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Abstract: Weconsider aparabolic equationwithadriftterm Au+bVu—u, = 0. Under
the condition divb = 0, we prove that solutions possess dramatically better regularity
than those provided by standard theory. For example, we prove continuity of solutions
when not even boundedness is expected.

1. Introduction
We aim to study the parabolic equation
Au(x,t) +b(x, H)Vulx,t) —u;(x,t) =0, (x,1) € R" x (0, 00), (1D

where A isthe standard Laplacian, b is a vector valued function and n > 2. Standard
existence and regul arity theory for thiskind of equations has existed for several decades.
For instancewhen |b| € L?(R"), p > n, thefundamental solution of (1.1) hasalocal in
time Gaussian lower and upper bound ([A]). Hence bounded solutions are Holder con-
tinuous. In this paper we study the regularity problem of (1.1) for much more singular
functionsb.

Severd factors provide strong motivations for studying these kind of problems. The
first is to investigate a possible gain of regularity in the presence of the singular drift
term b. This line of research has been followed in the papers [St, KS, O, CrZ, Sq.
Under the condition |b| € L"(R™), Stampacchia [St] proved that bounded solutions
of Au + bVu = 0 are Holder continuous. In the paper [CrZ], Cranston and Zhao
proved that solutions to this equation are continuous when b isin a suitable Kato class,
i.e lim_osup, fi,__, H'ﬂ’%{dy = 0. In the paper [KS] Kovalenko and Semenov

proved the Holder continuity of solutionswhen |b|? isindependent of time and is suffi-
ciently small intheform sense. Seethe next paragraph for a statement of their condition.
Thisresult was recently generalized in [Se] to equationswith leading term in divergence
form. In [O], Osada proved, among other things, that the fundamental solution of (1.1)
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hasglobal Gaussian upper and lower bound when b isthe derivative of bounded functions
(indistribution sense) and divb = 0. Morerecently in the paper [LZ], Holder continuity
of solutions to (1.1) was established when |b|? isform bounded and div b = 0. Seethe
next page for a description. We should mention that many authors have also studied the
regularity property of the related heat equation

Au+Vu—u, =0.

Here V isasingular potential. We refer the reader to the papers by Aizenman and Simon
[AS], Simon [Si] and references therein. It isworth remarking that the current situation
exhibits fundamentally new phenomena comparing with that case.

Another motivation comes from the study of nonlinear equations involving gradient
structures. Theseinclude the Navier Stokes equations, which can be regarded as systems
of parabolic equationswith very singular first order terms. Our result providesadifferent
proof of the well known fact that weak solutions to the two dimensional Navier-Stokes
equations are smooth (Corollary 2). For the three dimensional Navier-Stokes equations,
it isinteresting to note that the singularity of the velocity field is covered by our theorem
(see the discussion at the end of the introduction).

In this paper we actually go much beyond the above kinds of singularities. A special
case of our result states that, under the assumption that divb = 0, weak solutions of
(1.1) are bounded aslong asb € Lf:}L_(R") with p > n/2, n > 4. For atime dependent
vector field b € LIZOC(R" x (0, 00)), it suffices to assume the general form bounded
condition: for afixedm € (1, 2], and ¢ € C5°(R" x (0, 00)),

// |b(x,t)|mqb2dxdt§k// |V (x, 1)|%dxdt,
RH R)l

wherek isindependent of ¢. Whenm = 2 and k issufficiently small, wearein asituation
covered by the paper [KS] and [LZ]. The most interesting caseiswhen m iscloseto 1.
It is widely assumed that solutions of (1.1) can be regular only if the above inequality
holds for m > 2. However Theorem 1.1 below proves that weak solutionsto (1.1) are
bounded aslong asm > 1. In fact they are Lipschitz in the spatial direction. Hence b
can be almost twice as singular as allowed by standard theory, provided that divb = 0.

The above class of the drift term b includes and much exceeds the generalized Kato
classthat hasbeen studied in several interesting papers[ChZ, CrZ, G]. Thesefunctionsin
general are not the derivative of bounded functions considered in [O] either (see Remark
1.1 below). Hereis an example. Let b = b(x1, x2, x3) beavector fieldin R3. If b hasa

local singularity of theform \x_ﬁ? withasmall € > 0, then b isinthisclass. In contrast

al previous results at best allow singularities in the form of ﬁ

In addition to the unexpected regularity result, we also prove that the fundamental
solution of (1.1) satisfies a globa Gaussian like upper bound. An interesting feature of
theboundisthat it isnot just aperturbation. Thismeansthat the global bound holdswhen
b satisfies (1.2) with no additional smallness condition. Using the approximation result
in Sect. 2, the fundamental solution here means the minimum of pointwise limits of the
fundamental solution of (1.1) with b replaced by a sequence of smooth and divergence
free vector fields. An interesting fact is that the bound is no longer Gaussian, reflecting
the contribution given by the singularity of the drift term b.

Inthe Kato class case, local intime Gaussian boundsfor the heat kernel with singular
drift terms were obtained in [Z], which was extended in [LS] recently.
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In this paper we use the following definition of weak solutions.

Definition 1.1. Let D € R”" be a domain and T € (0, 00]. A function u such that
u, |Vu| € LZZOC(DX[O, T]) is a weak solution to (1.1) if: forany ¢ € C5°(D x (=T, T)),

there holds

T T
/ / (ud;p — VuVe)dxdr + / / bVu ¢ dxdt = —/ uo(x)¢(x, 0)dx.
o Jp o Jp D

The assumption that Vu is square integrable can be weakened. However we are not
seeking full generality here.
Now we are ready to state the main theorem of the paper.

Theorem 1.1. Suppose b satisfies:

()b e L2 (R" x [0, 00)) and divb(-, ) = 0;
(2) for a fixed m € (1, 2] and any ¢ € C°(R" x (0, 00)) with compact support in the

spatial direction,
// |b|m¢2dxdt§k// |Vo|°dxdt, (1.2)
n Rll

where k is independent of ¢. Then the following statements hold.

(i) Weak solutions of (1.1) are locally bounded.
(ii) Weak solutions of (1.1) are Holder continuous when b = b(x) and m = 2.
(iii) Let G be the fundamental solution of (1.1). There exist positive constants c1 and c2
such that, forany x,y € R" andt > s > 0,

c1(t—s) Jx—y™ lx—y[?
[([75)‘3(/“ /,,X)”m/(Z(m—l)) [exp <_CZ ([—S)’"il) + exp <_62 t—s >] ’ r—s= l’

__a o lx—y™ o =yl? _
[B(x,/1=9)| [exp( Cz(tfs)m—1)+eXp< 2 =y )] r—s>=1

Remark 1.1. Note that the above upper bound reduces to the standard Gaussian upper
bound when m = 2. This case was recently investigated in [LZ]. Part (ii), follows from
[LZ], isherefor completeness. If b € LP(R™) with p > n/2, thenitiswell known that
(1.2) is setisfied. See [Si]. Hence we have

G(x,t;y,5) <

Corollary 1. Let u be a weak solution of the elliptic equation Au + bVu = 0. Suppose
belLl (RY), p>n/2 n>4 anddivb = 0. Then u is a bounded function.

loc

Note that without the assumption of divb = 0, it is known ([St]) that « is Holder
continuouswhenb € L? with p = n.

loc

Remark 1.2. Due to itsimportance and potential applications, we single out part of the
result of Theorem 1.1 in the three dimensional case as a corollary.

Corollary 2. Let D C R", n = 2, 3. Assume |b| € L*°([0, T], L%(D)) and divb = 0.
Suppose u is a weak solution of (1.1) in D x [0, T]. Then u is locally bounded. In par-
ticular weak solutions to the two dimensional Navier-Stokes equation is smooth when
t >0
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Proof. 1t isenough to prove that the above condition on b aone implies that condition
(1.2) is satisfied for somem > 1. Hereis aproof whenn = 3. The casewhenn = 2
is dealt with similarly. Let ustakem = 4/3 and p = 2/m = 3/2. Then, by Holder's
inequality,

T T 1/p (p—1)/p
/ / Ib|*3p%dxdt < / ( / |b|m1’dx> ( / ¢2P/<P—1>dx> dt
0 D 0 D D
T 2/3 1/3
L () ()
0 D D
2/3 ,T 1/3
< sp ( / |b|2<x,r)dx> / ( / ¢>6dx> it
te[0,7] \JD 0 D

2/3 AT
<C sup (/ |b|2(x,t)dx> / /|V¢|2dxdt.
te[0,T] D 0 D

Thelast step is by Sobolev imbedding.

Now let u = (u1(x, 1), u2(x,t)) be a weak solution to the 2 — d Navier-Stokes
equation

Au—uVu —VP —u, =0, divu=0.
Then the curl of «, denoted by w, isascalar satisfying
Aw+uVw — w, =0.

By definition, u € L*((0, o0), L2(R?)). So Theorem 1.1 showsthat w isbounded when
t > 0. Henceu issmoothtoowhent > 0. 0O

Discussion. Here we would like to speculate on some possible links between the regu-
larity problem of the 3-d Navier-Stokes equation and Corollary 2. Let u be alL eray-Hopf
solution to the 3-d Navier-Stokes equation

Au—uVu—VP —u, =0, divu=0, |u(-,0)|e L3R3.

Then it is well known that |[u(-, ) 2 iS Non-increasing and hence uniformly
bounded. Therefore assuming only the pressure term P is sufficiently regular locally,
then Corollary 2 impliesthat « is bounded and hence smooth. It seemsthat al previous
regularity results either make some global restrictions on P or on the initia value ug.
We mention the recent interesting result of Seregin and Sverak [SS]. The authors proved
that u is smooth provided that ug € W2 and P is bounded from below. See also [BG].
It would be interesting to see how far the method in this paper may go for the system
case.

Therest of the paper is organized asfollows. In Sect. 2 we show some approximation
results of solutions of (1.1) under some singular drift term. Theorems 1.1 will be proven
in Sect. 3.
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2. Preliminaries

Sincethedrift term b in (1.1) can be much more singular than those allowed by the stan-
dard theory, the existence and uniqueness of weak solutions of (1.1) can not be taken
for granted. In order to proceed first we need to prove some approximation results. The
next proposition showsthat Eq. (1.1) possesses weak solutions even when b satisfiesthe
assumption of Theorem 1.1.

Proposition 2.1. Let b be given as in Theorem 1.1 and by be a sequence of smooth
divergence free vector fields. Suppose by — b in L>(D x [0, T]) norm and let uy be
the unique solution to

Auyp +byVuy —oupy =0, in D x [0, T]
up(x,t) =0, (x,r) €dD x [0, T], 2.1
ug(x, 0) = uo(x), ug € L2(R").

Then there exists a subsequence of {uy}, still denoted by {uy}, which converges weakly
in L3(D x [0, T]) to a solution of (1.1).

Proof. Sincedivby = 0, multiplying Eq. (2.1) by u; and integrating, one easily obtains

T
/ /|Vuk|2dxdt+/ u,f(x,T)dxzf u3(x)dx.
0 D D D

Hence there exists a function u such that u, |Vu| € L?(D x [0, T]) and a subsequence
of {uz}, still denoted by {u}, such that

up — u, weaklyin L2(D x [0, T]);
Vur — Vu, weaklyin L?(D x [0, T)).

We will prove that u isasolutionto (1.1).
Clearly uy satisfies, for any ¢ € C3°(D x [0, T),

T T
/ / (uxd;r¢p — Vur Vo)dxdt +/ / bk Vuy ¢ dxdt
o Jp o Jp
= —/ ug(x)¢ (x, 0)dx. (2.2
D
By the weak convergence of u; and Vuy, we have

T T
/ / (urdip — VurV)dxdt — f / (udip — VuVe)dxdt, k — oco. (2.3)
0 D 0 D

Next, notice that

T T
/ / bk Vur ¢dxdt — / / bVu ¢dxdt
0 D 0 D

T T
= / / (bx — b)Vuy ¢pdxdt +/ / b(Vur — Vu) ¢pdxdt.
0 D 0 D
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By the strong convergence of by and the weak convergence of Vuy, we see that

T T
/ / urb Vodxdt —/ / bVu ¢dxdt — 0, k — oo. (2.9
0 JD 0 JD

By (2.2) and (2.4) we obtain

T T
/ / (udip — V)dxdt +/ / bVu ¢pdxdt = —/ uo(x)e(x, 0)dx,
0 D 0 D D
i.e.uisasolutionto (1.1). O

Proposition 2.2. Suppose b € C*(R" x [0, 00)) N L™ and divb = 0. Let G be the
Sfundamental solution of (1.1). Then, for any x € R" andt > s > 0,

/ Gx,t;y,8)dy =1, / Gx,t;y,8)dx = 1.
n R"

Proof. Sinceb issmooth and bounded, G issmooth and haslocal Gaussian upper bound.
Hence we have

d
7 Gx,1;y,8)dy = f [—AyG(x,t;y,8) + by, s)VyG(x, 15y, 5)]dy = 0.
S JRn Rn

The other equality isproved similarly. O

Proposition 2.3. Let Q = D x [0, T] with D C R" being a smooth domain and T > Q.

Suppose thatb € C*®°(Q) N L>®(Q) and f € LY(Q). Suppose u is a weak solution to
Au+bVu—u,=f, in Q
u(x,t) =0, (x,t) € aD x [0, T] (2.5)
u(x,0) =0.

Here the boundary condition is in the sense that u € L2([0, T], W&’Z(D)). Then

t
u(x,t) = —/ / Gx,t;y,8) f(y,s)dyds.
0 JD

Here G is the Green’s function of (1.1) with initial Dirichlet boundary condition in Q.

Proof. This result is trivial when f is bounded and smooth. When f isjust L, it is
known too. Here we present a proof for completeness.

Let ¢y be a smooth function in Q. Since b is bounded and smooth, standard theory
shows that the following backward problem has a unique smooth solution:

n(x,t) =0, (x,r) € dD x [0, T] (2.6)
u(x, T)=0.

Moreover

T
n(y,S)=—/ /G(x,t;y,s)w(x,t)dxdt. 27
K D
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Since u isaweak solution to (2.5), we have, by definition
/ [-VuVn+ bVun + un]dxdt = / fndxdt.
0 0
Using integration by parts we have
/ u[An —bVn + nldxdt = / fndxdt.
0 0

By this, (2.6) and (2.7), we deduce

/ul//dxdt / /f(y,s)/ /G(x t;y, )V (x, t)dxdt.
/mpdxdt / ///G(x t;y,8) f(y,s)dyds ¥(x, t)dxdt.

The proposition follows since ¢ isarbitrary. O

That is

Proposition 2.4. Suppose u is a weak solution of Eq. (1.1) in the cube Q = D x [0, T],
where b satisfies the condition in Theorem 1.1. Here D is a domain in R". Then u is the
loc limit of functions {uy}. Here {uy} is a weak solution of (1.1) in which b is replaced

by smooth, divergence free by such that by — b strongly in L?(Q), k — oo.

Proof. First we select a sequence of smooth, bounded, divergence free by such that
by — b strongly in L2(Q), k — oo. Let D’ C D be asmooth sub-domain of D. Then
the following problem has aweak solution uy:

Aup +byVup — (up); =0, in Q'=D x(0,T)
up(x,t) =u(x,t), (x,1) € 3D’ x [0, T] (2.8)
ur(x, 0 =u(x,0).

Clearly u; — u isaweak solution to the following:

Al —u) + b V(ur —u) — (up —u); = b—-b)Vu, in Q0'=D x(O,7T)
(up —u)(x,1) =0, (x,1) € 3D’ x [0, T]
(ug —u)(x,0)=0.

(2.9)

Here the boundary condition isin the sense that u; — u € L([0, T1], Wc}'z(D’)).
By our assumptions on b, by and Vu, we know that

(b —bpVu e LY(0).
Since by, is bounded and smooth, Proposition 2.3 shows that

t
(up —u)(x,t) = —/ / Gi(x,t;y,5)(b—br)Vu(y, s)dyds.
0 JD’
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Here G, is the Green's function of Au + by Vu — u; = 0in Q" with Dirichlet initial
boundary value condition. By Proposition 2.2, or the local version of it, we have

/ Gi(x,t;y,5)dx < 1.
D/

Hence

t
/|uk—u|<x,r>dxs// b — byl Vuly, s)ldyds.
D’ 0 D’

Hence
/ lug — ul(x, 1)dx < |Ib — bell 20 I Vull 121y — O.
D/

This provesthe proposition. O

3. Proof of Theorem 1.1

Using the approximation result of Sect. 2, we may and do assume that the vector field
b is bounded and smooth.

The beginning of the proof generally follows the classical strategy of using test
functions to establish L2 — L° bounds and weighted estimates for solutions of (1.1).
However it iswell known that this method does not provide a sharp global upper bound
in the presence of lower order terms and the vector field b can not be as singular as
we are assuming. For instance there is usually an extraneous e’ term when ¢ is large.
Nevertheless, by using the specia structure of the drift term and exploiting a specia
role of the divergence of b, we show that this classical method can be refined to derive
sharp global bounds. In order to overcome the singularity of the drift term b, we need
to construct arefined test function. Thisisthe key step in proving the bounds.

We divide the proof into five steps. For the sake of clarity we draw a flow chart for
the proof:

Step 1: Energy estimates using refined test function

= Step 2: L*° bound for weak solutions ((i) of Theorem 1.1)

= Step 3: Weighted estimates

= Step 4: Gaussian like upper bound ((iii) of Theorem 1.1);

Step 5: Proof of (ii)

Step 1. Caccioppoli inequality (energy estimates).

Let u be asolution of (1.1) in the parabolic cube Q,, = B(x,or) x [t — (or)?, 1].
Herex e R",0 > 1,r > 0andr > 0.

By direct computation, for any rational number p > 1, which can be written as the
quoatient of two integers with the denominator being odd, one has

AuP +bVu? — du? = p(p — 1)|Vu|?uP=2. (3.1)
Here the condition on p is to ensure that u” makes sense when u changes sign. One

can also just work on positive solutions now and prove the boundedness of all solutions
later. See Step 6 at the end of the section.
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Choose v = ¢ (y)n(s) to be arefined cut-off function satisfying

Vol __ ¢
9 = (0 —Dn)

here§ € (0, 1). By scaling it is easy to show that such afunction exists,

supp ¢ C B(x,or); ¢(y) =1 ye Bx,r); O<o¢=L

suppn C (t — (Ur)z, t);  n(s) =1,
selt—r21; I1<2/(c-Dn?% 0=<p=<Ll.

Denoting w = u? and using w2 as atest function on (3.1), one obtains

/ (Aw + bVw — d,w)wy2dyds = p(p — 1) \Vu|>w?u=2 > 0.
or Oor

Using integration by parts, one deduces

/ V(wwz)deyds 5/ bVw(wl//Z)dyds—f (8Sw)w1ﬁ2dyds. 3.2
or err

or

By direct calculation,
[ wytyvudyds - fQ V{wy)¥IVwdyds
= [ 1Y@ (V@) - (Tpw) + ws Ty Teldyds
= [ [vawe - vy pu?]ayds.
Substituting thisto (3.2), we obtain

/ |V(w1/f)|2dyds 5/ bVw(wwz)dyds—/ (8Sw)ww2dyds
or Qn‘r

or

+ / |V [Pw?dyds. (3.3
Qar

Next notice that
2 1 20,2
Osw)wiy dyds = = (Osw)Y“dyds
Oor 2J0,,
1
=- / w?p?nd,ndyds + 5 / w?(y, NP (y)dy.
or B(x,or)

Combining this with (3.3), we see that

2 1‘ 2 2
IV(wy)|“dyds + 5 w(y, NP=(y)dy
or B(x,or)

< (VY2 + ndsn) widyds +/ b(Vw)(wy?)dyds = T1 + To.  (3.4)

Qar or
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The first term on the right-hand side of (3.4) is already in good shape. So let us
estimate the second term as follows:

T, = b(Vw)(wy?)dyds

QO‘)‘

= 1' by2Vw?dyds = —E/ div(by?)w?dyds

2 QUV 2 ar

1 1

= ——/ divb(ww)2dyds - —/ bV(I/fz)wzdde
2 or 2 QO’I‘

= —Ef divb(lﬁw)zdyds—/ b(Vy)ywidyds
2 Jo,, Qo

= —/ b(Vy)yw?dyds.

Qﬂl‘

Here we just used the assumption that divb = 0.
The next paragraph contains the key argument of the paper.
Noticethat for § € (0,1),a € (0,2) andm € (1, 2],

T2<| | b(Vy)yw?dyds|
Qar
\Y
= | bw1+5|w|2—“—f|w|“dyds|
Qor v

1/m
S |:/ |b|m1//(l+5)m|U)|(2_a)mdydsi|

or

(m—=1)/m
% |:/ (|V1/f|)m/(ml)|w|am/(m1)dyds:|

wa
Take a, § so that
2—aym =2, A+6m =2
Then
2 2
am/(m —1)=a -1)=2, §=2/m)—1<1
2—a 2—a

These and the assumption on the cut-off function » show that

) 1/m ¢ 5 (m—21)/m
T: mn .
s < [ / o) dyds} [ /Q e o=t dyds}

Thisimpliesfor any € > 0,

o< [ b (pw)dyds + C e w2dyds (3.5)
= Jo., [0 = Dr]m/e=D Jo,, ' '

By our assumptions on b,

/ b (yw)2dyds < k / V(W w)|?dyds.

or
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Substituting the above to (3.5), we can find k1 < 1/2 and k2 > 0 such that

o) = | /Q b(Vw) (wy)dyds|

1
2 2
< kl/ [V(Yw)|“dyds —i—kz((g —T)ryD /Qm wedyds. (3.6)

Qar

Combining (3.4) with (3.6), we reach
/ IV wi) dyds + / w090y
or BX,Or

C 2
< (@ —DryiD /Q wdyds, r <1, 3.7

C
/ \V(wy)|2dyds+ / w?(y, N$?(y)dy <
or B(x,or) ((o

w/ wzdyds, r > 1.
— Dr

” 3.7)

Step 2. L? — L° bounds. It isknown that (3.7) impliesthe following L2 — L* estimate
viaMoser'siteration.

1
2 2
supu” < C—/ u“dyds, r <1 (3.8
ol memm [,
Herem > 1. Also, (3.7') shows
1
Supu2 <C—r0 uzdyds, r>1 (3.8)
Or | "| Q2

Indeed, by Holder's inequality,

i (pw)2+H@m) < </R (¢w)2n/(n—2))<n_2)/n (/ (¢UJ)2>2/n.

Using the Sobolev inequality, one obtains

2/n
g (pw)21+@mM) < ¢ ( / <¢w>2) ( /R ) |V(¢>w>|2).

The last inequality, together with (3.7) implies, for some C1 > 0,

0
/ ur? < c <C1(rr)_m/(m_l)/ u2p> ,
Q or

where = 1+ (2/n). '
Whenthedimensionn isoddor u > O, weset t; = 27l go=10,=0;_1—1 =
1-—Xj7;, p = 6". The above then yields, for some C2 > 0,

0
/ W2 < e Cé—t—lrfm/(mfl)/ 2\
QaH_lr(th) Qair(xat)

o'r
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After iterations the above implies

—i—1

9
/ 420 SCEG_j_lCZ—E(/+1)97171(rfm/(mfl))EG_j/ 3
QaH_lr(xst)

r

Lettingi — oo and observing that °° 6~/ = (n + 2)/2, we obtain

sup M2 < ;/ MZ.
0.2 rm(n+2)/(2(m—1)) 0,

This proves (3.8) either for odd n or for al »n and nonnegative u. Similarly one proves
(3.8).

In case n is even and u changes sign, we just regard u as a solution of Eq. (1.1) in
R+l x (0, T'). Then the L°° bound of « follows from the above.

Step 3. Weighted estimate. Let G be the heat kernel of (1.1). For afixed A € R and a
fixed bounded function ¢ such that |[Vy| < 1, we write

£ =eW<Y>/G(y,s; 2,0 £(z)dz.

Here and later the integral takes place in R” if no integral region is specified.
Direct computation shows that

Al fl15 = 2/(3sfs(y))fs(y)dy
=2 / VO £i(y) / 3G (y,5:2,0e O f(2)dzdy
= Z/ew”fs(y)ﬁy (/ G(y.s; z, O)e_W(Z)f(z)dz> dy

+2 f MOV £ (»by)V, ( / G(y,s;z,00e ™™V (“f<z)dz) dy
=1+ Jo. (3.9

Following standard computation, we see that
sz -2 [19hRdy + 22 [ fi2ay. (3.10)
Next we estimate J». For simplicity we write

u(y,s) = e O f(y),
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whichisasolutionto Au + bVu — d,u = 0inR" x (0, c0). Then
Jo =2 [ VO £ (3T, utr.5)dy
-2 / div () £, (b)) uly. s)dy
=-2 / V(D £,(3)byuly, s)dy — 2 / VO £ (yu(y, s)divb(y)dy
— / VO £ (Muly, ) VI ()by)dy
-2 / eV Vu(y, )V f(nbydy — 2 / fs()2divb(y)dy
=2 [ L0V 0BOIy -2 [ LIV L0IBEIMy -2 [ 1.0 2divb)dy
_ / £,)2V 9 (1)b(y)dy — f £:()2divby)dy.

In the last step we have used integration by parts.
Hence

so= =21 [ .07V Wb, (3.11)
Using an argument similar to that in the middle of Step 2, we see that
h<2 f Ibf2="Vy f21dy
err

1/m

Here, asbeforea € (0,2) and 2 —a)ym = 2,am/(m — 1) = 2.
It followsthat, for any € > 0,

(m=1)/m

Ja<e [ Ib|™ f;(y)%dy + ce~ Y m=Dym/m=D f fs(ndy.
Combining this with the estimate for J;, we have
Bl fsl13 < —2 f IV fs(D)12dy + cr (™ ™=D 432 /fs(y)zdy+€ / Ib|™ f;(y)%dy.

Here ¢1 may depend on .
Writing

F(s)=|Ifll3,  H(s)=-2 f IV fs(0)12dy + € / Ib|™ f;(y)%dy,

the above differential inequality can be written as

dF(s) < 1™ ™M=V L A2 F(s) + H(s).
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Hence
F(s) < M5 F(0) + €28 /s e M H(T)dT,
0
where
z(0) = A 452,
Thatis

Fs) < efz<*>~YF(o>+eCZ<”S[—2 / / IV (fo (e 2P7/2) dydr
0

e f |b|"’<my>e—““’/2)2dydr}.
0
Taking e sufficiently small and using the condition on b we conclude that

2 r 2 m/(m—1) 2 X 2
1 £5115 < e“@3|| £ = e 5| £112. (312

Step 4. Gaussian-like upper bound. For simplicity we only prove the bound for
G(x,t;y,0). Wejust prove the inequality ¢+ < 1. When ¢ > 1, the situatioin is sim-
pler and the proof is omitted. Now consider the function

u(y,s) =e O f(y)

whichisasolutionto Au + bVu — d,u = 0inR" x (0, o0). Here v isafunction such
that |Vy| < 1 and whose precise values are to be chosen later. Applying (3.8) with
Q ipp(x. 1) = B(x, J1/2) x (3t/4, 1), we obtain

1 t
u(x, t)2 <C / / u?.
10 i 20, O™ Cm=1) oy )4 [ pix i)
From (3.12), it follows that

t
2V @ (. )2 < CPVW 1 — / / u®
IQﬁ/z(x,t)lm/( =1 Ja/a JBx,vi/2)
t
_c 1 / / 2V V@] 42
IQﬁ/z(x,t)lm/(z(m_l)) 31/4 JB(x,\/1/2) ‘

21 4 cOm/m=0 1,2y 012
<
= B, v e D) 171l

Taking the supremum over al f € L2(B(y, +/1)) with || f||2 = 1, wefind that

M) =¥ ()] / G(x,1;z,00%dz
B(y,v/1/2)
< C oM 132y ! 313

[11B(x, /1) []m/m=1)"
Note that the second entries of the heat kernel G satisfies the equation
Au — V(bu) + o;u = 0.
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Hence it satisfies
Au —bVu + o;u = 0.

Thereforewe can use (3.8) backward on the second entries of the heat kernel to conclude,
from (3.13), that

1 t/4
G(x,1;y,02<C / / G(x,1; 7, 5)2dzds
10 i 2y, OIM@m= 14 o iy yig2)
2

<cC ! G D 452200 ()Y (]
= [tIB(x, D[]/ m=D
This shows, since /7 < ¢l + coA?t,
2
[t|B(x, v/1)[]"/m=D
Now we select ¢ sothat ¢ (x) — ¥ (y) = |x — y|. Thenit follows
2

G(x,1:y,02 < C MDD )= O]

t
e
[t|B(x, V/1)[]™/m=D
Here for simplicity, we write

Q) = (W™D 432y — 23 |x — y.

G(x, t: y, 0)2 < C c()\m/(mfl)+)\2)t—2)\|x—y\ = C(t)eQ()\) (314)

Now we choose 2 to be a positive number satisfying
AYO=D 4 = alx — /1, (3.15)
wherea > 0 will be chosen in amoment. Then
O =AY ™D 431 — 2hx — y| = (ca — 2Alx — yl.
Taking a = 1/c, we see that
O() = —Alx —y|. (3.16)
Next we consider two separate cases.

Case 1. |x — y|/t > 1. Then from (3.15), there exists cg > 0 such that A > ¢q. Hence
A < ctx=D pecause m < 2. By (3.15), A > c2(jx — y|/1)" 1. This shows, via
(3.16),

00 = —cg =2 (3.17)

tm—l

Case 2. When |x—y|/t < 1.Inthiscase(3.15) impliesthat 1 < coandhenceAl -1 <
c1). Therefore, by (3.15), A > c2|x — y|/t. Hence

Q) < —calx — yl?/1. (3.18)
Substituting (3.17) and (3.18) to (3.14), we obtain

. c1t x —yI" v =y
G(x,t,y,O)s[”B(X’ﬁ)']m/(z(m_l)) [exp< e >+exp< 22— )]

This proves the upper bound for G.
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Step 5. Proof of (ii). Since the proof isidentical to that in [LZ], we omit the details.

Final Remark. Using a Nash type estimate, it is easy to prove that G(x,t;y,s) <

c/(t—

$)"/2. It would be interesting to combine this bound with the bound in (iii) to get

a sharper bound. The same could be said about the lower bound.
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