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Freiman-Ruzsa Theorem
— 3B C RY a box
3¢ : 79 — V a group homo s.t. A C ¢(B)

d<K
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Freiman-Ruzsa Conjecture
— 3B C RY convex
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|nB| > |B|"(1-2),
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decomposition «—— {1,...,2n} = ngl E.
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as (w.m.a. 1€ E,)
DR
X1
i€E.\{1}

» number of solutions bounded by

KC(\Ea\)’Aﬂ
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o for |Ey| > 3,

Z:EX,':O

i€Eq
#{sol's} is bounded by
K CUED| Ay ).
)(]_—i_”'—i_)Q';_)(n_i'-]__"'_)<2r':07 XIGA]_

o If Jars.t. |E,| > 3, #{sol 's} is bounded by

B
Ay B H K C(Eal) < |A1‘n*1KC(")‘

a=1
o If Vo, |E,| = 2, then #{sol's} is bounded by
2n!
— A"
n!

Hence ol
E(A1..., Ar) < KA1 4 200 Ay,
— n!

n
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e assuming WFRC and |AA| < K|A| to bound the number of
solutions of

Xp 4ot Xp = Xnp1 = —Xxn =0

Weak Freiman-Ruzsa Conjecture (WFRC)
V = Z-module, A C V finite, |A + A| < K|A| = 3A; C A with
A1l > K™[A]
J&1,...,6g € V withd < clogK, s. t.
AL CZ& + - -+ Z&gq.

WEFRC for multiplicative sets

e assume A C Ry finite, |AA| < K|A|
e apply WFRC to logA C R =: V and get

AL C Awith |A7] > K=¢|A]
G < R*, rank G < clog K
A; C G
o
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e additive energy for 51,...,5, C C
E(S1,...,5n)
= |{(X13}/17---7Xn>)/n) € 5% X X Sg :
X1+ Fxp=y1+ -+ ya}

2
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Example 1.

Assume WFRC.
Vn € Zy and Ve > 0, 30 > 0 s.t. if A C C* finite, large and

|AA] < A,
then
|nA| > |A|"(1=2),
Proof. Take K = |A[°.
|nA| > |nAq|
| Ag[27

- KC(n)|A1|n71 + 2n! |A1|n

n!
. n! n —C(n n
> min (ﬁ A", K=C) 4] +1)
|
> min (% K=an| A", K‘C(”)\A|”+1)



Example 2.

Assume WFRC.
Vne€ Zy and Ve >0, 39 > 0 s.t.
if A C C* finite, large and

|AA| < |AY,
and VB C A with
|B| > |A[7,
then
InB| > |B|"—2),
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Proof of Example 2

Hence 31 </ < s s.t.

18] - _|B]

|B1:= BN ziAA Y > e

AAT'CG=z'BiCc AA[' C G
As in Example 1, take A = zle, A = zlel

Al

|A1’ > Kc+1
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Proof.
e AC GL3(C), |A| < >
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e By Balog-Szemeredi-Gowers
(since |AA| < K|A|)

JA; C A with |A1] > K™ €|A|, and
X C SL3(C) s.t.
IX| < K, A1A; C XAiNAX
— replace A by Aj, we have
> Al < KA, Vs ezZT

e (Helfgott). 3D C A~1A, |D| > |AlP of
simultaneously diagonalizable matrices
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(%) for fixed h € A, [D(hD)*"Y| > |D|*:
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© D &
i
1 ¢
Z hiip higis - -+ iy 1leg)(\ )g)(\) ”g)(\g)

Theorem

Evertse-Schlickewei-Schmidt

< (C*)", rank T = r. Then the number of nondegenerate
solutions of

aixi+ - +apxp=1, (x1,---,xp) €T

is bounded by
e(r+1)(6n)3"



Find a new D s.t. |DD| < K¢|D| :

e D C A'A c A? be the diagonal set with |D| > |AJ?
Ds := DN Al
Ds > D, > D
o take B C AP minst. AP c BD.
e gDNg'D=10, Vg #+g' €B

e AP cBD,
o 1A < AP < |B||Dy
IDgl|B] = |DsB] < | A1) < K| A
A
10404 < D] < K19 AL < gr0e

1B
o
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Lemma

ACAI xR
A A1
Assume [2A| = |A+ A| < K|A]
= 3C C Awith |C| > 5k |A] st
Vx € C, |7 Y (n(x))| ~ h
Proof
m = max{|771(x)| : x € A1}

[2A| > |A1| m

o |Al> Al %
e dBC Ast. |B| > 1A,

Vxe B, | l(n(x))| > %
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Find F C D large s.t.
rank(fij : (fij) € F) small
° m: D — Ds, (gij) — &1
u u
E— E

o |mi(X)| ~h, Vx € E

1
E D
© B> igk!P

. |E| ~ h|E1| and |EE| > h|E1Ey

|EE| < DD < K(log |K])|E|
° |E1E1| < K(lOg’K‘)lEﬂ
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° |E1E1‘ <K(|og|K\)|E1|

WFRC = 3F' C E; s.t. |F'| > K=¢|Ey| and F/ C T < C*,
rank(l1) < clog K



° m D — Dy, (giJ) = 81,1
U U
E—F
U U
F—F
1 1
FI> RelEl> Kook

m1(F) C Ty, rank(l1) < clogK

° m F— Fp, (8ij) — &2.2

» mi(F)cTl; rank(l;)) <clogK, i=1,2]3

(hy: () € F) < (T2 i=1.23)
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e V =7Z-module, A C V finite, |A+ A| < K|A|
— JA' C A st

1. ‘A/’ > ech%(logK)% ’A’
2. dim(A") < K~ (log K)?

K_%(Iog K)% < clog|A| <= K < c(log |A])*~¢ (%)

(k)= 3IA CA |A|>]|AZ, dim(A) < clog|A|)™

o Ch- K < clog |A|

e Bourgain-Sanders K < c(Iog|A\)%

e Konyagin K < c(log|A])*
K< AP ?
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