s QUAL SYLLABI FOR MATH 201ABC

February 2010

The topics marked with an asterisk are considered undergraduate material and
will be only briefly reviewed in the graduate sequence Math 201A-B-C.

Groups

1.7 Basic properties of groups and homomorphisms

2." Cosets and Lagrange's Theorem

3.7 Normal subgroups, quotient groups, fundamental homomorphism theorems
4.7 Symmetric groups, Cayley's theorem

5.* Alternating and dihedral groups

6. Groups acting on sets

7. Sylow's theorems -

8. Universal properties of products and coproducts

9. Free groups, presentations of groups

Rings
1.* deals, quotient rings, homomorphism thearems
2. Fields, characteristic of a field, field of fractions of an integral domain
3. Prime and maximal ideals
kN 4. Elementary properties of localization
5. Polynomial rings, ring of polynomials in one variable over a field is a pnnc:pai
ideal domain :
6. Factorization in commutative rings
7. Principal ideal domains are unigue factorization domains
8. Euclidean domains are principal ideal domains
9. Unique factorization in polynomial rings
10. Eisenstein's irreducibility criterion

Modules and linear algebra

1.* Basic properties of bases and dimension of vector spaces

2.* The relationship between matrices and linear transformations

3. Inner products and orthogonal bases, Gram-Schmidt process

4. Determinants, eigenvalues, Cayley-Hamilton Theorem

5. Submodules, quotient modules, homomorph;sm theorems

6. Direct sum, free modules

7. Exact sequences, Short Five Lemma

8. Projective modules and injective modules, any madule is a quotientof a
projective module and a submodule of an injective module

9. Hom, dual of a vector space, dual bases and maps

10. Tensor product, tensor, symmetric and exterior algebras

11. Structure of finitely generated modules over principal ideal domains,
applications to abelian groups

12. Rational canonical forms and Jordan canonical forms

e



Fields

1.* Elementary properties of field exiensions, degree of a finite extension

. Existence and uniqueness of splitting fields
. Existence and uniqueness of algebraic closure :
. Separable, normal and Galcis extensions

. Fundamental theorem of Galois theory

. Galois groups of quadratic and cubic extensions
. Finite fields and their Galcis theory

. Transcendence basis and franscendence degree
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Midterm 201 A, Fall 2012

_ Bach question is worth 10 poinis. A perfect score is 45 points. You may attempt as many
questions &s you wish.

1. Consider the symmetric group G = Sgn on 2n letters. Let G be the subgroup of G
consisting of permutations which fix n+1,-++ ,2n, ie, ¢ € G3 if and only if o(2) = ¢ for all
n+1 <1< 2n Let Gp be the subgroup consisiing of permutations which fix 1,--- . n. Let
H be the subgroup of & generated by G and G, Prove that H is isomorphic to Lhﬂ int ernal
direct product of G: and Gs.

}/ Suppose thet G is & finite abelian group of order 36 and assume that G is not isomorphic
to Zsg. Prove that G contains a non-cyclic subgroup of order 4 or of order 9.

#3']_ Prove that a group of order 56 must contain a normeal subgroup.

9, -%; ILet Z be the additive group of integers. Prove that 6Z,/30Z = Zs.

r

i }/ Let f: G — H be a group homomorphism. Assume that H is abelian. Prove that any
subgroup of G which contains the kernel of f must be normel.

6. Prove that the center of the dihedral group of Dg i isomeorphic to Zo. Recall that

/ Ds is the subgroup of Sg generated by the six cycie a = (1,2,3,4,5,6) and the permutation

v ey
b=(2,6)(3,3)
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Midterm Math 201 A, Fail 2010

Attempt as many questions as you like. A perfect score is 40. All guestions are worth ten
points each.

i 1. Let G be the group gen:_ateci by elements a and b with ot =0 =e Suppose that
ab = ba.

(a) Prove that G is sbelian and find its cardinality. -

(b) Prove that G is a cyclic group and identify the cyclic generator of G.

(c) Find two subgroups H: and Hy of G such that G = Hy x Hy.

» 2. The group Dy is generated by a = (1,2,3,4) and b = (2,4). Prove that Dy has eight
elemnents. Consider the subgroup Hi generated by a and prove that it 1s normal in Dy Let
Hs be the subgroup gererated by b. Prove that G is not isomorphic to Ay X Hs.

i 3. (a) Suppose that G is an abelian group with |G| = 30. Prove that it has a tmique element
of order 2.

(b} More generally prove that any group of order 30 has an element of order 2.

4. Let H and K be subgroups of G. Let P be the subgroup of G generated by H and K.
(a)Prove that P is the intersection of all subgroups M of G such that S UK C M.

(b) Suppose that K = K H. Prove that K is a subgroup of G. Conclude that HK =P,

5. What is the natural homomorphism of groups Z — Zg? What is the kernel of this map?

Use the first homomorphism thecrem to conclude that there is a homomorphism mep from

‘e, g —+ Zg. Prove that the kernel of this homomorphism is isomorphic to Z3. Is it true that
ZlB = Zﬁ X Zg,?

AJ J — B oy ) = = £ T *
5—+= al-suberoup of-G—Assume—that H-anc -G/ —are—fmitely s
il

L] _I‘ T 3 u o 5 i i 5 H : i yh e 2 2
generated. Prove that & is Anitely generated. Suppose in fact that H and G/H are cyclic.
What is the maximal number of penerators you need to generate G7

¥ g

iy
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Final 201 A, Fall 2012

The maximal possible score is 50 points. Attempt as many questions as you wish.

' ﬂ’.(-:")poi.nts) Define the notion of a prime element p in an integral domain D. Prove that p is

prime iff the principal ideal generated by p is prime.

2.(20 points) Let R be the field of real numbers and consider the polynomial ring R[z] in one
variable. You may use the fact that R[z] is a Euclidean domain.
(,a.‘f Prove that any prime ideal in Riz] is maximal.

Determine if the ideal generated by f(z) = 2% -+z+1 is prime. Repeat with the polynomial
g(zx) = 22 + 5z + 6.
(c) Prove that the ideal in R{z] generated by elements z? — 4 and z* — 12 is not proper.

(d) Consider the ideal J in R(z| generated by 2 —z +1 and z® 4+ 1. Find a polynomial h(z)
which generates J.

3.(15 points) Suppose that D is an integral domain of characteristic 5.

(/aVProve that for all a,b € D we have (a + b)® = a® + b°.

(b) Prove that D[z] is an integral domain of characteristic 5.

(¢) Use parts (a) and (b) to prove that if f € D[z], then the only powers of z which appear

with non—zero coefficients in f° are powers of z°. You may assume that f has degree 3 if you
like, to make writing the solution easier.

% (5 points) Let R be the field of real numbers and C the field of complex numbers. Consider
the ring homomorphism ¢ : Rz] — € given by ¢(f(z)) = f(iv/2), i.e., we set z = iy/2. Find
the element h such that ker i is the ideal generated by h. Prove that i induces an isomorphism
R[z]/ kerp = C.

5. (a) (5 points) Let R be the field of real numbers. Consider the ring R = Rlz] and
let S = {aP : p € Z,} where Z, is the set of non—negative integers. Prove that & is a
multiplicative subset of R{z]. Prove that S~ R is principal ideal domain. (Hint: Use the fact
that any ideal in SR is of the form S~'I for some ideal I in R.) ‘

(b) (10 points) Let R and S be as in part (a). What are all the units in R and S™'R.

(Hint: to determine the units in S~ R, first prove that no polynomial with constant term can
be invertible. )

6. ( 5 points) Prove that a finite integral domain is a field.

1




Make up questions for groups. This is meant for students who got below 35
on the midterm. If for instance you got 30 on the midterm, the most you can
get from doing these questions is 5 points. If you got 25 then you would get 10.
And so on. If you got 35 or more you get no additional points from doing these
questions and they will not be graded.

~)~ A7 (5 points) Suppose that G/C(G) is cyclic, where G is a group and C(G) is the center of
' G. Prove that G is abelian. B i \
— 90\0 F (LQ A )

(\ ,2/ (5 points) Suppose that H is a normal subgroup of order ©* in a finite group. Prove that
/' any Sylow—p subgroup of G contains H. (Use the first and second Sylow theorems).

A ,/((5 points) Prove that Sj is not the direct product of any family of its proper subgroups.
l

j}./(5 points) Suppose that G is an abelian group of order 12. Assume that G contains an
elem

\ U ent g of order 4 and an element b of order 3. Prove that G is isamorphic to Zis.

. M5 points) Find the elementary divisors and invariant factors of Zg S Zg P Zss.
\{F _
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Final Math 20-1A.1 Fall 2010 -

Attempt as many questions as you like. A pérfect score is 75. Bach question is worth 12
points..

1. Suppose that D is a principal ideal domain and R is any ring w1th id@n ity. Let¢p: D — R
be a homomorphism of rings. Prove that,

(a) ¢(D) is a commutative ring in which every ideal is principal.
“(b) Is it true that R must be commutative?
(c) Prove or give a counterexample to: ¢(D) is an integral domain.f (d) Suppose that we
take D = Z and R to be the ring of 2 X 2 matrices. Define ¢: D — R by
' ¢ln) =nl,

where I is the 2 x 2 identity matrix. Prove that ¢ is a homomorphism of rings.

2. (a) Let F be & field and Flz] the ring of po lynom_lals in one variable. Let I be an ideal
in F[.u] Prove that I is a prime ideal iff 7 is maximal,

(b) Find all the prime and maximeal ideals in Z11 and Zis.

3. (a) Let R be the field of Ib&.l awmbers and C the field ‘of complex numbers. Let o :
R[z] — C be the homomorphism of rings which is the evaluation at 4, i.e

©(F) = f{1).
Prove that ¢ is su.r;er'rwe and that kery is a maximal ideal. Determine the kernel of 1y, ie
what is a necessary and sufficient condition for a polynomial to be in ker

{b) Repeat (a) but assuming now that ¢ : Clz] — Cfigis the evaluation at 4.

4. (a) Prove that any free abelian group of rark 2 is isomorphic to Z x 7.

(b) Give an example of a subset of Z x Z which generates Z x Z as a group but-is not a
basis.

(¢) Find two non-isomorphic subgroup of Z x Z with index 4.

5. Let G be a finite abelian group and let & be a subgroup of .
{a) Prove that there exists a subgroup K of G which is isomorphic to G/H.
(b) Prove that @ is isomorphic to the direct product H x G/H.
(c) Suppose that G = Zg x Z15 and H = {(0,0), (3,0)}. Check that Hisa subgroup of @
and find the group K which is isocmorphic to G/ H.
: 1



6. (a) Prove that G is abelian if G/C(G) is ¢yclic. Is the converse true 7.
(b) Prove that a group of order p? is abelian.

—_—

i tet G be the group of 2 x 2 invertible matrices with real entries. Let H be the subgroup
consisting of diagonal maftrices. Prove that Cg (I} = H and that Ng(H) is the group of 2 x 2

" matrices of the form ( ) .
X tan 1‘1 . - i _ . g -
{\5 d).aa ocT-O,ab—O,cd._G},

Prove that Gg(H)- is a normal subgroup in Ng(H) and find the index [Ng(H): Ca(H)].
8. Find the Sylow-3 subgroups of Ss
9. Prove that a group of order 12 has a normel Sylow subgroup.

10. Let IV be a normal subgroup of G.
(a) Define a group action of G on N. You must check that it i= a group action.

(b) Define an action of G on the set of cosets G/N. Prove that *hc kerne! of the induced
jﬁmomgrph sm G — A{G/N) is N.

S EET S
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Algebra Qualifier, Part A
September 28, 2012

Do four out of the five problems.

1. Let G be a finite group and let p be a prime integer.
(a) Show that if p divides (G : 1), then G contains an element of order p. {You may
assume this holds if G is abelian.)

(b} Show that if each z € G has order p* for some k > 0, then (G : 1) is a power of p.

2. Prove or disprove the following.
(2) The ring Z[/—19] is a PID.
(b) Each nonzere nonunit of Z[\/=19] is a product of irreducible elements.

3. Let B be a commutative unitary ring. A multiplcative subset S of B is said to be
solurated if xy € S for z,y € R implies z,y € S.

{a} Show that if 5 is a saburated multiplicative subset of R, then B\ S is a union of prime
ideals of R.

(b} An elsment a € R is & zero-divisor if ab = 0 for some b # 0 in K. Show that the set of

zero-divisors of R is & union of prime ideals of R.

4. How many elements of order 7 are there in a simple group of order 1687 Prove your

answer.

8. {a) Define the characteristic of a ring.

{b} Assume R is a commutative unitary ring having only one maximal ideal M. Show that

the characteristic of & is either zero or a puwer of a prime. _
(c) Show that if R/M bas characteristic zero, where R is as in (b), then & contains 2 feld.

(d) Give an example of a ring R, as in (b), of chaa“act@-isﬁic zero having & non-maximal ‘

prime ideal P such that the characteristic of R/P is not zero.
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Part A.

1. (a) Suppose that G is a group and that H; and H, are two distinct subgroups of &. State and prove
a sufficient condition for H; v H; to be a group.

(b) Give an example of a group G and two subgroups K; and K, such that K; u K3 is strictly
contained in the subgroup generated by K; and K.

2. Suppose that G is a group and H, K are subgroups of G such that G is the internal direct product of
H and K. Prove that H and K are normal subgroups of G and G/H =~ K. Deduce that there does
not exist a subgroup H of S such that S; is isomorphic to the direct product of H and As.

3. Prove that a free abelian group is a free group if and only if it is cyclic. Give an example to show that
a cyclic group may not be free.

4. How many subgroup of order 9 does the group Zg @ Zy7 have? How many non-isomorphic subgroups
of order 9 does it have?

5. Suppose that H acts on a set §. Given s € 5, define the H-orbit of s. Prove that if s’ € § is another
element then either s’ is in the orbit of s or that the orbits of s and s’ are disjoint.

6. Prove that a group of order 200 is not simple.

7. Let t be an indeterminate and consider the ring of polynomials R[t] where R is the set of real numbers.
Using the fact that RJ[t] is a principal ideal domain, prove that the ideal generated by ¢? +2 is maximal.
Suppose now that we work with the ring C[t] where C is the set of complex numbers. Find a polynomial
f such that the ideal generated by f is proper and strictly contains the ideal generated by % + 2.

8. Suppose that R is the ring Zg and S = {2,4} is a subset of R. Prove that S™!R is a finite field and
identify the field.

Fall 2010
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Part A.

1. Let G be a group and let A be an abelian group. Let 8 : G — Aut(4) be a group homomorphism. Let
X xg G be the set A x G with the binary operation

(a,9)(a’,g") = (a +8(g)(a), gg').

(1) Prove that A x, G is a group.

(i1) Find 8 : Zy — Aut(Z,,) such that the dihedral group D, is isomorphic to Z,, xg Zy. Do not
forget to prove the isomorphism!

2. (i) Let G be a group of order np where p is a prime. Find a sufficient condition for a subgroup of
order p to be normal.

(i1) List all isomorphism classes of abelian groups of order 120.
(iii) Is there a simple group of order 1207

(iv) What is the maximal possible number of elements of order 5 in a group of order 1207

3. Let G be a group acting on a set X. We say that the action of G on X is transitive if for all z,2’ €
there exists g € G such that gz = z’. Prove the following statements.
(i) Forall z € X, Gz = X. In particular, [G : Stabg z] = |X| and if |G| is finite then | X| divides |G]|.
(i1) The subgroups Stabg = are conjupgate for all z € X,

(iii) Suppose that |X| =k and let m: G — Sy = Bij(X) be the group of homomorphism given by the
action. Then k divides n = [G : ker 7] and n divides k!

4. An element e in a ring R is said to be idempotent if e® = e. The center Z(R) of a ring R is the set of
all elements = € R such that zr = rz for all 7 € B. An element of Z(R) is called central. Two central
idempotents f, g € R are called orthogonal if fg = 0. Suppose that R is a unital ring.

(1) if e is a central idempotent, then so is 1g — e, and e and 15 — e are orthogonal.
(ii) eR and (1g — e)R are ideals and R = eR x (1g —€)R.
(iil) If Ry,..., R, are rings with identity then the following statements are equivalent
(a) R=By x xRy

1009
11"0\_\\



6
(b) R contains a set of crthogonal central idempotents ey,...,e, such that e; +---+e, = 1
and e, R~R,1<1<n.

(c) R=1Iy %+ x I, where I} is an ideal of R and R}, ~ Ij.

5. An element a of a ring R is called nipotent if ¢™ = 0 for some positive integer n. A ring is said to be
g
local if it contains a unique maximal ideal. Prove the following statements.
(i) The set of all nilpotent elements in a commutative ring £ is an ideal.
(ii) A commutative unital ring R is local if and only if for all z,y € R, # + 1 = 1 implies that z is a
unit.
(iii) Suppose that R is a commutative unital ring with the following property: if z € R is not a unit
then z is nilpotent. Then R is local.
(iv) Let Z[¢] = {z + yi: 2,y € Z}, * = —1. Clearly, Z identifies with a subring of Z[1]. Find a prime
ideal in Z[7] and an ideal [ such that I n Z is prime but [ is not prime.
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Part A.

1. Let Dg = {a,b) be the dihedral group of degree 8. What are the equivalent classes of Dg?

2. Let G be a group of order n. If n > m! and G has m Sylow p-subgroups, then G is not simple.

3. Find all Sylow 3-subgroups of Ss.

4. Let (P, {m}) and (@, {4.}) be coproducts of the family {4; : ¢« € I} of objects of a category G. Prove
that P and @ are equivalent.

5. Let R=Zog and S = {2 :i=1,2,... }.

(a). Find S7*R.
(b). What are the ideals of S~' R?

6. Hind the center of the ring of all n x n matrices over Zg.
7. The ring R = {a + bv/2i : a, b€ Z} is an Buclidean domain.

" B. A UFD is integrally closed.

Fall 2000
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2008.

Part A.

1.

Let G be a group and let A be an abelian group. Let € : G — Aut{A) be a group homomorphism. Let
A x5 G be the set A x G with the binary operation

(a,9)(a',¢") = (a +8(g)(a’),99").

(1) Prove that 4 xg G is a group.
(ii) Prove that the dihedral group Dy, is isomorphic to Z,, xg Z, for some 8 : Zy — Aut(Z,).

. Prove that a finite group of order p™q, n > 0, where p > g are primes is not simple.

Let G be a group of order 120.

(1) List all isomorphism classes of abelian groups of order 120.
(ii) Can G be simple?
(ii1) What i1s the maximal possible number of elements of order 5 in G?

(iv) How many conjugacy classes are there in Sg?

. Let Z[t] = {z +yi: z,y € Z}, i? = —1. This is a unital ring and Z identifies with a subring of Z[i].

(1) Is the ideal of Z|¢] generated by 5 prime?
(i) Is Z[7] a domain? If so, describe its field of fractions.

(iil) Choose a maximal ideal P in Z[¢] and describe the localization of Z[%] at P.

(i) Give an example of a category in which a morphism between two objects is epic if and only if it
is surjective.

(i) Give an example of a category C and of an epic morphism between two objects of C which is not
surjective.

12
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2007.

Part A.

1. If G is a group, a left G-module is an abelian group (A,+) with a group action 0 : G x A — A
such that if we denote o(g,a) by ga, we have gla+b) = ga+gbforall ge G, a,be A If Aisa
G-module, the (external) semidirect product A xg G is the set A x G with the product defined by
(a,9)(b, k) = (a + gb, gh).

(a) Show that A x4 G is a group.
(b) Show that S3 =~ Z3 xp {1, —1} for some G-module action o : {1,—1} x Z3 — Zj.

2. Let R be a PID and define ¢ : R\{0} — Ny by @(a) = n if a = upypy - p, for a unit u and prime
elements p; of R. Consider the condition:

(#) for every ay,a; € R there exists d € R such that ay R + a3 R = (a1 + das)R.

(a) Show that if R satisfies the condition (), then R is a Euclidean domain with Euclidean function
©.

ow that (#) implies — A) 1s onto for each ide of R, where enotes the
b) Sh h implies U{R U(RSA) i fi ch ideal A of R, where U(T} di
group of units of the commutative ring 7.

(c) Show that Z does not satisfy ().

3. Let Sy operate on itself by conjugation. How many orbits does Sy have?

4. Let G be a finite group of order p™g, p and ¢ primes with p > ¢. Show that G is not simple.

5. Give examples of the following and explain how you know they have the properties claimed.

(a) A Noetherian integral domain that is not a PID.

(b) An integral domain R of characteristic zero having a non-maximal prime ideal P such that the
characteristic of B/P is not zero.

1b
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Part A.

1. Find all normal subgroups of Dsy.

2. Find the Sylow 2-subgroups of S;.

1 c
. Let H = 0 bl:a,bce Ziy ; beaset of 3x3 matrices. Prove or disprove that H is a nilpotent

=]

group under ordinary matrix multiplication.

o

(i) Determine the units in Z[«/=5] = {a +b/—5:a,be Z}.

(ii) Is 7 irreducible? Prove your answer.

5. Prove or disprove that the ring of (Gaussian integers Z[t] is a PID.

18 FC{ \ | ’),U 0g
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Part A. )
1. Consider the additive quotient group 9}'%17 , where Q) is the set of rational numbers and 7 the set of
integers.

(a) Show that every coset contains exactly one element ge Q with 0 < g < 1.

(b) Show that every element in Q/Z has finite order but that there are elements of infinitely large
order. '

(c) Consider now the group R/Z where R is the set of real numbers. Prove that any element of finite
order in R/Z is in Q/Z.

2. (a) Exhibit two distinct Sylow 2 subgroups of S5 and an element of Sy that conjugates one into '
another. I

(b) How many elements of order 7 are there in a simple group of order 168.

- val 0 LAl
3. (a) Prove that Dg is not isomorphic to D, x Zs. M\w

(b) Prove that if G is a group of order p®, then it has a normal subgroup of order p* for all 0 < k < n.

4. Let F be a field and let R be the subset of F|z] consisting of polynomials whose coefficient of x is
0. Prove that F is a subring of R. Prove also that R is not a UFD by showing that z% € R has two
different factorizations in R into irreducibles.

5. Let R be a commutative ring. Assume that R[z] is a principal ideal domain. Prove that (a) R is a
domain, (b) the ideal (z) of R[z] generated by z is prime, (c) explain why (z) is then maximal and
(d) conclude finally that R must be a field.

Hint; Recall the equivalent conditions for an ideal in a commutative ring to be prime (resp. maximal),
and recall also the evaluation homomorphism ev, for a € R.

21
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2004 (October).

Part A.

1.

L]

Let R be a UFD in which each nonzero prime ideal is maximal. Show that

(a) ifa,be R and (a,b) = 1, then az + by = 1 for some z,y € R.
(b) Show that each ideal of R that is generated by two elements is principal.

(a) Let G be a finite group and H a normal subgroup of G. Show that if H and G/H are solvable,
then G is solvable also.

(b) Show that if H and K are solvable normal subgroups of G with HK = G and H n K = {e}, then
G is solvable.

. Let S be a multiplicative subset of the commutative ring R and let I be an ideal of R. Show that

S7'Rad(l) = Rad(S71I), where Rad(J) = {z € B : ¢" € J for some positive integer n}.

. Let p be a prime integer and let G be a finite p-group. Show that & has a nonzero center.

. Let G be a finite simple group having a subgroup H of index n. Show that G is isomorphic to a

subgroup of S,.
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2004 (April).

Part A.

1.

Let G = Q/%Z, Q and Z being considered as additive groups. Prove that for any positive integer n, G
has a unique subgroup G(n) of order n, and that G(n) is cyclic.

. Let G be a group. Prove that if the group of automorphisms Aut(G) of G is cyclic, then (3 is abelian,

Let G be a finite group and H 2 G a normal subgroup of prime order p. Prove that H is contained in
each Sylow p-subgroup of G.

. Let H < G be a proper subgroup of finite index in a group G. Prove that & does not equal the union

of all subgroups of & conjugate to 4.

. Prove that a group of order 40 has a normal Sylow subgroup.

. Let G be a finite group. Describe all group homomorphisms ¢ : G — F,, where F denotes the free

group on two elements. .
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2003.

Part A.

1. Prove that a group cannot be the union of two proper subgroups.

__ 2. Let @ be the additive group of rational numbers, Prove that any subgroup of () generated by two
J distinct elements is isomorphic to Z. Use this to prove that () is not isomorphic to Q x Q.

3. Let G; and G» be two non-trivial non-isomorphic simple groups. Prove that any proper non-trivial
normal subgroup of Gy x Gy coincides with G; or Gs.

4. Prove that a free gmﬁp that is abelian is either trivial or is isomorphic to Z.
5. Describe up to isomorphism all groups of order 121, Prove your answer.

6. Prove that if § is a Sylow subgroup of a finite group G, then Ng(Ng(S)) = Ng(S).

30
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2002

Part A.

1.

Show that if a positive integer d divides the order n of a finite cyclic group G, then G has a unique
subgroup of order d.

. Show that there are no simple groups of order 200.

Let H be a subgroup of a group G with (G : H) =n.

(a) Show H contains a normal K such that (G : K) divides n!.
(b) Show that if G is finite and n = p is the smallest prime dividing |G|, then H is normal.

Show that each finite p-group is solvable.

. Show that in a principal ideal domain every non-zero prime ideal is maximal.

. Let R be a commutative unitary ring. An ideal I of R is said to be primary if a,be Rand abe I

imply ae I or b™ € I for some n € N, Assume that [ is primary and S is a multiplicative subset of R
such that § n I = @. Show that S~'] is a primary ideal of S—'R.

33 —

Frll  200|




| a) K 2q o
3 [Gue] diveer n! &= hants

s haa naaanimal

“‘-'a".h}

| )\ |G g e and Nn=Pp
] prime dancor 0F Gl , han HaG

- ® | ef+
i\)&a(ﬁs on e set G/H=%g9:H, 3“H73 bf’j ¢
7 lhplicaion meaning 3 a fmchen

G x G/ s G/ ST

9 (g (ar)) = (997 aHl oR

o

C]‘)((:[ ?‘(q/H jii{_.__—? C:]){(:Z/l_}
mult % 1y, \ /a{ CommnUtes

buserve Mt for ol et o nd  each ves), - NY
% ﬂcl—l—:g&'H g a4 Wique &:&(%’t)egl""’nb"
Dehne ¢ G — S b —a (v j (g, i)
- g | \_\3/&,> |
Venty ¢ 1$a G OO Ty o0 Tyli)=j
NTS /‘[:Ci‘f]j = Tﬂ F]:j! LWirien 3(QLH)_:QC}'H

Ly ’t%’('«;):—& WYL ,fjj'(aL'H):O[&'H and
TﬂTj‘(L):K Wy e ﬂ(ﬁI'(qLH)):C{KH




3w ﬁ‘(ﬁ‘ (acH) = (g9') acH G@;
‘ %l 2 g ovp aps? A Hho a x| ac .
== W ¢ O{ . H Ly, ‘qd, H
1 .;ngK
oo dic a bomonn
|
| var(aaadiy Ker ¢
Conaider k= |
Nobe KA G
Opplying fae 477 160 b, Wt e ;
\ " e 6/ <§,,,,
VG/K/\ Il ¢ G/K Tm G K E
Qaim kK <H . '

L4 oelerd =X | :

= o e sk HO Mat o =H HEogeH

So K<H. '

nole. | @/l = Ca:k]  and | snl=nl
e LBl [lgn\ |

)

B1A%YUES (aY ‘2 () hol d -



DNt K be as befve. [y EEHCH

: & W = CHik
peat, (6 K1=0G HILH 1K)= p I

Fron PmG(D wWe_ \n Ovu PMIP\

il W\,\Lp-%)]’
s ol prma dusors of A are (€dd
Man p -
'ﬁ@ji ol| Pm'n,u_, divisors of o ave 6~/40t+er
Wan o equal o P, bic m|lal and
» P s hMa mininel  prime gV g |
of (G
Mms =4
Wurete H=K 5 £aG (fomt)y.

Mus  H a6 //




Dentov, \Var

2001

Part A.

1.

[}

Show that the symmetric group S3 is not isomorphic to a direct product of two of its proper subgroups.

. Show that a group of order 77 has exactly one subgroup of order 11.

. Prove that if G is a group and G/C(G) is cyclic, then G is abelian, where C(G) is the center of G.

. Describe explicitly all free groups which are abelian.

Prove that if H is a cyclic normal subgroup of G, then every subgroup of H is normal in G.

How many elements of order 7 are there in a simple group of order 1687 Prove your answer.
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Part A.

1. (a) Find all subgroups of Zas
(b) Find all ideals of the ring Z4g
(c) Which ideals in (b) are maximal? Which are prime?

2. Find all normal subgroups of Dy;.

Prove or disprove the following:

3. A group of order 375 is simple.

4. There is a non-abelian group G such that |G| = 125 and |C(G)| = 25.

o

. R[X,Y] is a PID, but Z[X] is not a PID (i, y are indeterminates).
6. Z[t] is a UFD.

7. Let p be a fixed prime number. Let R = {a/b:a,be Z,p t b}. Then R is a local ring.
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1999

Parts A and B.

1. Let K © H be subgroups of the finite group G, which are not necessarily normal. Show (G : K) =
(G: H)(H : K), where the notation (A4 : B) denotes the number of left cosets of B in A.

b

. Let the group G operate on the set S, and suppose that s,i € S are in the same orbit under the
operation. Show that the isotropy groups G and G, are conjugate. That is, there exists g € G such
that g7'G.g9 = G;. (Recall that G, = {z € G : gs = s}).

3. Show that each group of order p?, p prime, is abelian.

4. (a) Define free group F(X) on a set X.
(b) Define coproduct (G, {@i}icr) of o family {G; :1¢€ I} of groups.

(c) Show that if (G, @y, ) is a coproduct of G; and G; with G; isomorphic to the additive group
of integers Z, then G =~ F({a, b}).

(d) Is F({a,b}) abelian?

5. Show that the direct sum of an arbitrary family of injective abelian groups is injective. (Hint: Divisi-
ble).

6. (a) Determine the units in Z[/=5] = {a + by/=5:a,be Z}.
(b) Show that 1+ +/—5 and 2 are irreducible in Z[+/—5].

7. (a) Give an example of an integral domain R and ideals I and J of R such that IJ # I n J.
(b) Show that if I+ J=Rthen IJ=InJ.

8. CGive an example of a monomorphism f : A — B of abelian groups and an abelian gronp €' such that
the induced homomorphism homgz (B, ) — homg (A, C) is not onto.

o call /Aoy 199999




44

9. Show that if RisaPIDand M = R/a; R&R/a, R®-- - ®RfonR, with R+ aRDaR2 - D ankR,
then M cannot be generated by fewer than m-elements.

Find the minimal polynomial and the rational canonical form of A.
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Part A.

1. (a) Find all subgroups of Zyy.
(b) Find all the ideals in the ring Zo,.
(c) Which of these ideals are maximal and which are prime?

E
B
;
£
€

In problems 2-5a, prove or disprove.

2. If (P, {m}) and (@, {t:}) are both products of the family {A4; : 1 € I} of objects of a category G, then
P and @ are equivalent.

3. A group of order 250 is simple.

4. Let R be an integral domain. Then R is Buclidean iff R is a PID iff R is a UFD.

5. (a) Let R =Zg, S1 ={1,3}, and S; = {1,2,4}. Then 57 R is a field.

(b) How many elements does S; "R have?

46
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Part A.

1. Let |G| = p™. Prove that for each 0 < k < n, G has a normal subgroup of order o*.

2. Let G be a group containing an element of order different from 1 or 2. Prove that & has a non-identity
automorphism.

3. Prove that a commutative ring with identity is local iff for all r,s € R, r+ 5= 1g impliesror s is a
unit.

4. Prove that Z[z] is not a principal ideal domain.

5. Prove that in the ring Z the following conditions are equivalent

a. I is prime.
b. [ is maximal.

c. I = (p) with p prime.

‘ Fayy 1990
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Part A.

1.

Let F be a field. Prove that F contains a unique smallest subfield Fy and that Fy is isomorphic to
either Q or to Z, for some prime p.

. Let R be a commutative ring with identity. Prove that a polynomial ring in more than one variable is

not a principal ideal domain.

. Let P be a prime ideal in a cornmutative ring with 1 and let D be the set R\P. Show that the ring of

fractions D 'R is defined and that it has a unique maximal ideal.

Let ¢ : B — § be a homomorphism of rings. Prove that the inverse image in R of a prime ideal in S
is either R or a prime ideal.

. Let A and B be finite groups. Prove that the number of Sylow-p subgroups in A x B is the praduct

of the number of Sylow-p subgroups in A and B.

. Let G be a cyclic group of order n and assume that k is prime to n. Prove that the map z — z* is

surjective. Now prove that the same result holds for any finite group G of order n and for &k prime to
n.

Let C be a normal subgroup of A and D a normal subgroup of B. Prove that C x D is a normal
subgroup of A x B and that the corresponding quotient group is isomorphic to A/C' x B/D.

52
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Math 201C Final
June 13, 2013

Do 7 out of the 8 problems. Indicate which of the 8 that T am not to grade.

+ A7 Let E/K be an algebraic extension and let ¢ : E — E be & K-embedding of E into itself.

Show that ¢ is an automorphism of F.
s 27 Determine the Galois group of X3 4 90X + 3 over the ralionals Q.
P Voo
3. Show that the class of separable extensions is a distinguished class of extensions. D N Mkl

" j’ir‘f/Let K be a field with char(K) = p # 0 and let F' be an algebraic extension field of A

Show that if u € F is separable of K, then K(u) = K{¢®") for all n > 1.

o }/ Show that for each prime integer p and each positive integer n thers exisws an irreducible

polynomial f € Z/pZ[X] of degree n.

a/fil’. Prove or disprove that sach Lnite extezsion feld K of @ is & subfleld of a cyclotomic

extension of 0.

r,\j_f?é.f I’a]/ Define the norm N2 of a fnite extension E/K of felds.
(b State Hilbert's Theorem 90.

(¢) What did we use Hilbert’s Theorem 90 for?

i+ 8 g-a’f Factor the polynomial X% — 1 over Q. {f\\
L
(B) Is X® + X3 +1 irreducible over Q7 Explain. M C{\J
; \A
(c) Give the Galois group of X+ X3+ | over Q7 Explain. /]/0\.) ¢
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2012 Pary C
Algebra Qualifying Examination, 283g—Part- A€

Each question is worth 10 points. Answer any 4. Please remember, all answers
need justification.

1. Let K be a field and let K[z] be & polynomial ring in one varisble and K{z} the
corresponding quotient field. Give an example of a monemorphism o @ X (g} — K(z) which is
the identity on K but is not onto. {You must explain why your example is & homomorphism of

fields and why it is a monomomorphism). Use this to deduce the following statement. Suppose

that F is an extension feld of K such that for every intermediate Seld £ every monomorphism
o : B — E which is the identity on K is an sukomoerphism. 1hen F 38 gn algebraic extension
of K. :

9. Suppose that ¥ is a field extension of K. Define the Galois group of F over X snd the
notion of F being Galois over X. Suppose that E O L are intermediate fields of the extension
such that |E : L] = 2. Prove that the Galois group of ' over E is a subgroup of the Gelois
group of F over [ of index at most 2. (You should prove the statement explicitly in this simple
example and not just refer to the statemént of the appropriate theorem).

3. Suppose that F is a fintte—dimensional Galois extension of XK and assume that the Calois
group is the direct product Sg % Z».
(i ) If E iz an intermediate extension, what are the possible values of [B : K],

(ii} Prove that there exists two distinct intermediate felds L; and Ly such that [Z;: K] = 6,
and L; is Gelois over K, j = 1,2. Are there any others with these properties?

4. Le» Fy be the cyclotomic extension of Q@ of order seven. If ( is & primitive seventh root
of unity, what is the irreducible polynomial over Q@ of { + {1, You must justify your answer,

5. Let F be a finite field of characteristic p. Prove that F is a separable extension of Zp.
Suppose now that E is a finile—dimensional extension of F. Prove that ¥ is separable over F.

Now prove that any algebraic closure of F is algebraic and Galois over F.

6. Let f € K[z] be & cubic whose discrminant is a square in X. If charK # 2 prove that f
is either irreducible or factors completely in K. What happens if charK = 27

Gy, @\ﬂ\fch 201%
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Part C.

1. Find a polynomial f(z) € Q|z| with deg(f) = 101 and f is not solvable by radicals. Justify your
answer. '

2. Give an example of an infinite field K with charK = 5 and a polynomial f(z) € K[z] such that the
splitting field of f over X has degree 20 and is a cyclic extension of K. Justify your answer.

3. Let F be a cyclotomic extension of @ of order 24. Determine all intermediate fields and give the
diagram of subfields of . Among all these extensions which one(s) are normal? separable? radical?
Justify your answer.

4. Let F > E > K be fields. Prove or disprove each of the following statements.

(a). If F is Galois over E and F is Galois over K, then F is Galois over K.

(b). If F is purely inseparable over F and F is purely inseparable over K, then F is purely inseparable
over K.

(c). If F is normal over F and F is normal over K, then F is normal over K.

Q{‘ﬂ N4 72,0\\
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Part C.

1. Prove that every finite field K is perfect.

2. Let E be a splitting field of the polynomial f(z) = ® — 4z + 2 over Q. Show that this polynomial is
irreducible in Q[z]. Prove that the Galois group Autq(®) is isomorphic to Ss. Is it possible to find a
radical extension F of Q) such that F o E?

3. Let F be a field with p™ elements (here p is prime). Prove that F' contains a primitive d-th root of
unity for every divisor d of the number p™ — 1.

4. Let K(z1,23,...,Ty) be the field of rational functions in n determinates. Show that {z1,2s,...,2n}
] is a transcendence basis of K(z1,Zs,...,Zn) over K.

|
f
[
|
:

.C,}\p\ﬂf\uj 1010



1004 AV
DD 4 ok ZJF C" Pﬂ}é’\@ md on \\’J

11

Part C.

1. Let K be a field of characteristic zero. Let f € K[z] be a cubic whose discriminant is a square in K.
Show that either f is irreducible over K or factors completely over X.

2. Let G be a finite group of automorphisms of an integral domain A. Let R = {a € A : o(a) = a for each 0 € G}.
Show that each a € A satisfies a monic f € R[X]. Further, if & and F are the quotient fields of A and
R respectively, then E/F is separable.

‘3. Let g,(X) be the n-th cyclotomic polynomial over @, let p be a prime integer not dividing n, let

-/ F = Z/pZ. Suppose the canonical image §,,(X) of g,(X) in F[X] remains irreducible in F[X] and let
E = F[X]/(§,(X)). Show that the Galois group G(E/F) is isomorphic to the group of units (Z/nZ)*
of Z/nZ.

4. Show that if f € Z/pZ[X] is irreducible of degree n, then f divides X?" — X in Z/pZ[X].

5. (a) Define what it means for f € Q[X] to be solvable by radicals.
(b) Show that X5 — 6X + 3 is not solvable by radicals over Q.
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~ pﬂ“l’\f»'\ 2004

ot




2004 0L |
& Wt ke g feld of chee 0. Ut fe¥x] be a

(U umoée discymminant 1s o Sqvare n kK
n K o fuchrs

4 Show  at 2itney £ 1S e d
ompudely  Over j<

PE
Note Mat by cf-of _dffammrhaﬂh e wehave a
i by Aiserimmant, Pl PO e voots of
g £ ave dishnet.

Lk F be b sphbrg Gerd of £ and 6=/E
o] \M_ D - AZ |
Since AEE Tran }alj Cor 4 Lo . ‘
' LA = K (ble A&k) comespind s M G s

So C’I_C."-AB

we are dote qnd G 2As by

£ £ is rreducible
Cov t 7

L £ ) S ceduable  hn ‘@7 S A=

HC\NL‘VM" A 'UD{B 245 aﬂ@‘ .2—5 l/)(fij ho

E wpes S u)&g m\79 S
Mms: G=5€¢7Y
Sp=F and hwe 7 foctos s



2008 (L
Wt @ be a Hnie (jrvw,a of ammmpméms of an m;’rﬂm[
= Jomain A, Wt R=Saech | o(a)=2 G eacn CEGY
snow  Thar euch aeh cahshes 4 mon & feRrlx],
ave e qwhent Lelds of A

Pwhver, i F md F
ond R yesp, an E/lg IS _rf,pmmbLe.

and ae B

e
o, € O s -

Sad By B ey O
Sinw &G I§ a grovp 3
oot o+ e Polgnmmql

[¥)

(- Gn )
g\‘}“h\ £ X + [-—-\)n‘FH

v la)=a-

Sy oo 18 @
£~ (x-0yta))

’:‘Xﬂ“ 'Fl,\)knvl"\’ﬁ'(.

where Fp ofe e elewuntany Y mmehic v chat.
g ehth fUeR s 03€06 just pern A te roots
i¢ o st cach ).

(And we V€ MMe YVO

TS fep(x] and s mon)C

wis enow L
<G 1s muvidl
ubk xeE® o Y= 3 By Sone OB Ca, =1
— ' _=(4) = ________0'(01) ,:_91,
) rl)=ole) = Tw T v

—9 bola)= a o)
=7 alo (a)
Lldy = & o),

we and o) ol sy b [l =1 .
a=Ko(a) , b=k L)

Sin e
4 lap=l sv FE
r e ola)=d and 6 py =1L

- - O
g Kegpg F
SO E(JC‘F
woms = F




Nexd we vall shuw  B/F 1S novmal-
’Ima,apllm’lj hetd of S€a Y owver

o he form (7\‘)

Defng. & o DbE

UL fa (s -l :y{;g,
L= F1K), X=3% cu ) Y en \ j-i
FeE, XeAeE = keE e
pnek =3 Fek
= ¥=E /
= €/ 1S normaoth -

CLM.LV}O]’HI*SMS of €
SE B

ot
Wt G be Mo gPT
e Hoe! = ¥

b B9 2 FET.
\ VR e+ P LT
Sinte EG":--F! i+ follow s

E/Ec;" S Sep

| % D
bu  PYOY ol Clang)
\3 P d lshn4 vshe d,

&4
._gepamlaul ext
—y E/p IS separabc. 4?

Cin te



B R e 5.5 AL b T s e S B P T [ T S e et Bt A o e ey, e e e e e Lt

2004 CZ- |
) e Me N cycletomic poly ver @, et p be 4

et F=7p ./Swpposc D
in F (x remaoing
)) . Show Da t |
af wms |

ey

prima Infegev V10T divding .
Canonical \MS‘HQ((.- -C_ﬁn(x5 ot anX) B
Wed wn FCx3 and 11 E= F O3/ (4a
e Galols  govp @ (E/R) 1€ X fto /)’Wﬂ qovp
("Z_.n )% 0'( lh. /

i
N oY

&5 &[E/F) “ //";[m W B LUL-L')
L LED = ) 2p U / (gh W ] = P i‘[
| (’a{x)) = deg (40 (0) = ¢ln)s /(%z) (
oo LeiF)=degldy ke |

Cath pontceel sty

so Lalar) =] (A" i

h s Since \ G (E/P)} ”"j Cl/n?'» / and <ince |
| . g ‘
G (Ble) 1S | Somophic b oa  Sgrovp

(Yn2)® tr

o s X (ha)" %



009 C4 +

A) Saow - A\ el pPixd S wred - o degn,

on  + Avdes =Y W 'MFYCX]_

Pt
Ut.{'wff;—ﬂ,f;{x] be. \rred o alﬁj n .
wmat+ & A vo ot ._ o G 'Z{PCQ) el

T WE \¢ o

M mnuans  2pls) has p" elm? [ by ®4 ‘"')rm))é

cah sty XP-X =g (r4 (z)=>(4fﬂ§§f

gy all elmbs 10 Zpl=)
Meve fove. )= vy (o Z2p X) mus+ A e \
7(‘”‘*-3( v Uniqlenesd 0 e
Pvved Polg For o ovet @p /
-



2004 €9

(4 De hne it i means for %(Q[\"J b be

S0\ A\ Uj (oA cals -

Lt L be a Reld., WL Ly LetTx] /4 Selyg ole

| : X tanod
by s cplithng Lod 16 am
by radicals | £

n 6 radical 0K+ _O‘F L.

1 5 ' < noyr Solvalb'\e

i
]
1
':1.
!

) Shows Mot Y- wXxt3 |
vy radicals ofex @& ;
Wk Fxl= XT-lL X3 l

S Cickein witn P03 | - |

iy e 00 1S red 10 :
el | 3 and 343, |
wlc 241, 3J'(f/ 32

o nonred| vpo 5.
NTS () has -€X£4c+lkj

: | == {-5)(%‘(9 z L
LR 5“4_(_{_): G(x* _ AL (X J'{_)
g SJ
- S(X'" q/'_—') X+ ’L[—‘) X+\Sj
meL m‘i""+
q____‘i’ n — | X=b, £Ho)=-0
_4’{1’% +iﬁ§_ = t9: £ 42 Yk

= 5D 7D
NTS (-4 ve o fLYER)co

(’4\@5) = (—‘qﬂﬁ:)g - Lﬁ(" Lr’\@::) 173

- —L 4% A6 421 70
z s TLMeTE

)= (D)7 - (W) +3

S Gr4fey — (i 42 = -EY[E+2¢0



VS XA Zveal Vool

' ) ,E’XCJ(CA'\% 7 nenreal
| yootS

Co by MM 4.12 (W)

Gatls govp 12

55

oA 9‘723 8
s fos

nb} \(’O|\fﬂ e

radtals.




R \)
2009

Part ¢

14

1. Let f(z) =z® —z + 1 € F;[z].

(a) Prove that f has no root in Fag (Hint: what polynomial identity holds for any element of Fgs7?).
(b) Determine the splitting field and the full Galois correspondence for the polynomial z° —a + 1
(i) over Fs;
(i1) over Fas;

(iil) over Fias.

2. Let F be a splitting field of f € K[z] over K. Prove that if an irreducible polynomial g € K|z| has a
root in F, then g splits in linear factors over F. (This result is part of a theorem characterizing normal
extensions and you may not, of course, quote this theorem or its corollaries).

3. Disprove (by example) or prove the following: If K — F is an extension (not necessarily Galois) with
[F: K] =6 and Auty(F) isomorphic to the symmetric group Sz, then F' is the splitting field of an
irreducible cubic in K[z].

4. If Z, — F is a field extension of degree n then z — a¥ is a Z,-automorphism of F of order exactly n
whose fixed field is Z,.

%‘pn 0 LB 200%
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Part C.

17

1. Consider the polynomial 25 — az — 1 € Z[z]. Find all possible values of a € Z for which the polynomial
is irreducible in Z|z].

2. Prove that Q(+/2 + +/3) = Q(v/2,4/3).

3. Let F be a Galois extension of a field K of degree 27. Prove that there exist Galois extensions of K
contained in F of degree 3 and 9.

4. Prove that if the Galois group of the splitting field of a cubic over the rational numbers is Zz then all
roots of the cubic are real.

5. Prove that a finite dimensional extension of a finite field is Galois.

6. Prove that in a finite field of characteristic p every element has a unique p-th root. Give an example
to show that the condition that the field be finite is necessary.
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Part C.

20

1. Let K C F be a finite-dimensional extension.

| (1) Define what it means for F to be separable over K.
| (ii) Prove from scratch that if K is a finite field then F' is separable over K.
(iii) Prove that if K is of characteristic zero then F is separable over K.

(iv) Give an example of a non-separable finite-dimensional extension.

2. Let K be a field with 9 elements. Prove from scratch that K has an extension of degree 2 and that
any two such are isomorphic over K. '

3. Let u = 4/3+/2.

(i) Determine the minimal polynomial of u over Q.
(ii) Prove that F = Q(u) is a splitting field of f over Q.
(iii) Prove that 7€ F.

(iv) Determine the Galols group of F over Q.
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Part C.

1. Let p be a prime integer and let F'p» denote the field with p™ elements in a fixed algebraic closure F.

(a) Show that Fpn € Fpm if and only if n|m.

(b) Let g be another prime integer and let B = U2, F ;. Show that F is an infinite extension of Fy
which is not algebraically closed.

2. (a) Factor th.e polynomial X° — 1 over Q. - U\} \
(b) Is X® + X® + 1 irreducible over Q? Explain. & »

\”/‘i N
(c) Give the Galois group of X® + X?® 4 1 over Q. Explain.

3. (a) Define what it means for a polynomial f € Q[z] to be solvable by radicals over Q.
(b) Show that X® — 4X + 2 is not solvable by radicals over Q.

4. Give an example of a finite extension £/F of fields with infinitely many intermediate fields and explain
why your example works.

>Q.')eﬁne the symmetric algebra S{M) of a k-module M and state the universal property it satisfies.
\
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Part C.

29

1. Let F be a splitting field over Q of the polynomial z* — 422 — 1. Let g(z) = ? + 622 — 122 —12. Does
g(z) have a root in F'? Prove your answer.

2. Let F be a splitting field over Q of the polynomial #* — 5. Find all the intermediate fields of 7 over
Q. Indicate the ones which are Galois over (). Prove your answer.

3. Let Fi2 be a cyclotomic extension of (@ of order 12. Determine Autg Fyp and all intermediate fields.

4. Construct a field with 49 elements and give the rules for its addition and multiplication. If a is a
generator, what is the multiplicative inverse of 1 + a in terms of your set of minimal generator(s)?

5. Let a,b be nonzero in some extension field of K. Assume that o is separable over K and b is purely
inseparable over K. Prove that K(a,b) = K(ab) = K(a + b).
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Part C.

1. Suppose that F is an extension field of K. Let u,v € F be algebraic over X and assume that the
degree of u is prime to the degree of v over K. What is the degree of the extension K(u,v) over K7
You must provide a proof for you answer.

2. (a) Let F be an extension field of K. Define the Galois group of F' over K. Suppose that L is a
subfield of F' containing K. When do we say that L is closed? Let G be the Galois group of F’
over K. Let H be a subgroup of G. When do we say that H is closed?

(b) Prove that if H is a subgroup of G then its fixed field is closed.
3. Prove that a field F' generated by an infinite set of separable elements is separable.

4. Suppose that X is the field of rational numbers and let f be an irreducible polynomial of degree 3 and
discriminant D. Suppose D # 0. Prove that D > 0 iff f has three real roots. What conclusion can
you draw if D < 07

5. Suppose that f € K|z] is a monic polynomial whose roots are distinct and form a field. Prove that
charX # 0. What can you say about f in this case?

6. Define a cyclotommic extension of order n of a field K. Define the n-th cyclotomic polynomial over K.
Suppose that Fg is a cyclotomic extension of order 8 over the field Q of rational numbers. Determine
the Galois group of Fy over Q.
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32

1. A complex number is said to be an algebraic number if it is algebraic over  and an algebraic integer
if it is a root of a monic polynomial in Z[z].

(a) Prove that u is an algebraic number iff there exists an integer n such that nu is an algebraic E
integer.

(b) If r e Q is an algebraic integer prove that r € Z.

(c) If u is an algebraic number prove that u 4 n is algebraic for all n € Z.

(d) Deduce from the above, that the sum and product of two algebraic integers is an algebraic
integer.

2. Let F be a field extension of K. Define the Galois group G of F over K. Now define what one means
by a stable subfield of this extension. Prove that if F is a stable intermediate field, then the Galois
group of F' over E is a normal subgroup of G. Conversely, prove that if H is a normal subgroup of G,
then the fizxed field of H is a stable subfield of the extension F 5 K.

3. Let F be an extension field of K. Define the maximal algebraic extension of K in F. Suppose that
for every extension F O K, the maximal extension is K, prove that K is algebraically closed. Now
suppose that K is algebraically closed and let F be any extension of K. Prove that the maximal
algebraic extension of K in F is K.

4. Let F be a finite dimensional extension of Z3. Deduce that F is Galois over Zs. Provethat p . F = F
given by ¢(u) = u® is a Zz-automorphism of F. Show that ¢ generates the Galois group of F over Zj.

5. (a) Let K = Q(i). Let F — C be a field that contains a root of the polynomial z* — 2 € K[z]. Prove
that F' is the splitting field of this polynomial. What is the Galois group of this polynomial?
Determine the subfields of this extension.

(b) Let E be an algebraic extension of a field K. Prove that there exists an extension F of E such
that F' is normal over K and no proper subfield of F' containing F is normal over K.

S'pv“.m) 2005
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Part C.

1. Prove that if f € K|[z] is a polynomial of degree n, then there exists an extension of K in which f has
a root. Consider the example f(z) = 2® — 5z — 2 € Q[z], let u be a root of this polynomial. What
is the natural basis of Q(u) and write the element z* — 3z + 1 as a linear combination of the basis
elements.

2. Let F be a finite-dimensional Galois extension of K and F an intermediate field. Prove that there
exists a unique smallest field L between F and F which is Galois over K and prove that

Auty F = nyo(Autg F)o™t.

3. Prove that F is an algebraic closure of K iff F' is algebraic over K and for every algebraic field extension
B4 of another field K; and isomorphism of fields o : K; — K, ¢ extends to a monomorphism F — F.

=

(a) Compute the Galois group of z°® — 10 over Q(2).

(b) Prove that if F is Galois over E, F is Galois over K and F is a splitting field of polynomials in |
K|z], then F is Galois over K. l

5. Let F' be an algebraic closure of Z,. Prove that

(a) F is algebraic Galois over Zy.
(b) The map ¢ : F — F given by u — u® is a non-identity Z -automorphism of F'.
(c) What is the fixed field of the subgroup of Auty F generated by .
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Part C.

1.

L]

(a) Suppose that F = Q(a,az,...,0,) where a2 € Q for ¢ = 1,2,...,n. Prove that ¥/2 ¢ Q.
(b) Determine the degree of the extension of Q(\/%%,"E} over QQ.

(a) Determine the splitting field and its degree over Q for z® — 4.
(b) Prove that the polynomial zP" —z over Z, is separable.

. For any integer r = 1, let Fy- be a finite field of cardinality p". Prove that ¥,- < Fp. if and only if r

divides s. (Hint: First prove that r divides s if and only if 2" — 1 divides z° — 1).

. Determine the Galois group of (z® — 2)(z® — 3) over Q. Determine the subfields which contain Q(p)

where p is a primitive cube root of unity.

. Determine the splitting field of 2? —z — 1 over Z, and prove explicitly that the Galois group is cyclic.

Determine the Galois group of (z? — 2)(z? — 3){z? — 5) and let F/Q be the splitting field of this
polynomial. Determine all subfields L — F which are galois over Q).
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Part C.

i 1. Let K be a field containing a primitive n-th root of 1, {, where the characteristic of K is either 0 or
does not divide n, and let ¥ be a field extension of degree n over K.

(i) Prove that if n = 2 then F is cyclic Galois over K.

(if) Assume F is cyclic Galois over K (any n), and let o be a generator of Gal(F/K), considered as
an endomorphism of F as K-vector space. Show that { is an eigenvalue of o.

(iii) Conclude from (ii) or prove otherwise that, with assumptions as in (ii), F is a radical extension
of K.

2. Let G be a finite group. Prove that there exists a finite Galois field extension K < F with Galois
group G.

3. Let K C F be a field extension. Prove or disprove the following .

(i) If Gal(F/K) ~ S; then F is a splitting field over K of some cubic polynomial.

(ii) Ditto, assuming in addition that F' is Galois over K.

4. Let f(z) = M + 52° + 10 € Q[z] and let o be a root of f in C. Let g(z) = ' + 62° — 12, Does g
have a root in Q(a)? Prove your answer.

5. Find with proof a transcendence base over (Q of

Q(z®, 2% +¢°,2° + v°).
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Part C.
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1. Let F be a splitting field of X'® — 1 over Q. Determine all intermediate fields ' 2 Q. How many of
them are Galois over Q7

2. Find all roots of unity in Q(+/11).

Prove or disprove.

3. The polynomial X%%% — X — 1 is irreducible over Zs.

4. Let F be a degree 4 extension of Q. If any proper subfield of F' is Galois over Q, then F' is Galois over
Q.

5. For field extensions, being separable (respectively, purely inseparable) is transitive.
6. Let F > k be fields.
(i) [F:k]=00 = tr.dg F >0.

(ii) [F:k] <40 = tr.dx F=0.
(i) tr.dp F < +o0 = tr.d F=[F:k].

Soring 14 “
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Part C.

F will always denote an extension field of X.

1. (a) Let u € F be an element of odd degree over K, prove that K{u) = K{u?).
(b) Compute the Galois group of z° —z — 1 over Q.
(c) If f € K[z] has degree n and F is its splitting field prove that [F : K] divides nl.

2. Prove that Auty K(z) is finite. Deduce that if K is finite then K(z) is not a Galois extension.
Determine the closed subgroups of Autg K(z) when K is infinite.

3. Prove that in a finite field of characteristic p, every element has a unique p-th root in it. If F is a finite
extension of a finite field K of characteristic p, prove that Auty F' is cyclic.

4, Let F be an algebraically closed extension of K of finite transcendence degree, prove that every K-
monomorphism of F to itself is actually an automorphism. Give an example of a field extension which
is transcendental of finite degree and give an example of a field extension of infinite transcendental
degree.
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Part C.

1.

(1) Define separable extension, perfect field.
(ii) Give an example of an imperfect field.

(iii) Prove that every finite field is perfect.

Prove from scratch that every finite field admits algebraic extensions of arbitrarily large degree.

. State and prove the theorem on the primitive element.

. Let K ¢ E c F be fields. Prove or disprove.

(i) If F is Galois over K, then F' is Galois over K.
(ii) If F is Galois over K, then E is Galois over K.

(iii) If F' is Galois over E and F is Galois over K, then F' is Galois over K.

. Compute the Galois group of X* — 5 over Q.

51
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Part C.

54

1. Suppose F is a Galois extension field of degree 7 over F. What can you say about a group of auto-
morphisms of F whose elements fix each element of F? Prove your answer.

2. Let F be the field obtained from the rationals 3 be adjoining a cube root of 3. Determine the Galois
group of B (over Q).

3. Let f be a polynomial of degree n over F and let E be a splitting field of f over F'. Prove that the
degree of F over F is at most nl.

4, What can you say about the cardinality of an algebraic closure of the field of 3 elements? Sketch a
proof of your answer.

5. Let F be a field of 4 elements. Prove that there exists an extension field of degree 2 over F.

2 1/ C) 990
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Part C.

1. Let @ = /2 + /2.

(a) Find the minimum polynomial of & over (). What are its other roots?
(b) Prove that Qa) is the splitting field of o over Q.

(c) Write down all the automorphisms of Q(a) over Q.

(d) Prove that the Galois group of Q(er)/Q) is cyclic.

(e) Determine the intermediate fields of the extension Q © Q(a).

2. (a) Let p be a prime and let F = Z,. Determine the number of irreducible polynomials of type
z? 4+ cz +d where c,d € F.

(b) Let f(z) be one of the polynomials described in (a). Prove that K = F[z]/(f) is a field containing
p? elements and that the elements of K form a4 ba where a,b € F and o is aroot of f in K. Prove
also that every such element a + ba with b # 0 is a root of an irreducible quadratic polynomial
in Flz].

(c) Show that every polynomial of degree 2 in F[z] has a root in K. (Hint: Any two fields containing
p? elements are isomorphic).

3. Determine the splitting field of the polynomial f(z) = (2 — 2z — 1)(z? — 2z — 7).
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Part C.

60

1. Let K C F be fields and a, b€ F algebraic over K. ;

(a) State and prove an upper bound for the degree of the product ab over K.

(b) Give an example showing your bound is sharp.

2. Let F be a field and o € Aut(F). Let X = {ue F:o(u) = u}.

(z) Prove that K is a field. i
(b) If o™ = id and o* # id for k < n, prove [F : K] = n. |

3. Determine the irreducible factorization and Galois group of the polynomial X% — X ' L

(a) over Fy.

(b) over Fg.

4. (a) Define Galois extension.

(b) Let K be a subfield of the complex numbers which is a Galois extension of Q), the rationals. Prove 'r
or disprove that complex conjugation takes K onto itself and defines an automorphism of K.

5. Assume 7 1s a transcendental number.

(a) Show X2 +7X + 6 is irreducible over Q(m).
(b) Determine the Galois group of X?® + mX + 6 over Q(r).
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Part C.

1. (a) Define: simple algebraic extension F/K of fields.
(b) Show that if F/K is a simple algebraic extension of degree n then | Autx (F)| < n.

(c) Give an example of a simple algebraic extension F//K where | Autg (F)| <n.
2. Assuming that e is transcendental over the rationals @, prove that so is e + /2.

3. Let F be a finite field and Fy, F, subfields of F. State and prove a formula for |Fi n F3| in terms of
|Fi| and |Fy)|.

4. Compute the Galois group of X2 + 3 over Q, R and Zs.

5. Prove or disprove that the degree of the splitting field of a polynomial of degree n divides nl.
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Part A.

1. Define normal subgroup. Give an example of a subgroup that is normal and one that is not.

2. Let G operate on the set S, and suppose that 5,7 € S are in the same orbit under the operation. Show
that the isotropy groups G, and Gy are conjugate. That is, there exists g € G such that g7'G.g = G.
(Recall that G, = {ge G : gs = s}).

3. Let p be a prime integer and let G be a finite p-group. Show that G has a nonzero center.

4. Let G be a finite group of order p™g, p and g primes with p > g. Show that G is not simple.
5. Show that every group of order p?, p a prime, is abelian.

6. Let p be a prime integer and let Z(p®) be the subgroup of the additive group Q/Z generated by the
cosets of the form 1/p*, 1€ Z, i = 0. Let A be a subgroup of a finitely generated group B. Show that
any homomorphism f : A — Z(p®) extends to a homomorphism g : B — Z(p™).
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1994 (September)

Part A.

1

&=

(1]

. Describe all groups G which contain no proper subgroup.

. Let G be a cyclic group of order n and H a cyclic group of order m. Describe all homomorphisms
from G to H.

(a2) Prove that every subgroup of index 2 is normal.

(b) Give an example of a subgroup of index 3 in a group G which is not normal. (Hint: Take G to
be of order 6).

Prove that a group G of order 244 cannot be simple. (Hint Show by counting that if G has more than
one Sylow 2-subgroup, then it has only one Sylow 7-subgroup).

. For which integers = 5 is the cyclic subgroup of the symmetric group S, generated by (1,2,3,4,5) a
normal subgroup of 5,7
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1994 (February)

Part A.

1. Give an example of a polynomial p(z) € Zg[z] of degree n for some n which has more than n zeros.
Can you give an example of such a polynomial in Z;3[z]? Explain your answer.

(]

(a) Find all the subgroups of Zjs.
(b) Find all the ideals in the ring Z;s.

(c) Which of these ideals are maximal and which are prime?

3. Prove that every group of order 45 has a normal subgroup of order 9.

4. Let G be a group of order p*. Assume that the center Z(G) has order = p"~!. Prove that G is
abelian.

5. Let & be a finite group and let NV be a normal subgroup of G. Let ¢ : G — G/N be the canonical
homomorphism. If H is a subgroup of order G/N prove that ¢~ (H) is a subgroup of order |H||N|.
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1993

Part A.

1.

[

Prove that every group of order 15 is cyclic.

. Recall that the commutator subgroup of a group G is the subgroup G’ generated by teh elements

aba~tb~! where a,be G.

(i) Prove that G' =@ G and that G/G’ is abelian.
(i1) If G = S, prove that G' = A4. Find the commutator subgroup of A,

. Show that the group generated by the two elements a,b with relations a® = 1, 8 = 1, ba = a%b is

isomorphic to S;.

. Find the number of orbits in {1,2,3,4,5,6, 7,8} under the action of the subgroup of Sz generated by

(1,3) and (2,4, 7).

Let R be the ring Zs and S = {1,2,4}. Prove that S™'R is a field and identify the field. If T = {1, 3},
is T-1R a field?

. Let R be a local ring and f : B — R’ a surjective ring homomorphism. Prove that R’ is local.

Let R be an integral domain and X an indeterminate over R. Show that for a,b € R, a a unit of R,
X = aX + b extends to an automorphism of E[X] which is the identity on R. Calculate the inverse
of this automorphism.
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201B CUMULATIVE GREENSTEIN FINAL (2013, 2011, 2007)

(1)
(a) |2018:i] Let R be a domain (a commutative unital ring without zero divisors) and let

0 MaM M =0

be a short exact sequence of R-modules. Prove that M’ is torsion if and only if both M and M"are torsion.
Which, if any, parts of this statement remains true if “torsion” is replaced with “torsion free”?
(b) [2013:ii, 2011:i] Suppose that

0 86 B30 Bty 5 5 W30

0 M, &M, P35 0,
r > n, are exact sequences of R-modules for some ring B. Then

0=My B M= 5 0 P M T TS M 0
is exact (the resulling sequence of length r 4 1 is called the cup product of the sequences of length n 4 1 and
r — 1 — 1, respectively).
s [2007:1] Suppose that 0 — A 4 B i} C—0and 0 - C %5 D5 E — 0 are short exact sequences of
modules. Then

0ASBE DS ESO
is exact.
(¢) [2013:iii, 2011:ii] Let

f

oy V% BT W v D

be an exact sequence of finite dimensional vector spaces over a division ring 7). Prove that

T
> (~1)*dimp Vi = 0.
=0
(d) [2011:ii] Cup product is “surjective” in the sense that every sequence of length r > 2 can be ¢btained by taking
cup product of two sequences of length n4+ 1 and » —n+ 1 for some 1 << n < r.
(2) [2013, 2011, 2007| In these exercises, all proofs must be written in the module- and ring-theoretic language.
(a) [2013:1, 2011:i3, 2007:iii] Describe the Z-module dual Q@ of Q.

(b) |2013:ii, 2011:iii, 2007:iv] Use the short exact sequence induced by the canonical inclusion Z — Q to prﬂvcl

that Q ®g Q = Q as a Z-module.

(¢) [2013:1ii, 2011:1v, 2007:v] Delermine, with a proof, whether (J is projective as a Z-module.

(d) |2013:iv, 2011:v, 2007:vi] Let K be a field. Which, if any, of these statements can be modified so that they
hold if we replace Z by the ring K[x] and @ by its field of fractions K(z)?

(e) [2013:v| Let M be a right R-module, N be a left R-module and let M’ (respectively, N*) be a submodule of
M (respectively, N). Prove M/M' @ N/N'= (M 2r N)/(M 2g N+ M'@g N).

(f) |2018:vi] Let M, M’ be right R-modules, N, N’ be left -modules. Let f € Homp(M, M), g € Homp (N, N').
Is it always true that ker(f & g) = M @gkerg 4 ker [ ®p N7 Prove or provide a counterexample.

(g) |2011:1, 2007:1] Determine, with a proof, whether @ is free as a Z-module.

(h) [2007:ii] Prove that @ is generated by the set {p™* : p prime, o > 0} as a Z-module.

(3) [2013, 2011] Let R be a commutative unital ring. Given a € R, let ev, : R[z] — I be the evaluation homomorphism
which is uniquely determined by ev,(r) = r for all » € R and ev,(z) = a. Recall that a homomorphism of rings
w: R — 5 extends to a homomorphism of rings & : Mai,,(R) — Mat,,(S) defined by (a;;) — (¢ (ai;))-

e |2007] Let R be a commutative unital ring, evg : R[z] — R the evaluation hemomorphism which is uniquely

defined by evg(r) =7 for all » € R, evg(x) = 0.

(a) |2013:i] Let A ¢ R be a multiplicative set (that is, Aj, Az € A implies Ay A € A). Prove that ATIM =0 if and
only if Aungm N A =0 for all i€ M.

(b) [2013:ii] Prove that an epic homomorphism between free R-modules of the same finite rank is an isomorphism.

(¢) |2013:iii] Let o : R — 5 be a homomorphism of commutative unital rings. Show that for any 4 € Mat,(R),
@ (det(A4)) = det (p(A4)).

"o [2011:1, 2007:ii] Show that for all » € R, D € Mat,, (R[z]), ev, (detD) = det (ev,(D)).
1



201B CUMULATIVE GREENSTEIN FINAL (2013, 2011, 2007) 2

(d) [2013:iv, 2011:iii-iv] Let A € Mat,(R). Show that det (A%) = det (A4)"" and (A%)* = (det(A))" * A. The

ring R is not assumed to be a domain!
e [2007:3iv] Let A € Mat, (R[z]). Show that (A4%)* = (det(4))" > A.

(e) [2011:ii, 2007:iii] Let A € Mat,(R) and set C = zl, — A € Mat,, (R[z]). Prove that A% = (—1)"ev, (C?),
where A% is the adjoint matrix of A in Mat,(R) and C? is the adjoint matrix of C' in Mat,, (R[z]).

(f) [2011:v, 2007:v] Use the identity CC® = C°C' = det((") [, in Mat,, (R[z]) to prove Cayley-Hamilton theorem
(pa(A) = 0) over an arbitrary commutative unital ring R.

(g) [2007:i] Prove that evp extends to a homomorphism of rings Mat,, (RB[z]) — Mat, ().

(4)

(a) [2013:i, 2011:1, 2007:1] Find the invariant factors of the matrix

00 1
A={ 0 2 0 | eMats(Q).
300

(b) [2013:ii] List all possible sets of invariant factors for a matrix B € Mate(Q) with the miniémal polynomial
(z—2)%(z? + 1).

(¢) [2013:iii] List all possible Jordan canonical forms for the matrix B € Matg(C) with the characteristic polynomial
(x —2)? («2 +1)” (up to permutations).

s [2011:ii1, 2007:iii] List all possible Jordan canonical forms for the matrix B € Matg(C) with the minimal
polynomial (x — 2}2 (& + 1) (up to permutations).

(d) [2013:iv, 2011:iv] Let K beafield. Show that K|z|/ (2?) is an indecomposable K [z]-module while K|z|/ (2% — 1)
is a direct sum of two indecomposable modules (which are isomorphic as K-vector spaces but not as K|z
modules).

{e) [2011:ii, 2007:ii] List all possible rational canonical forms for a matrix B € Matg(Q) with the minimal
polynomial (x— 2)2 (x* + ]) (up to permutations).

(5) [2013, 2011] Let R be aring, M be an R-module. Then EndzM is a unital ring (a priorl, non-commutative). Note
that if S is a subring of R and M is an R-module, End g M is a subring of Endg M.

(a) [2013:1i 2011:1] Describe the natural End p M-module structure on M.

(b) [2013:ii, 2011:iii] Suppose that if [ € EndpM is not invertible, then 1 — f is invertible. Then M is
mdecomposable.

(¢) |2013:iii, 2011:iv] Il D is a division ring and V is a (left) D-vector space, prove that V' is simple as a module
over the ring S = Endp V. Does this remain true for a free module M over a unital ring RY

(d) [2013:iv] Let 2 be a division ring, V be a left D-vector space and R = EndpV, Then EndgV = D.

e [2011:v] Let D be a division ring, V be a finite dimensional left D-vector space and R = EndpV. Then
EndgrV is isomorphic to the center of D. [Hint. Identify EndpV with a subring of R and recall that
R = Mat,, (D%)]

(e) |2011:ii, 2007:iii] M is decomposable if and only if End M contains a non-trivial idempotent (that is, there
exists f € EndgM, [ 0,1 such that f2 = f).

(6) [2007:5] Let IR be a ring, M be a finite length R-module. Then End M 1s a ring (a priorl, non-commutative).

(a) |2007:5i] Prove that M is a finite direct sum of indecomposable modules. | Hint, Use induction on length. |

{(b) |2007:5i1] Prove that if M is indecomposable then End M is a local ring, that is, has a unique maximal ideal.
You may use the parl of Fitting Temma proved in class.

(¢) [2007:5iii] Drove thar M is decomposable if-and-onlyif EndpAf comtains a non-trivial-tdempotent—{that-is-
threre-esxiste—-€ Brdg M, 1 Z 0, T suehrthat—2=f). [See 5¢]

(d) [2007:51v] Prove the converse of the statement in (ii) [Hint. If f € EndgM is a non-trivial idempotent, then
so s 1y — f].

(e) [2007:5v] Do we need M to be finite length in (iil) and (iv)?

(7) ]2007:6] Given a ring S, denote its center by Z(8) (that is, Z(S) = {a€ R:ar=raVr € R}). Prove that

Z (Mat,(It)) = Z(R).
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Let € be a category. A pullback of the diagram

X
Ylyg

where X, Y, Z are objects in %" and v, h are morphisms between the
corresponding objects, is a triple (P, v', k') where P is an object in €,
h':P— X and v' : P = Y are morphisms such that the diagram

PL}X

Yooy, I
commutes and which is a terminal object in the category of such triples;

in other words, if (P',v", k") is another such triple then there exists a
unique morphism u : P’ — P such that the following diagram com-

mutes
£

\ ~]
y_Bez

The dual concept is called the pushout. Thus, a pushout of a diagram

g Eex
Y

is'a triple (P, h',v"} such that the diagram

AL
Yty B

comrmutes and which is universal with that property, that is for any
such triple (P',h",v") there is a unique morphism « : P -3 P’ such
1




2

that the diagram

commutes. The usual arguments show that pullbacks and pushouts,
when exist, are unique up to an isomorphism.

{a) Show that pullback preserves monomorphisms, pushout preserves
epimorphisms and both preserve isomorphisms (that 1s, if v : X —
Z in the pullback diagram is a monomorphism, then so is v’ :
P — Y; similarly, if A : 2 — X in the pushout diagram is an
epimorphism then so is &' : ¥ — P).

(b) Let ¥ = Set (the category of sets). Define X xz Y = {(z,y) €
X xY : flz) = gly)}. Then (X xzVY,i,7), where 4,7 are the
natural functions X %z ¥ — X, X xzV —= YV, is the pullback of
X -5 Z ¢~ ¥V in Set. Thus, in the category Set every pair of
morphisms with the same target object has a pullback.

(¢) Show that in the category R — Mod every pair of morphisms with
the same target object has a pullback, [Hint. Let P = {(z,y) €
Xa@&Y : f(z) = gly)}. Check that P is a submodule of X 8 Y
and that restrictions of canomeal projections X $Y on X and ¥V
to P provide the morphisms P — X and P — Y with the desired
property. Do not forget to check the uniqueness!|

(d) Show that in the category R — Mod every pair of morphisms with
the same source object has a pushout. [Hint. Let Q@ = (X &
Y /{(f(z),—g(z)) : z € Z}; define the morphisms X — Q and
Y — ¢ by composing the natural morphisms 1x 1 X - X gV
(respectively, ty : ¥ — X &Y with the canonical projection
X &Y — @ show that @ has the desired properties ]

(e) Show that in the category R—Mod pullbacks and pushouts preserve
monomorphisms and epimorphisms.

Remark. The above constructions work in any abelian category (in
particular, in the category of abelian groups). The second construction

. does not work in the category of rings because the abelian subgroup

{(f(z),—g(2)) : z € Z} need not be an ideal of X @ Y.

Consider two extensions

g0 NLEE M0, ¢:0a3NDLEL M0
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Consider the pullback of E % M & E' and let T be the corresponding
module (that is, ' = {{e,¢) e E@ E' : g(e) = g'(¢/)}). Inside " we
have a submodule
Y ={(f(n),—f'(n)) : n€ N}.
Indeed, gf(n) = 0 = ¢'f'(n). Thus, we can consider the module
E" = T/Y. We have a natural epimorphism I' - M (pullbacks in
this category preserve epimorphisms!) given by (e,e’} = g(e) and,
since ¥ is contained in its kernel, we have an induced homomorphism
g"  E" - M, (e,¢) + Y +— gle). Furthermore, we have a natural
monomomorphism N — T given by n + (f(n),0) (again, gf(n) = 0)
so by taking its composition with the canonical projection I' —+ I'/Y
we obtain a homomorphism f* : N — E'. n = (f(n),0)+Y =
Q, f'ln))+ Y.
Prove that the sequence

s NLle B Ly -5

is short exact. This sequence is called the Baer sum of two extensions €
and ¢'. Check that this operation is well-defined on equivalence classes
of extensions and that for any extension ¢ its Baer sum with a split
extension is equivalent to &
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FITTING LEMMA FOR MODULES

Let R be a ring and M be an R-module. We say that M is Noetherian (respectively, Artinian) if for
any chain of submodules M; C M, C -+ (respectively, --- C My C M;) in M there exists n > 1 such
that M, = M, for all i = n.

Lemma (Fitting). Suppose that M is Noetherian and Artinian. If M is indecomposable, then any
f € Endg M s either invertible or nilpotent.

Proof. Let f € Endg M. Clearly, ker(f™) C ker(f*™?) and Im(f**') ¢ Im(f"). Since M is both
Noetherian and Artinian, there exists k such that ker(f™) = ker(f*) and Im(f™) = Im(f*) for all n > k.
Suppose that z € ker(f*) N Im(f*). Then z = f*(y) for some y € M, hence f*(z) = f**(y) =0 and
y € ker(f*) = ker(f*). Therefore, f*(y) = z = 0. Furthermore, given z € M, we have f*(z) = f%(y)
for some y € M, since Im(f*) = Im(f?¥). Then f*(z — f*(y)) = 0 hence z — f*(y) € ker(f*) and so
M = Im(f*) + ker(f*). Thus, M = Im(f*) @ ker(f*). Since M is indecomposable, either Im{f*) = 0,
or ker(f¥) = 0. In the first case, f* = 0 that is to say f is nilpotent. In the second case, ker(f) C
ker(f*) = 0 and M = Im(f*) C Im([), hence f is injective and surjective. = yvorni\0 J

This Lemma can be regarded as a generalization of Schur’s lemma. Indecomposable modules for
which Endy M is a division ring are sometimes called bricks (simple modules which are of course inde-
composable provide an example of such).

(a) The category of Noetherian (respectively, Artinian) modules is a Serre subcategory of R—Mod (that
is, given a short exact sequence of R-modules 0 — M — M’ — M" — 0, M"is Noectherian/Artinian
if and only if M and M" are Noetherian/Artinian).

- (b) Suppose that M is both Noetherian and Artinian. Then there exists a chain of submodules 0 =
-@\@%p M, C My € --- C My C My= M such that Af;/M; ., is simple.
A Remark. It can be shown that [ depends only on M, as well as the set of isomorphism classes of
.‘E"@Q simple modules AM;/ M.

(c) Suppose that M is both Noetherian and Artinian. If M is indecomposable then Endp M is a local
ring, that is it has a unique maximal ideal. [Hint. Use Fitting lemma to show that the set of
non-units in Endg M is its unique maximal ideal] r"\._,;.'—{\ LQ v

If AL is not Noetherian and Artinian then Endgz M need not be local.

(d) If Endg M is local then M is indecomposable [Hint. Prove first that a unital ring S is local if and

only if the set S\ S is an ideal and this happens if and only if for any non-unit r € R, 1 —zis a

— Aol U d
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WHY TENSORING 1S NOT AN EXAQT FUNCTOR

Let o : Za — Zy be the monomorphism of Z-modules induced by the multiplication by 2. Cansider

12 a: Z') Ry, L ‘3"""} ZQ\SZi‘i
Wehave (1 2a0)(18 1) =18a(l)=122 =0, hence ker{l § a) # 0.

LOCALIZAION OF MODULES

Let R be a commutative ring, § C R be a multiplicative set. Lel A he an R-module. Deline a
relation ~ on M x S by (m, s} ~ (/. ") il and only i {sim' = {¢'m for some £ € §. Then ~ is an
equuivalence relation. The set of equivalence classes is denoted by S *Af or A71S 1] and the class of
(1, 3) is denoted by m/s. :

(a) S 1M is an R-module, with the abelian group stracture defined by (m/s)+(m'/s") = (s'm--sm’} /54
and the R-action defined by r{m/s) = rm/s. Moreover, § *Al isan S 'R-module in the natural way
and i'ho R-action coincides with the one induced by the canonical homomorphism gy : B — S 'R
Ty S £3 .

(b} There is a natural murphmm of R-modules pyrs: M = S 1M, mwr sm/s, s € 8S.

(c) kerepars = {m € M : Anngmn S # 0} where Anngm = {r € R : rm = 0} (note thal Amngm is
always a left ideal).

(d) § A/ =8 *R&r M as S ' Ramodules.

Define ay @ S 'R&@r M = § M, aylr/s @ m) = rm/s, check that ayr is a well-defined
homomorphism of § *R-modules. To prove that ay is an isomorphism, define 3y : § 'MW —
S 1R®rM by Iu(infs) = s/s*@m. Check that Py is well-defined and show that anre 3ar = 15 17
and Jyr cowm = ls trean-

Let r € R and define the map L, : N — N by n = rn. Then L. € Endg M (for this we need R
to be commutative!)

(e} 8 'Af solves the following universal problem. Let N be an R-module such that for all 5 € S,
L¢ is Imvertible as an ei'.ldm}mr})hism of N. Let f € Homp(Af,N}). Then there exists a wnigque
F:8 "M = Nsuchthat f= fopums

(f) Prove (d) using (e).

(g) § 'R is flat as an R-module.

Suppose that f € Homg(3, N) is injective. Then 1% f: 5 "R®g Al = § 'R N is injective
ifand only ff h: S Al — § N defined by h:= ax 2 (1 & f) o A is injective.

(h) If P is a prime ideal and S = R\ P, we write AMlp instead of (R\ P) 1A

Let A be an R-module. Show that M . pker oy pn = {0}, where Max R is the set of all
maximal ideals in B. In particular, M = 0 if and oniy if M, = 0 for all maximal ideals m of .

(i) A morphism of B-modules M — N is injective {respectively, surjective, an isomorphism) if and only
if for each maximal ideal m the induced morphism of R-modules My, — Ny is injective (respectively,
surjective, an isomorphism).

(j} Let m be a maximal ideal in B. Then we have two fields canonically associated with m, namely
R/m and E,/mgy (recall that R is a local ring}. What is the relation between these fields? More
generally, if A7 is an R-module, what is the relation between 3/, and Al /mA{?

1ofl 2/21/2013 11:10 AM




Poavy B

2012 RINGS QUALIFIER

i

Prove all your claims; proofs must be as self-contained as is feasible.

1.{20] Let R be a unitary commutative ring. Prove from scraich that R and R & R are not isomorphic as
R-modules.

2. [40} In this problem only, advanced theorems may be used.

() Determine with proof the number of similarity classes of mamoes over the field C of cormplex num-
bers, with characteristic polynomial (x — 1)%(x — 23

(i) Determine with proof the number of similarity classes of 8 x 8 matrices over the field € of complex
numbers, with minimal polynomial (x — 13°(x — 2}

(iif) Let k be an algebraically closed feld. Let A be ann X # matrix over k. Fora € k, set

W, {A) = ker({A — aly)") C¥".

A guasi-eigenvector for A is a nonzero vector v € Wy{A) for somea € k. Prove that there exist 2y,.., 4, @ i
such that

f=3
{Hint: You may use the Jordan form theorsin).
{iv} Let k be an algebraically closed field. Let A, B be n x 1 matkrices over k such that AB = BA. Prove
that there is a basis of K" whose elements are quasi-eigenvectors for both A and B.

3. [20] Let R = Z0,5 = {1,4, —4}.
(i) Prove that the natural map R — 57R is surjective and identify its kernel,
(ii) What is the cardinality of §71R?

4. [20] §i) Prove from scratch that if R is a FID then R has the property that any sumoduia of a finltely
generated R-moduie is finitely generated.

(1) Give an example with proof of a commutative m‘%&xy ring R where this pmpedy fails.

Wlﬂ.\rg\( 2002
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All rings are assumed to be unital and all modules are assumed to be left and unitary unless specified
i otherwise,

1. Let I be a two-sided ideal in a ring R and let M be the abelian subgroup of an R module M generated
by all elements of the form zm, z € I, m € M, Show that TM is an R-submodule of M, describe the
natural left R-module structure on R/I @ g M and show that R/I @r M =~ M/IM as left R-modules.

201l-M3 Biajb 2003-M2 &\ c/d

2. Prove Schur’s lemma: if M is a simple module over a ring R then Endp M is a division ring. Is the

converse true (prove or provide a counter example)? .
20i- ML #Lyiv 2013 -ML %3 C

3. Let R be aring and let M, N be left R-modules. Construct a natural homomorphism of abelian groups
M* @z N — homp(M,N). If R=k is a field and M, N are finite dimensional k-vector spaces prove
that this natural homomorphism is in fact an isomorphism of k-vector spaces.

~n2010 M2 #4

4. Let K be a field. We say that a K[z]-module M is nilpotent if for every non-unit p € K[z], p"M =0
for n sufficiently large. Prove that a finitely generated nilpotent indecomposable K[z]-module is
isomorphic to K|z]/(z*) for some k > 0.
ndl sheot 4-5‘ ~

5. Let B be a ring.

a. Prove that if a projective R-module P is a homomorphic image of an R-module A{, then P is
(isomorphic to) a direct summand of M (that is, M = N @ P’ for some submodules N, P, with
P P, ™34 w=auv)

b. Formulate and prove an analogous statement for injective modules.

oL 313

6. Let R be aring and M,, N;, 1 = 1,2, 8 be R-modules. Consider a diagram

0 s M, _fl s ity — 2 it 0
P2
D .N] gl rNg gz rN3 0

with exact tows (all maps are homomorphisms of R-modules). Suppose that there exists 4, €
homp (M, N1) such that gi40; = 1P f;. Prove that there exists 13 € homg(Ms, N3) that makes the
diagram commute (that is, satisfies gatfo = 13 f;). Which conditions should satisfy 4; and/or %5 to
ensure that 13 is surjective?

i

short fve lemai 1' LUt

Winkr 201
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7. Let K be a field and p € K[z] be a monic polynomial and A be its companion matrix. Prove that p is
the minimal polynomial of 4, Write down the companion matrix g(z) = z? — 2% 4+ 2z — 1 € Q[z].

8. Let R be a domain and let A be an n x n matrix over R. Prove that if a system of linear equations
Az = 0 has a non-zero solution then det A = 0. Is the converse true? &l'\fm iS
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Part B.

Assume that all rings have identity.

1. Let ¥V be a vector space over a field K of dimension r. Let f € homg (V, K). Prove that if f is non-zero,
then it is surjective and determine the dimension of the kernel of f.

2. (a) Suppose that R and S are commutative rings and that M is a (R, §)-bimodule, This means that
M is a left R-module and a right S-module and the actions are compatible, i.e. 7(ms) = (rm)s,
forall e R, s€ S, and m e M. Let N be a left S-module. How does one define a left R-module
structure on M ®g N. What must you check to see that the action is well-defined. If we assume
now in addition, that N is a (S, R)-bimodule what can you say about M ®g N7

(b) Suppose now that K is a field and let V, W, be vector space over XK. Use (a) to show that V@x W
is also a vector space over K. What is the most natural way to find a basis for V @g W.

3. (a) Let V, W be vector spaces over a field K. How does one define a vector space structure on
homp (V, W)? Suppose now that W = K. Given a basis for I, how would you produce a natural
basis for V¥ = homy(V, K)? More generally, if dimV = r and dimW = s and you are given
bases for V and W, find a natural basis for homy (V, W).

(b) Let W be another vector space over K. Define the natural map of vector spaces V* @ W —
homy (V, W) and prove that it is an isomorphism of vector spaces.

4. Let R be the polynomial ring C[t] in one variable with coefficients in the complex numbers and let [
be the ideal generated by ¢* and let M = R/I. Prove that M has a proper non-zero submodule and
that M cannot be written as a direct sum of proper non-zero submodules. Suppose now that we take
J to be the ideal generated by #(t — 1). Prove that the module N = R/J is isomorphic to a direct sum
of two proper non-zero submodules.

5. Prove that an n x n-matrix with entries in a field X is invertible iff 0 is not an eigenvalue of the matrix,

3

6. What is the companion matrix A of the polynomial g = z* — z + 2. Prove that ¢ is the minimal

polynomial of A.
7. Suppose that P, and P, are R-modules. Prove that P, @ P; is projective iff P, and P, are projective,

8 Let 0 - L — M — N — 0 be short exact sequence of R-modules such that we have a short exact
sequence
0 — homg(N, L) — homg(N, M) — homg(N,N) — 0.

Prove that the original short exact sequence is split.

\Winker 1010
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Part B.

10

Assume that all rings contain 1, and all modules are unitary, unless stated otherwise. !

1. Let U and W be subspaces of a finite dimensional vector space V. Prove that

dim(U + W) + dim(U n W) = dim(U) + dim(W).

2. Prove that if m and n are coprime integers, then (Z/mZ) ®z (Z/nZ) = 0.

3. Let R be aring. Let M be a finitely generated R-module, and let N be a projective E-module. Prove
that if f : M — N is a surjective homomorphism, then the kernel of f is finitely generated.

4. Let R =R[z] and A = Rz; @ Rz, @ Rz3, where
ann(z;) = ((z + 1)%(z® + 1)), amn(ze) = ((c® +1)%), ann(z) = (z" —1).

Find the elementary divisors and the invariant factors of A.

5. Let A e Mat,(C). Prove that A is conjugate to its transpose A"

Wiinter 2004
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Part B.

13

All rings are assumed to be unital, and all modules are assumed to be unitary left modules unless otherwise
stated.

1. Prove that
Qlz]/(z° — 4z +2)
is a field. Show, on the other hand, that

Z[z]/(z® — 4z + 2)

is not a field.

2. Let R be aring, and let 4, B, C be three B-modules such that B is a submodule of A, and C' ~ A/B.
Prove that if C is a projective R-module, then A ~ BE@ C.

3. Let R be a commutative ring and I an ideal of R. Let A be a R-module and denote by /A4 the
submodule of A generated by all elements of the form ra with r €  and a € A. Prove that there is an
isomorphism of R-modules

(R/I)®r A ~ AJIA.

4, Let V and W be two vector spaces over a field k, and f : V — W be a linear map. Prove that f is
surjective if and only if its dual map f* is injective.

. Find the Jordan normal form of the following matrix over the field of complex numbers:

o

oo O o
o o o
o o O QO

1
1
1
0

Windey 2009
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Part B.

All rings are assumed to be unital and all modules are assumed to be unitary and left unless specified
otherwise.

1. Give an example of a ring R and an R-module M such that
(i) —®g M is not exact.

(ii) homg(M, —) is not exact.

2. Let R be aring and M,, N,, + = 1,2,3 be R-modules. Consider a diagram

5 M, h M, I M -
P2
0 w2y 2 0

with exact rows (all maps are homomorphisms of R-modules).

(i) Suppose that there exists ¥ € homp (M3, N3) such that g1z = 3f2. Prove that there exists
11 € homp(M;, N;) making the diagram commute. Which conditions should satisfy ¢, and/or
13 to ensure that ¢ is injective?

(il) Suppose that there exists 1, € homg({M;, N7) such that g11p; = 12fi. Prove that there exists
13 € hom( M3, N3) making the diagram commute. Which conditions should satisfy ; and/or ¢,
to ensure that 13 is surjective? & 20(\ B{_p ( Cep. oTnes

snovt 6 lemma T L. 17F

3. Let K be a field.

(i) Determine, with a proof, whether the field of rational functions K (z) is a projective K [z]-module.
(ii) Describe the K[z]-module dual of K (z).

(iii) Will the same results remain true if K is replaced by an integral domain R?

4. Let R be a domain, A be an n x n matrix over R. 100 Vi b (UL L)

(i) Prove that if the system of linear equations Az = 0 has a non-trivial solution then det 4 = 0. §ee
ot .

(ii) Prove, or provide a counterexample to, the converse.

il ch, if any, of these statements remain true if we dro e assumption tha is a domain?
iii) Which, if any, of these statement in true if we drop th ption that R is a domain?
Prove or provide a counterexample.

5. Let R, 5 be commutative rings, ¢ : B — S be a ring homomorphism.

(i) Extend ¢ toaring homomorphism ¥ : Mat,,(R) — Mat, (5} and show that det((4)) = w(det(A))
for all Ae Mat,(R). ﬁﬂu\ '7) G,
(i) Use part (i) to prove that the constant term of the characteristic polynomial of a matrix A e

Mat,(R) equals (—1)" det(A). m ' 5. U

\rk \Wie r 2007




@ Gl on fxamp\l of & ¢
& &
(1) —®a™ 13 nov 20t

\Md\ﬁ and o E—mod N

(Mmoder e SNOA L sequiinte
n— 2 (P @/-@"“*’70

1 Wit we  Cn 4enser e My .
| H&@nziﬁﬁ@/ﬂ@u%

£ ) =3 2/@7,?’2
den AS

Wik can he A

D -2 2o 7 QB2 L2 Gfp®r be l

SWnCe ’D/@;Z,Z/z DRy .

Claim: Q® 2, U § %MWM N e Aroce yin ul by Hazthan

T ls W Y Jonsonvi\ b \
Ly 2 hvehble o

Snheal |
by > 'thﬁtj %3 0 mumpucﬂm 4

v : ) ) &,L
’E"j +HNE OV nj W Ve e L LU %
__ ) )

%@l?%@\fﬁ ©D =0
"53 o sl afﬂbvmﬁ"\ﬂ- , B/ oz =0

s W GkU\' 0—7 2o
M (8 not QXA

5 p —0—0



A N R N R S S R S R S R R R R e

| 3 |
agyyn homgal v A <0 .
| j n (2o, 2T s homa( 22, 2) — o 2. (22, 72

O — bmz, e




VLT B s DA P e i A | (P B kil et i bl Ay £ iy | oo o i s m—

S et
Wi & pe anng
- CoNS\ALN Pl
0 —R Mt_""—"
\Y\ T
AV
O-—-——’)@ Qe Ny — 7
\
WAL XAk voWS (a\l maps
dove I W, € Home LMi;‘\il "
____________ CU(/‘LGSW&W\ commuAe - (3™ @k \Y:
7= Pf:
Tt m eM‘M - e(mp= e
=] a. m;{f - e

Y\O%—C ’Q\LW\ALMI

o o o My) =

:"). %’},(Yng,) %\QM ﬂ?/::‘;f“ CSI

Cy 3 h,eN¢ S+
Dhng  him) =1,
Wel- dehned |

Ll/b ‘F’L LW‘EJ = \%’—bLD) = 0

and Mg, No L=l,23 be P~thod . |

Ore. homom of L —pode)

Nz) S %szt L\/J,‘(;Z'

Y oa\Ang M-

cImf = erfa

%ﬂ_u\\\: Vo (Ma) = Wl £(m))




lt ma=f(m)  and my' = £ (m,")
WV e () 5 = ) +

QL(-M'D ’;*O !
o WL () = b (D)= O
$o q \J('z W\L\ = (SW\UL "5:’%'1,“—- q/),{‘—i)

M Y () € ber G T MG

q_ nle_M\ < A - %\Lw-i L\/L(m‘z/w

S0

T r'_._. : l’_‘_‘:.“-' . o ph
S 6 (,Vm - W (wmy) = \’YL[W\L[B - |
%C -y (40 ’V\O)* \*LLQL”‘/‘“))

D&\LV\O = O ¥, () = G Py )

SN e a\l \ S mwuw-e -
no= Y (mo= ey (') .

MM ¢ {yo1s well- defined y @ 1L hi= % Y ‘

TS 1 6 a horom - ( HCTmem) = vl )+ Hi(m,')

Wi, g (rmitmg!) = Uy & (rmy4m,t)
"= V‘h%(tﬂm) WLJ; (,W\;') |

= g ¥ () + 9 L[/I,(I’Y],)
= g, (¢lm) ¥ Wy (')

= {
Voem, im = ot my+ Yilm')  Sne
=) Y \S$ a Wovw oA . N ‘h\/



jnon condabnS Shond Casy ty andier vy
voenswe ur by VS \mj{_M\UQQ. 31‘

Wy Svppvse W, s e

Uﬂl mx Wh!ﬁ’M\ St U(\Lmi)iw]tmlf)

Sv gy LMo =T Y, (m')
W, £4 (M) = Y £y ()
£ () = £ 0D
M= M’

B s Wy S ‘“\EM\W' //

Mote Vo 1-0)
) (e & 170 f

epr (WU S8 201l qual



A00F B9 |
|

®h R, s be oMM iNgs,

\iomon & M |
IO R A Mattn(d)]

V) Bxlrenfﬂ ¢t a fmg
and enow  Thak olet (3] = ol
whare /‘P-—(dg):j

npie:  dekr (k)= = (sqnt) @Oy pen - Bnoind
OESn

@ (dﬁft’(kﬁ) = (P(D%gm@ﬂ“f) Aoy - ﬂm&wm)
E [ahtﬂ,l’lb i

# e (Sf{\no*)a(asu‘(\:.)--

= dar (FLW)
2 constan + f

LY o pwve o
of @& mamn

NAShC Po\ Lf)
(=) " et (KD l

& W) Ve palt
Yerm of e Chavaue
Ae Wit n (& €quals
TY\!L o\qam[;wghxc PD\Q’ e \y\jmﬂ%l: )Q/‘uq Cay y\ﬂ"_%_ 4 CIX*C&,
& we  evgivake  Twe e pely &t 0,

W Ul e 1eft wwm e constant

Mo Cnavacremnshc Paljmomml Co -
Co = 6\/0\%1&4‘&\
= ey, (xEam P by LY

- \Q'Ih‘PV\

= ()" aet (R) /)



200 onat

Part B.

19

1. (a) Let R be a ring with identity and M a left module for R. Recall that M is indecomposable if
cannot be written as a direct sum of two non-zero submodules, Prove that if f: M — M is a
homomeorphism of modules then f2? = f implies that either f =0 or f =idy.

(b) Suppose now that M is decomposable. Prove that there exists f : M — M a homomorphism of
modules such that f2 = f and f different from zero and the identity.

2. Suppose that R is a ring with identity and e € R is such that ¢? = e.

(a) Prove that (1 —e) has the same property.
(b) Prove that Re n R(1 —e) = {0} and hence R = Re ® R(1 —¢).
(c) Prove that the R-module Re is projective.

3. Let R be a ring with identity. Regard R as a right R-module in the usual way and let M be a right
R-module. Prove that homg(R, M) ~ M as abelian groups.

4. Consider the ring R = C|z] of polynomials in an indeterminate z with coefficients on C.

(a) Let M be a torsion free module for R with two generators. Prove that M is free of rank at most
two.

(b) Prove that if M is a cyclic R-module and M # R then M is torsion. Under what condition on
the torsion ideal will M be simple?

5. (a) Prove that if A and B are invertible n x n matrices with entries in an integral domain R, then
A + rB is invertible in the quotient field K for all but finitely many r.

(b) Prove that the minimal polynomial of a linear transformation of an n-dimensional vector space
has degree at most n.

5. Suppose that ® and ¥ are commuting linear transformation of an n-dimensional vector space E. Prove
that if B, is a ®-invariant subspace of F then H,; is also ¥-invariant. Use this to prove that if ¢ and
¥ both have linear elementary divisors then there exists a basis of & with respect to which the matrix
& and the matrix ¥ are both diagonal.

Wikey 2000
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Part B. -

1. Let p : R — S be a homomorphism of commutative unitary rings, I < R, J < S ideals. Prove or
disprove each of the following assertions.

(i) @(I) is an ideal in S.
(i) If J is a prime ideal, so is ¢ (J).

(iii) If J is a maximal ideal, so is ™ *(J).

2. Let R be a commutative integral domain, .S ¢ R a multiplicative system and M an R-module. Prove
directly from the definitions that
S7'M~85R@g M

(isomorphic as R-modules).

3. (i) Determine with proof homz(R, Z).

(if) Determine with proof whether R is a projective Z-module. E

4. Determine with proof whether the following Z-modules are injective:

M a |
() z/12.
5. (i) Let
0 0 0 4
M= 0 0 30
0 2 00
1 0 0 0O

Determine with proof the invariant factor and elementary divisor decompositions of the Q[z]-
module corresponding to M. '

(i) Ditto with Q replaced by It
(iil) Let

M =

= O O O

= O O
o o W o
o O O W

Determine with proof whether M and M’ are similar as matrices over Q or R.

(iv) Ditto with M’ replaced by

MH’ —

= o oo
o w o o
o oMo
oo o =

Wnted  200S
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1. Let R be a ring.

Prove that if R is unitary, then any left (resp. right, 2-sided) ideal is contained in a maximal left
(resp. right, 2-sided) ideal.

Prove that if R is unitary and commutative, then an ideal 7 of R is maximal iff R/] is a field.

Prove that any nontrivial subgroup of Z? is isomorphic to Z or Z? but not to both.

Let A be a subgroup of Z? isomorphic to Z*. Prove that Z?/A is finite.

Decompose the following as a direct sum of cyclic groups:

(a) Z1z @ Zs.
(b) hODl{Zj_g,Zg).

Let A, B be finitely generated abelian groups. Prove that hom(A4, B) is finitely generated.

Let

1
M=10
0

(o TR o B

1
0
0

Determine with reason the invariant factor and elementary divisor decompositions of the Rfz]-
module corresponding to M.

Part B.
(1)
(ii)
2. (i)
(i)
3. (i)
(i)
4. ()
(ii)

Let M be an n x n matrix such that M2 = M. Prove that there exists 0 < r < n such that M is
similar to the block matrix

L. 0

0 0)°

gy 2004
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Part B.

1.

o

Let I and J be ideals in a commutative unitary ring R such that I + J = R and let A be a lefi
R-module. Show that A/(J n J)A ~ A/TA x A/JA,

. Let p be a prime integer and let Z(p™) be the subgroup of the additive group /% generated by the

cosets of the form lfp" +Z,1eZ,1 =0. Let A be a subgroup of a finitely generated group B. Show
that any homomorphism f: A — Z(p®) extends to a homomorphism g B — Z[p*).

. Give an example of a monomorphism f: A — B of abelian groups and an abelian group C such that

the induced homomorphism homg(B, C) — homgz(A4, C) is not onto.

(a) Sketch the construction of A ®pg B.
(b) State the universal property of A ®@g 5.

. Let R be a commutative ring with identity and let X be a indeterminate. Let M be a maximal ideal

of R[X] such that M n R = P is a maximal ideal of R. Show that M = fR[X] + PR[X] for some
monic f € R[X] such that the image of f of f in (R/P)[X] is irreducible. (f is obtained from f by
reducing coefficients mod P).

Give an example of an integral domain R which is not a UFD although each element of R factors into
irreducibles in R. Justify your assertions.

Winder 2005 1.
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Part B.

1.

81

Let I and J be ideals of a commutative unitary ring R. Show that / 4+ J = R implies that I nJ =1J,
and if R is a PID, the converse holds.

. Let A and B be commutative unitary rings. Given that A @z B is a commutative unitary ring

with multiplication satisfying (a; @z b )(ez @z ba) = (a102) @z (biby), for a; € A, b; € B, show
that the coproduct of A and B exists in the category of commutative unitary rings and unitary ring
homomorphisms.

. Let R be a commutative ring with unique maximal ideal M. Let A be the smallest subring of R

containing the multiplicative identity 1 of R. Show that A is a ring isomorphic to either Z or Z/p"Z
for some p,n € N with p prime. (Hint: Consider the idempotents of ).

Let R be a commutative Noetherian ring. (So each ideal of R is finitely generated). Show that each
submodule N of a finitely generated R-module M is finitely generated.

. Let O - A — B — C — 0 be an exact sequence of R-modules.

(a) What part of the sequence 0 - homg(C, D) — hompg(B,D) — homp(4,D) — 0 is exact for
every left R-module D? (No proofs required).

(b) Show that the remaining part is exact if and only if the sequence 0 -+ A — B — C — 0 splits.

. Let K be a field and let M and N be finitely generated modules over the polynomial ring K[X].

Suppose M has invariant factors (X —1), (X —1)(X —2)?, (X —1)(X —2)*(X —3), and N has invariant
factors (X — 2)(X —3)%, (X — 2)°(X —3)*(X —5).

(a) Give the elementary divisors of M @ N.
(b) Give the invariant factors of M @ N.

winkey 2003
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Part B.

1. Let

o
| ol = ]

(1) Find the minimal polynomial, the rational canonical form.

(ii) How many independent eigenvectors does A have? (Explain).

2. Let V be a n-dimensional vector space over k.
(i) Define the tensor algebra T(V'}, the alternating algebra A{1), and the symmetric algebra S(V),
and make them graded k-algebras.
(i) What are the dimensions of 77 (V'), A”(V), and §7(V)? (Explain).
(iii) Prove that A"V =0 for r > n.

Prove or disprove 3 — 9.

3. Let R be any ring, and let A, B, C, D be R-modules. If 0 - A — B — C — 0 is a short exact sequence
of R-modules, then

(i) 0 — homg(D, A) — hompg(D, B) — hompg(D,C) — 0 is a short exact sequence of R-modules.
(ii) 0 — hompg(C, D) — hompg(B, D)-— homg(A, D) — 0 is a short exact sequence of R-modules.

4. Let R,A,B,C,Dbeasin (3),and0 - A =B —-C =10

(i) 0> A®rD —>B®rD—C®rD—0
(i) AR B~A®rC = B~C.

5. (i) A torsion-free module is projective.
(ii) A projective module is torsion-free.

(iii) A torsion-free module is free.

6. (i) A free module is torsion-free.

Wintey 100z
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(ii) A projective module is free.

(iii) A free module is projective.

7. (i) A submodule of a free module is free.

(i1) A submodule of a finitely generated module is finitely generated.

8. 2% + 72" + 7z + 7 is irreducible over Q.

9. Referring to the commutative diagram below: a is one-to-one and o,z are onto implies oy is onto.

A Az Az Ay

o5} Qi ok ] ay

By + By Bs + By




100\ Rush
Part B.

1. Let R be an integral domain. Show that R is a PID if each finitely generated torsion-free R-module is
Iree.

2. Show that if homg(D, —) preserves exactness of 0 — 4 — B — C — 0 for each D, the sequence
0—A— B —(C — 0 splits.

3. If X,Y are independent indeterminates over the commutative ring R, show R[X]|®g R[Y] = R[X,Y]
as R-algebras.

4. Let B be an abelian group and let A be a subgroup of B. Show that any homomorphism f: 4 — Q/Z
extends to a homomorphism 7 : B — Q/Z.

5. Let R be a commutative unitary ring. Show that each injective R-module is divisible.

6. Prove that 3 x 3 matrices A and B over a field K are similar if they have the same minimal polynomials
and the same characteristic polynomials.

kY 100
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Part B.

41

1. Give examples of abelian groups 4, B satisfying

| () AQB =0
| (i) ARA= A,

2. Let R be a ring with identity. Assume that M is a simple module for B. Prove that M is cyclic and
that any non-zero R module endomorphism of M is an isomorphism.

3. Prove that a module P over a ring R is projective if and only if P is a summand of a free module.

4. If A is any abelian group, compute hom(Z,,, A). What can you say about Z} ?

5. Prove that a free module over a pid is torsion free and give an example to show that the converse is
false.

6. What are the invariant factors of Z, @ Z,,, regarded as modules over Z.

7. Prove that if m > n, any alternating multilinear form on (R™)™ = 0, here R is any commutative ring.

8. Prove that if ¢ is the minimal polynomial of a linear transformation of vector space E, then degg <
dim E.
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Parts A and B.

1. Let K € H be subgroups of the finite group &, which are not necessarily normal. Show (G : K) =
(G: H)(H : K), where the notation (A : B) denotes the number of left cosets of B in A.

b

. Let the group G operate on the set 5, and suppose that s,t € S are in the same orbit under the
operation. Show that the isotropy groups G, and G, are conjugate. That is, there exists g € G such
that g~'G,9 = G;. (Recall that G, = {z € G : gs = s}).

3. Show that each group of order p?, p prime, is abelian.

[1=Y

(a) Define free group F(X) on a set X.
(b) Define coproduct (G, {wilier) of o famaly {G; 11 e I} of groups.

(c) Show that if (G,q,w2) is a coproduct of G and G, with &y isomorphic to the additive group
of integers Z, then G ~ F({a, b}).

(d) Is F({a,b}) abelian?

5. Show that the direct sum of an arbitrary family of injective abelian groups is injective. (Hint: Divisi-
ble).

&

(a) Determine the units in Z[«/=5] = {a + by/=5: a,b€ Z}.
(b) Show that 1 +4/—5 and 2 are irreducible in Z[\/—5].

7. (a) Give an example of an integral domain R and ideals [ and J of R such that IJ # I n J.
(b) Show thatif I +J=Rthen IJ=InJ.

8. Give an example of a monomorphism f: A — B of abelian groups and an abelian group C such that
the induced homomorphism homz(B,C) — homz(4, C) is not onto.

) ?‘rj-_.[ \\ / M \f]-}{}/ 1999 /( 44




9, Show that if Risa PID and M = R/a;R@& R/a;R®- - @ R/anR, with R2a1RDaR2 -2 an,R
then M cannot be generated by fewer than m-elements.

10. Let

k

Find the minimal polynomial and the rational canonical form of A.

5 } ey 199 (@/[qqc(
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Part B.

47

Throughout R denotes a commutative ring with unit element, M a unitary R-module and k a field.
1. (i) Prove that if R is an integral domain with fraction field K and M is a torsion-free H-module,
then M is isomorphic to an R-submodule of the K-vector space M @p K.

(ii) Prove (from scratch) that if R is a principal ideal domain and M a finitely generated torsion-free
R-module such that M @pg K is 1-dimensional as K-vector space, then M ~ R as R-modules (i.e.
M is free of rank 1).

(111) Give (with proof) an example of two nonzero Z-modules whose tensor product is zero.

(iv) Prove that if R is an integral domain but not a field then its field of fractions is torsion-free, but
is not a submodule of a free R-module.

2. (i) State with proof a correspondence between {pairs (V, L) where V is a finite-dimensional k-vector space and L is a
and [finitely generated torsion k[X]-modules M}.
(ii) Determine with proof the pair (V, L) corresponding to a cyclic k[.X|-module k[X]/(f), f € k[X]
nonzero, and compute the minimal polynomial and the characteristic polynomial of L.

(iii) In the general case, interpret with proof the minimal polynomial and the characteristic polynomial
of a linear transformation L in terms of the corresponding module M.

3. Let V be an n-dimensional k-vector space.

(i) State the definition of A™(V);
(ii) Prove that if m > n then A™ (V) = 3D(0).
(iii) Prove that the dimension of A*(V) is (;)

wintey 199 %
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Part B.

50

1. Describe all maximal ideals in Z{z|/((z — a)™), where n,a € Z, n = 1. Prove your answer.

2. Let A be a left module over a ring B. Construct a canonical R-module homomorphism
9 ' A —3 Aﬁ:ﬂ-‘,

where, for any left or right B-module B, B* ;= homg(B, R). Give a sufficient condition on R and A
for # to be an isomorphism.

3. Let R be a non-zero commutative ring with unity such that every submodule of any free R-module of
finite rank is itself free. Prove that R is a principal ideal domain.

4. Prove that any maximal linearly independent subset X of a (left) vector space V over a division ring
D is a basis of V.

Witder 1497
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Part B.

1. Describe all maximal ideals in the polynomial ring C[zy,...,Z,]|. Prove your answer.

2. Let R be aring. A left R-module M is called simple iff M s {0} and M has no proper submodule.
Prove that for any simple left E-module the endomorphism ring hompg (M, M) is a division ring.
3. Consider the C[z]-module structure on C™ defined by

p(z).v = (p(A))(v),

where v € C”, p(z) € C[z], and A is the n x n-matric

0
i 0
i 0
:
(where i* = —1). Decompose C" according to the structure theorem for modules over principal ideal l

domains.

4. Let V be an n-dimensional vector space over R. Establish a canonical isomorphism between A*(V')
and A" *(V*) @r A™(V), where k is any fixed positive integer less than or equal to n and V® is the
space dual to V. (A canonical isomorphism between two vector spaces V' and ¥V is an isomorphism
which does not depend on the choice of bases in V’ and V”).



Cl cﬂl Lj}

56

Part B.

In problems 1,2 and 4, R is a commutative ring with 1, and all R-modules considered are assumed to be :
unitary. L

1. (a) Define: an R-module is projective.
(b) Prove that if R is a field then any R-module is projective.

2. (a) Given R-modules M and N, and their tensor product A = M ®p N as an abelian group, state a
way of making each element of R act on A so that A becomes an R-module.

(b) Prove that the action you gave in part (a) is well-defined.

3. (a) Suppose F is a given field, and that ¢ and d are two distinct elements of F'. Determine the number
of similarity classes of matrices (over F) with characteristic polynomial

(z —¢)’(z — d)%. t

(b) State the result for finite abelian groups which corresponds to your result for part (a).

4. Let M be an R-module, and let H be the set of all m in M such that rm = 0 implies r = 0 or m = 0.

(a) Prove that if R is a principal ideal domain (PID) and M is cyclic then H is a submodule of M.

(b) Is the result in part (a) true if the hypothesis that R is a PID is just deleted? Give a proof or
counterexample.

| 415
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Part B.

1.

L

Let .
ple) =z° +z +1, g(z) = z* + 32° + z° + 6z + 10,

Find all integers = 10 such that p(z) divides g(z) in Z,[z].

. Let R be a commutative ring and [ an ideal of R. Let A be an ideal of R containing I, and let

T4 = M/I be the corresponding ideal of B/I. Prove that M is maximal if and only if M is maximal.

. A module M for aring R is called simple if M # {0} and M has no proper submodule, i.e. if N € M

is a submodule, then N = {0} or M. Let M and M’ be two simple modules and let ¢ : M — M’ be a
module homomorphism. Prove that ¢ is either zero or an isomorphism.

. Let I be an ideal in a ring R. Prove that if R/ is a free R-module, then [ = {0}.

(a) Prove that a module P over a ring R is projective if and only if for any surjective homomorphism
of R-modules
p: N — N,

the corresponding homomorphism of abelian groups
hompg(P, N) — homg(P, N*)

is surjective.

(b) Prove that
Zp @z Zs = 0.
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Part B.

59

1. Find all possible Jordan forms for 8 x & matrices with minimal polynomial z?(z — 1)3.

be a commutative diagram of R-modules and homomorphisms such that each row is exact. If two of
the vertical maps are injective, what about the third? Consider all three cases.

3. Prove or disprove that every 2 x 2 matrix over Z[X] is diagonalizable by row and column operations.

4. Which of the implications: free iff projective iff torsion-free hold? Give proofs or counterexmaples.

5. Compute homg(Zs, R) where R is the additive group of real numbers.
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Part B.

In problems 1-4, give an example and show that your example has the desired properties.

1. A ring that does not have the invariant dimension property.

2. A module D and an exact sequence 0 — A — B — C — 0, which shows that neither homp(—, D) nor
hompg (D, —) is an exact functor.

3. A projective module which is not free.
4. A submodule of a finitely generated module which is not finitely generated.
5. What is C ®z Zyp, where C is the complex numbers?
6. Let R be a commutative ring with ide:utitf and M be an R-module.
(2) Outline the construction of the tensor algebra T (M) and the exterior algebra A(M).

(b) Give the universal property of T'(M).
(c) Show that if M is free of dimension n and 1 < k < n — 1, then AR(M) ~ A" *(M).

7. Let

\

Find the minimal polynomial, the rational canonical form, and all eigenvectors of A.
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