
Supplementary topics for notes on set theory 
 

There are three separate topics in this document, which is a supplement to the following notes:  
 

http://math.ucr.edu/~res/math145A-2014/set-theory-notes.pdf  
 

The first item (which consists of one page) describes all subrings of the rational numbers 
(subsets closed under addition, subtraction and multiplication) which contain the unit element, 
and the second item (which also consists of one page) proves an assertion in the exercises for 

Unit V I about the cardinal number of non – equivalent  partial orderings for the nonnegative 

integers.  Finally, the third item (which consists of the remaining 11 pages) discusses the 
meaning of the term  transcendental functions,  which is frequently employed in calculus to 
describe a class of functions including exponential functions, trigonometric functions, and 
standard algebraic constructions on these examples.   The word  transcendental  is meant to 
indicate that the functions in question are not algebraic in some sense (this usage goes back to 
Leibniz),  but generally the textbook discussions are highly informal, and the main purposes of 
the third part are to give a precise definition of algebraic functions and to show that exponential 
and trigonometric functions are not algebraic (and by default are transcendental).    
 
 



Subrings of the rational numbers

The proof of the following basic result is fairly elementary, but it is not always easy to find a
proof in undergraduate algebra texts.

THEOREM. Suppose that A is a subdomain of the rational numbers. Then there is a set of

primes S such that A is isomorphic to the ring ZS generated by the integers and the inverses of all

elements of Z.

The ring ZS consists of all fractions of the form a/b where a is an integer and b is a monomial
in the elements of S (by convention, the monomial with zero factors is equal to 1, so the integers are
contained in ZS). It is straightforward to check that ZS is closed under addition and multiplication
and hence is a subdomain of the rationals.

Proof. Since A is a subdomain it must contain both 0 and 1. Also, if n is a positive integer which
lies in A, then it follows that n + 1 also lies in A and hence A by induction A contains all positive
integers. Since A is also closed under taking negatives, it also follows that all negative integers lie
in A and therefore all of Z is contained in A.

Now let A× is the group of units in A, and let S be the intersection of A× with the set of
positive primes. It follows immediately that A contains ZS, so we only need to show the reverse
inclusion.

We might as well assume that A strictly contains the integers, and hence it contains some
rational number r/s where r, s ∈ Z and s 6= 0; of course we may choose r and s so that they have
no common factors other than ± 1. Suppose now that we are given a rational number k/n ∈ A,
where k and n are integers such that n > 2 and the greatest common divisor of k and n equals
1. By the Chinese Remainder Theorem we can find integers x and y such that xk = yn + 1 and
therefore we have

1

n
=

xk − yn

n
= x ·

k

n
− y ∈ A .

Suppose now that p is a prime divisor of n,and write n = pq. It then follows that

1

p
=

q

n
= q ·

1

n
∈ A

and hence 1/p ∈ S. In fact, this is true for every prime dividing n, and therefore we have 1/n ∈ ZS.
The latter in turn implies that k/n ∈ ZS, and therefore we see that the rational number k/n belongs
to ZS as required.

GENERALIZATION TO PRINCIPAL IDEAL DOMAINS. The proof of the theorem can be modi-
fied to yield a similar result if Z and Q are replaced by a prinicpal ideal domain D and its quotient
field F .
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Supplement to VI.4 — Counting order types for a countably infinite set

By Exercise VI.4.6, the number of partial orderings on the set N of nonnegative integers is
equal to 2ℵ0 , and there is an assertion that this is the same as the cardinality of the set of all order
types of partial orderings on N. The purpose here is to prove this fact.

As usual, one distinguishes order types using the properties of specific partial orderings. In
fact, the examples of interest of us will all be linear orderings.

THE EXAMPLES. Let A ⊂ N be an arbitrary subset, and for each such subset A let SA be given
by the set

S = N ∪

(

⋃

a∈A

[2a, 2a + 1] ∩ Q

)

.

Then each SA is a subset of the rational numbers which contains the nonnegative integers N, and
as such each set SA is countably infinite and has a linear ordering given by restricting the usual
ordering of the rational numbers. We need to show that SA and SB have different order types if
A 6= B. For this we need an auxiliary concept.

Definition. Let Y be a partially ordered set. A point y0 ∈ Y is said to be left semi-isolated if there
is a greatest element of Y which is less than y0, and the point y0 is said to be right semi-isolated

if there is a least element of Y which is greater than y0.

If SA is one of the sets described above, then we have the following:

The set of left semi-isolated points that are not right semi-isolated is the set of all points

of the form 2a for some a ∈ A.

Given a partially ordered set Y , let SLSI(Y ) be the set of all y ∈ Y that are left semi-isolated but
not right semi-isolated (i.e., the set of strictly left semi-isolated points). The following result is an
immediate consequence of this observation and the definitions.

Proposition. If U and V are partially ordered sets and f : U → V is an order-isomorphism,

then f maps the set SLSI(U) onto the set SLSI(V ). Similarly, f maps the set SI(U) of all left or

right semi-isolated points in U onto the set SI(V ) of all left or right semi-isolated points in V .

We can now show that SA and SB have different order types as follows. If f : SA → SB is an
order-isomorphism, then f sends N to itself because N = SI(SA) and N = SI(SB). Furthermore,
since SLSI(SA) is equal to {n ∈ N | n = 2a, some a ∈ A} and similarly the set SLSI(SB) is equal
to {n ∈ N | n = 2b, some b ∈ B}, it follows that a nonnegative integer n is equal to 2a for some
a ∈ A if and only if it is equal to 2b for some b ∈ B. But this means that A = B, and therefore we
have shown that A must be equal to B if SA and SB have the same order type.
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