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notations
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• inverse set
A−1 = {a−1 : a ∈ A}

I A[n] = ({1}∪A∪A−1)n
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• V = Z-module, A ⊂ V finite, |A + A| < K |A|

Freiman-Ruzsa Theorem
=⇒ ∃B ⊂ Rd a box

∃φ : Zd → V a group homo s.t.

A ⊂ φ(B)

d ≤ K

|B| < ec(K)|A|.

d ≤ c log K
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• V = Z-module, A ⊂ V finite, |A + A| < K |A|

Freiman-Ruzsa Theorem
=⇒ ∃B ⊂ Rd a box

∃φ : Zd → V a group homo s.t. A ⊂ φ(B)

d ≤ K

|B| < ec(K)|A|.

Freiman-Ruzsa Conjecture
=⇒ ∃B ⊂ Rd convex

∃φ : Zd → V a group homo
∃A1 ⊂ A, |A1| > K−c |A| s.t. A1 ⊂ φ(B ∩ Zd)

d ≤ c log K

|B ∩ Zd | < K c |A|.



Freiman-Ruzsa

• V = Z-module, A ⊂ V finite, |A + A| < K |A|

Freiman-Ruzsa Lemma
|A| > cK 2/ε
=⇒ A ⊂ φ(Zd) with d ≤ [K − 1 + ε].

Weak Freiman-Ruzsa Conjecture (WFRC)
=⇒ ∃A1 ⊂ A with |A1| > K−c |A|

∃ ξ1, . . . , ξd ∈ V with d < c log K , s. t.

A1 ⊂ Zξ1 + · · ·+ Zξd .
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”RESULTS”

• assume WFRC, i.e. assume
”|AA| < K |A|

=⇒ ∃G < R∗, rk G < c log K , |A ∩ G | > K−c |A|”. Then the
following hold

• |AA| < |A|1+δ =⇒ |nA| > |A|n(1−ε)

• |AA| < |A|1+δ =⇒ ∀B ⊂ A with |B| > |A|ε, we have
|nB| > |B|n(1−ε).
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”RESULTS”

• (without assuming WFRC)
|AA| < |A|1+δ =⇒ |nA| > |A|m

• (without assuming WFRC)
A ⊂ { algebraic numbers of degree ≤ d},
|AA| < |A|1+δ =⇒ ∀B ⊂ A, |nB| > |A|−ε|B|n

• A ⊂ SL3(C), |AA| < K |A|
=⇒ ∃A1 ⊂ A with |A1| > K−c |A|
A1 ⊂ ξN, where N < SL3(C) is nilpotent



”RESULTS”

• (without assuming WFRC)
|AA| < |A|1+δ =⇒ |nA| > |A|m

• (without assuming WFRC)
A ⊂ { algebraic numbers of degree ≤ d},
|AA| < |A|1+δ =⇒ ∀B ⊂ A, |nB| > |A|−ε|B|n

• A ⊂ SL3(C), |AA| < K |A|
=⇒ ∃A1 ⊂ A with |A1| > K−c |A|
A1 ⊂ ξN, where N < SL3(C) is nilpotent



”RESULTS”

• (without assuming WFRC)
|AA| < |A|1+δ =⇒ |nA| > |A|m

• (without assuming WFRC)
A ⊂ { algebraic numbers of degree ≤ d},
|AA| < |A|1+δ =⇒ ∀B ⊂ A, |nB| > |A|−ε|B|n

• A ⊂ SL3(C), |AA| < K |A|
=⇒ ∃A1 ⊂ A with |A1| > K−c |A|
A1 ⊂ ξN, where N < SL3(C) is nilpotent



additive energy

• additive energy for S1, . . . ,Sn ⊂ C
E (S1, . . . ,Sn)

= |{(x1, y1, . . . , xn, yn) ∈ S2
1 × · · · × S2

n :
x1 + · · ·+ xn = y1 + · · ·+ yn}|

• |S1 + · · ·+ Sn| ≥ |S1|2···|Sn|2
E(S1,··· ,Sn)

Lemma
G < C∗, rk G < c log K
A1 ⊂ G finite.

Then
E ( A1, . . . ,A1︸ ︷︷ ︸

n

) ≤ KC(n)|A1|n−1 + 2n !
n! |A1|n
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additive energy

• bounding the number of solutions in of

x1 + · · ·+ xn − xn+1 − · · · − x2n = 0, xi ∈ A1

Theorem Evertse-Schlickewei-Schmidt
Γ < (C∗)n, rank Γ = r . Then the number of nondegenerate
solutions of

a1x1 + · · ·+ anxn = 1, (x1, · · · , xn) ∈ Γ

is bounded by
e(6n)3n(r+1)
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I the number of solutions is bounded by

e(6n)3n(nd+1) < ecn(6n)3n log K = KC(n)
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Proof of Lemma.

• decompose in minimal vanishing subsums
x1 + · · ·+ xn − xn+1 − · · · − x2n = 0, xi ∈ A1

decomposition ←→ {1, . . . , 2n} =
⋃β

α=1 Eα

|Eα| ≥ 2, ∀α
β ≤ n

• for |Eα| ≥ 3, rewrite ∑

i∈Eα

±xi = 0

as (w.m.a. 1 ∈ Eα) ∑

i∈Eα\{1}
± xi

x1
= 1

I number of solutions bounded by

KC(|Eα|)|A1|
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• for |Eα| ≥ 3, ∑

i∈Eα

±xi = 0

]{sol’s} is bounded by
KC(|Eα|)|A1|.

x1 + · · ·+ xn − xn+1 − · · · − x2n = 0, xi ∈ A1

• If ∃α s.t. |Eα| ≥ 3, ]{sol ’s} is bounded by

|A1| β
β∏

α=1

KC(|Eα|) ≤ |A1|n−1KC(n).

• If ∀α, |Eα| = 2, then ]{sol’s} is bounded by

2n !

n!
|A1|n.

Hence

E ( A1, . . . ,A1︸ ︷︷ ︸
n

) ≤ KC(n)|A1|n−1 +
2n !

n!
|A1|n.
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• assuming WFRC and |AA| < K |A| to bound the number of
solutions of

x1 + · · ·+ xn − xn+1 − · · · − x2n = 0

Weak Freiman-Ruzsa Conjecture (WFRC)
V = Z-module, A ⊂ V finite, |A + A| < K |A| =⇒ ∃A1 ⊂ A with
|A1| > K−c |A|

∃ ξ1, . . . , ξd ∈ V with d < c log K , s. t.

A1 ⊂ Zξ1 + · · ·+ Zξd .

WFRC for multiplicative sets

• assume A ⊂ R+ finite, |AA| < K |A|
• apply WFRC to log A ⊂ R =: V and get

A1 ⊂ A with |A1| > K−c |A|
G < R∗, rankG < c log K

A1 ⊂ G
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Example 1.

Assume WFRC.
∀n ∈ Z+ and ∀ε > 0, ∃δ > 0 s.t. if A ⊂ C∗ finite, large and

|AA| < |A|1+δ,

then
|nA| > |A|n(1−ε).

Proof. Take K = |A|δ. ∃A1 ⊂ G ∩ A with |A1| > K−c |A|,
rank G < c log K .
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Example 2.

Assume WFRC.
∀n ∈ Z+ and ∀ε > 0, ∃δ > 0 s.t.
if A ⊂ C∗ finite, large and

|AA| < |A|1+δ,

and ∀B ⊂ A with
|B| > |A|ε,

then
|nB| > |B|n(1−ε).



Proof of Example 2

z1, . . . , zs be maximal in A s.t.
ziA1 ∩ zjA1 = ∅,∀i 6= j

s ≤ |AA1|
|A1| ≤ K c |AA|

|A| < K c+1

A ⊂
s⋃

i=1

ziA1A
−1
1

and

B =
s⋃

i=1

(
B ∩ ziA1A

−1
1

)
.
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Proof of Example 2

Hence ∃1 ≤ i ≤ s s.t.

∣∣B1 := B ∩ ziA1A
−1
1

∣∣ ≥ |B|
s
≥ |B|

K c+1

A1A
−1
1 ⊂ G =⇒ z−1

i B1 ⊂ A1A
−1
1 ⊂ G

As in Example 1, take A = z−1
i B, A1 = z−1

i B1

|A1| > |A|
K c+1
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Theorem

Assume WFRC.
∀ε > 0, ∃δ > 0 s.t. if

A ⊂ SL3(C), |A| < ∞

then either

(i) |A ∩ ξN| > |A|1−ε, where N < SL3(C) is nilpotent

or

(ii) |A2| > |A|1+δ.

Proof.
• A ⊂ GL3(C), |A| < ∞

⇒ (i), or ∃g̃ ∈ A[3], s.t. |Tr (g̃A)| > |A|δ
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outline

• By Balog-Szemeredi-Gowers
(since |AA| < K |A|)

∃A1 ⊂ A with |A1| > K−c |A|, and

∃X ⊂ SL3(C) s.t.

|X | < K c , A1A1 ⊂ XA1 ∩ A1X

—– replace A by A1, we have

I
∣∣A[s]

∣∣ < K cs |A|, ∀s ∈ Z+

• (Helfgott). ∃D ⊂ A−1A, |D| > |A|ρ of
simultaneously diagonalizable matrices
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set of diagonal matrices with large product
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hi1i2hi2i3 · · · hi`−1i`g
(1)
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λi2
· · · g (`)
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Theorem

Evertse-Schlickewei-Schmidt
Γ < (C∗)n, rank Γ = r . Then the number of nondegenerate
solutions of

a1x1 + · · ·+ anxn = 1, (x1, · · · , xn) ∈ Γ

is bounded by
e(r+1)(6n)3n



Goal 1.

Find a new D s.t. |DD| < K c |D| :

• D ⊂ A−1A ⊂ A[2] be the diagonal set with |D| > |A|ρ
Ds := D ∩ A[s]

Ds ⊃ D2 ⊃ D

• take B ⊂ A[2] min s.t. A[2] ⊂ BD.

• gD ∩ g ′D = ∅, ∀g 6= g ′ ∈ B

• A[2] ⊂ B D4

• |A| ≤ |A[2]| ≤ |B| |D4|
|D8| |B| = |D8B| ≤ |A[10]| < K 10c |A|

|D4D4| ≤ |D8| ≤ K 10c |A|
|B| ≤ K 10c |D4|
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Lemma

A ⊂ A1 × R
π : A ³ A1

Assume |2A| = |A + A| < K |A|
=⇒ ∃C ⊂ A with |C | > 1

2 log K |A|, s.t.

∀x ∈ C , |π−1(π(x))| ∼ h
Proof
m := max{|π−1(x)| : x ∈ A1}

|2A| ≥ |A1| m

• |A| > |A1| m
K

• ∃B ⊂ A s.t. |B| > 1
2 |A|,

∀x ∈ B, |π−1(π(x))| > m

2K
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Goal 2.

Find F ⊂ D large s.t.
rank〈fi ,j : (fi ,j) ∈ F 〉 small

• π : D → D1, (gi ,j) 7→ g1,1

∪ ∪
E → E1

• |π−1(x)| ∼ h, ∀x ∈ E1

• |E | > 1

log K
|D|

• |E | ∼ h|E1| and |EE | > h|E1E1|
|EE | < |DD| < K (log |K |)|E |

• |E1E1| < K (log |K |)|E1|
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• |E1E1| < K (log |K |)|E1|

WFRC =⇒ ∃F ′ ⊂ E1 s.t. |F ′| > K−c |E1| and F ′ ⊂ Γ1 < C∗,
rank(Γ1) < c log K
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KC
|E | > 1

KC log K
|D|

π1(F ) ⊂ Γ1, rank(Γ1) < c log K

• π2 : F → F2, (gi ,j) 7→ g2,2

.

.

.

I πi (F ) ⊂ Γi , rank(Γi ) < c log K , i = 1, 2, 3

〈fi ,j : (fi ,j) ∈ F 〉 < 〈Γi : i = 1, 2, 3〉
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Konyagin

• V = Z-module, A ⊂ V finite, |A + A| < K |A|
=⇒ ∃A′ ⊂ A, s.t.

1. |A′| > e−cK
1
4 (log K)

3
4 |A|

2. dim〈A′〉 < K− 1
4 (log K )

3
4

K− 1
4 (log K )

3
4 < c log |A| ⇐⇒ K < c(log |A|)4−ε (F)

(F) =⇒ ∃A′ ⊂ A, |A′| > |A| 12 , dim〈A′〉 < c log |A|)1−ε

• Ch- K < c log |A|
• Bourgain-Sanders K < c(log |A|) 7

4

• Konyagin K < c(log |A|)4

K < |A|δ ?
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