subsets A of G under a few
product operations, thus

|A"] > AT,

where

A"=A---A={ay---ay:q; € A}

is the n-fold product set of A. (it is known that if a bounded n suffices, then already
n = 3 will do, cf. [T] or Proposition 1.6).

From previous growth dichotomy discussion, such “product-phenomenon” may not
be expected in nilpotent groups. For instance, let A be the following subset of the
Heisenberg group

A= . a,b,c€Z, a,b€[1,N], c€[l,N?]

o O =
o~
= S0

Then
|A| ~ N* ~ A%,

Our main result is the following;:
Theorem 1. For all ¢ > 0, there is 6 > 0 such that if A C SL3(Z) is a finite set,

then one of the following alternatives holds.

(i) A intersects a coset of a nilpotent subgroup in a set of size at least |A|1~¢.

(it) [A%] > [A[**0.

The main tool involved in the proof is the Subspace Theorem by Evertse, Schlick-
ewei, and Schmidt. (cf. [ESS])

Moreover, we also rely essentially on some techniques introduced by H. Helfgott
in the study of the product phenomenon in groups SLs(Z,) and earlier work of the
author [C].
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Let us point out that generalizing Theorem 1 to SLy(Z) is quite feasible using the
same type of approach. One can further replace Z by the integers in a given algebraic
number field K, [K : Q] < oo, but the case SL3(R) would be more problematic
(because of the use of the Subspace Theorem).

On the other hand, an easy adaptation of Helfgott’s methods permits us to show:

Theorem 2. Let A be a finite subset of SLo(C). Then one of the following alternatives
holds.

(i) A is contained in a virtually abelian subgroup

(ii) |A3| > ¢|A|**? for some absolute constant § > 0.

This last result applies in particular for finite subsets A C F» < SLy(Z), where F
is the free group on two generators.

Here, the first alternative reads now
(i’) A is contained in a cyclic subgroup of F5.

There should be a direct combinatorial proof of this, possibly providing more infor-
mation on 9.

The results obtained in this paper belong to the general research area of arithmetic
combinatorics. In particular, obtaining general sum-product theorems and product
theorems in certain abelian or non-abelian groups has been an active research topic in
recent years. Besides the scalar fields of real and complex numbers, these problems have
been investigated in characteristic p (in prime fields IF,, and their Cartesian products
[F, x IF,) and also in residue classes Z/nZ under various assumptions on n. Among the
different motivations and implications of those results, one should certainly mention
the estimates of certain exponential sums (see [BGK], [BC]) over small multiplicative
subgroups and the applications to pseudo-randomness problems in computer science.
(see [BIW], [BKSSW]). It turns out that sum-product results in the commutative case
permit one to obtain product theorems in certain non-abelian setting. In a remarkable
paper [H], H. Helfgott proves that if A C SLs(Z,) is not contained in a proper subgroup
and |A| < p?7¢, then |A3%| > |A|'*T? with § = §(¢). Generalizing Helfgott’s results to
higher dimensions remains unsettled at this point. In this paper we consider the
corresponding problem in characteristic zero. For SL3(Z) this question is easier. Our
main result depends however on the Subspace Theorem. It is not clear how to elaborate
a counterpart of this approach in characteristic p. It would be quite interesting to find
a different method to prove our result.

The paper is organized as follows:



Section 1 consists of some preliminary material for n by n matrices and some ele-
mentary facts about sum-product sets. In Section 2 we give a technical proposition
about sets of traces of elements in G L3(C). In Section 3 we state the version of the Sub-
space Theorem which we will use. In Sections 4 and 6 we give the proofs of Theorem
1 and Theorem 2 respectively. In Section 5 we give a different proof (using Subspace
Theorem) of the version of Theorem 2 for SLs(7Z) (though Theorem 5.1 clearly follows
from Theorem 2).

Notations. When working on n-fold sum-product sets, sometimes it is more con-
venient to consider symmetric sets or even sets involving few products. Hence we

define
APl = ({1yuAuA~H,

We use A" for both the n-fold product set and n-fold Cartesian product when there
is no ambiguity.

The n-fold sum setof AisnA=A+---+A={a1+ - +ap:a, - ,a, € A}.
The difference set A — A and the inverse set A~! can be defined similarly.

For a matrix g, Tr(g) is the trace of g. Therefore, Tr can be viewed as a function
on Mat, (C).

Note that the properties under consideration (e.g. the size of a set of matrices or the
trace of a matrix) are invariant under base change (i.e. conjugation by an invertible
matrix).

We follow the trend that e, (respectively, d, or C') may represent various constants,
even in the same setting. Also, f(x) ~ g(z) means f(x) = cg(x) for some constant ¢
which may depend on some other parameters.

§1. Preliminaries.

Lemma 1.1. Let A C GL,(C) be finite. Then there is a subset A’ C A of size
|A'| > |A|*=¢ such that for any § € Mat,(C), one of the following alternatives holds.

(i) Tr (4’ — 4')) = {0}.
(ii) |Tr (gA")| > |AJ]° for any § < 1 —¢.
Proof. Let V < Mat, (C) be a linear space of the smallest dimension for which there

is a subset A’ C A so that
|A'| > |A[' e (1.1)
for some € > 0, and
A —AcCV. (1.2)
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It is clear that V exists, since a decreasing sequence of subspaces of Mat,(C) has
length at most n? + 1.

Take g € Mat, (C). Assume (ii) fails. Then there is z € C such that

o€ A Tr(ag) = 2} 2 ol > 1o s gy
AT =z — > .
! 9 = [Tr (gAY = AP
Denote
A" ={ge A :Tr(gg) = z}. (1.3)

By (1.2) and (1.3), we have
A" — A" cVn{ge Mat,(C): Tr (gg) =0} = W.
From the minimality assumption on V, it follows that V' = W and from (1.2)
Tr(g(A' —A")) cTr(gvV)={0}.
Hence (i) holds. O
Lemma 1.2. Let A C GL,(C) be finite. Assume
vge AU T (g(A - A)) = {0}. (1.4)
Then for any g € A — A, the eigenvalues of g are zero and g™ = 0.

Proof. Let g be an element in A — A. Then for i = 1,... ,n, the matrix ¢! is a

linear combination of elements in A=Y, Hence assumption (1.4) implies that
Trg'=0, fori=1,...,n. (1.5)

There is b € GL,(C) to put g in the upper triangular form.

gi1 912 013
_ 0 922 go3
g:=>o 1gb = 0 0 g3 (1.6)
It follows from (1.5) that Tr g = Tr g2 = --- = Tr g" = 0. Namely,

n n n
ng‘ :Zgigi = :ZQZ = 0.
i=1 i=1 i=1
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We claim that g; =0 for all 1 <i <n.

Assume not. Let {\;}1<i<m be the set of distinct elements in {g;;}1<i<n\{0} and
a; > 1 be the corresponding multiplicities. Then

i=1 i=1 i=1

This means the vectors

A1 Am
A2 A2,
A} An

are linearly dependent. A contradiction follows.

Therefore in (1.6), g" = 0, which implies g" = 0. We proved that all elements of
A — A have zero eigenvalues, hence are nilpotent. O
Remark 1.2.1. Assumption (1.4) implies that Tr (4 — A)=" = {0}.

Remark 1.2.2. It is clear that the proof only needs condition (1.5) rather than
assumption (1.4).

Next, we will study sets consisting of matrices of rank < 1.

We recall that, via the identification Mat,(C) ~ Hom(C,C) ~ C"¥ ® C", for a
rank one matrix g € Mat,(C), there exist x = (z1, -+ ,z,),y = (Y1, ,Yn) € C"
such that

Lemma 1.3. Let B C Mat,(C) ~ C"Y ® C" be a finite set satisfying the property
that for any g € B, rank g <1 and

Tr(B?) = {0}. (1.8)

Then there exist § = §¥ ® ¢ € B\{0} and a subset B C B such that |B| > |B| and
forallg=y" ®@x € B
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Proof. For any g =4" @ z,9' =1/’ @’ € B, (1.7) and (1.8) imply
0= Trgg = inyja:;.yg = (Z xw{) (Z x;yj).
,J C J
Hence either z -y’ = > x;y, =0, or 2’ -y = > aly; = 0. The lemma follows from the
following fact. U

Fact 1.4. Let B be a set with |B| = N and let ~ be a relation on B. Assume that
for any b,0" € B, either b ~b" or b’ ~b. Then there exist b € B and B C B such that
|B| > 1|B| and for all b € B, we have b ~ b.

Proof. For b € B, denote
Bf = |{b/ : ¥ ~b}|, and B, = |{b' : b~ V'}].

Then

ZBJ +ZBb‘ = N? and ZB,ﬁ = ZBb—.
b b b

b

Hence ), B,T = Yo By = NTZ and there exists b such that B;’ > %

For the rest of the section we will recall some general facts for sum-product sets.
Specifically, we are interested in the quantitative growth of n-fold product sets or
sum-product sets.

Fact 1.5. (Ruzsa’s triangle inequality)
Let A, B, C be finite subsets of an abelian group (G, -). Then

|AC| |C~1B|

AB| <
A=

Proposition 1.6. Let A be a finite subset of an abelian group (G,-) and let

S=AuA"L (1.9)
Assume
|A3| < K|A]. (1.10)
Then
1S”| = K°M|9), (1.11)

with ¢(n) < 3(n —2).



Proof. Ruzsa’s triangle inequality implies

AZA||ATTATT
|AZA7Y < 474 ||A| | < K?|A| (1.12)
ATATY| |AA?
A1 A% < | ’A‘| A4 < K?|A| (1.13)
—14-1
|JAATTA| < |44 1|4A| A44] K3|A| (1.14)

(We also use (1.12) for the second inequality in (1.14).)

Therefore,
1S3 < K3|9]. (1.15)

Assume |S™| = K°(™M|S| with ¢(n) < 3(n —2). Then by Ruzsa’s triangle inequality,
induction and (1.15)

|S7—18| 15S5?

|Sn—|—1| S
S|

< KM EK3|S]|.

Hence
cn+1) <e(n)+3.

On the other hand, ¢(3) < 3. O
Lemma 1.7. Let A be a finite subset of a ring (R;+,-). Then for n = 2F we have
2757 = [ [0
with ¢(n) > n'o82(3),

Proof. We will prove by induction on k. Assume [27S"| = |S |°(") with ¢(n) >
nloga(9). By the sum-product theorem in C, either

28" 4 275" > |27 8" |4
or ]

278™ . 2n 8" > [2"S™ 4.

Therefore, we have
|S |c(2n) _ |22n52n| > |2nSn|% > (|S |c(n))%

and

c(2n) > c(n) 2'°82(3) > plog2(3) gloax(3) — (9p)loea(3) 0

8



Proposition 1.8. Let S be a finite subset of a ring (R;+,-). Then for any ay, ... ,as
m R,
la1S* + ... + ag S*| > | S|P,

where b(k) — oo as k — oo. In fact, logb(k) ~ logk.

Proof. First, we note that for sets A, B, by Ruzsa’s triangle inequality (on addition),

we have A B|2
+
A—Al < ———.
| B
Hence
|A+ B| > |A— AY3B|Y2, (1.16)

Claim. Let Aq,..., Aor be subsets of R. We take s ~ log, k and ¢ ~ S ~ logk' Then

D=

|A1 + - 4 Agi| > nbin|2£(14j — 452

Applying (1.16), we have

|Ay + -+ Agi| >|A1 + -+ + Agia |2

[(Age—r 1 — Agioigy) + o 4 (Age — Agi)|V/2.
(1.17)

Repeating s times, we see that the right-hand side of (1.17) is bounded below by

1/2$ |(A2k73_’_1 — A2k75+1) 4+ -4 (A2k—s+1 . A2k75+1)|1/23
|<A2kfs+1+1 - A2k75+1+1) —|— . e _|_ (A2k73+2 . A2k75+2)|1/2s_1

|A1 + -+ Ao

[(Agr-241 — Agr—2aqy) + o+ 4 (Agr-1 — 142’6—1)|1/22
|(Agioi1 — Agirgg) + -+ + (Age — Age) /2 (1.18)

which is bounded further by

_ (1- )
o, (Ajir1 = Ajia) + -+ (A por-s — Ajors) - (1.19)

(This estimate is very rough. We omit the first absolute value completely. As for
the other absolute values we take only the first 2=* differences. Therefore, j; €

{2k—s ok—stl o 2k—1})
9



Repeating the process on the sets Aj 11— Aj 11,... ,Aj 1or—s — Aj, yor—s, We have

[(Aji11 — Ajyg1) + -+ (A por—s — Ay on—s)
(1-5%)

> min
Ja<2k—s—1

2<Aj2+1 - Aj2+1) + tte + 2(Aj2+2k—2s - Aj2+2k—23>

Iterating ¢ 4+ 1 times, we have
‘Al 4o+ Azk‘ >H51n ‘QK(AJ - Aj)’(l_Q%)z+1
b
>min [20(A; — Aj)|(- )T
J

>min |2°(4; — A;)|/2.
J

Taking A; = a;S* in the Claim, by our choice of £ and Lemma 1.7, we have

la1S* 4 ...+ agn S*| >[(24(S* — S%)|
>[2¢8¢|
=9 |®.

Let b(k) = ¢(¢). Then logb(k) = log c(¢) ~ log(¢) ~ log k. O

§2. The set of traces.

This is a variant of Helfgott’s result.

Proposition 2.1. Let A C GL3(C) be a finite set. Then one of the following alter-
natives holds.

(i) There is a subset A’ of A, |A'| > |A|'=¢ which is contained in a coset of a nilpotent
subgroup.

(ii) There is some § € ABl such that

Tr (gA)| > AP,

Proof. Assume (ii) fails. Namely, we assume that for all § € APl |Tr (gA)| < |A]°.

Lemma 1.1 implies that there exists A" C A,

A’ > A (2.1)
10



such that
vg e AB, Tr (g(4' - A)) = {0}. (2.2)

Fix some element £ € A’ and let
B=A—-¢cA - A
Then (2.2) and Remark 1.2.1 imply
Tr (B?) = {0}. (2.3)
We consider two cases.
Case 1. g> =0 for all g € B.

Claim 1. rank g < 1.

Indeed, Lemma 1.2 and (2.2) imply that g has the following upper triangular form.

0 gi12 013
g=blgb=1[0 0 ga (2.4)
0O O 0

for some b = b(g) € GL3(C). The assumption g2 = 0 implies that

0 0 g12923
#?=(00 o0 =0.
0 O 0

Thus either g12 = 0 or go3 = 0 and ¢ is of rank at most 1.

Claim 2. After suitable changes of bases, there is a subset B of B, |B| > 118,
consisting of matrices of the form

(2.5)

* % O
o O O
o O O

Proof of Claim 2.

~ We apply Lemma 1.3 to find some 3 ® z € B\{0} and a subset B C B such that
|B| > 1|B| and for all y¥ @z € B

3
Toy= Za‘cy = 0. (2.6)
=1
11



An appropriate base charge (e.g. change = to the standard base €3) permits us then
to ensure that

ys3 =0
for all y¥ ® z € B with y = (y1,%2,¥3).
Repeating the preceding, we have for any g = y¥ @ z,¢' = ¢’ @ 2’ € B

(z-y) (2" y) = < Z xzy:)( Z x;yj) = 0.

i=1,2 j=1,2

Hence we may apply Lemma 1.3 again on B to find g = 3" @z € B\{0} and a subset
B C B,|B| > %|B|, such that for all y¥ ® z € B

2
Toy=) Ty =0. (2.7)

i=1
A further base change permits us to ensure that also
y2 =10
for any g = y¥ ® z € B, which therefore has the form
g=¢/ @

Again, (2.2) implies
r1= Trg=0.
and ¢ has the form in (2.5) and Claim 2 is proved.

Write

E+B=¢1+€'B)c A (2.8)

The elements of £~ B are still of the form (2.5) since they are of zero-trace by (2.2).
Hence 14 ¢ “IBCN , where N is the nilpotent group

* X =
* = O

0
0
1
Recalling (2.1), |§] > 1|A|'=¢ and we therefore showed that A intersects a coset of a

nilpotent subgroup in a set of size at least |A|1~¢.
12



Case 2: There is some h € B with h? # 0.

We do a base change so that h has the upper triangular form

0 hiz his
h=10 0  hoes|. (2.9)
0 O 0
Hence,
0 0 a
h2 = 0 0 O N where a = h12h23 7& 0.
0 0 O

For g = (gij) € B
0= Tr (hQQ) = ags1,

hence
g31 = 0.
Also
0= Tr (h2g2) = a(g?)s1,
hence

932921 = 0.

Therefore, either gs2 = 0, or g21 = 0. Assume that more elements g € B have gz2 = 0.
(The other case is similar.) Let B C B, |B| > %|B| be a subset such that

931:g3220f0rg€B.
Next, recalling (2.9), write for g € B,
0="Tr (hg) = hlgggl = O,

hence also go1 = 0.

Thus the elements g € B satisfy
g21 = g31 = gz2 =0
and recalling (2.2) and Lemma 1.2,

g11 = g22 = g33 = 0.
13



Hence the elements of B are strictly upper triangular

0 gi12 013
g=10 0 g3
0 O 0
Denote
(=¢h

By (2.2) again
0= Tr (Ch*) = Cn
and for g € B
Tr(¢g) =0= Tr ((Cg)Q) (2.10)

Since
0 Ci1g12 C11913 + (12923
Cg=10 Cu1g12 (21913 + (22923
0 0 (32923

(2.10) implies

(21912 + (32923 = 0
(C21912)2 + (C32923)2 =0

and
(21912 = (32923 = 0.

Therefore (B are strictly upper triangular and
E+B=¢1+(¢B)C ANEN.
The conclusion is the same as in Case 1. 0
Remark 2.1.1. More generally, previous argument shows that if A C GL3(C) is a
finite set and M large, then one of the following holds.
(1) There is § € APl such that |Tr (§A)| > M,

(2) There is a subset A’ of A,|A’| > M~¢|A| (C an absolute constant) such that A’
is contained in a coset of a nilpotent subgroup.

Remark 2.1.2. The preceding remains valid for C replaced by a finite field.

§3. Some applications of the Subspace Theorem.

Our main tool to prove Theorem 1 is the finiteness theorem of Evertse, Schlickewei,

and Schmidt which we state here in a form convenient for later purpose.
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Theorem 3.1. [ESS] Let G < (C*,-) be a multiplicative group of rank r, and let
ai,as,...,a; € C. One may then associate to each subset S C {1,... ,t} with |S| > 2,
a subset Cg C CI8I =C x --- x C of size

Cs| < C(r,1) (3.1)

such that the following holds.

Let x = (x1,...,7) € G =G x --- X G be a solution of the equation
a1xy + -+ apxry = 0.

Then there is a partition m = {mo} of {1,...,t} such that |7o| > 2 and for each «
there is an element y € Cr,, such that () cr, s a scalar multiple of y.

There is the following corollary.

Lemma 3.2. Let G be as in Theorem 3.1 and fix an integer t > 2. Let a1, ... ,ao €
C\{0}. There is a set E C C depending on aq,... ,as,

B| < C(r,1) (3.2)

such that the following holds.
Let A be a finite subset of Gt = G x --- x G and such that

ﬁ%EforalleAandlSi%jgt. (3.3)

J

Then

H(z,2') e AX A: a1z + -+ + @z = agp1@y + -+ + agewy | < C(r, t)| Al (3.4)

Proof. Apply Theorem [ESS] to the equation
a1ry + -+ @y — Q1T — 00— Ao = 0, (3.5)

where we denoted ' = (z441,... ,%2¢)-

Let Cg, S C {1,...,2t} with |S| > 2 be the corresponding systems. Define

E= | {Zizecsi<izi<totri<igi<aul. (36)
-

15



If (3.5) holds, there is a partition {m,} of {1,...,2t} such that for each « there is an
element y € C,_ with

i Y g i,J € Tq. (3.7)
Tj Yj
If we assume (3.3), then |7, N {1,... ,t}| < 1land |7 N{t+1,...,2t}| < 1. Hence
|To| = 2 and 7, intersects both {1,...,t} and {¢t + 1,...,2t} in one element. Since
{ma} is a partition of {1,...,2t}, it follows from (3.7) that given x = (z1,...,),
the element 2’ = (2441, ... , %) will be determined up to t!|E|* < C(r,t) possibilities.
This proves Lemma 3.2.
Hence, we also have:
Lemma 3.3. Let G be as in Theorem 3.1. Given ay, ... ,a; € C\{0}, there is a subset
E C C with |E| < C(r,t), such that if A is a finite subset of G' =G x --- x G and
ﬁ§§Ef07"al1:1::(a:s)s6.,4andlﬁi;réjgt (3.8)
Lj
then
d 1
sTs Al 3.9
(o)l > ot o
Proof.

Denote R = {>  asxs : x € A} and let for z € C

n(z)={x € A: Zasxs = z}|.

Then
1/2
A=Y n(2) < R[S 002 < OOt RV A

zER zER

by (3.4). Therefore
1

C(r,t)

|R| > Al

and (3.9) holds.

§4. The proof of Theorem 1.
We specialize further A C SL3(Z) not satisfying alternative (i) of Theorem 1.

Hence by Proposition 2.1,
Tr (3A)| > A’ (4.1)
16



for some § > 0 and § € A,

We assume
| A% < A" (4.2)

with the aim to reach a contradiction for § small. (In any case § < 6/21. cf. (4.6) and
(4.19))

Assumption (4.2) implies that for any given s € Z
AR < |4t (4.3)

where 65 < 3(s —2)J. (See [T] or Proposition 1.6.)
We will now repeat an argument due to H. Helfgott [H].

First, we will find a large subset of A~! A consisting of simultaneously diagonalizable
matrices.

Denote T' = Tr (gA) and let for each 7 € T an element g, € A be specified such
that
Tr(gg,) = . (4.4)

Claim 1. There are g1,g9, € A and A; C A with |4;| > |A|? such that g;'A; is
contained in the centralizer of gg,.

Proof. Since the conjugacy classes
Cr = {9g9:9™" 1 g € A} C AU
are disjoint and in view of (4.1) and (4.3) we may specify 7 € T\{3, —1} such that

|A‘1+56

|C-| <
T

< A+, (4.5)

Therefore there exists some g; € A such that

o o |A| _
{9 € A:9d9:97" = g139-91 '} > ke A7, (4.6)
(Here dg is negligible, since we can take ¢ as small as we like.)

Let Ay ={g€ A:939,9" " = g1§g-97 ' }. Thus for g € A,
1

(91 '9)(Gg-) = (G9-)(91 " 9); (4.7)
17



which means that the elements of g; 1A, € A='A commute with gg,. O

We will need the following elementary fact from algebra.

Fact 4.1. Let f(x) € Z[z| be a monic cubic polynomial over Z. Then either f(x) is
irreducible over Q and has three distinct roots, or one of the roots is in Q and the
other two roots are quadratic conjugates, or f(x) has three roots in Q. Hence if the
constant term of f(x) is —1, the only possible multiple roots are 1,1,1 or 1,—1, —1.

Let K be the splitting field of the characteristic polynomial det(gg, — \) of gg-.
Since det(gg, — A\) has degree 3, we have [K : Q] < 6. The eigenvalues A1, A2, A3
of gg, are distinct, because by (4.4), A1 + Ao + A3 = 7 & {3,—1}. Therefore gg, is
diagonalizable over the extension field K of Q. With this basis, the commutativity
property

hggr = gg-h for h € gl_lAl

implies h;;A; = A\;hij, hence h;; = 0 for @ # j.

We have obtained a subset
D=gi'A,CcAA
of simultaneously diagonalizable elements, where by Claim 1
D] > |A]°. (4.8)

We use the basis introduced above with which the elements of D are diagonal.

According to Fact 4.1, for the elements g € D, there are two possibilities. Either the
eigenvalues \;(g),1 < ¢ < 3 form a system of conjugate algebraic units, or {1,—1} N
{Ni(g) : i =1,2,3} # ¢ and the other two eigenvalues are conjugate quadratic units.
We assume the first alternative (the second may be handled similarly and is in fact
easier).

For g € D, denote
A(g) = {Mi(9): X2(9): As(9)} C K. (4.9)

Let Ok be the ring of integers of K. Thus A(g) is contained in the unit group of Ok
which is of rank < 5. This will allow us to exploit Theorem ESS (see §3) to reach a
contradiction to (4.2). Also, A(g) NA(¢") = ¢, if g # 4.

We claim that there is an element h € A for which there are two nonzero entries in
the same row.

Indeed, otherwise for any h € A there is exactly one nonzero entry in each row and
in each column. Therefore A is contained in the union of the six cosets of the diagonal
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subgroup. This would violate our assumption that A fails alternative (i) in Theorem
1.

Fix such an element h. Assume for instance

hiz #0,h13 # 0

(the other cases are similar).

Fix ¢ € Z, and consider the following set
D(hD)*"t ¢ AT A(AATTA)! (4.10)
consisting of elements

9=gDhg®h.. hg®, where gV,... ¢® c D. (4.11)

Recall that each ¢(*) € D is diagonal with diagonal elements A(g(®) = {\(g®)),
A2(9$), A3(g(*))} forming a system of conjugate units in Og. By (4.11)

D= Y hiihig o hic i (0 (0P) - A (919, (4.12)
2,7 (SRR Y

which we view as a polynomial in \;(¢(®)) € G, where ¢¢*) € D, with 1 < s < £ and
i=1,2,3.

Denote {aq,...,a;} the non-vanishing coefficients
as = hiyiy - hi, yi, 70 (4.13)
in (4.12). We note that
t <3’ (4.14)

We will apply Lemma 3.3 to the linear form . ., aszs, 25 € G. The set A C G* =
G x --- x G will consist of elements of the form

x = (24)1<s<¢ Where x4 = X, (gM) -~ X, (g9).

Here the index s corresponds to the multi-index (iy, ... ,4z) such that (4.13) holds and
g, ..., g® range in D. (Note that gV, ..., g!¥) stay the same for the same x.) The
elements of A also satisfy condition (3.8) of Lemma 3.3.

Claim 2.
|ID(hD)*~Y| > ¢(£)| Al
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Proof. First, we observe

Fact 4.2. Let D C GL3(C) be a set of diagonal matrices obtained from a subset of
SL3(7Z) after base change. Then given any z € C, for i # j, there are at most four
elements g € D for which

Nilg) B
M) =7 (4.15)

where \;(g) and \;(g) are the eigenvalues of g.

In fact, if (4.15) holds for elements g, ¢’ € D, then since g, ¢’ are diagonal, we have
Nl = N9,

Fact 4.1 implies that the eigenvalues of g~'¢’ are either 1,1,1, or 1,—1,—1. Hence
g 'g’ can only be one of the following matrices.

This shows that for given z € C, (4.15) may only hold for at most four elements of D.

Nest we examine condition (3.8).

Let s, s’ be different multi-indices (i1, ... ,i¢) and (#},...,4;). Thus

(MDY o\ (g™
ZEz( )giz v )§ZE (4.16)

Ls

by 1
Tgr )\Z 1

1
;!
1

where i, # i, and ipyq1 =1, q,... 90 = Ty

Given ¢V, ... g™ we view (4.16) as a condition on ¢("™. The issue amounts
to considering for some z € C the elements g € D for which

Ai(g)
Ai(9)

= z, where i # j.
By Fact 4.2, it is now clear that condition (4.16) will be satisfied if we remove from
D* a subset D C D* where, by (4.14)

D < 4D E| < C(0)|D]*
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Together with Claim 3 below, we can then conclude from (3.9) that

1
—1
|D(hD)™*| > _C’(K) |Al|. O
Claim 3.
|A| > C(¢) |D|*

Proof. We will show that the size of a fiber of the map
DA\D =D x--- x D\D — A given by (¢V,...,¢'9) — (),

is bounded by 4¢.
Recall that h satisfies h1o # 0, h13 # 0.

We proceed as follows.

First we note that there exist 41,...,iy_2 such that h; i, - hs,_,1 # 0. Indeed,
since h is an invertible matrix, at least one of hy1, ho1, hg1 is nonzero. For instance, if
ha1 # 0, we can take iy_o = 2,iy_3 =1,iy_4 = 2 etc. Let i1,...,4y_o be such indices,

and let s = (i1,... ,i¢-2,1,2), and 8’ = (i1,... ,i¢_2,1,3). Then hg, hy # 0 and (4.13)
holds for as,as . Hence for given x = (x5)s € A,

Ls A2 <g(£))

)
determines the ratio %. By Fact 4.2, this essentially specifies ¢(© (up to multi-
plicity 4).
Next, take 41,...,ip_3 and iy, i} such that
Piyig =+ iy g1 # 0 and ha;, # 0, hsz"[ # 0.

Let s = (il,... ,ie_g, 1,2,ig> and s’ = (il, ce ,Z'g_g,l,?),%). Then

Ts _ A2 (g 1) N, (g9) (4.17)
T As(gH) iy (g9) '

Since g(¥ has already been specified, (4.17) allows us to determine also g¢*~1) (up to
multiplicity 4). Continuing, we see that (x,) indeed determines (g1, ..., ¢®) up to
multiplicity 4¢. Therefore

4—£
|A| > 47¢|DA\D| > T|Dyf O
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Putting Claim 2 and Claim3 together, we proved that

|D(hD)*~| > |D|". (4.18)

From (4.3), (4.10), (4.18) and (4.8), this implies
|A| 0801 > | 4] (4.19)

leading to a contradiction for ¢ large enough (since § is very small).

This concludes the argument.

Remark 4.3. To see that our result is almost the optimum, we consider the following
example.

Fix large integers M and N.
Consider the set M = {0 € SLy(Z) : 0;; < M}, hence

M| ~ M2,

Let A C SL3(7Z) consisting of elements of the form

x
g
9= vy, (4.20)
001

where 0 € M and z,y € Z, |z|, |y| < N. Thus
|A| ~ M?N?.
Clearly for g, ¢" of the form (4.20), we have

()G (o

OO‘ 1 00| 1

oo’

99 =

where ¢ € M? and |z|, |w| < MN.

Therefore

M3 | MEN + MN + N
00 1
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where

N = { (‘;j) 2,y € Z, |2, ] SN}'

Hence

|A%| < MOMAN? < M® | Al

By construction, the intersection of A and the coset of a nilpotent group is at most
of size ~ %. Given ¢ > 0, choose N large enough to ensure M ~ |AJ|°. Hence
| A3] < |A|'*®¢ proving that § < 8¢ in Theorem 1.

Remark 4.4. It is likely that the result and proof of Theorem 1 admits a generalization
to A C SL,(Z) for arbitrary n.

§5. Product theorem for SL.(Z).

We may carry out the preceding argument in the 2-dimensional case for finite subsets
A C SLy(Z). We show the following dichotomy (compare with Helfgott’s theorem for
A C SLy(Zy)).

Theorem 5.1. Let A be a finite subset of SLy(Z). Then one of the following alter-
natives holds.
(i) A is contained in a virtually abelian subgroup.

(ii) |A3| > c|A|**?, for some absolute constant § > 0.

We outline the argument.

First, since det(g) = 1 for g € SL2(Z), we note that Tr(g) = £2 if and only if the
characteristic polynomial det(g — A\) has multiple roots and the two eigenvalues of g
are 1,1 or —1, —1.

Assume neither (i) nor (ii) holds.

Claim 1. There is an element & € AP for which
Tr € # 2, 2. (5.1)

Proof. Assume there is none.
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Take g € A\{1,—1}. In appropriate basis, § has the Jordan form

- e 1 .
g—(o 5) with e = £1.

Let
h:(a ﬁ)eA,
v 4
hence
(5 ) ea

and

Trgh=ca+vy+ed=cTrh+ry

Trgh'=ed—vy+ea=cTrh—r.
Therefore,

Tr Gh + Tr gh™! = 2¢ Tr h.

From our assumption that Tr h, Tr gh, Tr gh~! € {2, =2}, we have Tr gh=Tr gh™!.

Hence v = 0 and
AC{(e 6):a:i1}
0 ¢

contradicting the failure of (i). O

Thus we take ¢ € A2l with Tr ¢ # +2 and choose a basis over a quadratic extension
field K of Q as to make ¢ diagonal

We will work over this basis.

Fix another element ( = (gll ?2) € A which is not diagonal.
21 G22

Claim 2.
max(|Tr EA|, |Tr €2 A, |Tr CA|) 2 |AM3

Proof. Assume say (12 # 0.

Forg:(CCL Z)EA

Trég=Xa+\"1d (5.2)
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Tr &2g = Na+ 2 "%d (5.3)
Tr (g = Gi1a + Gizc + C21b + Ca2d. (5.4)

Assume Tr g, Tr £2g, Tr (g given. From (5.2), (5.3), a and d are specified and from
(5.4), we obtain (12¢ + (21b, hence b and ¢ (up to multiplicity 2), since ad — be = 1.0J

Consequently we reached (4.1) with @ = 1 and § € AL

Next, apply again Helfgott’s argument to produce a set D C A~1A of simultane-
ously diagonalizable elements over a quadratic extension field K of Q, |D| > |A|'/3.
Proceeding as before for A C SL3(Z), use Lemma 3.3 and the subsequent construction
to contradict the assumption |A3| < |A|'*9. The only additional ingredient needed is
an element h € A with at least three nonzero entries. If there is no such element, then
A would be contained in the virtually abelian group

(3 ) redel(y e

contradicting the failure of (i).

This proves Theorem 5.1.

Let F} be the free group generated on k generators. Since SLs(Z) contains a
subgroup isomorphic to Fy (in fact of finite index) and F5 has a subgroup isomorphic
to Fy for all £ > 1, Theorem 5.1 has the following implication.

Corollary 5.2. There is an absolute constant § > 0 such that the following holds.

Let A be a finite subset of the free group Fy (or Fy,k > 2) which is not contained
i a cyclic group. Then

|A3| > c|A]*°. (5.5)

It would be interesting to have a direct combinatorial proof of this fact.
§6. The proof of Theorem 2.

In the present situation, it is not clear how to involve the Subspace Theorem.
Rather, for most of the proof, we will follow Helfgott’s SLo(Z,) argument. The main
digression in the preceding argument, compared with Helfgott’s approach, was the use
of the Subspace Theorem rather than the trace-amplification technique from [H].

Assume (i), (ii) both fail. Returning to the proof of Theorem 5.1, Claim 1 and
Claim 2 may be reproduced also in the present situation. Thus there is § € A" such
that

Tr GA| 2 |A['2. (6.1)
25



This gives again a subset D C A~1A of diagonal elements (in the same basis), with

|D| > |A|Y/3. (6.2)

D:{)\:(é g)ep} (6.3)

Take further an element h € A which is neither diagonal nor off-diagonal in this basis
(which is possible since we assume (i) fails).

Let
hi1 hia
h = :
( ha1  ha2 )
We distinguish several cases.

Case 1: h11h22 = 1, h21 =0 (OI' h12 = 0)

Hence h is upper triangular

h:(g 119)7 where ab # 0.

a

For any fi1,... ,ir—1 € D", we write the following element in hD"(hD"D~")"~2hD~"
as

Hr—2 Hr—3 K1 1
h h Hr—1 h Hr—2 . h H2 5 h w1
( U ) ( 0 = 0 he= 0 b2 )"0

a" bla" it a4+ S e+ )

= (6.4)
0 1
We see that
|A‘1+64r273r Z|ADT’(ADTD—T)7’—2AD—7’|
r— r— 1 T
Z‘{a 1'[@_{_& 3N§+"'+ T_3,U2—1:IU17"":UJT—1€D}'
¢ (6.5)

Since |D| > |A|'/3, (6.5) clearly contradicts Proposition 1.8. (e.g. we first choose r
large enough such that %c(r) > 2 then 0 small such that d4,2_3, < 1.)
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Case 2: h12h21 = —1, h22 =0 (OI‘ hll = 0) Thus

hz( @ 8), where ab # 0.

1
b

Taking some A € D, we write

A0 [ Ad® =% Aab
(o 1)e=(0 %)

[4]

Appropriate choice of A will provide an element h' € A%} with four nonzero entries.

This brings us to
Case 3: h has four nonzero entries.
In this situation, we apply Helfgott’s trace amplification argument.

Denote D; = DU D~! and consider the subset of D}hDih of elements
_ xy 0 h11 hlg % 0 hll h12
Jou 0 o ha1  hao 0 Z ha1  hoo
_ (213 +y*hizha *
* ;—2h12h21 + L h,
2
with z,y € <D U D—1> .

Hence
Tr gy = h2 22 4 h3yx ™2 4 highoy (y* +y72)

and
Tr(D'hD3h) > {h%le + B3 ™% + hishar (y* +y %) s,y € (DU D*l)z}-

We claim that
‘Tr(((A‘lA)‘lA)Q)‘ > |Tr(D*hDh)| > | D'+ (6.6)

for some absolute constant v > 0. This is a consequence of the sum-product theorem
in C. Assume (6.6) fails. it would follow that

2
{h%lxz +hix %z € <D U D_1> }+

1 2
hlghgl{y2 +5iye (D U D—1> } < D", (6.7)

Y
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for any ~ > 0.

Denote
51:{y2+—22y€DUD_1}
and )
52:{y2+—2:y€ <DUD_1) }
Then

|S1] ~ D] (6.8)
and the Plunnecke-Ruzsa inequality and (6.7) imply that
|SQ + Sgl < |D|1+37. (69)
Since clearly
5157 C S + 55

and
|S1 4+ S1] < |S2 + Sof,

(6.8) and (6.9) indeed contradict the sum-product theorem in C.
Hence (6.6) holds.

Replacing A by A = ((AflA)4A)2, we obtain a new set D C (A)~A of simultane-
ously diagonal elements (in another basis), for which

D| > | D] > A5 T3,

Go again through Cases 1, 2, 3.
In Case 1, we obtain a contradiction.

In Cases 2 and 3, a further trace amplification is achieved. Eventually a contradic-
tion is reached. This proves Theorem 2.
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