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Abstract. First we prove certain pointwise bounds for the fundamen-
tal solutions of the perturbed linearized Navier-Stokes equation (The-
orem 1.1). Next, utilizing a new framework with very little L? theory
or Fourier analysis, we prove existence of global classical solutions for
the full Navier-Stokes equation when the initial value has a small norm
in a new function class of Kato type (Theorem 1.2). The smallness
in this function class does not require smallness in L? norm. Further-
more we prove that a Leray-Hopf solution is regular if it lies in this
class, which allows much more singular functions then before (Corollary
1). For instance this includes the well-known result in [25]. A further
regularity condition (form boundedness) was given in Section 5. We
also give a different proof about the L? decay of Leray-Hopf solutions
and prove pointwise decay of solutions for the three-dimensional Navier-
Stokes equations (Corollary 2, Theorem 1.2). Whether such a method
exists was asked in a survey paper [2].

1. Introduction

There are two goals for the paper. The first is to establish certain point-
wise bounds for the fundamental solutions of the perturbed linearized Navier-
Stokes equation

Au(z,t) — b(x,t)Vu(x,t) — VP(z,t) — dwu(x,t) =0,
(x,t) € R" x (0, 00), (1.1)
divu=0, n>3, u(z,0) = up(z).

Here A is the standard Laplacian, u(x,t), up(z),b(z,t) € R", P(z,t) € R
and bVu = >_" | b;0p,u. This linear system is also known as the Oseen flow.
The bounds we will prove were previously known only for the case of Stokes
flow, i.e., when b =0 in (1.1). See [7], e.g.
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The second goal is to establish more general conditions which imply reg-
ularity of weak solutions to Navier-Stokes equations (1.2) and to prove exis-
tence of global classical solutions, when the initial value has a small norm in
a certain function class of Kato type. Since smallness in this class does not
require smallness in L? norm, we have thus proven the existence of global
classical solutions for some initial values with arbitrarily large L? norms.
Recall that the Cauchy problem for Navier-Stokes equations is

Au(z,t) —uVu(x,t) — VP(z,t) — Owu(x,t) =0,
(x,t) € R" x (0, 00), (1.2)
divu=0, n>3, u(z,0) = ug(z).

Here and always u is a vector-valued function, which means a function whose
range is a subset of R™.

Let us recall some of the recent advances in the problem of finding global
(strong) solutions for (1.2). Due to the large number of pertinent papers, we
may miss some of them. Kiselev and Ladyzhenskaya [12] proved that (1.2)
for n = 3 has a global solution provided that |lug|ly22(msy is sufficiently
small. See also the work of Kato and Ponce [14]. Fabes, Jones, and Riviére
[7] showed that (1.2) has a global solution when ||ug|| pnte(gn) + [|[Uol| Lr—c(r)
is sufficiently small. Here € is a small positive constant. Kato [11] proved
that (1.2) has a global strong solution when ug is small in the L™(R"™) sense.
Later Giga and Miyakawa [9] and M. Taylor [28] proved the same result for
small ug in a certain Morrey space. A similar result was obtained by Cannone
[3] and Planchon [21] for initial data in certain Besov spaces. Related results
can also be found in papers by Iftimie [10] and Lions and Masmoudi [18].
Most recently Koch and Tataru [15] proved global existence when ug is a
small function in the so-called BMO™! class ([15, page 24]). A function is
in this class if its convolution with the heat kernel is in a type of Morrey
space. The result in [15] recovers all the above-mentioned results on global
existence of strong solutions. In the proofs, many authors have applied quite
involved tools in harmonic analysis.

In this paper we find that the Navier-Stokes equation has certain global
solutions in another natural function class of Kato type. In Remark 1.2
below, we will see that this class is different from the X class in [15] and
hence different from all the spaces preceding [15]. This class has some in-
teresting qualities, which makes it rather promising. The first is that these
functions can be quite singular. For example, they do not have to be in
any Lf .. class for any p > 1. The singular set could be dimension n — 1,
etc. (see Remark 1.2 below). Yet Leray-Hopf solutions in this class must be
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smooth. The second is that this class gives rise to pointwise bounds for the
global solutions in a natural manner. The third is that within this class, the
proof of global existence is distinct and self-contained, using very little LP
theory or Fourier analysis, which have been vital components in all previous
arguments. Directness of the proof indicates that it may be useful in future
studies.

As another application we give a different proof about the L? decay of
Leray-Hopf solutions of three-dimensional Navier-Stokes equations. (See
Corollary 2 below.)

Roughly speaking, a function is in a Kato, or Schechter, or Stummel class
if its convolution with certain kernel functions satisfies suitable boundedness
or smallness assumptions. The kernel functions are usually chosen as the
fundamental solutions of some elliptic or parabolic equations. It is well
known that Kato-class functions are natural choices of function spaces in
the regularity theory of solutions of elliptic and parabolic equations. This
fact has been well documented in the paper [26]. In this paper we show
that a suitable Kato class is also a natural function space in the study of
Navier-Stokes equation.

Now let us introduce the main function class for Theorem 1.1, which will
be called K;. Then we will explain its many nice properties. For instance it
is known that a Leray-Hopf solution (see Remark 1.1 for a definition) of the
Navier-Stokes equations in L7 (7 + % < 1) space is regular ([25]). We will
show that the function class defined below properly contains this LP'¢ space.
Moreover Leray-Hopf solutions in this class are also regular (Corollary 1).

Definition 1.1. A vector-valued function b = b(x,t) € Li (R"™) is in
class K1 if it satisfies the following condition:

t
lim  sup / / K (2,69, 5) + K (2,55, D]lbly, s) dyds = 0, (1.3)
t=lgeR”, 1>0J1 n

where
1

[l =yl + vt — st

For convenience, we introduce the notation

Kl(xat;yas) =

t>s,x#y. (1.4)

t
B(b’lat) = sup / / [Kl(vx,t;y,S)+K1($,S;y,l)”b(y,5)|dde, (15)
zeR" J| n

t
B(b,l,00) = sup // (K1 (2, tyy, s) + Ki(z, 539, 1)]|b(y, s)| dy ds.
z€RMt>1 1 n
(1.6)
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These quantities will serve as replacements of the LP and other norms used
by other authors. The reader may wonder whether the appearance of two
Kis (K; and its conjugate) is necessary in the definition. At this time we
do not know the answer. However, a similar class was defined by the author
for the heat equation [31]. There K is replaced by the gradient of the heat
kernel. As pointed out in [8], using one kernel will result in a different class.

Remark 1.0. In case b is independent of time, an easy computation shows

B.0.00) =2 s [ [ Ko,y 0) )] dy s
zeR” JO R"

b
=cy sup/ L)i_ldy.
zeR™ JR"® ’.1‘ - y|

This last quantity was introduced in [22] and more explicitly in [4]. See also
[31] for the time-dependent case. As in [31], it is also easy to see that for a
time-independent function b, b € K if

b
lim sup/ ’(7y>i_ldy =0
=0 Jz—yl<r |l’ - y‘
and B(b,0,00) < 00.
The main results of the paper are the next two theorems and corollaries.
Theorem 1.1. Suppose b is in class Kyi. Then (1.1) has a fundamental

solution (matriz) E = E(x,t;y,s) in the following sense.
(i) Let
u(z,t) = | E(z,t;y,0)uo(y)dy,
Rn
where ug € CG°(R™) is vector valued and divergence free. For any vector-
valued ¢ € CF°(R"™ x (—o0,00)) with div ¢ = 0, there holds

/Ooo/n<u,8t¢+Aqb>dxdt/Ooo/n<qu,¢>dg;dt

[ (w(a),é(x,0))da,

Furthermore,

n

Z&ziEij(x,t; y,8) =0 forallj=1,...,n.
i=1

(i) lim [ E(z,t;y,0)6(y)dy = ¢(x).
R‘fl
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Here ¢ is a smooth, vector-valued function in R™ with div ¢ = 0.
(ii7) There exists § > 0 depending only on b and n such that

|E(x,t;y,5)] < Cs , when 0<t—s<d.

(lz—yl+VE=s)"

Suppose in addition that

t
Jim sup/ [Ki(z, sy, 8) + Ki(z, sy, T)][b(y, )| dy ds <, (1.7)
O g t>T n

where p is a small, positive constant depending only on n. Then there exists
Ty > 0 depending only on b and n such that

(Qr=rrsy=rart when 0<t—s<6§ or Thp<s<t,
mum%ﬂs{fwws> '

(|z—yl+vi=s )<’
Here € >0 is any sufficiently small number and Cs. depends only on b, e,
and n.

otherwise.

Next we turn to the Navier-Stokes equations (1.2).
Definition 1.2. Following standard practice, we say that u is a (weak)
solution of (1.2) if the following holds:

For any vector-valued ¢ € C§°(R™ x (—00,00)) with div$ = 0, u satisfies
divu =0 and

/ /n u, Oy + Ag) dxdt—/ /n (uNVu, ¢)dx dt (1.8)

[ (uo(a), é(,0))d

We will use this definition for solutions of (1.2) throughout the paper,
unless stated otherwise. Note that we need only that the above integrals
make sense and that there are no a priori assumptions about which spaces
u and Vu lie in.

Remark 1.1. Solutions thus defined are more general than Leray-Hopf
solutions, which in addition require also |lu(-,?)|;2@mn) < oo for all £ > 0
and [|Vul| z2(mn x (0,00)) < 00

Theorem 1.2. There exists a positive number 1 depending only on the di-

mension n such that, if sup, fR" [uo(y)| dy < n and div ug = 0, then the

lz—y["t
Navier-Stokes equations have a global solution u satisfying B(u,0,00) < cn.
Moreover, there exists C' > 0 such that

wlx |[uo(y)]
lu(z,t)] < C o —(|x_y|+\/¥)ndy-
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If in addition ug € L*(R"), then u is a classical solution when t > 0.

Remark 1.2. Let b = b(x1,22,23) be a function from R3 to R3. If b is
compactly supported and |b] ~ T T Terll? with § > 2, it is easy to check
that b satisfies (1.3) and hence is in class K7. The proof is given at the end
of Section 2. The class of functions u satisfying B(u,0,00) < oo is different
from the function space X in [15], where the solutions of the Navier-Stokes
equations in that paper reside. It is easy to find a function in X but not
in that class. On the other hand, the above function b is in class K7 and
B(b,0,00) < oo but it is not in X. Functions in X must be locally square
integrable (see p. 24 in [15]). However b is not in LY for any p > 1. We
should mention that the above function b is in the BMO™! class, the space
of initial values in [15].

The next two corollaries are direct consequences of a small part of The-
orem 1.1 (part (iii)). Their proofs, depending on Lemma 3.1 below, are
independent of the rest of Theorem 1.1 and Theorem 1.2.

Corollary 1. Let u € Ky be a Leray-Hopf solution of the Navier-Stokes
equations. Then u s classical when t > 0.

By the example in Remark 1.2, we see that the function class K permits
solutions which apparently are much more singular then previously known.
In case the spatial dimension is 3, a solution can have an apparent singularity
of certain type that is not Lj . for any p > 1 and of dimension 1. One can
also construct time-dependent functions in K with quite singular behavior.
Nonetheless the solution is regular. Notice also that there is no smallness
assumption on the solution v as long as it is in K. By Proposition 2.1
below, Corollary 1 contains the well-known regularity result of [25]. The
result here also differs from the borderline case in [27] since K; and the
space LP? with n/p + 2/q = 1 are different. By a direct computation, one
can also show that it contains the Morrey-type class in [20]. In Section 5,
we will propose a form-bounded condition on wu, containing this borderline
case when n = 3, which will imply the regularity of u. As explained there,
this condition seems to be one of the widest possible to date.

Corollary 2. Let u be any Leray-Hopf solution of the three-dimensional
Navier-Stokes equations. Suppose in addition that ug € L'(R™); then, for
n =3 and C = C(up,n),

[ twteopas] ™ < S unteide+ [ uato)a).
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Remark 1.3. In the interesting papers [23, 24] and [13], the result in
Corollary 2 (and more) was proved for some Leray-Hopf solutions or for all
admissible solutions in the sense of [1] (see also [17]). This extra restric-
tion was removed in [30]. Fourier analysis is the main tool in the proof of
the decay. The corollary provides an alternative proof without using the
Fourier transform. However, in the papers [24], [13], and [30] a similar decay
property has been established for some or all Leray-Hopf solutions under the
weaker assumption that up € L"(R™) when 1 < r < 2. We are not able to
do it for all solutions for » > 5/4. However the above method provides even
pointwise decay of solutions (Theorem 1.2). Whether such a method exists
was asked in a survey paper [2].

Remark 1.4. Since ug can be quite singular, at the first glance the solution
u in Theorem 1.2 may be too singular to satisfy (1.8). However we will show
that all terms in the definition are justified. The uniqueness question of the
solution is also interesting. We will not address the problem in this paper.
Some recent development can be found in [5].

Let us outline the proof of Theorem 1.2. The strategy is to use a fixed-
point argument. The novelty is a number of new inequalities involving the
kernel function K7 and its relatives. We will use these inequalities to show
that the Navier-Stokes equations are globally well posed in class under the
norm B(u,0,00), provided the initial value ug satisfies that B(ug,0,00) is
smaller than a dimensional constant.

We will use C,c,c1,... to denote positive constants which may change
from line to line. The rest of the paper is organized as follows. In Section 2 we
present some elementary properties of the function class K. Theorems 1.1
and 1.2 will be proven in Sections 3 and 4 respectively. The proofs are
independent, except for the use of Lemma 3.1. The corollaries will be proven
at the end of Section 3.

2. PRELIMINARIES

Proposition 2.1. Suppose b € LP4(R" x R)) with %+ % < 1. Thenb € Ky;
1.€.,

lim B(b,t — h,t) =0

h—0

uniformly for all t. In particular, if b € L"¢(R™) for e > 0, then the above
holds.

Proof. For completeness, we recall that

1b]| Lp.a = [/R(/Rn \b(y73)|pdy)q/pd8} 1/q'
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Using Hélder’s inequality twice on (1.5) (taking [ = ¢ — h), we obtain

so.-no<2] [ ([ psra)ris)”

t—h

t
1 ¢/
<wl [ (], eV b

Here p' =p/(p—1) and ¢ = q/(¢ — 1). Since

t

1/¢

/ dy _ (ks / dy
re (Jz—y| +Vt— S)p’(n-i-l) o (t — S)p/(n+1)/2 n (14 |y|)P'("+1)
C
(t — s)@W'(nt1)=n)/2’

we see that

t ds 1/q
B(ba t— h7 t) < CHbHLp’q ( /t'_h (t — 8)(p’(n+1)—n)q’/(2p’)) .

By the assumption that % + % < 1, one has
1 1

Simple computation then leads to p = (p'(n + 1) — n)q¢’/(2p') < 1. This
implies B(b,t — h,t) < ¢||b|| a1/ . O
Remark. One can also define the class K7 for functions in various domains,
as suggested by the referee.

Proposition 2.2. Suppose, for € > 0, ||b]| jn+e,00 + [|b]| pn—e0 < 00. Then
B(b,O, OO) S C(||bHLn+e,oo + ||bHLn—e,oo)

Proof. This is similar to that of Proposition 2.1, so we will be very brief.
We write

t
/ Kl(:l:,t,y,s)|b(y,s)|dyds
0 JR”

t t—1
[ | Kwtplbwsldgds+ [ [ Kty bl dyds
t—1JR" 0 Rn
As in the proof of Proposition 2.1, using the assumption that ||b]| jn+e,0c < 00
and applying Holder’s inequality, we see that the first integral on the right-
hand side is finite. Using the assumption that ||b||;n-c,« < 0o and applying
Holder’s inequality, we see that the second integral on the right-hand side is
also finite. This finishes the proof. (|
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Here we give a proof that the function in Remark 1.2 is in class Kj.
Since b is independent of time and b € L}, (R?), by a simple localization
of the integral in (1.3), it is enough to prove that

lim sup/B b()| dy = 0. (2.1)

=0 g (z,r) ’1' - y’2

Here dy = dy;dyadys. Since b = b(y) depends only on y;, by direct compu-
tation, one sees that

b
[,
B(z,r) |l’ - y|

z1+r r2+1r pE3+T 1
<c / b1 / / dysdysdyn
o ) eser (@1 —y1)2 + (w2 — y2)? + (r3 — y3)?

P | In |y — g1
< A g
_C/:c— |y || In [y |[° a1
1—7T

By the assumption that 6 > 2, it is easy to show that (2.1) holds.

3. PROOF OF THEOREM 1.1. BOUNDS FOR FUNDAMENTAL SOLUTIONS

The proof of Theorem 1.1 is divided into several parts. We begin with
some lemmas. At the end of the section, the corollaries will be proven.
The proof of the corollaries depends only on Lemma 3.1. So it can be read
separately from the proof of Theorem 1.1.

Lemma 3.1. The following inequalities hold for all x,y,z € R™ and t >
T > 0.

t 1 |b(z,7)|
Ky*xbK = ’ dz d
0% bh /0/n<|xzy+\/—tr)"(\z—y!+ﬁ>"+1 !
B(b,0,t)

(Jz —y| + VO e
k= [ i ERS
Kok = [ ] T Gl £
B(b,0,t) (3.2)

(lz =yl +\f)"“'

Here and later Ko(z,t;y,s) = T y|+\/ﬁ)"‘

Proof. Since

|z — 2|+ VE—T |y — 2|+ VT > o -y + Vi,



596 QI S. ZHANG

we have either

o —z| +VE—7 > (]:c—y]+\/_) (3.3)
|z =yl + V7 > (!:v—y!+\f> (3.4)

Suppose (3.3) holds; then

|b(z, 7)|
KQ*bKl / / dzdr.
(\fc—yH\f n ([2 =yl + V)t
That is,

Kox bk, < 2 B0:08)
(lz =yl + Vo)

Suppose (3.4) holds but (3.3) fails; then

o=yl + V7 2 5(e =yl + VD 2 o o] + VI T

Therefore,
1
(e =2l +VE= )" (= = gl + V)
1
= o=+ Ve (e =gl + VO
This shows
1
(e ==+ Vo= (e =yl + V™

2”
(PR B s EE Y Y BT

Substituting this into (3.1) we obtain

|b(z, 7)|
Ko *xbK
0roRIS <\x—yr+\f // (jo — 2| + VE— 7)™

That is,

1 dzdr.

n
Kox bk, < 2 B0:0.8)
(lz —yl+ V)"
Clearly, the only remaining case to consider is when both (3.3) and (3.4)
hold. However, this case is already covered by (3.5). Thus (3.1) is proven.
Similarly (3.2) is proven. O
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Remark 3.1. By the same argument, one can prove that, for f= f(z,t) > 0,
t
Ky * fKO(‘Ta Ly, 3) = / K()("L', t; 2, T)f(Z, T)KO(Za Y, S)dZ dr
s JR®

<csup// [Ko(z,t;2,7) + Ko(z, 75 2, )] f (2, 7)|dz dT Ko(x,t;y, s)

for all  and ¢t > 0.
Lemma 3.2. Suppose limy_.qsup, B(b,t — h,t) = 0. Define formally a func-
tion

E(xat;yv 8) = E(](l’,t; Y, S)

t n
- / Bo(w,t2,7) > bilz,1)0., B(z 71y, 5)dz dr,  (3.6)
s JR" i=1

where Ey is the fundamental solution of the Stokes flow, i.e., (1.1) with b = 0.
Then there exists § > 0 and C = C(6) such that

C
x7t7y7 — )
Bt = =y
C
(CETEERT

Vo E(z,t;y, )| + |[VyE(r, 1y, 5)| <

when 0 <t — s <J4.
Furthermore, the above two inequalities hold for all t > s > 0 provided
B(b,0,00) is smaller than a suitable positive constant depending only on n.

Proof. We can write (3.6) succinctly as
E(z,ty,s) = Eo(x,t;y,s) — Eo = (OVE)(x,1;y, 5).
Expanding this formally, we obtain

E(z,t;y,s) = Eo(z, t;y, 5) +Z 1 Ey (0VEg) (x,t;y,5).  (3.7)

Here * means convolution and bVEo =311 bi(2,7)0:,Eo(2, T3y, 5).
It is well known that (see [7] e.g.),

’EO(xv t; Y, S)| <

(o =yl +Vi—s)
C
(= gl + V= syt

|VaEo(z,t;y,s)| <
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Using these bounds on Ey and V Ej together with Lemma 3.1, we deduce
coB(b, s,t)
(lz =yl + vVt —s
Here co(> 0) depends only on n. By induction, it is easy to see that
[coB(b, s,t))
(|l =yl +VE—s)"

|Ep * bV Ey(z,t;y,s)| <

|Eo x (bVEo)*™ (z,t;y,s)| <

It follows from (3.7) that

[e.9]

CETERGER

Using the condition on b, we can choose 0 sufficiently small so that coB(b, s, t)
< 1. Then (3.7) is uniformly convergent. Moreover, there exists C' > 0 such
that

|B(x,t;y,5)| < [coB(b, s, 1))

C
(lz =yl + vt —s)"
when 0 <t — s < d. This proves the first inequality in the lemma.

The inequality on |V, E| can be derived similarly. The only change is to
use the inequality

|E(z,t;y, 5)| <

coB(b, s,t)

VEy*xbVEy(x,t;y,s)| < ,
‘ 0 0( Y )| (|x_y‘+m)n+1

which is part of Lemma 3.1.

In order to prove the estimate on |V, E|, we use the assumption that
divb = 0. This implies, after integration by parts and a standard limiting
argument,

E(x,t;y,5) = Eo(x,t;y, 5)
t n
—|—/ / ZaZiEo(CU,t;Z,T)bi(Z,T)E(Z,7'; y,s)ndzdr.
s TR =

We remark that the integration by parts is rigorous by the just-proven
bounds on |V, E|. This shows

VyE(z,t;y,s) = VyEo(x,t;y, s)
t n
+/ / ZaziEo(x,t;z,T)bi(z,T)VyE(z,T; Y, s)dz dt.
s " =1

From here the bound on V,E can be obtained just like that for V,FE.
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If B(b,0,00) is sufficiently small, then all the above arguments hold for
all ¢t > s > 0. This proves the last statement in the lemma. O

Lemma 3.3. Suppose
hm supB(b T,t) = lim sup /t Ki(z,t;y,s)|b(y, s)| dyds
T—oogt>TJT JRN
is sufficiently small. Then there exists To > 0 and C = C (1) such that
C
(lz —yl+vE—s)"
C
(o =yl + vizs)

|E(x, ty, s)| <

IVeE(2,t;y,8)| + [VyE(2, ty,5)] <

when t > s > Ty. Here E is defined in (3.6).

Proof. The proof is almost identical to that of Lemma 3.2. The only dif-
ference is that all integration takes place in the region R" x (T, 00). O

Now we are ready to give a

Proof of Theorem 1.1. Let us assume that b is a smooth function with
compact support. This does not reduce any generality since all constants
below depend on b only in terms of the quantity in Definition 1.1. The
smoothness or the size of the support of b is irrelevant. In the sequel we can
apply the limiting argument at the end of Section 4 when b is not smooth.
We mention that the limiting argument, designed for the full Navier-Stokes
equations, is more than enough to cover the linear case.

We are going to prove that the function F = E(z,t;y, s) defined in (3.6)
and extended by using a reproducing formula is the right choice for the
fundamental solution of (1.1).

The order of the proof is (iii), then (ii), then (i).

Proof of (iii). By Lemmas 3.2 and 3.3, all we need to consider is the case
t—s >0 and s <Ty. Here § and T} are the control constants in the above
lemmas. For clarity we divide the case into two separate parts.

Part 1. We assume that 0 < s <t <2Tpandt —s >, s <Tj. Since ¢ is
fixed, we can use the semigroup property of FE to write

E(x,t;y,s) // /E:J:tzl,t—é)E(zl,t—é;zg,t—%)

Zk, — ko; Y, S )dzleQ -dz Zk- (38)

Here all integration takes place in R"™ and k is an integer such that 0 < ¢ —
kd —s < 6. We are going to show that the integrals in the above reproducing
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formula are actually absolutely convergent. Here is how. Considering the
integral

B 1 1 i
J:/Rn (o= 2+ Vo) (s =yl + o

clearly,

JS/ --~dz+/ cedz=Jp 4 Ja.
|z—2|=|z—yl/2 lz—y|=[z—yl|/2

When |z — z| > |z — y|/2, we have
2=yl <lz =yl + |z - 2[ <3z - 2].

Hence |z — z| > |z — y|/3. This shows

c dz
S e o T T

Here €(> 0) is an arbitrary small constant. This shows, by direct computa-
tion,

I 6676/2
1 > .
(o = ol + Vo)
Similarly,
05—5/2

(12 =yl + Vo)

Ja <

These imply that

0(576/2
& —y| + Vo)<
Applying (3.9) to (3.8) k — 1 times, we obtain

J <
(

|E(x,t;y, 8)| < cpd™RDe/2

% / 1 dzk
re (|7 — 2| + V)P (|2 —y| +VE— kS — )"
Without loss of generality we can reduce § suitably so that §/2 <t—kd—s <
J. So applying the same technique as in the proof of (3.9), we know that
1
(2 =yl + Vo)

Since k is finite, we can choose € sufficiently small so that n — ek is as close
to n as possible. Note also that t — s < 2Tj. So, in case 0 < s < t < 27y

|E(2,t;y,s)| < cpdFe/?
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and s < Tj, one has

1
(o =yl + Vi)
Here we have renamed ke as €. This finishes Part 1.

Part 2. We assume that ¢t > 2Ty, s < Ty, and t — s > 4.
By the semigroup property again

B2, by, )| < e F/? (3.10)

E(x,t;y,s) = /E(ﬂ:7t;z71-5To) E(z,1.5Tp;y,t — s)dz. (3.11)

By Lemma 3.3 and Part 1 just above, we have

C
E(z,t;2,1.5T)| < ,
B o)l (| — 2| + vV — L.5Tp)"

C
E(z,1.5Tyy,s)| < .
1B L5T0sw: )| < o s =)

Substituting the above into (3.11), we see that
1 1

E(z,t:y, 5) _C/ (Jo — 2| + VE— 15T0)" (|z — y| + v1.5T — 5)

As before we split (3.12) as follows

E(xat;yvs) Sc/

|z—2|=>|z—yl/2

dz.
n—e

(3.12)

---dz—i—c/ --dz = E1+Ey. (3.13)
lz—y|>|z—y|/2

When |z — z| > |z —y|/2, we have |z — z| > |z — y|/3. Note also ¢t — 1.5Tp >
(1.5Tp — s)/3. Hence,

c dz
|z —y| + /t — 1.5Tp)" %€ /n (|z — y| + V1.5Tp — s)nte’

which implies

E, <
(

c 1
(|z — y| + vt — 1.5Tp)"2¢ (Ty — s)</2

Finally, we estimate Eo. When |z—y| > |x—y|/2, we have |z—y| > |z —2z|/3.
Since t > 2Ty and s < Ty, it is clear that

(j2 21+ /o = L5To) (12 ~31+ Iy — 5) > £ (}o — 2|+ Vi) (2 ~31 + VT,

By elementary computation, using the current assumptions on x, y, z, t, and
TO)

B < (3.14)

(|2 = 2[ + V(2 =yl + VTo) = elle — 2| + VTo) (| — y| + V)
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for some ¢ € (0,1). Combining the last two inequalities we know that
|E2(5E’ Ly, 3)‘
1 1

< C/
lz—y|>|z—yl/2 (|lx — z| + vt — 1.5Tp)" (|z — y| + V1.5Tp — s)
1

= C/z—y|>x—y|/2 (lz = 2] + Vi)™(|z — y| + VTo)

dz
n—e

dz
n—e

1 dz
B c/zmzwyw (lz = 2| + VB [(lz — 2| + V1) (|2 — yl + VTo)]" ¢
1 dz

= C/z—y|2x—y|/2 (lz = 2| + VB)< [(lz — 2| + VTo) (|2 — y| + V)] —¢

c 1 dz
< .
T (lz—yl+ Vi) /zy|zxy|/2 (lz = 2| + V) (|Jz — 2| + VTo)™

Therefore,
c dz
|Ea(z,t;y,8)] < / ;
(l =yl + V=2 Jrn (Jo = 2 + VTo)"+e
which shows
CT(;E/2
|Ea(2,ty,8)| < : (3.15)
(ool + VL™
Combining (3.14) and (3.15), we have
|E(z,t;y,5)| < ¢ (3.16)

(o~ 9l + V5
when t > 2T}, s < Ty, and t — s > §. This proves (iii).

Proof of (ii). Since, for small ¢,

E(z,t;y,0) =

t n
EO(mv Ly, 0) - / EO(xa t; 2, T) Z bl(za T)azlE(Z, T5Y, O)dZ dr.
0 JRY i=1

From part (iii) of the theorem and Lemma 3.2, there exists ¢ > 0 such that
t
|E(x,t;y,0)—Eo(x, t;y,0)] < C/ Ko(z,t; 2,7)|b(z,7)| K1(2, 73y, 0)dz dT
0 JR"

when ¢ is sufficiently small. By Lemma 3.1,

|E(x,t;y,0) — Eo(x,t;y,0)| < cB(b,0,t)Ko(z,t;y,0).
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Let ¢ = ¢(x) be a divergence-free, smooth, vector-valued function. Using
the above inequality, we know

| Bty 0)6)dy — | Eo(ety,006(m)dy
R" R"

< eB0.0.0) [ Koo, t,0)6(0)ldy.

Since ¢ is divergence-free, the above shows

) E(z,t;y,0)¢(y)dy — G(z,t;y,0)0(y)dy
R" R"

< cB(b,0,1) /R Kol 1:,0)|6(s)ldy.

Here G is the fundamental solution of the heat equation. Using our main
assumption that B(b,0,t) — 0 when ¢ — 0 and the property of G, we obtain

lim [ E(z,t;y,0)6(y)dy = ¢(x).
"0 Jrn

This proves part (ii).

Proof of (i). Let up = ug(x) be an initial value such that divug = 0 in the
weak sense. We need to prove that

u(x,t) = E(x,t;y,0)uo(y)dy (3.17)
R’I’L
is a solution to (1.1). Using a partition of unity, we can assume that the sup-
port of the test function is sufficiently narrow in the time direction. Hence,
by the semigroup property, it is enough to prove (i) when ¢ is sufficiently
small. From formula (3.6) for E its clear that

U((I}‘,t) = EO(xutayao)u()(y)dy
R"L
t n
—/ Eo(x,t;2,7) Zbl(z,T)Gzlu(z,T)dz dr.
0o JRn =

The proof, following an argument in [7], goes as follows.
For simplicity we write

f=f(z,7) =b(z,7)Vu(z,7) = Zbl(z,T)azlu(z,T).

=1
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By Lemma 3.2

)] < b)) [ e o).

Using Young’s inequality and the extra assumption that b is smooth and
compactly supported, f(-,¢) is in LP(R"™) for some p > 1 and almost all ¢.
Let R = (R;Rj)nxn, where R; is the Riesz transform. It is known that

(see [7] e.g.)

F(x,t) = /0 /n Eo(x,t;2z,7) lz;bl(z,T)ﬁzlu(z,T)dz dr (3.18)

t
= / Eo(x,t;z,7)f(z,7)dzdr
0 JR™

= /t G(z,t;2,7)f(2,7)dz dT — /t G(z,t;2,7)(Rf)(2,7)dz dr,
0 JR™ 0 JR®

where G is the fundamental solution of the heat equation. We mention that
the last term in (3.18) is valid since, by the extra assumption that b is smooth
and compactly supported, f(-,t) is in LP(R™) for some p > 1 and almost
all t. However, as shown below, this term will be integrated out. Therefore
the argument will be independent of the extra assumption on b eventually.
Hence,

(A= 0)F(z,t) = —f(z,t) + (Rf)(z,1). (3.19)
Let ¢ be any suitable vector-valued test function; i.e., ¢ € C§°(R" x R) and

divg = 0. By (3.19) and elementary properties of the heat equation, we
have, for any T > 0,

/ ' / (F, 006 + M), t)d dy
R "
= _/0 /n(f,¢>(x,t)dxdt+/0 /n<Rf, o) (z, t)dx dt.

Here (- ,-) means the inner product in R". Since div ¢ = 0, quoting [7], we
know that

/(]T/R<Rf’¢>($’t)dxdt:/oT/n<f,R¢>>(a:,t)dxdt:O.

From (3.20), the above shows, since f = bVu,

(3.20)

/OT/R(F, Ot + Ap)(x,t)dx dy = —/OT/nU)Vu, o) (z, t)da dt. (3.21)
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According to (3.17), (3.6), and (3.18),

u(:c,t) :/Fo(m t;y, ) ( )dy (xat) = RnG(x7t7y7 ) ( )dy ([B,t).

Using this, we can compute as follows:

T
/ / (w04 + AdY (2, t)der dy
O n

:/OT/n</Guo,8t¢+A¢>(:c,t)dxdy

—/OT/H(R 06 + AG) (w, t)da dt
_ —/n<u0(:c),¢(x,0)>dx+/OT/n<qu,¢>(x,t)dxdt.

Here we just used (3.21)and an obvious property for [ Gug. Therefore,

//nu8t¢+A¢ (z,t)dx dy — //nquqS (z,t)dx dt

[ (uo(a), é(a,0))da

In addition, since Y ; Oz, (Eo)ij(x,t;y,s) = 0, we know from (3.6) that

n
Z axlEz](xa t; Y, 3) =0.
i=1
This shows that divu = 0. Hence u is a solution of (1.1). This proves part
(i). The proof of Theorem 1.1 is complete. O

Next we prove the two corollaries. The proof is in fact independent of
that of Theorem 1.1. It relies only on Lemma 3.1 in the section.

Proof of Corollary 1. It is well known that a Leray-Hopf solution is
classical at least in a finite time interval. Let T be the time such that
llu(-,t)||oo is finite when t € (0,Tp) but lithTO_ lu(-,t)||oo = 0.

Let Ey be the fundamental solution of the Stokes flow. Given ¢y € (0, Tp),
by [7] (Theorem 2.1), we have, for ¢ > to,

u(x,t) :/ Eo(x,t;y, to)u(y, to)dy
R

t
+ / by, $)Vy ol ty, s)uly, s) dyds,  (3.22)
to m
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where b(y, s) = u(y, s). Here we remark that the class of solutions in The-
orem 2.1 of [7] contains Leray-Hopf solutions. Hence (3.22) is valid for all
Leray-Hopf solutions.

The second integral in the last equality is absolutely convergent when
t € (to,To — €) for € > 0. This is so because u € L*°(R"™ x (tg,Tp — €)) and
b =wu € K. Iterating (3.22), we obtain, as in the proof of Lemma 3.2,

u(z, )] < C/ > (eKq b))« Ko(x, t;y, to) [uo(y)ldy.
" k=0
Here
t
(K1|b]) * Ko(z,t;9,0) E/ / b(2, T)| K1 (2,85 2, 7) Ko (2, T3y, to)dz dT.
to n

By Lemma 3.1,
(K1|b]) * Ko(z,t;y,t0) < c1B(b, to, t) Ko(x, t;y, to)-
Using induction, there holds

o0

[u(y, to) j
lu(z,t)] < C N r— +m)ndy j;)[coB(b,to,m . (3.23)

Here ¢y depends only on n. The above series is convergent if

CoB(b, to,t) < 1. (3.24)

Since b = u € K, there exists a § > 0 depending only on the rate of
convergence of (1.3) such that (3.24) holds when 0 < t —tp < 0. In this case
we have

lu(z, 1) < C1(6) / [y, to)l (3.25)

dy.
re (|7 —yl+Vi—t)"
Next, we choose, for the above 0, tg = Ty —(6/2). Then for t € (to,T), (3.25)
implies

[u(, 1) < C1(8) [/Rn (e =yl +di//m>2n} " [/Rn uty.t)Py]

Hence

C1(9)

u(z, )] < WHUOHLQ'
Letting t — Tp, we see that

(-, To)l| L <

C1(6)
—— 7 < oQ.
< 7 ylolls < o0

)n/4
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This contradiction shows that « is a bounded and hence a classical solution
when t > 0. OJ

Proof of Corollary 2. It suffices to prove the corollary when ¢ is sufficiently
large. Let u be a Leray-Hopf solution to (1.2) with n = 3. It is well known
that u becomes a bounded, classical solution when ¢ is sufficiently large.
Moreover, the L? norm of u(-,t) tends to zero as t — oo ([11]). Hence
for large ¢, the norm [[u(:,t)||prte(mny + |u(-, )| Ln—e(mn) is sufficiently small
by interpolation between L? and L norms. By Propositions 2.1 and 2.2,
this implies that B(u,tp, 00) is small when ¢( is large. Hence, by the same
arguments from (3.22) to (3.23), we have

re (|7 =yl + Vi —to)

for all t > ty. Since B(b,to,t) < B(b,tp,00) and the latter is sufficiently
small, (3.26) shows

ulz, )] < C ustl N Bb 0 (3.26)
§=0

|u(y, to)|

d
re (l7—y[+vE—to)" "

for all ¢t > to. Applying Young’s inequality on (3.27), we obtain

dy 1/2
JuCOllee < esw | | P [ty t0)

Hence, for t > tg,

lu(z,t)| < C (3.27)

C

W/R” lu(y, to)|dy. (3.28)

From (3.22), since divu = 0, one has, from [7],

[ul-s D)l 2 <

t
ww,t) = | Glatiy, O)uo(y)dy+ / / u(y, )V, Bo(w, £y, s)uly, s)dy ds,
Rn 0 n

where G is the heat kernel. Therefore,

[ lutat)ide < /R fuo(y)|dy
t dy
2 dz dy ds.
+/D /n’u(:%s)‘ /1:{" (|a:—y|+ /t_s)(nJrl) T ayas

This implies

to 1
u(x, to dxg/ ug(y dy+/ uoyzdy/ ds.
| wtetoar < [ jlay+ [Py [T o=
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Substituting this into (3.28), we obtain
C
u(-,t < ——— U d+t/u 2dy]. O
el < ol [ Tnotldy-+ Vi [ ]
4. PROOF OF THEOREM 1.2. EXISTENCE OF GLOBAL SOLUTIONS

Throughout the section and for a function v = wu(x,t), we will use the
global norm

t
lulx = sup / / Ki(2tsy, ) + Ko (2, 519, 0)][u(y, 8)|dy ds. (4.1)
zeR™,t>0.J0 n

If it is finite. Here, as before,
1

(17— 9+ V=51

We will also use the related kernel function

Ki(z,t;y,s) =

1
(lo =yl + vVt —s)™

If u is independent of time, then by a simple computation, we see that

fule e sup [0y (42)

zeR™ n |$ - y|n71 .

KO(Jj) t7 Y, S) =

We also use the following convention in the use of convolutions *, #, and e.
If f is a function depending both on x and ¢, then, for i = 1, 2,

t
Ki# f(x,t) = / Ki(x,t;9,5)f (4, s) dy ds:
0 R'n

t
Kttt = [ | Klwosiy0)(ws) dyds
If f is an initial value depending only on z, then
Koo f@.)= [ Kilati.0)7()ds

The proof of Theorem 1.2 is divided into three steps. The only prerequisite
in the previous section is Lemma 3.1.

Step 1. Four basic inequalities. In this step we prove the following four
inequalities.

t
/ Ki(z,t;y,s) | Koly, s; z,0)|uo(2)|dz dy ds
0 R7L R7L

< c/ Mdz < cljupl| k- (4.3)
R

n |z — 2Pt
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t
/ Kola,ty,s) | Ky, s 0)uo(2)|d= dy ds
0 R R

|uo(2)]

¢
/ Ki(z,s;y,0) Ko(y, s;2,0)|ug(z)|dzdy ds < cllup||x.  (4.3")
0 JR» R"

t
/ Ko(z, s;y,0) Ki(y, s;2,0)|ug(z)|dzdy ds < cllup||x.  (4.4")
0 JR» 130

Sometimes, for simplicity, we also write (4.3)—(4.4") as

K1 % Ko e |uo|(w,t) < cf|uol|k, Ko * Ky e |ug|(x,t) < c|luol[x
K1#Kj e |up|(z,t) < cllugl|k, Ko# Ky e |ugl(x,t) < c|luollx
respectively.

Here is a proof of (4.3). Denote the left-hand side of (4.3) by I = I(z,1).
It is clear that

t
I(x,t) :/ / J ds |up(z)|dz, (4.5)
n Jo
where .
JE/ dy.
re ([ —yl+ Vi —s)" |y — 2| + v/5)"
Obviously

JS/ dy+/ --~dyEJ1—|—J2. (4.6)
|z—y|>|z—2|/2 ly—z|>|z—=2]/2

When |z — y| > |z — 2|/2, we have |x — y| > |y — z|/3. Hence
c 1
[z — 2|+t —s)" /a:—y|233—z/2 (lz =yl + vVt =s)(ly — z[ + V/5)
c / 1 dy.
|2 = 2| + VE = 8)" Jja—y|zfa—zi/2 (Iy — 21 + VE=$)(ly — 2[ + V/5)"

This implies

J1 < ( —dy

<
— (

e 1y set/21).

c 1
Jy < {7ux—z|m——s>n Je—yizla—a1y2 Wdya s €(0,1/2)
(Jo—z+vE—s)" J|e—y|>|z—2]/2 (Jy—z|+v/t—s)" 1

Therefore,
g < | vy $€ 012 (47
v S € 1/
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Integrating (4.7) from 0 to ¢, we obtain

/tJ p /t/2 ds t ds
s<c¢ +c .
o ! o (z—2[+v5)"v/s ' Jip(z—zl+Vi—s)Vi—s

By direct computation

¢ Cc

Next we estimate fg Jads. When |y — z| > |z — 2|/2, from (4.6), we have
c / 1 J

y.

|z — 2|+ V)™ Jly—zi>|a—z1/2 (ly — 2| + VT — s)"H!

Jo <
(

Hence

S FEE OV

By a simple computation, we see that

t t c c
Jods < ds < . 4.9

fms [ st S e 09

Substituting (4.8) and (4.9) into (4.5), we deduce
|uo(2)]
I(Jf,t) < C/l}n mdz < CHUOHK

This is (4.3). The proof for (4.4), (4.3’) and (4.4°) is similar.
Step 2. Solving an integral equation. The space of divergence-free,
vector-valued functions equipped with the norm || - ||k (defined in (4.1)) is
denoted by S.

Given vector-valued functions b = b(x,t) and uy = u(x), let us consider
the integral equation in S

t
u(z,t) = - Eo(z,t;y,0)up(y)dy —/0 o Ey(x,t;y,s)b(y, s)Vu(y, s)dy ds.
(4.10)
We will prove that (4.10) has a solution in S provided that ||b||x < 7 and
ug € Ki. Here 7 is a sufficiently small number depending only on dimension.
It suffices to prove that the following series, obtained by iterating (4.10),
is norm convergent in S.

u(z,t) = N Eo(z,t;y,0)uo(y)dy

t
- / Eolz, t:y, $)b(y, 5) / Y, Eoly, 5 2, 0)uo(2)dz dy ds + - -
0 R” R
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By induction after exchanging the order of integration, we obtain

u(z,t) = /Eo(:c,t;z,())uo(z)dz

+/ [Z(—I)JEO * (bVEO)*j] (z,t;2,0)ug(2)dz. (4.11)
R® 4
7j=1
Here
t
[Eo * bV Ey(z,t; 2,0) = / Eo(z,t;y,s)b(y, s)VyEo(y, s; 2,0)dy ds.
0 JRn
By Lemma 3.1, we have
Ko * b Ky < CoB(b,0,00) K
This shows, by induction, that

|Ep * (bVEO)*j] (,t;2,0) < [C'OB(b,O,t)]jKo(m,t;z,O).
Substituting this into (4.11), we deduce

lu(x,t)] <Y [CoB(b,0,t) Ko(z,t; 2,0)|up(2)|dz. (4.12)
j=0 R"
Note that B(b,0,00) = ||b||x. Hence, by (4.12),
(K Jul) (2, ) < CZ[CpoHK]J/ Ki(z,t;y,5)
X Ko(y, s;2,0)|ug(z)|dz dy ds. (4.13)
R”
This and (4.3) imply
(K1 Jul) (2, 1) < clluollx Y_[Collbllx).
=0

By (4.12) and (4.3"),

(Kihul) (o, 1) < ¢S [Collbll / / K (2, 519,0

7=0

x | Ko(y,s;z,0)|uo(2)|dz dy ds
R’ﬂ
< cK1#Ko o |uol(w, 1) Y [Collbll ) < clluollx Y _[Collbll ) -
j=0 7=0
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Hence, by (4.1),
oo

lull e < esup(Ky = [u] + Ki#ful) < cluollx Y [Collbll -
j=0

Therefore, (4.11) is norm convergent in S when Cyl|b||x < 1. In this case

Cc
Ul g L ———F——||u .
Julx < T—goe ol

Let n = ﬁ and Sk, ={u €S : |jul|x <n}. Given b € Sk, by the above,
u defined by (4.4) also belongs to Sk, provided that ||ug||x < 1/(2c). The
mapping 1" defined by T'b = u maps Sk, to itself.

Next we prove that T is contraction if 7 is sufficiently small. Given by, by €
Sk, let Tby = uy and Tba = up. Then it is easy to see that

t t
Uy — U = / /Eo(bl — bg)Vul +/ /EobgV(Ul — UQ). (4.14)
0 0

We denote
t
A= / /Eo(bl — bz)Vul
0

and let E7 be the fundamental solution of (1.1) with b replaced by b;. Then

|Vu1|(x,t)</ Vo B (2, £ 2, 0) o1 (2)|d2,

n

where up1(2) = u1(2,0). Using the gradient estimate on F; (Lemma 3.2),
we have, since ||b1|| is sufficiently small,

|Vuy|(z,t) < c/ Ki(z,t;2,0)|up1(2)|dz.
RTL

Hence,

t
A, )] <c / / Kol t;9, ) b1—bal (v, $) K (3, 5 2, 0)dy dsluo (2)|dz.

By Lemma 3.1,
|A(z,t)| < cB(by — ba,0,t) - Ko(z,t;2,0)|up1(z)|dz. (4.15)
Similarly,
|ViA(x,t)| < cB(by — be,0,1) Ki(z,t;2,0)|up1(2)|dz. (4.16)

R”



GLOBAL SOLUTIONS OF NAVIER-STOKES EQUATIONS 613

Substituting (4.15) and (4.16) into (4.14) and using induction, we find

luy —usg|(z,t) < cB(by—b,0,1) ) [coB(by,0,1))’ Ko(z,t;2,0)|up1(2)|dz.
=0 R
It follows that
(K Jur —ual)(z,t) < ellby — ball Y lcollball &) (K1 * Ko @ uo ) (2, 1),
=0
(K#ur — ual)(w,t) < cllbr = bal|x Y _[collbal| ] (K1 #Ko ® uo,1) ().
§=0

Using (4.3) and (4.3’), we have

lur — 2|k < cllbr — ballk [luo |l < ellbr — b2|lxn-

This implies that T" is a contraction when 7 is sufficiently small.
Therefore T" has a fixed point Sk ;, which satisfies

t
u(z,t) = - Eo(z,t;y,0)uo(y)dy —/U - Ey(z, t;y, s)uly, s)Vyu(y, s)dy.
(4.17)

Step 3. Proving the solution of the integral equation is a solution of
the Navier-Stokes equations. If we knew that the function (-, t)Vu(-,t)
is in LP(R™) for some p > 1, then by the argument of [7], reproduced in
the proof of Theorem 1.1 (i) in Section 3, we would know that a solution to
(4.17) is a solution to the Navier-Stokes equations. The LP bound is needed
since one needs to apply the Riesz transform on uVu. However, we do not
have this information at the moment. In fact we do not even know whether
uVu is integrable for the moment. To overcome this difficulty, we carry out
an approximation process.

In order to proceed, let us summarize the main properties obtained in the
last step for the solution of (4.17).

(a) When ug € Sk, and 7 is sufficiently small, the equation (4.17) has a
solution in Sk ;.

(b) There exists ¢ = ¢(n) > 0 such that

) < ¢ [ Koot 0)lun(n)ldy (115)

|Vu(z,t)| <c Ki(z,t;y,0)|uo(y)|dy. (4.19)
R"l
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The first estimate is just (4.12), and the second can be obtained similarly by
iterating the derivative of (4.10). Here we emphasize that all iterations are
valid under the assumption of the smallness of the || - || norm of all relevant
functions. The rest of the proof is divided into three parts.

Part 1. Stability. Let u; (€ Sk ), i = 1,2, be the solutions to (4.17) with
the initial values of ug ;. We want to prove that the ||u; —ug| x is dominated

by [uo,1 — uo 2 s
From the construction of u; by (4.17) (replacing ug by ug;), we see that

ui(x,t) —ug(z,t)

t (4.20)
= J(z,t) —|—/ Eo(z,t;y, s)uaVy(ur — u2)(y, s) dy ds,
0 JR™

where

J(z,t) = - Eo(z,t;y,0)(uo,1(y) — uo2(y))dy

t
+ / Eo(x,t;y,5) (un — u2)Vyus (y, 5)dy ds.
0 Rn

Applying (4.19), which obviously holds for u;, we have

T (2, 8)] < /R Ko(z,t:,0)uo1 () — o2(y)|dy

t
+e / Ko(w, t;y,)lur —ws| | Ku(y, 52,0001 (y, s)dy ds.
0 JR" R"

Using Lemma 3.1, we deduce
et e [ Koty 0)uoa(y) — woa(y)ldy
Rn

+eB(up —u2,0,00) [ Ko(x,t;y,0)|uo1(y)|dy-
Rn

For simplicity we write the above as

|J(z,t)| < cKoe|ug1 — uoal(x,t) + cllur — ug||x Koo |ugi|(z,t). (4.21)
Similarly,

|VJ(z,t)| < Ky ®|ug1 — up2|(x,t) + cljlur — ug||xk K1 |up|(z,t). (4.22)
Substituting (4.21) and (4.22) into (4.20) and iterating, we obtain

[o.¢]
ur — ua|(z,t) < € Ko * (|ug| K1) o ug 1 — uo (2, 1)
=0
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o0

tellur = uallie S Ko # (Juzl K1) o Juo |, 1
j=0

o0

SCZ[C()B(UQ, 0, OO)]J (K00|UO71 — UD72|(£L‘, t) + C||U1 — U2||KK().|’U/07]_|(CC, t))
j=1
Here we just used Lemma 3.1 again.

Similarly, taking the gradient on both sides of (4.20) and integrating, there
holds

V(ur = ug)|(z,1) <

oo
¢ [eoB(uz,0,00)) (K1 o Juos — uo2l(2,t) + ellur — ug||xc K1 o [uoa|(z,t)).
j=1

Since u; and ue are sufficiently small in the K norm, the above imply
|ur—uz|(2,t) < c(Koe|uoa—uoz|(z,t)+cllus —uz||x Koeluoal(x,t)), (4.23)
V(w1 — u2)|(z,t) < (K7 ®lugs —uo2|(z,t) + cllug — ua| x K1 o|uoa|(z,1)).

(4.24)
These show that

Ky *|up — ug|(x,t) <
(K1 * Ko e|uo1 — uoz|(z,t) + cllur — ua||x K1 % Ko e |ugq|(z,t)), (4.25)
| Ko+ V(u1 — u2)|(z,t) <
c(Ko* Ky e |ugy — ug2|(x,t) + cllur — ua||x Ko * Ky e |ugq|(z,t)), (4.26)
Ki#|u1 — ugl(z,t) <
(K1#Ko e |uo1 — uo2|(z,t) + cllur — ua||x Ki#Ko o [uoq|(z,t)), (4.25)
| Ko#V (u1 — ug)|(z,t) <
c(Ko#K1 @ |ug — uo2|(z,t) + c|lur — ua||xk Ko# K1 o |ugq|(z,t)). (4.26")
Applying (4.3) and (4.4) to (4.25) and (4.26) respectively, we reach

Ky # fuy —ug(2, 1) < effluog —wozllk + cllur —uallkluoalx),  (4.27)

[ Ko * V(ur —ug)|(x,1) < c(fuo,y — wozlx + cllur — uzlklluoallx). (4.28)

Similarly, applying (4.3’) and (4.4°) to (4.25%) and (4.26’) respectively, we
get

Ki#tlur — uz|(z,t) < c(fluog — wozllx + cllur — uollk luopllx), — (4.27)
[Ko#V (u1 — ug)|(2,t) < c([luog — uoellkx + cllur — uallklluonllx). (4.28)
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Since ||ug1||x is small, (4.27) and (4.27") imply

[Jur — uz| k= sup(K1 * [ur — ug| + Ki#[ur — uz|)(z,t) < clluoy — uoz2| k-
(4.29)
Substituting (4.29) into (4.28), we see that

’Ko * V(’U,l — UQ)|(.TU,t) S CH'U/(]J — UO’Q”K. (4.30)

Part 2. Approximation. Given ug € Sk, let {ugr} C Sk, N CF(R™)
be a sequence such that |ug ;(x)| < |ug(z)| and

lim H'LLO’k - uOHK = 0. (431)
k—o0

Let u be a solution to the integral equation (4.17) and uy be a solution to

up(z,t) = - Eo(z, t5y,0)uok(y)dy
[ Bt s V)i (432
According to (4.29) and (4.30) (replacing u; by ui and ug by u),
[ur, — ullx < clluo e — ol x (4.33)
| Ko * V(up —u)|(z,t) < cl|lugr — uollx (4.34)
| Ko#V (up — u)|(z,t) < cllupr — wol k- (4.34)

Since ug i, is smooth and compactly supported, by (4.18) and (4.19), ux,Vuy, €
LP(R™ x [0,1)) for some p > 1. Here [ > 0. Hence by the argument in the
proof of Theorem 1.1 (i), which is borrowed from [7], we know that uy, is a
solution to the Navier-Stokes equations with initial value ug, i.e., for any
vector-valued ¢ € C5°(R"™ x (—00,00)) with div¢ =0,

/Ooo/n<uk,at¢+A¢>dxdt—/Ooo/nwkvuk,@d:tdt
= _/n<u0,k($)a¢($,0)>dx. (4.35)

Part 3. Taking the limit. We are going to show that each term in (4.35)
converges as k — oo.

Since Ki(z,t;y,s) is bounded away from 0 when ¢ and z,y are finite, by
(4.33), we see that

Jue — ull L) < Callu — ugllx — 0, (4.36)

when k£ — oo. Here Q is any bounded domain of R"™ x [0, c0).
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Next, notice that, by (4.19),
t
(K7 * |ug — ul|Vug|)(x,t) = / Ki(z,tyy, s)|ur — ul|Vug|(y, s)dy ds
0 JR"
t
<o [ [ i tip ol - uws) [ il 0)lun()ldsdyds
0 JR" R»
t
< c/ / Ki(z,t;y, s)|ur — ul(y, s)K1(y, s; 2,0) dy ds|ug 1 (2)|dz
< cllug, — uHK/ Ki(z,t;2,0)|up(z)|dz. (4.37)
RTL

Here we just used Lemma 3.1 and the fact that |ug(x)| < |ug(x)|.
By (4.4), we know that for almost every (z,t),

Ki(z,t;2,0)|up(2)|dz < 0.
R?’L

Let Q be any bounded domain of R"™ X [0, 00); we fix (z,t) € Q° so that the
above integral is finite. Since K (z,t;y, s) is strictly positive when (y, s) € Q,
we have, by (4.37) and (4.33),

lim / g — | Vg 9, ) dy s < Cor Jim (B * g — [ g, £) = 0.
Q —o0

k—oo
(4.38)
Similarly, by (4.18),

Ko * |ul|V(u—ug)| < cKox* (|V(u—ug)| Ko e |ugl).
Using (4.34), (4.34’), and Remark 3.1 after Lemma 3.1, one has
Ko * |ul|V(u — ug)|(x, t)

< esup(Ko * |V(ugp —u)| + Ko#|V (u, — u)|)/ Ko(z,t;2,0)|up(2)|dz.
R”
< Ollug — ul|x / Ko(x,t;2,0)|ug(2)|dz.
R”

By (4.4), the last integral in the above is finite for almost all (x,t). Therefore,
as before

klim / [ul|V(u — ug)|(y,s)dyds = 0. (4.39)
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Note that
[ T, 6) — (wVu ) dode
Q

S/O /Q|<(Uk—u)VUk>¢>|diL'dt+/Q|<uV(uk—u)7¢>|d$dt_

Choosing an {2 that contains the support of ¢ we have, by (4.38), (4.39), and

(4.35),
/Ooo/n<u,8t¢+A¢)dxdt—/Ooo/nmvu,qa)dmdt

[ (uo(a), é(a,0))d

This shows that u is a solution to the Navier-Stokes equations.
Finally, let us prove the last statement in Theorem 1.2. This is easy, now
that we also assume ug € L?(R"). By (4.18) and Holder’s inequality

1 c
u(z, ) <ec dy |lugll?2 = —= |luol|?-.
u( )’—uéww—m+v®%y”°“2 ol

Therefore u(z,t) is finite for all x and ¢ > 0. Hence u is classical when ¢ > 0.
Note that no smallness of |lugl|7 is required here. O

5. IMPROVED SUFFICIENT CONDITION FOR REGULARITY

In this section we prove that a certain form-boundedness condition on
the velocity is sufficient to imply regularity. Throughout the years, various
conditions on u that imply regularity have been proposed. One of them is
the Prodi-Serrin condition, which requires that v € LP? with % + % <1 for
some 3 < p < oo and ¢ > 2. See ([25, 27] e.g.) Recently the authors in
[6] showed that the condition p = 3 and ¢ = oo also implies regularity. In
another development the author of [19] improved the Prodi-Serrin condition
by a log factor, i.e., by requiring

[
o T+log" u(- 0, =

where 3/p+2/g=1and 3 <p < 00,2 < g < 0.

The form-boundedness condition, with its root in the perturbation theory
of elliptic operators and mathematical physics, seems to be different from all
the previous conditions. It seems to be one of the most general conditions
under the available tools. This fact has been well documented in the theory
of linear elliptic equations. See [26] e.g. Here, first of all it allows singularity
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of the form ¢(t)/|z|, which does not belong to any of the previous regularity

classes. Here c(t) is bounded. It also has the advantage of just requiring L?

integrability of the velocity. Moreover, it contains the Prodi-Serrin condition

except when p or ¢ are infinite. It also contains suitable Morrey-Compamato-

type spaces. However, we are not sure this condition contains the one in [19].
More precisely we have

Theorem 5.1. Let w be a Leray-Hopf solution to the three-dimensional
Navier-Stokes equation (1.2) in R? x (0,00). Suppose for every (zo,to) €
R3 x (0,00), there exists a cube Q, = B(wg,r) x [to — r%,t9] such that u
satisfies the form-bounded condition

/Q |u*¢? dy ds (5.0)

1
<oi( [ 1vePayds+ s [ @s)dy) + Blolla,)
24 Qr s B(zo,r)

6[t0—7“2,t0]

Here ¢ is any smooth function vanishing on the parabolic side of Q, and
B = B(t) is any given function which is bounded when t is bounded. Then
u 15 a classical solution when t > 0.

The next corollary shows that the form-boundedness condition contains
the famous Prodi-Serrin condition in the whole space, except for p = oo and
q = 00.

Corollary 3. Suppose u € LP1(Q,) with 3/p+2/q = 1 and neither p nor q
is infinity. Then u satisfies (5.0) in Q,» where r'(< r) is sufficiently small.

Proof. Let ¢ be as in Theorem 5.1. Then, by Holder’s inequality

/QT/ |22 dy ds < <(/er |¢|2a/dy)b’/a’d8)1/b’((/Q ’“|2ady)b/ads>l/b.

Here 2a = p, 2b = ¢, and o’ and b’ are the conjugates of a and b respectively.
Hence

[ Wi dyds < Il 16w o,

r!

Note that
3 2 3 1 1 5 3 2 5 3 2 3
2a’+2b/ 2( a)Jr b 2 (2a+2b) 2 (p+q) 2

By [16, p. 152, Example 6.2], we have

2 2 2
6lssaiq,y <O [ VoPdvass s [ o)

! SE[tQ—(T’)Q,to]
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Choosing 7’ sufficiently small, we see that u satisfies (5.0). O

Proof of Theorem 5.1. Let tg be the first moment of singularity formation.
We will reach a contradiction. It is clear that we need only to prove that w
is bounded in Q, /3 = Q,/s(z0,%) for some 7 > 0. In fact the number 8 is
not essential. Any number greater than 1 would work.

We will follow the idea in [27]. Consider the the equation for vorticity
w = V X u. It is well known that, in the interior of @,, w is a classical
solution to the parabolic system with singular coefficients

Aw —uVw +wVu —w, = 0. (5.1)

Let ¢ = 9(y,s) be a standard cut-off function such that ¢ = 1 in Q, s,
¥ =0 in Q¢, and such that 0 < ¢ < 1, |[Vy| < C/r, and |y < C/r?. We
can use wi? as a test function on (5.1) to obtain

1
| W@oPads+s [ P
B(zo,r)

g%/ |w\2dyds+|/ qu-w¢2dyds|+\/ wVu - wip? dy ds|
™ JQr Qr Qr
=L+ DL+ 15 (5.2)

The term I; is already in good shape. Next, using integration by parts and
the divergence-free condition on u, we have

1
I = —/ w - Vipplw|? dy ds|.
2 Jq,

Hence

I ge/ |u|?wep|? dyds—i—C’E/ V|2 |w|? dy ds. (5.3)
Qr Qr

Here € > 0 is arbitrary. Next
I3 = |/ Yiwoiu - wip dy ds|
Qr

= |/ Y:0i(wih)u - wip dy ds| + |/ Ywibu - 0;(wip) dy ds|
Qr Qr

1 3
<1 / IV (wih) 2 dy ds + 2 / | dy ds
2 Jq, 2 Jq,
1

+Z/ |V(wzp)|2dyds+/ u|?|wip|? dy ds.
r Qr



GLOBAL SOLUTIONS OF NAVIER-STOKES EQUATIONS 621

Substituting this and (5.3) into (5.2) and simplifying we obtain

1 1
1 [ VwoRdyds+ 5 [ wiPdy
4 r 2 B(zo,r)
SC;CE \w[Qdyds—l——E);_e/ \u|2\(ww)\2dyds.
r Qr

After repeating the above in Q. N {(y,s): s <t} for all t € (ty —r2,ty), one
has

1 1
! / V(w)Pdyds ++  sup / i *(y, 5)dy
4 2 B(zo,r)

(s tO_"'QSSStO
C
< —2/ |w[2dyds-|—(5+e)/ lul?| (wp) |* dy ds.
™ Ja, Qr

By the form-boundedness assumption on u, we have

/ V(w)Pdyds+  sup /B ey
20,7

r to—r2<s<tg

C. 9 1 9
< — _
<2 /Qr |w| dyds+4(5+e)24</QTW(ww)] dy ds

+ s [ wPsdy) + CB(lullg,).  (5:49)
to—r2<s<tg J B(wo,r)

Hence, we can choose € so small that

/ V(w)Pdyds +  sup /B el sy
To,r

Qr t0—7’2§8§t0
Ce
< alwlez@, + CB(lwllzzq.))- (5.5)

Using standard results, we know that (5.5) implies that u is regular. Here is
the proof.
From (5.5), it is clear that er lcurl (wi)|? dy ds < C. Hence, since 1 = 1

in Qr/%

/Q |Aul* dy ds < C. (5.6)
r/2

Let n = n(y) be a cut-off function such that n = 1 in B(zg,r/4) and n = 0 in
B(xg,7/2)¢. Then for each s € [ty — (r/4)2,t0], we have, in the weak sense,

A(un) = nAu+2VuVn +uln = f
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in @, /2. By standard elliptic estimates, using the fact that un = 0 on the
boundary,

ID*u(, )|l 2(Bxor/1)) < CIFC N L2(Bor/2)-
This shows that

1Dull 2@, ) < CllAullz2(q, ) + Cllulzz(q, -

By Sobolev imbedding,
Vu € L%?(Q,4). (5.7)
Next, from (1.22) on p. 316 of [29],

luC, s)nllwrz < C(llul, s)nllze + div(un)(, s)llzz + [leurl(u(-, )n)]lz2)-
Here all norms are over the ball B(xg,7/2). Therefore,
[un(-, 8)llwr2 <
C(HU(',S)UHL2 + [[uVn(, )2 + lwn(, s)llz + Il s)] \Vﬁlllm)
It follows that

u(-, 8)lw2(Bzor/ay) < C-
From Sobolev imbedding we know that

ue I%%(Qup). (5:)

We treat u and Vu as coefficients in equation (5.1). By (5.6) and (5.7),
standard parabolic theory (see [16] e.g.) shows that w is bounded and Holder
continuous in @), /5. Here the bound depends only on the L? norm of w in
@, and 7. This is so because of the relation 3/6 + 2/00 < 1 for the norm
of w and 3/6 4+ 2/2 < 2 for the norm of Vu. Now a standard bootstrapping
argument shows that u is smooth.

Note that one can also use the Prodi-Serrin condition, which is implied
by (5.8), to conclude that u is bounded and hence regular. O

Remark. Currently we are not able to prove a local version of Theorem 5.1
due to a difficulty in obtaining an approximation argument for weak solutions
under the form-boundedness condition. Under the Prodi-Serrin condition,
this is done in [27].
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