Character Sums in Finite Fields ! 2

Mei-Chu Chang?

Let F, be a finite field of order ¢ with ¢ = p™, where p is a prime. A multiplicative
character x is a homomorphism from the multiplicative group (Fy,-) to the unit
circle. In this note we will mostly give a survey of work on bounds for the character
sum ) x(x) over a subset of F,. In Section 5 we give a nontrivial estimate of
character sums over subspaces of finite fields.

81. Burgess’ method and the prime field case.

For a prime field FF,, and when the subset is an interval, Polya and Vinogradov
(Theorem 12.5 in [IK]) had the following estimate.

Theorem 1.1. (Polya-Vinogradov) Let x be a non-principal Dirichlet character
modulo p. Then
a+b

> x(m)‘ < Cp> (logp).

m=a+1

This bound is only nontrivial when b > p% (log p). Forty four years later Burgess
[B1] made the following improvement.
Theorem 1.2. (Burgess) Let x be a non-principal Dirichlet character modulo p.
For any € > 0, there exists § > 0 such that if b > pi+e, then

a+b

Z X(m)‘ < p~°b.

m=a+1

Applying the theorem to a quadratic character, one has the following corollary.
(The power of 1/4/e is gained by sieving.)

Corollary 1.3. The smallest quadratic non-residue modulo p is at most pﬁﬁ
fore >0 and p > c(e).
Note that we always assume € > 0 and p > c¢(e).

The proof of the Burgess theorem is based on an amplification argument (due
to Vinogradov), a bound on the multiplicative energy of two intervals (Lemma 1.4)
and Weil’s estimate (Theorem 1.5).

The multiplicative energy E(A, B) of two sets A and B is a measure of the
amount of common multiplicative structure between A and B.

E(A,B) = ‘{(ahag,bl,bg) S AxAxBxDB: a1b1 = agbg}‘.

Similarly, we can define the multiplicative energy of multiple sets.
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Friedlander and Iwaniec ([FI]) have an optimal bound on the multiplicative en-
ergy of two intervals.

Lemma 1.4. (Friedlander-Iwaniec) If I, J are intervals with |I| |J| < p, then
E(I,J) <clogp |I| |J]|.

The next estimate of the complete character sum of a polynomial is from the
well-known Weil’s bound on exponential sums. (See Theorem 11.23 in [IK]).

Theorem 1.5 (Weil) Let x be a non-principal multiplicative character of Fpn of
order d > 1. Suppose f € Fyn[z] has m distinct roots and f is not a d-th power.
Then for n > 1 we have

> x((f(2) < (m—1)p?.

z€F,n

Sketch of Burgess’ Proof.
It suffices to give the proof for intervals of length pi‘*‘e.

Let I C [1,p) be an interval of length |I| = [pit<], and let J = [1,p3] and
T =[1,p3]. For y € J and t € T, we have

> x@) = Yo+ yt)| < [N T+ yt)| + [T+ g0\ 1] < 2pH45,
zel zel

Hence,

_1_ ¢ _£
dox@)=p 7 Y x(@+uyt)+ 0@ |1
xzel x€l,yeJ

teT
Next, we estimate

> a2 D | Yoy 0| = D nw)| Yo xu )

z€l,yeJ xzel,yeJ teT u€lF* teT
teT P

)

where
n(uw) = {(z,y):xelLyeJ, ay ' =u (mod p)}|.
Next, apply Holder’s inequality with a suitably chosen large power 2r.

5 )| S| < [¥ nw==] T [X [ S
u teT

u€ER;, teT u

1
2r:| b

(4) (B)

To estimate (A), we will use Lemma 1.4.

2r

Since 1 < 5755

< 2, Holder’s inequality implies that

- 2
(W< (3 nw) " (3 nw?)
_1 i
= ([ [J)'=7 B, J)=
<logp (IT] |7])!7%.
(The equality follows from the definitions of n(u) and the multiplicative energy.)



Now we estimate (B)

e ¥ Sl

Ltor €T u€e IF

which by Weil’s inequality, is bounded by

1
{r# T+ 1T 2r = 1)p 7 < O (1137 + (Tl ).

Therefore, up to an error of O(p~2|I|), taking 7 ~ 1, our character sum is bounded
by
> x(@) <Cplogpp~ i iph o= it
xzel

M
i""

—|—p%+ﬁ:|
£ € e 2
<Crlogp |I|( T Hfﬁ) <p T

§2. Extensions of Burgess method to a general finite field Fpn.

Let wy,...,w, be an arbitrary basis for F,» over F,. Then for any z € Fyn,
there is a unique representation of x in terms of the basis.

T =T1w1 + -+ Tpwn.

A box B C Fpn is a set such that for each j, the coefficients z; form an interval.
B:{ijwjl$j€[Nj7Nj+Hj], V]} (2.0)
j=1

Burgess, Friedlander, Karacuba, and Davenport-Lewis all contributed non-trivial
estimates of the character sum
> x(@).

zeB

Here by mon-trivial we mean smaller than the trivial bound by a factor of ¢¢ for
some € > 0.

Let us recall their results.

The first theorem is about boxes defined by special bases. It was done by Burgess
[Bu3] for n = 2, and Karacuba [Kar2] for general n.

Theorem 2.1 (Burgess, Karacuba) Let x be a non-principal multiplicative charac-

ter of Fpn, and let wy,wa, ... ,wy be a basis of Fpn over I, satisfying the condition
that
wiw; = Z dijrwr with |dijr‘ <C. (21)
1<r<n

For a box B as defined in (2.0) by the basis w1,wa, ... ,w, with

H; > pite. Yj, for somee >0, (2.2)

‘Z ‘<p‘5\B\

rEB

we have



Remark 2.1.1. Let 6 be an algebraic integer such that its minimal polynomial
irrz(0) is irreducible modulo p. The basis w1 = 1,ws = 0,...,w, = 07! satisfies
condition (2.1). Hence Theorem 2.1 applies.

For general bases, there is also the weaker result by Davenport and Lewis.

Theorem 2.2. (Davenport-Lewis [DL] ) Let x be a non-principal multiplicative
character of Fyn, and let wy,...,w, be an arbitrary basis, and let the box B be as
defined in (2.0) with

Hj = H > p2(nn+1)’-i-s7 VJ
Then for p > p(e), we have

‘ Z X(JU)’ <(p °*H)", for some e1(g) > 0.
z€EB

Remark 2.2.1. For n = 1, this is Burgess’ result, but it becomes weaker for n > 1

and % — % for n large.

In Karacuba’s argument, the problem of estimating F(B, B), B the given box
in Fpn, is reduced to counting divisor in Q(9).

In Davenport-Lewis’ argument, the amplification uses only an [F)-parameter and
this explains why their result is weaker. They raise the question of how to exploit
a Fn-parameter when the basis {w,...,wy} is arbitrary.

For n = 2, we are able to have an estimate of Burgess’ strength. (See Theorem
5in [C2].)

Theorem 2.3. Let Let x be a non-principal multiplicative character of Fp2 = Fp(w)
and let B be a box

B= {xl + zow : x; € [N;, N; + H], ‘v’j},
where
H >p%+5.
Then
| x@)| <p7B]

z€B
with 6 = d(e) independent of w.

As for the most essential ingredient of the proof, multiplicative energy, we have
an optimal bound. (See Lemma 2’ in [C2].)

Lemma 2.4. Let w € F2\IF,
1
B = {x—!—wy 1T,y € [I,Epl/‘l] }

1
Take 2,22 € Fp2 and e, = exp (clogolgogp). Then

E(z1+ B,z + B) < ¢, |B%,
where z; + B={z;+b: b€ B}.
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The proof of Lemma 2.4 uses the following estimate on divisor functions on a
box.

Lemma 2.5. Let B be a box defined as in the lemma above. Then

1
(1,20 € B x B 16 = )| <o (e 2 )

To prove Lemma 2.5 we use the uniform bounds on divisor functions in algebraic
number fields Q(w) of bounded degree.

As for general n, here is our improvement of Davenport and Lewis’ result. (See
Theorem 2 in [Cl].)

Theorem 2.6. Let B be a box as defined in (2.0) with w1, . ..,w, being an arbitrary
basis and

H Hj > p(%JrE)n
j=1

for some € > 0.
Let p > p(e) and x be a nontrivial multiplicative character of Fpn. Then
62
| x@)| <% 1B)
zEB

unless n is even and x|g, s principal, Fo = subfield of size P2, in which case

52
| " x@)| < max | BN &R + 0up™ 7 |B)).
reEB

As an application, we can estimate as follows the number of primitive roots of
F,» in boxes. ( See [DL], p131.)

Corollary 2.7 Let B C Fyn be as in Theorem 2.6 and satisfying maxe ’B ﬂng} <
p~¢|B] if n even. Then the number of primitive roots of Fpn belonging to B is

2=l + o),

where 7' = 7'(e) > 0 and assuming n < loglog p.

The proof follows from the formula

ep™—1) { p(d) 1 if z is primitive
ST UM X o X X@)g= .
1 iy o(d) ord (g =d 0 otherwise.

Recently, Konyagin [K] generalized Burgess’ result to n > 2.
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Theorem 2.8. (Konyagin) Let x be a nontrivial multiplicative character of Fpn
and € € (0,1/4] be given. If n > 2, {wn,...,wn} is an arbitrary basis for Fpn over
F

P

B={> xw;:x; € [N;+1,N; +H;]nZ}
j=1

is a box satisfying H; > pl/ate (j=1,...,n), then we have
1D x(@)| <np~= 2B,
zEB

where 6 = §(g) > 0.

Remark 2.8.1. Konyagin’s proof is based on geometry of numbers and Minkowski’s
inequalities for successive minima.

Remark 2.8.2. At this point, Konyagin’s argument requires each H; > pl/Ate,
while Theorem 2.6 assumes only a condition on [[ H;. Also, in Theorem 2.6, the
dependence on n is better due to the fact that the multiplicative energy bound

(Lemma 2.10 below) only involves a factor C™.

The proof of Theorem 2.6 is divided into two cases, depending on whether
max; H; < p2ti.

If H; > p%ﬂ% for some 1 < j < n, we use the following theorem by Perelmuter-

Shparlinski [PS].

Theorem 2.9. (Perelmuter-Shparlinski) Let x be a non-principal multiplicative
character of Fy and let g € Fy be a generating element, i.e. Fy = Fy(g). For any
integral interval I C [1,p],

1> x(g+1)| < c(n)y/p logp.

tel

If max; H; < p%+1%, we apply Burgess’ method. The bounding of the multi-
plicative energy is a variant of Garaev’s argument ([G]) with later refinement due
to Katz-Shen ([KS1], [KS2]) to obtain an explicit sum-product theorem in F,.

Lemma 2.10. Let wy,...,w, be an arbitrary basis, and let the box B be as defined
in (2.0). Assume

1
max H; < 5(\/]3— 1).
J

Then N
E(B,B) < C"(logp)|B|*.

Remark 2.10.1. The lemma saves 1 over the trivial bound |B[?.

83. Character sums with polynomial argument.

It follows from Weil’s inequality that if x is a multiplicative character modulo p
of order d, and f(z) is a polynomial that is not a d-th power modulo p, then



N+H

‘ > x(f(x))‘ < Cp* logp,
=N

where C depends on the degree of f. However, no analogue of Burgess’ inequality
is known. There is the following weaker variant by Burgess. [Bub]

Theorem 3.1. (Burgess) Let f(x) be a non-linear polynomial that is a product of
rational linear factors and not a perfect d-th power. Let p =1 mod d and x a d-th
order character mod p. Then if

pite < H < p3,
we have

> x(f(x))‘ <H-cH?p%,

N<z<N+H
where ¢ depends on €,d and f.

Corollary 3.2. Let f, x, and p be as in Theorem 3.1. Then there are x1,z2 €
[N, N + H] such that

f(zi) #0 mod p, and x(f(z1)) # x(f(2)).

As for character sums over binary quadratic forms, Burgess has the following
non-trivial uniform estimate. [Bu4]

Theorem 3.3. (Burgess) Let x be a nontrivial multiplicative character mod p.
Suppose x* + azxy + by* € Fplz,y] is not a perfect square, and I,J C [1,p — 1] are
intervals. If

11,17 > pse, (3.1)
then

‘ > x@® +azy +by?)| < p~O|I|1],
zel,yeJ

where § = §(g) > 0.

In the next theorem we improve Burgess’ result from % to i.

Theorem 3.4. Under the assumption as in the theorem above, if |I|,|J| > pite,
then there is a non-trivial bound.
The proof has two cases.

Case 1. x? + axy + by? is irreducible mod p. Let w = %(—a + va? — 4b). Then
w € F,2 \ F,. Take B to be the box

B={z+wy:zecl,ycJ} CFp.
Now the theorem follows from the estimate in F,> on sum of the character x:

Z X, (T +wy) = ZX1(Z)'

zel,yel zEB

Case 2. 2 + azy + by* = (x — \y)(z — A2y) with A # A in F,. The argument is
similar to Case 1 by replacing IF,,> with F), x IF},.



Assuming p large enough, there are applications of character sums to quadratic
non-residues in sets with more structure. For example, we take a fixed nonzero
integer k and let

flx)=2*+k.

If Kk = —r?,r € Z, then Corollary 1.3 implies that for some j < p%\/ﬂ_s, jr and
(j + 2)r do not have the same quadratic residuacity and f(x) is quadratic non-

1
residue mod p for some x < p4\/5+5,

In general, Burgess [Bu2| proved the following theorem.

<x2+k) _ 4
p

T = O(p?’\Z/EJrE).

Theorem 3.5. (Burgess)

for some

We have the following improvement. ([F],[C3])

(1)
p

T = O(p%ﬁﬁ).

Theorem 3.6.

for some

The argument has the same approach as Burgess’, starting with
Lemma 3.7. ( Burgess) Let
n =2+ ky?.
Then there is a representation
n=u’ H (v? 4 k)™,
1<i<r
where r,u, V1, ...,V € Zy; u,v1,...,0, < n and a; = £1.
This reduces the problem to character estimates of binary forms.
Remark 3.8. One may be more specific about the role of £ in Theorem 3.6. In
view of Lemma 3.7, we gets z < k!/Vepl/2vVete See Problems 8 and 9.
84. Other related character sums.
Definition 4.1. Let ¢ = p™ be a prime power such that ¢ = 1 mod 4. The
undirected Paley Graph of order q, G = (V, E) is defined by
V="F,
and

E = {{a,b} € Fg xFy:a—b is a square in F} }.

Problem 4.2. What is the size of the largest clique in G?
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The problem asks for the size of the largest subset S C I, such that for any
a,b € S, a—bis asquare. A. Blokhuis [Bl] proved that if ¢ = p*® and p # 2, then
the clique number is p™. For ¢ = p prime, it is conjectured that the clique number
is ~ logp. A relevant character sum problem is the following.

Problem 4.3. Let x be the quadratic character mod p (or any non-trivial charac-
ter). Prove that for some v =~(§) >0

> x@+y)|<p4l1B]
r€A,yeB
holds, for arbitrary subsets A, B C F), of size
Al > p°,|B| > p°
and p large enough.

Karacuba has the following relevant results [Kar3].

Theorem 4.4. ( Karacuba) Let x be a non-trivial multiplicative character mod p.
If|A] > p=*9,|B| > p°, then

> xl@ty)| <p 4] B
r€A,yeB

Remark. It is unknown if there is non-trivial bound on the character sum > 4 .« p X(¥+
y) for |A| = |B| ~ p2, not even for the special case when A = B = H < Fy.
Considering special sets, Karacuba [Karl] also proved

Theorem 4.5. (Karacuba) Let x be a non-trivial multiplicative character mod p,
I C[1,p) be an interval and S C [1,p) an arbitrary set, such that

|11,1S] > p5+e.

SIS xwy)| <pilIs

yel z€S

Then

Remark 4.5.1. Related results were obtained by Friedlander and Iwaniec [FI] but
under more restrictive assumptions on S that it is well-spaced.

We have the following slight improvement [C1].
Theorem 4.6. Theorem 4.5 holds under the hypothesis that
[1],18] > p=+e.

The proof uses the following estimate on multiplicative energy.

Proposition 4.7. Toke k € Z,k > 2 and I = [O,p%] an interval. Let D C Fp be a
p* -separated set and A=D+1={d+i:deD,iecl}. Then

E(A,I) < preions D77 1] |A].
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There are more bounds on character sum over sets with more structures.
Theorem 4.8. (Karacuba) [Kar3] [Kard] Let 7;(n) be the number of solutions of
the equation n =mnq ... n, with n; € Z4, n; > 2, and let

Ty =Y 7(n) x(a+n),  (a,p) =1
n<N
(i) If N > p2+e, then |Ty| < N'79.
(it) If0 <la| </p, and

1 1
s+
N>p2 PICES)) 5’
then
Tn| < N7,

The following is our result of type (ii) without restriction on a.
Theorem 4.9. Let T be defined as in Theorem 4.8. Assume
N > pPete

with pr = 3+ % — 1\/k> —k+ 5. Then

|Tn| < N'7° for some 6 = 6(k,e) > 0.

Theorem 4.9 follows from the following result in [C1].
Theorem 4.10. Let I C F, be an interval with |I| = p” and let D C F, be a
pP-spaced set with |D| = p°. Assume
Bo 1
2 ———>—+494
B+o 15 >3 +
for some § > 0. Then
_e?
| > x@+y)|<p T
zel,yeD
for a non-principal multiplicative character x.
Corollary 4.11. Let a € Z be arbitrary such that (a,p) =1 and let
Ry = Z x(2? +y* +a).
x2+4+y2<N

Assume 1
N>p Pere7 P2 = g(7 — \/17) = 0.359...

Then
|Ry| < N'7°.

85. Character sums over subspaces.
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Theorem 5.1. Let g =p™, and let V be a subspace of Fq over F,. Assume
(1). dimV > pn, where p < 1 is a constant.

(2). maxeer: [V NEG| < |V|1=¢, when n is even. Here G is the subfield of F,
with |G| = \/q.

(3). n < p (logp)~?, where C is a sufficiently large constant.

Then s
‘ Z ‘ (logp) " |V
zeV

for some § > 0. In particular, V contains a quadratic non residue.

Lemma 5.2. Let g =p", and let V be a subspace of F, over F,, satisfying

max max |V NEG| < |[VF€, (5.1)
G éeF:

where G < Fy is a proper subfield. Then the multiplicative energy of V is bounded
by
E(V,V) <c[V]*~, (5.2)

where ¢,d are absolute constants.

Proof. By the Balog-Szemerédi-Gowers Lemma and Theorem 4.3 in [BKT]. O

Let x be a non-trivial multiplicative character of ;. Our goal is to estimate

1> x(@). (5.3)

zeV
Thus
[ x(@) V* > x(x+yt‘ V* > n(u ‘Z (u+t)], (54)
=PI US L PVl iF,
tEFp
where
={(z,y) eV xV:ay ' =ul
It follows from the lemma and the definition of n(u) that
Zn E(V,V) < |V[]>°. (5.5)

Applying Hoélder’s inequality twice, we have

1> x(@)

zeV

<o [ ] [ wwr]”

A

>

uel, teF,

)27«]2—1.

By (5.5),

A< VPO
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For expression B, we write

> ‘ZX(
ueF,  teF,
< X X« ul_f;t:l (?utttz)))‘ (5.7)

t1,...,t2r€Fp  u€l,

Case 1. One of the t; is not repeated. By Weil’s inequality, the contribution in
(5.7) is bounded by

2rp2’”\/(}.

Case 2. Each t; appears at least twice. We estimate the number of such 2r-tuples
(t1,...,ta) as follows. By assumption, there exist I C {1,...,2r}, |[I| <r, and a
system (¢;);cr € IFII, such that t; € {¢; : 4 € I'}. The corresponding count gives

(Do (2 ()] [ (D]

s<r s<r

<Py (B) = (4rp)",
T

assuming
p > er. (5.8)
Thus in Case 2, the contribution to (5.7) is at most
(4rp)" - q.
Hence ) )
(B) < (2r)7p g7 + (4rp)? g (5.9)

From (5.6) and (5.9),

> x(@)] < |V| VI2DIVIS (p g + 20k p¥ o)
zeV

[N

1496 1

= [VI{a VI 4 2(0) v e (5.10)

Assume
dimV > (1 - 7) (5.11)
Thus [V| > ¢z @=%) and from (5.10)
_né r % n
|2 x@) < [ +2(0) pF] v (5.12)

zeV

It remains to choose r optimally.

Take
B log p
~ 0 log 2
Assume
p

oz )" (5.13)
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and p large so that (5.8) holds in particular.
The first factor in (5.12) becomes

for § < %

Thus we obtain that

3" x(@)| < (logp) " V|
| X x@)

eV
provided (5.11) and (5.13) hold.

§6. Problems.

Let F» be a finite field and let § be a generator of F,» over IF,,. Denote M the
module over F,, generated by 1,0,..., g1,

Problem 1. Estimate Sy, =}, <y X(y) nontrivially.
By the bound of Katz [Ka] that | >_,cp x(0 +t)| < (n —1),/p implies
|Sin] < mp™ .

However, their bound becomes trivial for n > |/p. On the other hand, Burgess

[Bu6] showed
S, = O(pm(lfzs))
for m > n(% + €), where 6 = é(e).

One may hope to obtain an estimate S, under weaker conditions on m.

To generalize Problem 1, we let V' < F,» be an arbitrary m-dimensional subspace
of Fpn over Fy,.

Problem 2. Obtain new estimate on -, i x(y).

Theorem 5.1 is what we are able to prove.

Note that the Davenport-Lewis technique gives nothing here as one can not
amplify by multiplication with the base field F),. Also note that Perelmuter-
Shparlinski’ result requires n > C/p log p.

As for character sums over sum sets, we have the following problems.

Problem 3. Obtain a nontrivial estimate on

> x(z+y)

r€A,yeB
for A, B C Fy, arbitrary, and |A|,|B| ~ \/p.

Problem 4. (Sarnak) In Problem (3), consider A = B = H < with |H| ~ \/p.

Problem 5. (Bourgain) Obtain nontrivial bound on

> xlata)

reH
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for H <Fy, |H|~ \/p, and a € F}.

Consider the following sums

S1:Z’Zx(a:+y)‘

zel yeA
Sp=>" ‘ > x +fﬂy)’,
zel yeA
where [ is the interval [0,p®] and A C [0, p”] arbitrary with |A| ~ p”.
Ifa+p> % + €, one may obtain

1S4, [Sa| < p~2O|1| |A].

Problem 6. Obtain estimate of |S1| and |Sz| fora+ =13, a,8> €.

An estimate for sums of the type Ss is relevant to the following problem due to
Vinogradov and Karacuba on the ”shifted primes”.

Problem 7. (Vinogradov) Obtain nontrivial bounds on

> xla+q),

q<N, q prime

where a # 0 is given, N ~ \/p.

A bound Np~? was obtained by Karacuba for N > pzt¢.

Problem 8. Obtain nontrivial bound (uniform in a) for

Z x(z% + a),

zel
where |I]| ~ \/p.
Problem 9. Prove that
min{z € [1,p] : a + 2? is a quadratic nonresidue } < \/p

for p large enough and a € F, arbitrary (uniform in a).

We note that Theorem 3.6 gives the bound pv& *< with a # 0 given.
Problem 10. (Shparlinski) Prove that
min{z € [1,p] : (z + a)(z +b) is a quadratic nonresidue } < p*/>~"

for some fized n and uniformly over a # b.

Acknowledgement. The author would also like to thank I. Shparlinski for many
helpful comments, and the organizers for the opportunity to present this talk in
F,9.
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