STABILITY OF THE CHENG-YAU GRADIENT ESTIMATE
QI S. ZHANG

ABSTRACT. We prove that the Cheng-Yau gradient estimate on positive harmonic functions
on manifolds with non-negative Ricci curvature is globally stable under certain perturbation
of the metric. In some cases, one only needs the condition Ricci(z) > —W with § > 0

and e(> 0) being sufficiently small. Whether such stability holds is a question that has been
circulating for some time.

1. INTRODUCTION

One of the most useful inequalities in geometric analysis is the Cheng-Yau estimates on
the gradient of positive harmonic functions.

Theorem (Cheng-Yau). Let M be a complete manifold with dimensionn > 2, Ricci(M) >
—k, k > 0. Suppose u is any positive harmonic function in a geodesic ball B(xg,r) C M.
There holds

\Vul ¢,
(1.1) sup —— < 2 4 e, VEk,
T

B(zo,r/2) U
where ¢, depends only on the dimension n.

When the manifold M has nonnegative Ricci curvature, i.e. k = 0, then the Cheng-Yau
estimate becomes

Vv n
(1.2) sup M < C—,

B(zo,r/2) Uu r

which is sharp as indicated in the Euclidean case. However even if M contains a small
compact region where the Ricci curvature is not nonnegative, estimate (1.1) becomes very
much different from (1.2) when r is large, due to the presence of the v/k term. Whether
estimate (1.2) is stable under perturbation has been an open question for some time, in
light of the known stability results on weaker properties of harmonic functions, such as the
Harnack inequality.

The goal of the paper is to confirm that (1.2) is stable when the nonpositive part of the
Ricci curvature is sufficiently small in an integral sense.

Let us mention that some smallness for the nonpositive part of the Ricci curvature is
necessary for gradient estimate (1.2) to hold. For instance if the non-positive part of the
Ricci curvature is so large that M admits a bounded nonconstant harmonic function, then
clearly (1.2) can not hold.

Throughout the paper A is the Laplace-Beltrami operator, d(x,y) is the distance between
x and y; and d(x) is the distance between z and a fixed reference point. |B(x,r)| denotes
the volume of the geodesic ball of radius r centered at x.
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Let us layout the basic assumptions to be used in the paper. As to be explained later,
these assumptions are stable under certain perturbation of the metric.

Assumption (A). M is a complete noncompact Riemannian manifold satisfying the volume
doubling property.

|B(x,2r)| < 2"|B(z,7)]

for allxz € M, r > 0 and some v > 0. n = dim(M) > 2.

Assumption (B). The heat kernel G of the Laplace-Beltrami operator satisfies a Gaussian
upper bound:

By —bid?(z,y) /t
G(z,t;y,0) < —————e @Y/
0= (B i
for some by, B; >0, and all v,y € M and t > 0.

Several conditions are well known to be equivalent to assumptions (A) and (B). For in-
stance, it was proved in [5] that assumptions (A) and (B) together are equivalent to the
following relative Faber-Krahn inequality:

(FK). For allx € M, r > 0, and every non-empty subset Q C B(z,r),

A(Q) > 7% (%)%.

Here M\1(Q2) is the first Dirichlet eigenvalue of Q2 and ¢ > 0.

It is also known that (A) + (B) < (A) + (B’), where (B’) is:
Assumption (B’). The following Sobolev inequality holds for all ¢ € C§°(B(z, 1)), € M,
r >0, and a fixed o > 2.

( / 92/ dy) T < 84| B(a, v / (rIVoP + ¢%)dy

See [11]. Moreover (A)+(B) is also equivalent with (A) + a Poicaré inequality (See [11] and
[5]). Further (A)+(B) are equivalent to (A)+ a mean value inequality (see [8].) There is
an extensive literature on manifolds satisfying various global conditions including the ones
mentioned above. We refer the interested reader to [6], [12] and the reference therein.

There exist many manifolds satisfying assumptions (A) and (B), among them manifolds
which are quasi isometric to manifolds with nonnegative Ricci curvature; connected sums of
two copies of IR™. See for example [2]

Next we introduce the conditions on the non-positive part of the Ricci curvature that will
imply the global Cheng-Yau estimate (1.2). The conditions, in general integral form first,
will be elucidated in the Corollary below by simple conditions. Essentially, the non-positive
part of the Ricci curvature is required to be small and decay sufficiently fast near infinity.

Let A = A(x) be the lowest eigenvalue of Ric(z), z € M. We will use the notation

(1.3) Vix) = A" (2) = (]A(2)] = Alx))/2.
Assumption (C). V € L>(M) and there exists ¢y > 0 and K > 0 such that
(1.4)

{<1>.N<v> = sup,ent Ji° ot SV (v >dydt <,
(2). for all ¢ € C§°(B(z,7)), [y VW)*(v)dy < 1= [yg IV O(@)Pda + & [, ¢*(y)dy,

Here is the main result of the paper.
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Theorem 1.1. Suppose M satisfies assumptions (A), (B). There ezists ¢ > 0 depending
only on the parameters in (A) and (B) so that if assumption (C) for Ricci curvature holds
then the following statement holds.

Let u be a positive harmonic function in the ball B(x,r), then

Vuly)| _ Co

yeB(z,r/2) u(y) T

Here Cy depends only on the parameters in the assumptions : v,by, By, €y, K and n.
Remark 1.1. The condition on V' in the theorem in many cases simply means that

. €
R’LC(I) Z —W

for some sufficiently small ¢ > 0 and § > 0. This is indicated in Corollary 1.1 below. In
general, item one in condition (1.4) is a Kato type condition and item 2 takes the form of
Hardy’s inequality i.e. for f € C°(IR™), n > 3,

(”_42)2/]R ! f(m)zdxé/RnIVf\z(%)W

n |2[?

For versions of Hardy’s inequality in manifolds, see the paper [1]. In many situations the
first item implies the second one, as in the case of the corollary.

Corollary 1. Suppose M satisfies the Sobolev inequality (B’) with a = n and that |B(x,r)|
is comparable with ™, n > 2, i.e. there exists a > 0 such that a™'r™ < |B(z,r)| < ar™ for
allz € M and r > 0. Then the gradient bound (1.2) holds if

. €
RZC(.Z') Z —W

for a sufficiently small e > 0 and § > 0. Here € = €(by, By,0,a,n) only.
In particular if M is a small compact perturbation of R™, n > 3, then (1.2) holds.
Moreover if M is a small compact perturbation of a n(> 3) dimensional manifold with
nonnegative Ricci curvature and mazimum volume growth, then (1.2) holds.

Proof.

Since M satisfies the extra conditions in the volume of geodesic balls in the corollary, it
is easy to see that

d(z,y)?/t
) = su dydt < ¢ su — 2 V(y)dy.
:cel\r/)l/ / |B ( y :cel\I/)I/ |B x d 55 Y )| (y> Y

Write
1.5 = su dy.
By direct calculation, if V(x) < Trarmes then

d(z,y)? d(z,y)?
K(V) < sup/ ——= —V(y)dy + sup/ —
€M J d(z,y)>d(y)/2 |B(z,d(z,y))| €M Jd(z,y)<d(y)/2 |B(z,d(x,y))|

< (Ce.

V(y)dy
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Next, given ¢ € C°(B(xo,7))

Vv 2(:Vd Vn/2 2/n o2/ (n— 2 (n—2)/n‘
| viera@ar < ([ ([ o )dz)

By the Sobolev inequality

/MV(:c)<;§2(:z:)d:1:§So(/ VPR () da) " | / Vol (z dw+—/ ¢ (x)da].

Simple calculation then shows that

/MV(x)¢2(x)das < CESQ[/M|V¢|2(.CE)dZE—|—r—k;/M¢2(ZE)dIE}.

Hence all the condition of Theorem 1.1 is satisfied when ¢ is sufficiently small.

There are plenty of examples of such manifolds due the stability of G(z,t;y,0) under
perturbation of the metric. For instance, let M be R" equipped with a metric coming from
a small perturbation of the Euclidean metric. Here n > 3. Then by standard results B; and
by can be chosen to be close to 1/(24/7)" and 1/4, the Euclidean constants. At the same
time, the nonpositive part of the Ricci curvature can be arbitrarily small. Therefore the
above quantity N (V') can be arbitrarily small while ¢, depending only on Bj, b; and the
doubling constant, is bounded away from zero. Thus N(V') < €.

The last statement in the corollary is proved in the same manner. 0

Remark 1.2. The constant ¢y and Cy in Theorem 1.1 can be estimated explicitly, as
indicated in the proof. The assumption V' € L>*(M) is not necessary. But we will not seek
the full generality.

It is not clear whether the current method can show the Li-Yau gradient estimate on
caloric functions [9] is stable.

Acknowledgement. 1 thank Professor Peter Li for helpful suggestions.

2. PROOF OF THEOREM 1.1

Let u be a positive solution of Au = 0.
The proof is carried out in several steps.

Step 1. We follow [Y] and [CY] to derive an equation of log w.
Set f =logu, then Af = —|V f|>. Define
F =|Vf|~
Following [Y] and [CY], by Bochner’s identity, one knows that F' obeys

(2.1) AF > -2V fVF + 2p2_ovF
n

Here V' = V() is the absolute value of the negative part of the lowest eigenvalue of Ric(x).

Step 2. From here our proof is different from that in [Y] and [CY] where the maximum
principle was used. In contrast, we will use certain integral estimates motivated by the De
gorgi-Nash-Moser theory on linear elliptic and parabolic equations.

The idea is to convert (2.1) into a linear inequality and to prove that the heat kernel of
the corresponding operator satisfies a global Gaussian upper bound, when N (V') (defined in
(1.4)) is sufficiently small. Then one can use the local representation formula for solutions
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and Holder inequality to derive a L*° bound for F'. However, it is not clear that the linear
operator

P
~A—2VfV 4 SF -2V

associated with (2.1) is positive definite. Hence there is no hope of proving a global Gaussian
upper bound for the corresponding heat kernel.
To overcome the difficulty, we consider the function

(2.2) w=F", m = 5n.

By direct calculation, one easily finds, via (2.1), that

(2.3) Aw + 2V fVw — 10Fw 4+ 10nVw > 0.
We define the operators L; and Ly by

(2.4) Li=A+2VfV — 10F

and

(2.5) Ly=A+2VfV — 10F + 10nV;

and their corresponding heat kernel by G; and G4 respectively. We will eventually prove
that Go has a global Gaussian upper bound when N(V') is small. More importantly, the
coefficients in the Gaussian upper bound should be independent of f which is not a fixed
function. This is achieved by exploiting the special structure of the operator L;.

First, we have to show that G satisfies a global Gaussian upper bound first.

Step 3. global Gaussian upper bound for G = eIt

This step is divided into two sub-steps.
Step 3.1. a L? mean value inequality for positive solutions of

(2.6) Lyw —wy = Aw + 2V fVw — 8Fw — w; > 0.
More precisely, we prove, for any positive solutions of (2.6),

(2.6") sup w? <

e | (0] RIS
Qry2(m,t) B(z,r)r? L2(Qr(z,t))

Here and later Q,(z,t) or simply Q,, stands for B(z,r) X [t — r?,t].

Notice that the zero order term in Lz is —8Fw instead of —10Fw in L;. This makes L3
a 'bigger’ operator than L.

Choose ¥ = ¢(y)n(s) to be a cut-off function satisfying, for o > 0,

supp n C (t — (07’)2,75); nis)=1, selft— T2,t]; 'l <2/((c — 1)7’)2; 0<n<1;
supp ¢ C B(x,0r); o(y) =1, ye€ B(r,r); 0<¢<1;

A
< — .
Vol < CEE A>0

Using wy)? as a test function on (2.6), one obtains

Aw — 2V fVw — 8Fw — O;w)wyp*dyds > 0.
(

or
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Using integration by parts, one deduces

V (wi?)Vwdyds
(2.7) Qo

g/ 2Vwa(ww2)dyds—/ 8Fw2dyds—/ (Osw)wip*dyds.

or or

By direct calculation,

V(w¢2)deyds:/ V[(wy)y]Vwdyds
Qor Qor

= [ 19 Viws) - (o)) + woTvValdyds

- / [V (wi)? — VP Idyds.

or

Substituting this to (2.7), we obtain

/ IV (w) Pdyds

or

(2.8) S/ 2Vwa(ww2)dyds—/ 8Fwidyds

or

- sz w 2d ds + vw 2w2d ds.
Next, notice that

/ (Osw)wip dyds = 1

5 / (Osw?)p* dyds

or

1
= - / w¢*ndsndyds + 3 / w(y, £)¢* (y)dy.
or B(z,or)
Combining this with (2.8), we see that
1
R N L
or B(z,or

(2.9) < / (V62 + ndyy) wdyds

+/ 2Vwa(w¢2)dyds—/ SFw?dyds.

or
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The first term on the righthand side of (2.9) is already in good shape. So let us estimate the
second term as follows.

/ 2V f(Vw) (wyp?)dyds

or

= 2/ VfIV(wy) — wVilwipdyds

=2 V fV(w)wipdyds — 2/ (wV flHuVidyds
Qor or

1

1 2 2 2
<5/ IV Payds + 4 /Q 19wy

+ / IV f P (wi)?dyds + / w?| Vi |Pdyds.

or

Recall that |V f|> = F. Hence the above becomes

/ 2V f(Vw) (wyp?)dyds < %/ |V (wy) |Pdyds + 5/ F(wi)?*dyds +/ w?| V| *dyds.
Su;)rstituting the above to the rig;;t hand side of (2.9), vx:e: deduce )

(2.10) / 19 (wo)Pdyds + /B e )E ey <2 / @IVO[ + o) widyds.

:C,O"I‘) Qor
Observe that the terms containing F' drop out. For later use let us remark that if w satisfies,
for a function h,
Law —w;+h >0,

then follow exactly the same calculation, one has

1

| P+ 5 [ wr0i)dy

(2.10') ” Blwen)

<2 / 2|VY|? + ndsm) wdyds + / hwip?dyds.
QO'T

By direct calculation it is easy to see that for any p > 1,
Lsw? = Aw® 4 2V fVw? — 8Fw? — (wP),
> p(p — 1)|Vw]Pw?™? 4+ 8F(p — 1)w” > 0.
Hence by repeating the above argument, we obtain, for any p > 1,

/ IV (w?4)Pyds + » / (w? (. 1) (y)dy < 2 / @AV6P + o) (w?)?dyds.
or 2 B(z,or)

or

Therefore
2 ]‘ 2,2 C 2
(2.11) |V (wPy) P dyds + 5 ( )(w”(y,t)) vy < 5 [ (w”)dyds.
or B(xz,or Qor

It is well known that (2.11) and the Sobolev inequality leads to the following mean value
inequality via Moser’s iteration.

(2.12) supw < wdyds.

|Q7’| Qar
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By keeping track of the constants in the above computation, we know that the constant B
is independent of f or F. For the sake of completeness we give a sketch of the proof.
The rest of the proof is standard. By Hélder’s inequality,

/ / (P 20+ 2/ gy s < / ( / (P22 gy) @2/ / (w)?) 7 ds.

Using the Sobolev inequality (Assumption (B’)), one obtains

/ / (P 2+ gy s

<siBen e s ([wrepa) [ [(29@0R -+ @rris)

s€[t—or2,t]

The last inequality, together with (2.11) implies

(2.13) / w?? < (0550)\(7“)_1/ w*)’,
Qorp(,t)

olr Qor(w,t)
whete § = 1+ (2/a), 7 =0 — o’ and
A(r) = | B(w, 7)Y/ @) (p7 )t/ @Fe),
We now set

—i—1 _ _ _ i _ni
T =2 , o00=1, 0@'—01—1—72‘—1—217'3‘7 p=10".

Inequality (2.13) then yields

/ w2 < C(C’é“)\(r)_l/ w291’)9.
Q0i+1 (z.0) Qair(fl',t)

After iterations the above implies

(/ w26i+1)9_i_1 < 0207%1ng(j+1)9—j—1 ()\(T)l)Eej/ w2
QUH—l (z.0) Qr(z,t)
Here j goes from 0 to i. Letting ¢ — oo and noticing that 2,0~/ = (a + 2)/2 we arrive at

J
C
2 7 2
Sup w2 < ]2 oy
Qr () B(z,r)r? L2(Qr(a,t))
This proves the mean value inequality for w satisfying Lyw — w; > 0.
Step 3.2. Gaussian upper bound for Gj.

The proof of the upper bound is done by modifying the standard method due to E. B.
Davies [4]. In order to prove a bound that is independent of f or F, we have to use the
special structure of the operator L;.

For a fixed A € R and a fixed bounded function 1 such that |Vi| < 1, we write

qly) = W) /Gl(y,s;z,())e_)‘d’(z)h(z)dz.
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Here h is a smooth compactly supported function. Then

aullal =2 / 0y, $)9sa(y, 5)
M
2 / MW g(y, s) / DGy, 5 2, 0)e > Oh(2)dzdy
M M

_ / Ny, )/ [A,G1 + 2V, 1V, Gy — 10FGy]e @ h(2)dzdy
(2.14) _y / / $)A,Gre MO () dzdy
+2/ / MWy, 8)V, fV,Gre W h(2)dzdy
M JM

—10/ / MWq(y, s)FGre @ h(2)dzdy
M JM

= 11 + 12 + 13.
Using integration by parts, one has, by standard arguments,
(2.15) h< -2 [ Vaw.s)Pdy+ 208 [ @)y
M M

Next observe that
I, :2/ e’\w(y)q(y,s)vyf/ V,Gie MO h(2)dzdy
M M

=2/ eW(y)q(y,S)Vyny/ G1(y, s;2,0)e M h(z)dzdy
M M
= / MWy, )V, [V, (e Wq(y, s))dy
M
- / 2UDY, 1V, (W g(y, 5))2)dy
M

= —2A/ qz(y,S)Vywvyfdy—/ q*(y, 5)A, fdy.
M M
Since |[V¢| <1 and A, f = —|Vf|*> = —F, it follows that

I SAQ/ 7*(y, S)dy+/ 7 (y, S)\VyfIQder/ 7> (y, s)| A, f|dy;
M M M

Le.
(2.16) I, < A2/ ¢*(y, s)dy + 2/ ¢*(y,s)Fdy.
M M
Notice also that
(2.17) = —10/ / §)FG1e O h(2)dzdy = —10/ ¢ (y, s)Fdy.
M

Substituting (2.15)-(2.17) to (2.14), we see that the terms containing F' are negative. Hence

Oslla(, s)llz < coX*[lg(-, )15
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which implies
Cy 28
(2.18) la(- 9)[I5 < e=*[|Al[3.

Now consider the function
uly, s) = e MWq(y, s)
which is a solution to Lyu — us = 0 in M x (0, 00). Hence

Lau —ugs = Liu —us +2Fu > 0.

Here Lj is defined in (2.6). By the mean value inequality of (2.12) with Q ;,(z,t) =
B(z,/t/2) x (3t/4,t), we obtain

2 C ' 2
u(z,t) < ———— u
Qi@ )| Jstya JB@vis2

t
W)y (3 1)? < em(@# / / 2
’Q\//Q z,t)| 3t/4 ~VE/2)

/ / ()0 (2] 2
|Q\[/2 z,t) | 3t/4 VE/2)

< NV ——— 3.

- IB( ,\f t)|
Taking the supremum over all h € L?(B(y, /t)) with ||| = 1, we find that
1
|B(a, V1)

Using the mean value inequality on the second entries of the heat kernel G; in the backward
cubed

It follows that

A - ()] / Gt 2,02z < CePWireo
B(y,vt/2)

B(y, Vt/2) x [0,t/4],

G(xty,) / / xtzs)dzds
|Q\f/2 y,t | B(y,vt/2)
C oMV N =22 [ (2) —9 ()]

= 1B V) 1B VO

Here we remark that the second entries of (G; satisfies the conjugate equation of Liu—uy = 0.
That is, if v(z, s) = Gi(x,t; 2, s) then

Av =2V fVv —2Afv — 10Fv 4+ v, = 0.
Recall that Af = —F. Hence v satisfies
Lsv+ v, =Av—2V Vv —8Fv+ v, =0.

From step 3.1 it is clear that the mean value inequality still holds on the backward parabolic
cube.
Choosing A = d(z,y)/(cot) and v such that ¢ (z) — ¥ (y) = d(z,y), we reach

we have

C 2
(2.19) Ch(a,t:9,0)° < e (2c)
[B(a, VI [B(y, V5



GRADIENT ESTIMATE 11

This proves the Gaussian upper bound for Gj.
Step 5. Gaussian upper bound of G5 by perturbation.

Using the bound for G; and a perturbation argument in [Z], we will prove a Gaussian
upper bound for Gy when N (V') is small.
By Duhamel’s formula

t
Gl £:9,0) = Ga(x, £:9,0) + 10n / / Gy (. t: 2, T)V (2)Galz, 73y, 0)d=dr.
0 M

By step 3, for some ¢, > 0,

Ch 2
Gi(x,t;z,17) < e~erd(@2)*/(t=7)
|B(I7 \% t— T>|
Also, by standard perturbation argument (since V' is bounded), there is M, > 0 such that
M 2 M 2
Gz, 7:y,0) < T__emadzy)?/T < T pad(zy)?/(27)
|B(z, /7)) | B(z, /7))

We need to prove that M, can be chosen independent of time.
Therefore

GQ (Q? t; Y, 0)
C’le_cld z,y)? /t —cld(z 2)2/(t—7) MTe—c1d(z,y)2/(27)
/ |5 V()
Bl VOl | B, v/t — 7)) |B(z,V/7)
Let m; be the minimum of the constants MT such that

Ga(z, 73y, 0) S om0

| B(z,v/7)]
holds for all 7 € (0,¢] and y,z € M. Then

dzdr.

G2<33' t' Y, 0)
C e —c1d(x,y)? / / —cld(:t 2)?/(t—T) e—C1d(z,y)2/(27')
V(z) dzdr.
Bz, VA | B(x, vt = 7)| |B(z,/5)]

By Lemma 4.1 on p1003 of [Z], there exists a constant ¢z, depending only on the doubling
constant v such that

2 20 / / —md(a: z)*/(t—T) V( )e—cld(z,y)Q/(QT) dod M(V) 1 d(z,y)?/(2t)
z zdT < ¢5 T e ’
|B t—7)| |B(z,+/7)| |B(:L‘,\/Z)|

7c1d (x,2)2/(2t)
= sup / / V(z)dzdt.
reM

Let us remark here that in the lemma quoted above, the constant in the exponential term of
M (V') was not given explicitly. However, by tracking the proof, one immediately concludes
that the coefficient —c;/2 above works. We caution that it is not clear that one can choose
the original constant —c;, except in the Euclidean case. We mention that (2.20) is the
parabolic counter part of the basic inequality, for n > 3,

1 1 %4 1
/ V() |m——5dz < Csup/ | (y)|_2 dy —>
re |z — 2| |z =yl w Jre |y — w]? |z —y|?

where
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which can be found in many places, including [10] e.g.
Scaling the time variable suitably and use the volume doubling property, we see that

d(z,2)? /t
M(V)<cN((V)= csup/ / |B V(z)dzdt.

xeM
Hence

Cpe—crd@y)?/t 1

+ 0165771 N(V)—@_Cld(xvy)Z/(Qt)‘
B, VO

Go(z,t;9,0) < ————F—
(2 6:0) = = B U

Now it follows that

G2 (:Ea t;y, 0) < (Cl + Clc5th(V)) efcld(xvy)Q/(Qt)'

|B(x, V1)
By the definition of m; we have

my < C1 + Cresmy N(V).
Hence, if N(V) < 1/(Cics), then

my < C1/[1 — CiesN(V)],
for all £ > 0. Therefore

Ch 1 2
G t;y,0) < —cid(z,y)*/(2t)
2(7,t59,0) < 1 —CiesN(V) |B(z, \/F)|6

This proves the global upper bound for Gs(z,t;y,0).
Step 5. L? estimate of F' = |V logul|?.

Let ¢ = ¢(z) be a smooth cut-off function defined in B(z,2r) such that 0 < ¢ < 1,
¢(y) =1 in B(z,r) and ¢(y) = 0 in B(x,2r)°. Then

/ F¢2dy:/ VT,
B(z,2r) B(z,2r) u?
Vu
= — u div(—¢*)dy
/B(:E,Qr) ( u? )

A 2
:—/ u— 2ozy—/ uVuv (2 dy
B(z2r) U B( u

—9 / “v“j“ Sy — 2 / Wfdy
B(xz,2r) u B(z,2r)

= 2/ Fo*dy — 2/ ng
B(x,2r) B(z,2r)
2
/ Vul g, <2/ Nl 4191y,
B(x,2r) u? B(x,2r) U

Vul?
[ Erey<af  vopay
B(z2r) U B(z,2r)

Therefore

Hence
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This implies that

2 B(x,?2
(2.21) / F(y)dy = / WZ' dy < 4@-
B(z,r) B(z,r) u r

Step 6. Mean value inequality for solutions of Low — w; > 0 (see (2.5) for definition of
Ly).

Let ¢ be the smooth cut-off function defined right below (2.6’) with ¢ = 2 and take r
there to be /2. Since 1) is supported in @, (x,t), we know that

A(w) + 2V [V (wyh) — 10F (wp) + 10nV (wh) — (wih),

(222) > 2(VfVY)w + (AY)w — wip, + 2VYpVw.

Since G is the fundamental solution of the left hand side of the (2.22), we have
w@ﬁ)s—z/’ Ga(a, by, 5)(V V) wdyds
Qr(z,t)
[ Gty a0y — wildyds
Qr(z,t)

— / Go(x, t;y, 5)2VpVwdyds.
Qr(z,t)
After integration by parts, this becomes,

w@J)s—z/' Galw, b5y, ) (V V) wdyds
Qr($ut)

+ / Ga(z, sy, s)wipdyds
Qr(z,t)
(2.23) + / V,Ga(z, t;y, s) Vpwdyds
Qr(z,t)
— / Go(z,t;y, s) Vi Vwdyds
Qr(x,t)
E]1+]2+13+]4.

Let us estimate I; terms separately.
Since (z,t) is bounded away from the support of Vi, and v, by a parabolic distance of ,
we have

(2.24) Go(z,t;y,s) < Bla.)|

in all the integrals on the righthand side of (2.23). Hence (2.23) implies
C 1/2 9 1/2
|+ L] < / |V f|*dyds / w?dyds
|B(95,7’)\ ( Qr(z,t) ) ( Qr(z,t) )
C

+ = wdyds.
T2|B(ZE, 7")| Qr(z,t)
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Using |V f|* = F = |Vu|?/u?, by (2.21), we deduce

C

)= amr o
w(z,t) < (T2|B(x,r)| Qr(z,t)

C

2 1/2
wdyds + =
) B Javen

This shows, by Holder’s inequality,

C

H< (— 2dyds)""? + | L] + | L.
wiw,t) < (r2!B(:v,r)\ Qr(x,t)w yds) "+ sl + 11

(2.25)

In the next two steps we will find a bound for the last integrals in (2.25).

step 7. controlling the term

(2.26) I3 = / V,Ga(x, t;y, s) Vipwdyds.
Qr(z,t)

Using (2.24) and Holder’s inequality, we reduce (2.26) to
C
(2.27) |Is] < —(/ IVyG2(I,t;y7S)IQdde)m(/ widyds)'.
T JQr (@) =Qr 2 (it) Qr(x,t)

What is remaining is to estimate the first term on the right hand side of (2.27).
Write

v=12(y,s) = Ga(x,t;y,s).
Since (G is the heat kernel of Lo, or, in another word the fundamental solution of the operator
A+2VfV —10F + 10nV — 0,
we know that v is a solution of the conjugate of Ly — 0y, except at (z,t). i.e
Av — 2V fVv —2Afv —10Fv + 10nVv 4+ v, = 0.
Since Af = —F, the above becomes
(2.28) Av =2V fVv — 8Fv + 10nVv + v, = 0.
ie.
Lsv + v, + 10nVov = 0.

Take a suitable cut-off function 1, and use ¥?v as a test function on (2.28) and h = 10nVv
n (2.10"). We can follow the argument between (2.6) and (2.10’) verbatim to obtain

/ |V, v|*dyds
QT(x’t)er/Q (Ivt)

C
<= v dyds + 10n/ Vvldyds.
r QQT(Ivt)fQ'r/él(xvt) Q‘U"(x’t)*Qr/él(x:t)
ie.
IV, Galz, t;y, s)|dyds
Qr/?(‘r t)

(z,t)—
C
—2/ Gy(z,t;y, ) dyds + 10n/ VGy(x,t;y, s)dyds.
27« $t) Qr/4 Z‘t Q4T(Z' t) Qr/4($ t)

| A \
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It follows that

/ VyGa(, by, s)| *dyds
Qr(xﬂt)_Qr/Q (*Tvt)

C
< ) Gg(l’,t;y,S)Qdde
r QQT(xvt)_Qr/4(x7t)
+ 10n sup Go(x,t;y, s) / VGy(x, t;y, s)dyds.
(y78)€Q47-(I7t)*Qr/4(fE:t) Q4,—((E,t)—QT/4(.CE,t)

Using the Gaussian bound on G5 and the assumption on V' there holds

1+ NV
/ IV, Ga(x, t;y, s)|*dyds < C+—().
Q"‘(xﬂt)*Qr/Q(ﬁat) |B(x7 /r)|

Here we just used the inequality
/ VGo(z,t;y, s)dyds < N(V),
Q4r(x7t)_Qr/4(z7t)

which comes from the Gaussian upper bound of G2 and rescaling in time (see (1.4)). Inserting
the L? estimate on the gradient of G5 to (2.27) we obtain

C

2.29 AR (e — 2dyds) ",
(229 S B S ™ ™)
step 8. controlling the term
L] = | Ga(z, 15y, s) Vi Vwdyds|.

Qr(z,t)

Using (2.24) and Hélder’s inequality we reach

C
m=S(f Gala.tiy,o)dyds) ([ |Vuldyds)"”
(2 30) r Qr(xvt)_Qr/2(x7t) Q'I‘(xvt)

1 1/2
<C —/ Vwl|*dyds) "
B Sy V%)

Recall that
Low —wg >0,
and hence
Lsw —w, +10nVw > 0.

Here Lj is defined by (2.6).
Take h = 10nVw and o = 2 in (2.10), we obtain

/ |V (ow)|*dyds < % / w’dyds + 10n / V (wipy)?dyds.
QQT(%t) r Qar or

Here 95 is the cut-off function in (2.10%) with ¢ = 2. By Condition (1.4) for V' we have, for
a constant C’,
/

(2.31) / |Vw|*dyds < / IV (ow)|?dyds < % w?dyds.
Qr(a.t) Q2r(2,t) " JQar
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By (2.31) and (2.30), we have
1

/2
(2.32) L <C(=—— wdyds) .
B Jaw ™ %)
Substituting (2.32) and (2.29) to (2.25), we reach
C
(2.32) w(z,t) < ( deyds)1/2.

TQ‘B($v T)‘ Qar(x,t)

step 9. completion of the proof.

Recall that w = F°" and w is independent of time. Hence (2.29) becomes
C 1/(10n)
2.33 F(z) < (5 Fqd
( ) (x)_(‘B $7T|/x2r y)

By the well known trick of Li-Schoen [7], 1nequahty (2.33) implies

Let us mention that in the paper [7], it was shown that a L? mean value inequality implies a
L' mean value inequality. However, applying the same method, one can also deduces (2.34)
from (2.33) without any difficulty.

Combining (2.34) with (2.21), we have

2
|VZ| :F(@gL/ deS%
U |B(l’7 T)| B(z,2r) r
This finishes the proof of the global gradient bound. O
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