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“A date which will live in infamy.”

– Franklin D. Roosevelt
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Figure 1: Construction of ζσ1
N (1, s).

Recall the measure

σ1 =

∞∑
n=1

3−nδ3−n.

This measure has a nontrivial (not entire) multifractal

zeta function for regularity α = 1 and scalesN = {3−n}∞n=1.

ζσ1
N (1, s) =

(
1

3
+

2

9

)s

+

∞∑
n=2

(
2

3n+1

)s

=

(
5

9

)s

+

(
2

27

)s (
1

1− 3−s

)
.
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The sequence Lσ1 is {2 · 3−n}n∈N where each length has

multiplicity one. Therefore

ζσ1
N (∞, s) =

∞∑
n=1

(2 · 3−n)s =
2s · 3−s

1− 3−s
.

The poles of ζσ1
N (∞, s) are the same as ζσ1

N (1, s). More-

over, they are the complex dimensions of the fractal

string Ω with lengths Lσ1 is {2 · 3−n}n∈N.

Dσ1
N (1,C) = Dσ1

N (∞,C) = DLσ1

=

{
2πim

log 3
| m ∈ Z

}
.
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Figure 2: Constructing the multifractal zeta functions of the measure γ.
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First, consider the regularity value α1 = − log3 c1 and

the multifractal zeta function ζγ
N (α1, s). Each Kn(α1)

with n > 1 consists of one component of length 3−n−1.

Therefore,

ζγ
N (α1, s) =

(
4

9

)s

+

∞∑
n=1

(
1

3n+2

)s

= 4s · 9−s +
27−s

1− 3−s
.

The multifractal zeta function of the measure γ, sequence

N = {3−n}∞n=1 and regularity value αj is

ζγ
N (αj, s) = 4s · 3−(k+2)s +

3−(k+2)s

1− 3−s
,

where 2k+1 ≥ j > 2k.

The complex dimensions with parameters αj all coincide.

Namely, for all j ∈ N,

Dγ
N (αj) =

{
2mπi

log 3

}

m∈Z.
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Figure 3: The first four distinct lengths, with multiplicities, of four variants
of the Cantor String.

ζL(s) =

∞∑
n=1

2n−13−ns =
3−s

1− 2 · 3−s
,

where L is the lengths of the Cantor String Ω1 (also each

Ωq above), with the distinct lengths ln = 3−n and mul-

tiplicities mn = 2n−1. The set of complex dimensions of

each Ωq above is

DL =

{
log3 2 +

2imπ

log 3
| m ∈ Z

}
.

These fractal strings have identical geometric zeta func-

tions and the same Minkowski dimension, namely log3 2.

However,

dimH(∂Ω1) = dimM(∂Ωq) = log3 2,

dimH(∂Ω2) = dimH(∂Ω3) = 0,

dimH(∂Ω4) = log9 2.
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Figure 4: The first three stages in the construction of ζµ1

N (−∞, s), where N
is the set of distinct lengths of the Cantor String beginning with 1/9. The
measure µ1 is supported on the Cantor Set.

ζµ1
N (−∞, s) = 2

(
1

3
+

1

9

)s

+

∞∑
n=2

2n−1

(
1

3n
− 2

3n+1

)s

= 2

(
4

9

)s

+
2

27s

(
1

1− 2 · 3−s

)
,
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Figure 5: The first three stages in the construction of ζµ2

N (−∞, s), where N
is the set of distinct lengths of the Cantor String beginning with 1/9. The
measure µ2 is supported on a set with a single accumulation point at 0.

ζµ2
N (−∞, s) = ηs

1 =
1

9s
,
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Figure 6: The first three stages in the construction of ζµ3

N (−∞, s), where N
is the set of distinct lengths of the Cantor String beginning with 1/9.

ζµ3
N (−∞, s) =

(
1

9

)s

+

(
4

9

)s

,

This is misleading in that different choices of N can yield

an infinite number of nonzero terms for the resulting mul-

tifractal zeta function, thus it may not be entire.
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Figure 7: The first three stages in the construction of ζµ4

N (−∞, s), where N
is the set of distinct lengths of the Cantor String beginning with 1/9.

ζµ4
N (−∞, s) = h4(s) +

∞∑
n=2

2n−1

(
1

32n−1
+

1

32n
− 2

32n

)s

= h4(s) +

(
2s+1

81s

)(
1

1− 2 · 9−s

)
.
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