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ABSTRACT OF THE DISSERTATION

Ricci Flow Does Not Necessarily Preserve Positive Radial Sectional Curvature
by
Ryan Joseph Ta

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2022
Dr. Frederick Henry Wilhelm, Jr., Chairperson

We exhibit a one-parameter family of smooth Riemannian metrics on the four-dimensional
sphere with strictly positive radial sectional curvature that loses this property when evolved
through the Ricci flow. In other words, while the radial sectional curvature of the four-
dimensional sphere with any metric from our one-parameter family is strictly positive at
initial time, there exists a tangent plane of the sphere such that the radial sectional curvature
of that tangent plane is negative some time after when the metric is evolved through the
Ricci flow.

For our approach, we initially construct a piecewise-smooth metric that has a nonneg-
ative sectional curvature with a strictly negative temporal derivative of sectional curvature
for some tangent plane at initial time. Then we will apply gluing, convolutions, and molli-
fications in order to obtain a smooth approximation of our piecewise-smooth metric, which
is still a nonnegative radial sectional curvature of one tangent plane becoming negative

when evolved through the Ricci flow. Furthermore, we will deform the metric slightly in
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such a way that the nonnegative radial sectional curvature at initial time becomes positive,
while one of them still becomes negative when evolved through the Ricci flow. From this,

we will extract a one-parameter family of metrics that retain these properties.

vil



Contents

1 Introduction and background
1.1 Objectives of the dissertation . . . . . . . . .. .. ... .. .. ......
1.2 Group action by special orthogonal matrices on a four-dimensional sphere .
1.3 Smoothness conditions at the singular orbits of a four-dimensional sphere .

2 Applications of covariant derivatives
2.1 Covariant derivatives along the radial vector field . . . . . .. .. ... ..
2.2 Covariant derivatives along tangential vector fields . . . . . .. ... ...
2.3 Second fundamental form on a hypersurface . . . . . ... ... ... ...

3 Applications of Riemann and Ricci curvatures
3.1 Riemannian curvatures of tangent planes generated by basis vector fields . .
3.2 Riemannian curvatures of all tangent planes . . . . . . ... ... ... ..
3.3 Ricci curvatures of tangent planes generated by basis vector fields . . . . .

4 Applications of Ricci flow
4.1 Relationship between distance functions and general functions . . . . . . .
4.2 Evolution of sectional curvature through a Ricciflow . . . . ... ... ..
4.3 Sectional curvatures for Ricci flow and one of their temporal derivatives .

S The round and linearized metrics and their deviations
5.1 Homotopies between the round metrics and the linearized metrics . . . . .
5.2 Sectional curvatures for the modified round metric. . . . . . . .. ... ..
5.3 A metric that yields a negative temporal derivative of sectional curvature .

6 Construction of a family of smooth metrics
6.1 Set of admissible Riemannian metrics . . . . . . . ... ... ... ....
6.2 Mollifiers and gluing functions . . . . . . .. ... ...
6.3 One-parameter family of smooth metrics . . . . . . . ... ... ... ...

Bibliography

viil

34

70
72
76
88

126
129
135

. 139

144
150
166

. 183

191
194
196
214

224



Chapter 1

Introduction and background

Let M be a Riemannian manifold, and let G be a group acting on M. We say that M is
cohomegeneity one if the dimension of the quotient space M /G is 1. A cohomogeneity
one manifold introduces the existences of radial and tangential vector fields and, in turn,
their corresponding radial and tangential sectional curvatures, as well as sectional curva-
tures which require taking into consideration the radial and tangential sectional curvatures
simultaneously. The radial field has unit length and is perpendicular to the orbits of M,
whereas a tangential field is tangent to the same orbits.

We will also define what it means for a Riemannian metric to be invariant under a group

action.
Definition 1.0.1. Let M be a Riemannian manifold, and let p € M be a point. Let G be a
group acting on M. We say that a metric g is invariant under G, or G-invariant, if it satisfies

g(V,W) =g(dk(V),dk(W)) (1.0.1)

forall k € G and for any vectors V,W € T, M.

Recall that T, M denotes the tangent space of M, which is a differentiable manifold that
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intersects M at only the point p € M.

Now, we consider SO(3), the group of 33 orthogonal matrices with unit determinants.
We will only consider one SO(3) action on the four-dimensional sphere S*: the restriction
to S* of the irreducible SO(3) action on the five-dimensional Euclidean space R>. We
restate this as Definition 1.2.3 in Chapter 2. This is the only SO(3) action we will consider
for this dissertation.

Our dissertation result will mostly focus on radial sectional curvatures. The reader can
refer to, for instance, Definition 3.0.2 for the formal definition of the sectional curvature
sec(X,Y) of the tangent plane span(X,Y) for any X,Y € T, M. Additionally, whenever we
talk about sectional curvature of M itself, we are addressing the sectional curvatures for

ALL tangent planes of M simultaneously.

Definition 1.0.2. Let g be the Riemannian metric for the cohomegeneity one manifold M.
Let % be the radial vector field on M, and let V be any tangential vector field on M. We

say that the radial sectional curvature is nonnegative if the vector fields satisfy
0
sec| —,V| >0. (1.0.2)
or

Likewise, we say that the radial sectional curvature is positive if the vector fields satisfy

sec (i, V) > 0. (1.0.3)
or

In this dissertation, we will show that there exists a metric that has positive radial sec-
tional curvature and flows to a metric with a negative radial sectional curvature through

Ricci flow.

Theorem 1.0.3. There exists an SO(3)-invariant metric on the four-dimensional sphere S*

with positive radial sectional curvature that evolves through a Ricci flow to a metric with a

2
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negative radial sectional curvature.

A timely remark about Theorem 1.0.3 is in order. As the author of this dissertation,
I have attempted to improve the result of [2] by Renato Bettiol and Anusha Krishnan in
2020 and 2021. Their theorem states that there exists a metric on S* with nonnegative
sectional curvature that loses this property when evolved through a Ricci flow, whereas for
this dissertation I have initially attempted to assert that we can prove the same result using
a metric on S* with strictly positive sectional curvature. Because my research attempts
for this over the course of two years have were unsuccessful, I have ultimately decided
to settle on a weaker result of proving their theorem using a metric on S* with only posi-
tive radial sectional curvature, which we have stated in this dissertation as Theorem 1.0.3.
Furthermore, my advisor informed me on February 25, 2022 that the authors of [2] have
already established on December 25, 2021 that there exists a metric on 4 with positive
sectional curvature that loses this property when evolved through a Ricci flow. This means
that Theorem 1.0.3 is now a special case of their main result in [3]. Despite this, the metric
we have constructed in this dissertation contains properties that are substantially different
from those of the metric that Renato Bettiol and Anusha Krishnan have discovered in their
2021 paper. For instance, the metric described in [3] achieves a negative sectional curva-
ture when evolved through a Ricci flow on sufficiently small neighborhoods of principal
orbits near s = 0 and near s = %, whereas the metric of this disseration achieves a negative
radial sectional curvature when evolved through a Ricci flow on a sufficiently small neigh-
borhood of principal orbits centered at s = &. Another difference is that our metric has
boundary values described by (6.0.1), (6.0.2), (6.0.3), (6.0.4), (6.0.5), (6.0.6), whereas the
metric described in [3] does not share the same properties. Also, neither [2] nor [3] have
made explicit applications of our normal sectional curvature assumption given by (2.0.5),

which not only ensures zero normal sectional curvatures but also has helped us simplify our



expressions of covariant derivatives, sectional curvatures, and the system of partial differ-
ential equations associated with Ricci flow. Finally, it is worth noting that there are results
in the literature concerning the positive lower bounds on sectional curvature that also hold
when only the radial sectional curvature is positive; the reader can consult, for instance,
[10], [11], [12], [14], [15].

There are two key lemmas that we will use to help us prove Theorem 1.0.3. We will
give a proof following the statement of Lemma 1.0.4, but we will relegate the proof of

Lemma 1.0.5 to Chapter 6.

Lemma 1.0.4. Let {(M, g;) }r>0 be a smooth family of Riemannian metrics. For simplicity

of notation, we set g := go. Suppose there exists a tangent plane o that satisfies

secy (o) =0, (1.0.4)

(secg(r)(0))ili=0 < 0. (1.0.5)

If T > 0 is sufficiently small, then (M, g;) evolves through a Ricci flow to a metric with a

negative sectional curvature; that is, there exists to > 0 that satisfies

SeCq_ (1) (07) < 0. (1.0.6)

Proof. Suppose t > 0 is sufficiently small. Then (1.0.5) implies that there exist some fixed

79 > 0 and a constant Cr, > 0 and such that, for all 7 € (0, 79), we have

(Secgr(z)(o'))zh:o < =C
(1.0.7)

<0,

which implies (1.0.6). O



Because of Lemma 1.0.4, all we need to do to prove Theorem 1.0.3 is to construct some

family of metrics {(M, g;) }r>0. We outline our process as follows:

1. Construct the piecewise smooth metric that has nonnegative radial sectional curvature

and satisfies (1.0.4) and (1.0.5).

2. Deform the metric from Step 1 to one that is smooth and maintains nonnegative radial

sectional curvature.

3. Deform the metric from Step 2 to a family of metrics that have positive radial sec-

tional curvature.

Every SO(3)-invariant cohomogeneity one metric g on a four-dimensional manifold

takes the form
g =ds® + o* dx® + y? dy* + £ dZ°. (1.0.8)
Note that we would accomplish Step 1 if we prove Lemma 1.0.5, which we will write

below.

Lemma 1.0.5. There exists a continuous cohomogeneity one metric g of the form (1.0.8)

on S* with the following properties:
(1) There exists a radial plane o that satisfies (1.0.4) and (1.0.5).

(2) The functions ¢, ¥, & that we define g in (1.0.8) are piecewise affine and concave.
In particular, the first-order derivatives ¢’, &’ have two discontinuities, while ' has

four discontinuities, on the interval [0, 3].

As we have previously stated, we will prove Lemma 1.0.5 in Chapter 6.



1.1 Objectives of the dissertation

Richard Hamilton pioneered the subject of Ricci flow in 1984. A Ricci flow deforms Rie-
mannian metrics on Riemannian manifolds by their associated Ricci tensor. The partial
differential equation describing Ricci flow behaves like a nonlinear heat equation. Ricci
flow facilitated Grigory Perelman’s proof of the Poincairé conjecture, which states that
any simply connected, compact three-dimensional manifold is homeomorphic to the three-
dimensional sphere.

A Ricci flow does not necessarily preserve the nonnegativity of the sectional curvature
of Riemannian metrics on compact manifolds. For instance, Renato Bettiol and Anusha
Krishnan have demonstrated this for $* with their metric counterexample in [2]. Similarly,
Ricci flow does not necessarily preserve the positivity of the sectional curvature of Rieman-
nian metrics on compact manifolds. For instance, Christoph Bohm and Burkhard Wilking
established this result for the flag manifold Sp(3)/(Sp(1) xSp(1)xSp(1)) with their metric
counterexample in [4].

We will show that a Ricci flow does not preserve positive radial sectional curvature
for the four-dimensional sphere. Positive radial sectional curvature is not the same as
positive sectional curvature, which requires both positive radial and tangential sectional
curvatures. Theorem 1.0.3 essentially states that we can exhibit a Riemannian metric on
the four-dimensional sphere with positive sectional curvature at initial time that becomes
negative a short time later as it evolves through a Ricci flow.

The goal of this dissertation is to construct an example of a smooth metric of the form
given by (1.0.8) that satisfies the theorem mentioned at the beginning of this dissertation.
Our theorem does NOT contradict the result by Bohm and Wilking because our metric in
question has a negative sectional curvature for at least one of our tangential planes, and so

our metric does NOT contain a positive sectional curvature operator. We will accomplish
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our goal by first constructing three piecewise linear functions, which we will do in Chapter
6, and proving that the metric that relies on these functions has nonnegative radial sectional
curvature with a negative temporal derivative. Then we will deform these functions with
perturbations, making them strictly concave, so that we can obtain a new metric metric that
has strictly positive radial sectional curvature and maintains a negative temporal derivative.
Then we will construct smooth analogs of these deformed functions by convolving them
with a mollifier. Finally, we will employ smooth approximations of the Heaviside step

function in order to glue the convolutions to the original piecewise smooth functions near

L

the boundary points of the interval [0, 5]. Executing this entire process results in new

s

functions that are concave on [0, §

] and satisfy the assumptions of our theorem.

To illustrate our approach to proving our theorem, we present below the graphs of our

a €

three functions @, %, Ypm'c, Eme Withm = % and ¢ = =

i which are all continuous, piecewise,

and linear.
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As these graphs show, the piecewise linear functions are close to those of our actual
example of our metric in the continuous topology and the C! topology, except at their

cusps.



1.2 Group action by special orthogonal matrices on a four-
dimensional sphere

In this section, we will introduce our group action on a Riemannian manifold by 3x3 special
orthogonal matrices. We assume that the reader of this dissertation is already familiar with
the subjects of differential topology and Riemannian geometry.

Let M be a four-dimensional Riemannian manifold, and let W, X, Y, Z be vector fields
on M. We denote the area of the parallelogram formed by X and Y by the (0,2) metric

tensor g(X,Y), and we define the length of X by

1X] = Vg(X, X) (1.2.1)

Let V denote the Levi-Civita connection, and let VxY represent the covariant derivative of

Y in the direction of X. We define the Lie bracket of X,Y by
[X,Y] := VxY - VyX. (1.2.2)

Note that all of these quantities become functions of s whenever we restrict X to y.

Definition 1.2.1. We say that the action by G on M is with cohomogeneity one if the

quotient space M |G is one-dimensional.

Since M is compact, it follows that the quotient space M /G must be isometric to either
a circle S! or a closed interval [0, L] for some L > 0. In this presentation, we will focus
only on the closed interval [0, L]. Let 71 : M — M /G be the canonical projection map.

Consider for each s € [0, L] the preimage 7~ ({s}) C S*.


https://en.wikipedia.org/wiki/Differential_topology
https://en.wikipedia.org/wiki/Riemannian_geometry
https://en.wikipedia.org/wiki/Levi-Civita_connection
https://en.wikipedia.org/wiki/Covariant_derivative

Definition 1.2.2. We say that the preimage n~'({s}) is a principal orbit if it satisfies
codim(z 1 ({s})) = 1. (1.2.3)
Otherwise, we say that 1~ ({s}) is a singular orbit if it satisfies
codim(zx~ ' ({s})) > 2. (1.2.4)

We need to separate s € [0, L] into two distinct cases: the interior points s € (0, L)
and the endpoints s = 0, L. By the Slice Theorem, every n~!({s}) for any s € (0, L) is
principal, whereas 77 !({0}) and 7~ !({L}) are singular. Now lety : [0,L] — M be a

minimal geodesic that connects the points y(0) € 771 ({0}) and y(L) € n~'({L}). Let

Gyis) ={heG|h-y(s)=y(s)} (1.2.5)

be the isotropy group at y(s) for all s € [0, L]. Then there exists a decomposition of M by

orbit type:

M= | ] (G/Gy)

0<r<L

(1.2.6)

= (G/Gyo) V| | ) (G/Gys) |V (G/Gyy).
s€(0,L)

Notice that the geodesic y intersects each orbit G/G, () orthogonally.
From this point on, we will specialize to a specific SO(3) action on S*. We will describe

this as follows. We define the vector space of symmetric, traceless 3 X 3 matrices

Vi={AeR¥> | A=AT,tr(A) =0}. (1.2.7)

10



Then V is five-dimensional, and its natural inner product is

g(A,B) :=tr(ATB) (1.2.8)

forall A,B V.

Definition 1.2.3. We define the SO(3) action on S* to be the restriction to the unit sphere
in 'V of the group action of SO(3) on V by conjugation, which is the map op : V — V
defined by

op(A) := PAP™! (1.2.9)

for all invertible matrices P € SO(3) with inverse P~".

According to the Spectral Theorem, every real symmetric matrix is diagonalizable by

matrices in SO(3). So every orbit SO(3)/SO(3),(5) orthogonally intersects the great circle

A0 0 % 3
Fe=1l0 a4 0| AndndzeR Y =0, ZF=1¢. (1.2.10)
i=1 i=1
0 0 A

The geodesic y : [0, 5] — V defined by

cos(s) , sin(s)
V% Ty 0 0
y(s) = 0 COjg) - Sijg) 0 (1.2.11)
0 0 _ 2cos(s)

Vo

runs orthogonally through all the principal orbits SO(3)/SO(3),s) of S* and joins the

11
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endpoints

% 0 0

y0) =10 % 0 |- (1.2.12)
0 0 -
% 0 0

y(%)= 0 —% 0 (1.2.13)

Recall the real projective space RP?, the space of lines in R? passing through the origin.
The singular orbit SO(3)/SO(3),(0) = RP? of the SO(3) action on S* is the set of matrices
with two equal positive eigenvalues. Likewise, the singular orbit SO(3)/ SO(3)7(§) =~ RP?
of the SO(3) action on S* is the set of matrices with two equal negative eigenvalues.

The Spectral Theorem asserts that every real symmetric matrix is diagonalizable by

matrices in SO(3). So every orbit SO(3)/SO(3),(s) orthogonally intersects the great circle

4 0 0 . .
F={lo 4, 0 Al,/lz,/lgeR,Z/li:O,Z/lle . (1.2.14)
i=1 i=1
0 0 A

The geodesic y : [0, 3] — V for the round metric gy defined by

cos(s) , sin(s)

% T v 0 0
y(s) = 0 Coz%ﬂ - Sinv%f) 0 (1.2.15)
_2cos(s)
0 0 5

runs orthogonally through all the principal orbits SO(3)/SO(3),) of S4 and serves as a

12
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continuous path between the endpoints

% 0 0

y0) =10 % 0 | (1.2.16)
0 0 -
% 0 0

y(%)= 0 —% 0 (1.2.17)

Recall the real projective space RP?, the space of lines in R? passing through the origin.
The singular orbit SO(3)/SO(3),(0) = RP? of the SO(3) action on S* is the set of matrices
with two equal positive eigenvalues. Likewise, the singular orbit SO(3)/ SO(3)7(§) =~ RP?
of the SO(3) action on S* is the set of matrices with two equal negative eigenvalues.

Finally, we introduce the Killing fields X, Y, Z € SO(3) defined at any point p € M by

d

X(p) = T exp(sEx) - p| (1.2.18)
s s=0
d

Y(p) = d—exp(sE31) -pl (1.2.19)
§ s=0
d

Z(p) = T exp(sE) - p| (1.2.20)
S §=

where

exp: T,(M\ (x' ({0 U~ ({L}))) = M\ (="' ({0) Uz~ ({L})) (1.2.21)

is the Lie group exponential map.

Proposition 1.2.4. Consider, for all 6 € R, the rotation matrices Ry, R, R, € SO(3) given

13
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R:(6) :

R,(0) :

R (0) :

— cos(0)

—sin(6)

sin(0) 0-
cos(f) O

cos(f) O
0 1

1 0
0 cos(6)

0 0 1

—sin(0) 0 cos(6)

0 —sin(@) cos(0)

sin(60) -

0

0
sin(6)

(1.2.22)

Then the Killing fields X,Y,Z € SO(3), which are generated by the first-order derivatives

R, R, R;, satisfy

P
2.z|=o0.
[ar’ ] 0

(1.2.23)
(1.2.24)

(1.2.25)

(1.2.26)

(1.2.27)

(1.2.28)

Proof. The proofs of (1.2.23), (1.2.24), (1.2.25) are all analogous to each other. Without

loss of generality, we choose to only prove (1.2.23). By the naturality of the Lie bracket, it

14



suffices to check (1.2.23) for the matrices in SO(3). Consider the great circle

4 0 O ;
F=1lo 4 ofer® 2/11,2:1,2/11-:0 c st (1.2.29)

0 0 A3

and its tangent bundle 7% . We define the orthonormal basis {e, e, €3, e4,e5} C TF by

[
B 0 0
= L 1.2.
el 0 7 , (1.2.30)
2
|00 -5
1
7 0O O
= _ L
e : 0 " ol, (1.2.31)
0 0O O
- 1 ]
0 B 0
es . 7 0o 0}, (1.2.32)
0O 0 O
- 0
0 O B
esa:=10 0 0], (1.2.33)
1
v V0]
0O 0 O
= L
es 0 0 ik (1.2.34)
1
> 9

15



Consider the geodesic y for $* with the round metric gy defined by

v(s) := e cos(s

1 1
L0 0 L0 0
=10 % 0 |cos(s)+ |0 % 0| sin(s)
0 0 —% 0 0 0
cos(s) sin(s)
76 0 0 7 0 0
— cos(s) __sin(s)
0 76 0 +( 0 7 0
0 0 -Z2U 0 0 0
cos(s) , sin(s)
7 +=5 0
— 0 cos(s) _ sin(s)
6 W
0 0 _ 2cos(s)

) + e; sin(s)

(1.2.35)

Consider for all & € R the rotation matrices Ry, Ry, R, € SO(3) about the x, y, z-axes,

respectively, defined by

R (0) :=

R,(6) :=

R.(0) =

0 0
0 cos(d) —sin(8)
0 sin(6) cos(0)
cos(@) 0 —sin(6)]
0o 1 0
sin(@) 0 cos(6)
cos(8) —sin(6) 0|

sin(f) cos(6) O

0 0 1

16
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(1.2.38)



and their respective inverse elements R !, Ry_1 , RZ_1 € SO(3) given by

—1 0 0
RN 0) =10 cos(8) sin(0)|, (1.2.39)
-0 —sin(0) cos(6)
— cos(d) O sin(@)-
RJ'®=| o 1 0 |, (1.2.40)
- sin(f) 0 cos(6)
-cos(e) sin(0) 0-
RZ'(6) = |—sin(6) cos(6) 0] (1.2.41)

0 0 1

At 8 = 0, the rotation matrices of SO(3) and their inverses are all equal to the identity

matrix; in other words, we have

100
R(0) = Ry(0) =R,(0) =R.'(0) =R;'(0) =R:'(0)= |0 1 0. (1.2.42)

0 01

17



Also, their derivatives at 8 = 0 are

1 0 0
R(0)]o=0 = % 0 cos(f) sin(6)
_ 0 —sin(@) cos(6) oo
&) 50 &(0)

= %(0) %(cos(@)) %(—sin(@))

50 H(sin(0)  f(cos(8))

L 6=0
0 0 0
= [0 —sin(f) —cos(6) (1.2.43)
:O cos(f) —sin(0) oo
0 0 0
=10 =sin(0) —cos(0)
0 cos(0) —sin(0)
—0 0 0
=10 0 -1
01 0

18



and

cos(d) 0 —sin(0)

RS (8)lo=0 = -

sin(6) 0 cos(6) ||

%(cos(@)) di@(o) %(_ sin(6))
=| Lo  Ln &0
| HGin(0) 50 f(cos(6))

9=0
—sin(d) 0 —cos(6)
I (1.2.44)

cos(d) 0 —sin(H)

_ 9=0
—sin(0) 0 —cos(0)

= 0 0

o

cos(0) 0 —sin(0)
0 0 -1

1 0 0

19



and

R’.(0)lo=0 =

cos(f) —sin(6) O

d
75 | sin(0)  cos(6)

0 0

0 0 O

20

&0 HO
——sin(H) —cos(8) 0
cos(d) —sin(d) 0

0 0 0
——sin(O) —cos(0) 0
cos(0) —sin(0) 0O

0 0 0
0 -1 0
1 0 0

0
1

4 (cos(0)) 45(=sin(0)) 2(0)

L (sin(0) 2 (cos(0))  45(0)

(1.2.45)

6=0



and

1 0 0

(R;)_1(9)|9:0=% 0 cos(f) sin(6)

0 —sin(6) cos(6)

] 0=0
L) &0 (0
= |5(0)  Fcos(0)) 5 (sin(6))

_%(0) 4 (-sin(0)) L(cos(6))

L 6=0
0 0 0
=10 —sin(0) cos(6) (1.2.46)
:O —cos(6) —sin(6) oo
0 0 0
= [0 —sin(0) cos(0)
0 —cos(0) —sin(0)
—0 0 0
=10 0 1
-1 0

o

21



and

cos() 0 sin(0)

d
R/ -1 9 N = —
( y) (6)]6=0 70 0 1 0

—sin(0) 0 cos(0)

6=0
L(cos()) L(0) L(sin(6))
=| Lo L1 Lo

-%(—sin(e)) %(0) %(COS(O))

0=0
—sin(f) 0 cos(6)
-l o o o (1.2.47)

—cos(6) 0 —sin(8) oo

-— sin(0) 0 cos(0)
= 0 0 0
—cos(0) 0 -sin(0)
— 0 01

=10 0 O

-1 0 0
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and

(R)™(0)lg=0 =

cos(f) sin(6) O

do
0 0

0 0O

23

d
—— |—sin(8) cos(8) O

1

%(cos(@)) %(sin(@)) %(O)
L (=sin(0)) £ (cos(6)) £(0)

4(0) (0
——sin(G) cos(6) 0
—cos(f) -—sin(8) 0

0 0 0
——sin(O) cos(0) 0
—cos(0) —sin(0) 0

0 0 0
(0 10
-1 0 0]-

0=0

()

(1.2.48)

=0



So we obtain the Lie bracket relations

[R.(6)lo=0, R}, (0)]6=0] = (RL(6)]0=0) (R}, (8)l9=0) — (R}(6)lo=0) (R’(6)]6=0)
-0 -1 0- 0 0 -1 00 —-1110 -1 O
=11 0 Off0 0 Of—J0 O Off1 O O
0O 0 0|1 0 O 1 0 0110 0 O

00 O 0 0 O
=0 0 -1|—-|0 0 O

00 O 0 -1 0
- : (1.2.49)

0 0 O

-0 0 1
0 -1 0

_R)/c (9) |9:0
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and

[R’(0)]6=0, R}(6) |6=0]

(R (0)19=0) (R(0)|o=0) — (R () l6=0) (R}, (6) lo=0)

0 0 -1
00 O

1 0 0

-1 0

= —~uk

0 0

o

0 O
0 -1 0
1 0 O

00
00
0 1

25

0 00 0|0 0 -1
-1{—-10 0 -1{|0 O O
0 01 Oof|r o o
00
00
00

(1.2.50)



and

[R(8)lo=0, RZ(0)lo=0] = (Ry(0)]9=0) (RZ()lg=0) — (R’ (0)]9=0) (R} (8)l6=0)

00 O0f|0 -1 0 0 -1 0|10 O O
=10 0O 1|1 0 Ol—(1 O 0]|0 0 -1
01 0|0 0 O 0O 0 0|01 O
—OOO 0 01
={0 0 0|—[0 O O
1 00 0 00
(1.2.51)
00 -1
=10 0 O
1 0 O
0 0 1
=—({0 00
-1 0 0
- _R;(9)|9=0'

Because the associated Lie algebra so(3) generates the Killing fields X, Y, Z, and because
{R}(0), R(0), R2(0)} is a basis of s0(3), it follows that, according to [13], the naturality

of the Lie bracket implies

[X,Y]=-2Z, (1.2.52)

which is (1.2.23).
The proofs of (1.2.26), (1.2.27), (1.2.28) are all analogous to each other. Without loss

of generality, we choose to only prove (1.2.26). Again, consider the Killing fields X, Y, Z.
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Since the field % is SO(3)-invariant, the Lie derivatives of X,Y, Z along % are all zero;

that is, we have
LsX=0. (1.2.53)

Also recall that the Lie derivative of a vector field in the direction of another vector field is

given by the Lie bracket
0
LoX= [—X] ) (1.2.54)
s os
So we conclude
[; X] =LsX
s o (1.2.55)
=0,
which is (1.2.26). O

Calculating the Lie bracket on SO(3) gives the Lie Bracket of the corresponding Killing
fields X, Y, Z on S* via the naturality of the Lie Bracket.

According to [2], we can write the Riemannian metric g in the form

g =ds® +o(s)? dx? +y? dy? + £ d?, (1.2.56)

where dx, dy, dz are the covectors of the Killing fields X, Y, Z along the geodesic y in M,

respectively, and ¢, ¥, & : [0, L] X [0, c0) — R are smooth functions defined by the lengths
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of the Killing fields

e(s) == X(y(s)] = |X], (1.2.57)
Y(s) = Y(y(s)| =1Yl, (1.2.58)
E(s) = |Z(y(s)| = |Z]. (1.2.59)
Finally, we note that {%, %, %, %} is a g-orthonormal frame at some point p € M, meaning

that we have
0

) X|= 07
8 (6s
0

g(_7Y :05
S

— 7| =

8 (as’ 0 (1.2.60)
8(X,Y) =0,
8(X,Z) =0,

g(Y,Z)=0.

The SO(3)-invariant action by group conjugation on S* generates the Killing fields
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X, Y, Z along the geodesic y. In other words, for all s € [0, \/§] , we have

X(y(5)) = (R.(0)y(s)R' () |9=0
= (RL(O)y(s)R:'(6))lo=0 + (R-(8)y(s) (RZ")(6))l9=0

= RL(0)y(s)RZ'(0) + R-(0)y(5)(RZ")'(0)

0 -1 0 cos(s)+sin(s) 0

e+ 0o [t oo
= cos(s) _ sin(s)
1 0 O 0 76 7 0 010
__2cos(s)
0 0 O 0 0 7 0 01
1 0 0f LW sints) 0 0 0 10
V6 V2
cos(s) _ sin(s) _
+(0 1 0 0 76 7 0 1 00
00 1 0 0 __2cos(s) 0
V6 (1.2.61)
0 _cos(s)+sin(s) 0
6 T
— | cos(s) sin(s)
% t v 0 0
0 0 0
cos(s) , sin(s)
0 % T v 0
__cos(s) , sin(s)
+ V7 + 7 0 0
0 0 0
2 sin(s)
0 7 0
— | 2sin(s)
% 0 0
0 0 0

29



and

Y(y(s)) = (Ry(0)y(s)R;' (0))'lo=0
= (R, (0)y ()R (8))lo=0 + (Ry(0)y(s)(R}") (6))]o=0

= RL(0)y ()RS (0) + Ry (0)y(5)(R}")' (0)

00 -1 C°3%S)+Si’$> 0 0 100
=10 0 0 0 COjg)—S“j;) 0 010
_ 2cos(s)
1 0 O 0 0 v 0 01
cos(s) sin(s)
1 00 76 + 7 0 0 0 01
_2cos(s) | | _
0 01 0 0 5 1 00
2 cos(s) cos(s) sin(s)
0 0 7 0 0 76 +_\/§
= 0 0 0 + 0 0 0
cos(s) , sin(s) 2 cos(s)
B + 7 0 0 7 0 0
3 cos(s) sin(s)
0 0 7 + 7
= 0 0 0
3cos(s) , sin(s)
7 + 5 0 0
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and

Z(y(s) = (Re(8)y()R; ' (6)) lo=0
= (R(0)y ()R (6))lo=0 + (R (6)y () (R;")(6))lo=0

= R.(0)y(s)R;"(0) + R.(0)y(s)(R; ") (0)

00 0 C‘j(g)ﬁ“jg) 0 0 100
=10 0 -1 0 "O\S,%”—S“\‘g) 0 010
01 0 0 0 —Z“jg” 00 1
100 °°j/<g)+31f/§> 0 0 0 0 0
+lo0 1 0 0 coi/(g)_sir\l/(g) 0 0 0 1 (1.2.63)
00 1 0 0 —2—%“ 0 -1 0
0 0 0 0 0 0
- o 0 2c3s€<s> +lo g_é)
0 C";%s)—s“‘vg) 0 0 ZLV%(” 0
0 0 0
= lo 0 3“56@‘%«(5)
0 30(‘)/sg(s)_su‘1/(§) 0
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The associated lengths of X,Y, Z are

¢(s) = X (v (s))]

and

d(s) = 1Y (y(s))

3cos(s)

V6 +

2sin

o~

5)

sin(s)

V2

)

sin(s)

3 3cos(s)
‘\/( V6

= V3 cos(s) + sin(s)

V2
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3cos(s)

sin(s)

V6

V2

;

(1.2.64)

(1.2.65)



and

£(s) =1Z(y(s))l

0 0 0
— 3cos(s) _ sin(s)
0 0 7 -
3cos(s) _ sin(s) (1.2.66)
0 % 7 0
_ \/(3 cos(s) sin(s))2 N (3 cos(s) sin(s))2
v v\ v

= V3 cos(s) — sin(s).

We remark that ¢, i, f are functions of the round metric gy, which we will discuss in more

detail later in Chapter 5.
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1.3 Smoothness conditions at the singular orbits of a four-
dimensional sphere

We devote this section to establishing abstract conditions that guarantee smoothness of the
SO(3)-invariant cohomogeneity one metric g at the singular orbit for s = 0. Similarly, the
reader can also establish analogous abstract conditions for the other singular orbit at s = L.

The following theorem is a result by Luigi Verdiani and Wolfgang Ziller. The reader

can find the original statement of this theorem, as well as its proof, in [18].

Theorem 1.3.1 (Theorem A of [18]). Let G act by cohomogeneity one on (G X V) /K and
g be a smooth cohomogeneity one metric defined on the set of regular points in (G xXV) /K.
Then g has a smooth extension to the singular orbit if and only if it is smooth when restricted

to every 2 plane in the slice V containing y'(0).

So we need to show that g is smooth when restricted to D? containing y’(0). To achieve

this goal, we need to apply Theorem 1.3.1 for

V:=D? (1.3.1)
G :=S0O(3), (1.3.2)
K :=S(0(1)0(2)) = SO(3),(0), (1.3.3)
H :=S(0(1)0(1)O(1)). (1.3.4)

Theorem 1.3.2. Let y be a geodesic such that D* contains y'(0). The SO(3)-invariant
cohomogeneity one metric g is smooth on the singular orbit (SO(3) X DZ)/SO(3)7(0) if

and only if the metric

glp2 = ds® + ¢* dx? (1.3.5)
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is smooth on D?* and the extended functions Yey, Eexr o [—L, L] — R defined by

Y(s) fors >0,
‘!’ext(s) =

(1.3.6)
&(-s) fors <0

&(s)  fors =0,
‘fext(s) =

(1.3.7)
Y(=s) fors<O0

are also smooth on [—L, L].

The interested reader can state and prove the counterpart of Theorem 1.3.2 for the other
singular orbit (SO(3) X D?)/SO(3)(z).

We will provide a proof of Theorem 1.3.2 at the end of this section. For now, we will
discuss the Weyl group W and its subset (Wso(3)y(0). To achieve this, we will need to

construct an orthonormal basis of SO(3),,¢), the singular orbit of 54,

Proposition 1.3.3. Define the matrices x_ € K_ and x, € K, by

% 0 0

x_:=10 % 0 |, (1.3.8)
:0 0 —%
% 0 0

xy: =10 _% 0 (1.3.9)
o o -L

V6

Then {ey, ez}, with ey, e defined by (1.2.30) and (1.2.31), respectively, is an orthonormal
basis of the singular orbit SO(3)/SO(3)y) < 54,

Proof. We apply the Gram-Schmidt process to obtain an orthonormal basis of S(O(1)O(2)).
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Set

upi=x_, (1.3.10)

_ g(x—7 x+)x
-2

Uy :=Xx_ (1.3.11)

where g(-, -) denotes the inner product of two matrices defined by the trace of their matrix

product; that is, we define

g(A,B) :=tr(ATB) (1.3.12)
for any 3 X 3 matrices A, B.
The product of x_ and x; is
[ 1 2
Ve 0 0 7 0 0
= . L
X_Xy 0 Ve 0 0 Ve 0
0 0 -2(|lo o0 -+
: V6 V6 (1.3.13)
1
Lo o
=10 -3 0f;
1
0 0 3
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which implies that the inner product of x_ and x; is

g(x_,x4) = tr(x_x4)

1
3 0 0
=trfl0 - 0
1.3.14
0 0 1 (1.3.14)
_1+ 1+1
-3 6/ 3
_1
=5
Also, the magnitude of x_ is
1= () (el )
xX_| = — — -—
ve) \V6) "\ Ve
L
“Vetes3 (1.3.15)
VT
=1.
So we have
uy =XxX-
L 0 0
V6 (1.3.16)
= 1
0 Ve 0
2
0 O e
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and

gl
* |2
2 1
= 0 0 oo
= __1 _2Z 1
0 - 0 |-3|0 & 0
1 2
0 0 - 0 0 -Z
2 1
% 9 0] |zg O O (1.3.17)
= _L - 1
0 -F% 0 0 = 0
1 1
0 0 -F| [0 0o -%
3
F 00
= _3 of.
0 -3 0
0 0 0
Their magnitudes are
lur| = |x-|
(1.3.18)
=1
and
30\ 30\
-l
26 26 (1.3.19)
_ V3
==

So our orthonormal basis of the singular orbit of $* is {e}, €2}, where we define e1, e, € TF
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and

> ° &

which are (1.2.30) and (1.2.31), respectively.
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Now, we define the geodesic y : [0, £

2] — R along the singular orbit K_ by

v(s) := e cos(s) + e sin(s)

[ 1 1
v 0 0 v 0 O
=|0 % 0 [cos(s)+ |0 _% 0| sin(s)
2
_ 0 O 7 0 0 O
cos(s) 0 0 sin(s) 0 0
Vo Voo (13.22)
— 0 cos/(_;) 0 + 0 _SH\I/(;) 0
_2cos(s)
0 0 7 0 0 0
cos(s) , sin(s)
e T v 0 0
_ cos(s) sin(s)
0 7 7 0
_2cos(s)
0 0 7
Then the first derivative of y is given by
cos(s) , sin(s)
., % TV 0 0
’ - cos(s) _ sin(s)
7(s) = 0 S 0
_2cos(s)
0 0 5
s(s) , sin(s)
4 co\q/gs n 91[\159 ) 0 0
_ d (cos(s) _ sin(s) 132
0 d(est) sy (13.23)
0 0 % _ZC(\)/SE(S))
sin(s) , cos(s)
% vt 0 0
— __sin(s) _ cos(s)
0 7 7 0
2 sin(s)
0 0 7
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In particular, at s = 0, we have

—_ sin(0)

R 0 0
Y (0) = 0 _% co\s/(z()) 0
25in(0)
0 " e (1.3.24)
5 00
0 —% 0
0 0O O

For some geodesic y in the Riemannian manifold M, let G,y € O(3) be the isotropy

group, or stabilizer group, of the point y(0), which is a subgroup of O(3) that fixes y(0).
Consequently, we can write

A
Gyo) =

€ 0(3)

A€0(2)
0 det(A)

(1.3.25)

Then the Weyl group of some geodesic y is the group ‘W of all isometries of vy that are

induced by the elements of SO(3) through the SO(3) action of conjugation. Consequently,
we can write

W ={P eSOQB) | Py(s)P~! =y(xs+b),b € R}.

(1.3.26)
The intersection of the Weyl group ‘W and the isotropy group SO(3),(o) is
WSQ(3) =W NSO(3) (0)
i ! (1.3.27)
={P €S0(3) | Py(s)P™" = y(xs)}.
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Also, observe that, for all P € W, we have

Py &P = S (Py(s)P)

d
ds
= +y'(+s +b).
In particular, at s = 0 and b = 0, we have
Py’ (0)P~! = +/(0). (1.3.29)
So we can also write
Ws03),) = {P € Gy(0) | PY(0)P~" = 2y(0)}. (1.3.30)

This is particularly useful for determining whether the functions @, i/, £ for the round metric
go are smooth on a neighborhood of s = 0.

Define the generalized rotation matrix R € SO(3) about the z-axis by

+cos(f) Fsin(d) O
RX(0) :=| sin(d) cos(6) O |- (1.3.31)
0 0 +1

Note that their inverses are (Rg—')_1 € SO(3) given by

cos(f) +sin(f) O
(RH)7(0) = | -sin(@) =cos() 0 |- (1.3.32)

0 0 +1
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Alternatively, we write

cos(8) —sin(6)
R7(6) = R.(6) = |sin(f) cos(h)
0 0

[ cos(8)  sin(0)
(RHH(6) = RZ'(0) = | -sin(0) cos(0)
0 0

[ cos(0) sin(0)
R (0) = | sin(d) cos(0)
0 0

[ cos(0) sin(0)
(R7))7'(0) =R (0) = | sin(0) cos(6)

0 0

Proposition 1.3.4. Consider the isotropy group

SO(3)y ) = {RZ(0) | 0 € [0,2m)}

(1.3.33)

(1.3.34)

(1.3.35)

(1.3.36)

(1.3.37)

equipped with the binary operation of matrix multiplication. Then the intersection of the
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Weyl group ‘W and the isotropy group SO(3),(o) is

Ws0(3),0, = W N SO3),(0)

{R1O). Rz 0). R (3).

2
RZ (g) ,R¥(n), R (n), RY (37”) RZ (37”)}

1 00| [-10 0] o-1o01lor1
=3lo 1 o[-]o 1 ol]-[1 0 of.[1 0
001/ o o -1f]o o 1] ]o o0
1 0 0| [1 0o o] o 10 ]o
0 -1 0[-l0 -1 of.]-1 0 o].|-1
0o o 1| fo o 1] o o 1] o

0

ol (1.3.38)
-1

-1 0

0 O

0 -1

Notice that R} (0), R (0), RY(m), R, (xr) all fix y(s) through the SO(3) action of conju-

gation, whereas R} (%), R; (%), R;(%”), RZ_(%”) all send y(s) to y(—s) through the same

action.

Proof. According to (1.3.30), any element R (0) € (Wso(g,)y(o) for suitable values of 6

satisfies the condition

RE(0)y'(0)(RE)™'(6) = ¥/(0),

RE(0)Y' (0)(RH)7'(0) = —¥/(0),

which are equivalent to

RZ(0)y'(0) =y (O)RZ (),

RZ(0)y'(0) = =y (0)RZ(0),
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respectively. We have

+cos(f) Fsin(d) O % 0 0
+ ’ — . _L
RZ(6)y'(0) sin(f) cos(d) O0]]0 7 0
0 0 +1(] 0 0O O
(1.3.43)
cos(6) sin(6)
+ A + 7 0
— | sin(9) __cos(6) 0
V2 V2
0 0 0
and
g .
v 0 0] [xcos(d) Fsin(d) O
Y(ORI(6)=|0 —% 0| | sin(@) cos(8) 0
0 0 0 0 0 +1
- (1.3.44)
cos(d) __sin(0)
+ 5 v 0
— | _sin(6) _ cos(8) 0
V2 V2
0 0 0
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and

_L .
v 0 O] |xcos(d) =Fsin(f) O
Y (O)RZ(0) =—1| 0 —% 0| | sin(d) cos(d) O
0 0 0 0 0 +1
[ cos(0) __sin(0)
+ 5 v 0
— _ | _sin(8) _ cos(8) 134
7 5 0 (1.3.45)
0 0 0
—cos(6) sin(0)
=05 + 7 0
— | sin(9) cos(6) 0
V2 V2
0 0 0
So (1.3.41) and (1.3.42) are equivalent to the matrix equations
[ cos(0) sin(0) cos(f)  __sin(0)
+ 5 + 7 0 + 5 v 0
sin(6) __cos(6) — | _sin(8) _ cos(f) 134
0 0 0 0 0 0
[ cos(6) sin(6) __cos(8) sin(6)
=5 *Tx 0 =5 5 0
sin(6) __cos(6) — | sin(9) cos(8) 1.3.47
7 5 0 7 5 O] ( )
0 0 0 0 0 0
respectively. Equating the entries of (1.3.46) tells us that we require 6 to satisfy
sin(#) = —sin(H). (1.3.48)
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Likewise, equating the entries of (1.3.47) tells us that we require 6 to satisfy

cos(#) = —cos(6). (1.3.49)

The solutions of (1.3.48) on [0,27) are & = 0 and 6 = m, and the solutions of (1.3.49) on

[0,27) are 6 = % and 0 = 37” So we substitute 8 = 0, %, 7, 3Z into R} in order to obtain

cos(0) —sin(0) O 1 00

R(0) = [sin(0) cos(0) O|=1]0 1 0f, (1.3.50)
0 0 1 0 01

—cos(%) —sin(3) 0 —O -1 0

R? (%)= sin(}) cos(5) O[=|1 0 Of; (1.3.51)
0 0 1 0 0 1
-COS(JT) —sin(m) 0 ——1 0 O

RI(7) = [sin(n) cos(x) O[=]|0 -1 0], (1.3.52)
0 0 1 0 0 1
—cos(%”) —sin(%") 0 0 10

R? (3;)= sin(3) cos(¥) 0[=|-1 0 0 (1.3.53)

0 0 1 0 01
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and into R} in order to obtain

—cos(0) sin(0) O -1 0 0

R (0) =] sin(0) cos(0) O|=|0 1 0], (1.3.54)
0 0 -1 0 0 -1

—cos(7) sin(3) O 01 0

_(m ,

R; (5)2 sin($) cos(§) O[=(1 0 O, (1.3.55)
0 0 -1 0 0 -1

—cos(m) sin(m) O 1 0 O

R (m) =| sin(x) cos(xr) O|=|0 -1 0], (1.3.56)
0 0 -1 0 0 -1
- cos(%’r) sin(%”) 0 0 -1 0
_(3n
R; (7) = sin(%”) cos(%’r) of=|-1 0 0], (1.3.57)
0 0 -1 0O 0 -1
which are precisely all the elements of ‘ng(g)y (0)» A8 We claimed in (1.3.38). O

Proposition 1.3.5. Every element of Wso(3),,, does the following:

(1) Every P € Wso(3),,, sends Y (y(s)) to £Y (y(s)) or +7(y(-s)) through the SO(3)

action of conjugation on S*; that is, we have any one of

PY(y(s))P~! = Y (y(s)), (1.3.58)

PY(y(s))P! = +Z(y(-5)) (1.3.59)

for all P € Wso(3),, Elements of Wso(3),, that fix v(s) imply (1.3.58), and

elements of Wso(),,, that send y(s) to y(=s) imply (1.3.59).
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(2) Every P € Wso(3),, sends Z(y(s)) to Y (y(s)) or +7(y(-s)) through the SO(3)

action of conjugation on S*; that is, we have any one of

PZ(y(s))P™' = £Z(¥(s)),

PZ(y(s))P™' = Y (y(-s))

(1.3.60)

(1.3.61)

for all P € Wso3),,. Elements of Wso),,, that fix v(s) imply (1.3.60), and

elements of Wso(),,, that send y(s) to y(—s) imply (1.3.61).

Proof. We will use the rotation matrices about the z-axis for § = 0, %,77, 37”; in other
words, we will use R} (0), RY(5), R (), R;(%’r), R7(0),R(5),R; (), RZ‘(%’T), which we
defined by (1.3.50), (1.3.51), (1.3.52), (1.3.53), (1.3.54), (1.3.55), (1.3.56), (1.3.57), re-

spectively, as well as their respective inverses

-1

100 100
RHTO0)=]o 1 o] =lo 1 o], (1.3.62)
00 1 00 1
- -1
0 -1 0 0 1 0
_ T
(R7) 1(5): 1 0 ol ={-1 00 (1.3.63)
0 0 1 0 0 1
- 1-1
-1 0 0 -1 0 0
R =10 -1 0ol ={0 -1 o, (1.3.64)
0 0 1 0 0 1
0
0 10 0 -1 0
(37
(RY) 1(7)— 100 =1 0 0 (1.3.65)
0 0 1 0 0 1



and

(R)™H(0) =

o [3)-

in our computations.

- -1
-1 0 O

0O 1 0] =

0 0 -1

01 0
1 0 0 =
0 0 -1

-1 0 O

0 1
0 O

01

0

-1

0

1 0 Of

(1.3.66)

(1.3.67)

(1.3.68)

(1.3.69)

Now, we will prove (1). In order to prove either (1.3.58) or (1.3.59) for all P €
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Ws0(3), - it suffices to establish

R;(O)Y(y(s))(R;)_1 (0) =Y(y(s)),
RZ(0)Y (¥(5))(R)™1(0) = Y (¥(s)),

R? (%) Y(y(s) (R (%) = Z(y(=9)),

RZ (3) YD) (5) = -2 (=90,

RI(m)Y (y())(RD) ™ (m) = =Y (¥(s)),

R (m)Y (y(s)(R;) ' (1) = =Y (¥(s)),

R; (SF) Y(y(s)(R)™ (3—ﬂ) = =Z(y(=s)),

2 2

_(3n g (37
R (5 roonen (F) -z,
according to (1.3.38). To achieve this, we have

RZ(0)Y (y())(RH)™'(0)

3cos(s) , sin(s) ]
1 00 0 0 VI 75 1 00
=10 1 0 0 0 0 010
3cos(s) sin(s)
_0 0 1_ G 7 0 0 | 0 01
3cos(s) , sin(s)
1 00 0 0 7 + 7
=10 1 0 0 0 0
3cos(s) , sin(s)
00 1_ % tv 0 0
3cos(s) , sin(s)
0 0 % TV
= 0 0 0
3cos(s) , sin(s)
V% t v 0 0
=Y (y(s))
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(1.3.70)
(1.3.71)

(1.3.72)
(1.3.73)

(1.3.74)

(1.3.75)

(1.3.76)

(1.3.77)

(1.3.78)



and

RZ(0)Y (y(s))(RD)™'(0)

— 3cos(s) | sin(s) | | _
1 0 O 0 0 % T v 1 0 O
=10 1 O 0 0 0 0O 1 O
_ 3cos(s) , sin(s) _
0 0 1_ G + 75 0 0 0 0 -1
_ __3cos(s) _ sin(s)
1 0 O 0 0 7 7
_ _ 3cos(s) _ sin(s)
0 O 1_ G 7 0 0
3cos(s) , sin(s)
0 0 % T v
= 0 0 0
3cos(s) , sin(s)
% T 0 0
=Y(y(s))
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and

R (3) o™ (3)

_ 3 cos(s)
0 -1 0 0 0 7
=11 0 O 0 0
3 cos(s) sin(s)
_O 0 1_ |~ + 7 0
_ 3 cos(s)
0 -1 0]]0 0 7
=1 0 0ffo0 0
3cos(s) , sin(s)
_O 0 1 _0 % T v
0 0 0
— 3cos(s) , sin(s)
0 0 % T v
3cos(s) |, sin(s)
_0 % T v 0
0 0 0
— 3cos(=s) _ sin(=s)
0 0 7 7
3cos(=s) _ sin(=s) 0
V6 V2
=Z(y(-9))

33

0 10
-1 0 0
0 01

(1.3.80)



and

R (5) YN @)™ (3)

3cos(s) , sin(s)
01 O 0 0 7 + 75
=1 0 0 0 0
_ 3 cos(s) sin(s)
_() 0 -1 |~ 7 0 0
_3cos(s)  sin(s)
01 01]]0 0 7 7
=1 0 oflo 0 0
_ 3cos(s) , sin(s)
00 -1 _0 % T v 0
0 0 0
— 3 cos(s) sin(s)
0 0 7 5
_3cos(s) _ sin(s)
0 7 7 0
0 0 0
= — cos(s) , sin(s)
0 0 % T v
3cos(s) , sin(s)
0 % T v 0
0 0 0
- _ 3cos(=s) _ sin(=s)
0 0 7 v
3cos(—s) _ sin(=s)
Y =% v 0
=—Z(y(-s))
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and

RE(m)Y (y()(RD) ™ (n)

~ 3cos(s) , sin(s) | | _
1 0 0 0 0 =% ||t 00
=lo -1 0 0 0 0 0 -10
0 0 1 3C(\);6(S)+Sir\l/(2j) 0 0 0 0 1
~ 3cos(s) , sin(s)
1 0 0 0 0 =% *7%
=lo -1 0 0 0 0
0 0 1 _ 3cos(s) _ sin(s) 0 0
V6 V2 (1.3.82)
_3cos(s) _ sin(s)
0 0 7% ~ v
= 0 0 0
_ 3cos(s) _ sin(s)
w v 0!
3 cos(s) sin(s)
0 0 76 + -
=— 0 0
3cos(s) , sin(s)
% v 0
==Y (y(s))
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and

RZ(m)Y (y()(RD) ™ (m)

3cos(s) , sin(s)
1 0 O 0 0 % T v 1 0 O
=10 -1 O 0 0 0 0 -1 0
_ 3cos(s) , sin(s) _
0 0 1 7 + 75 0 0 0 O 1
_3cos(s) _ sin(s)
1 0 O 0 0 7 7
=10 -1 O 0
0 0 -1 3 cos(s) + sin(s) 0 0
oo oW (1.3.83)
_3cos(s) _ sin(s)
0 0 7 7
= 0 0 0
_3cos(s) _ sin(s)
7 v 0 0
3cos(s) , sin(s)
0 0 % T v
= - 0 0
3cos(s) , sin(s)
% v 0 0
=-Y(y(s))
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and

3r 1 (37
RIS | Y (r(9))(RY) 1(7)
[ 11 3cos(s) , sin(s) _
0O 10 0 % TV 0 -1 0
=l-1 0 O 0 0 1 0 O
0 0 1] Xm0 0 0 0 1
[ 11 3cos(s) , sin(s)
0 1 0ff0 0 7 + 75
=1-1 0 0]]0 0 0
_ 3cos(s) _ sin(s)
_() 0 1_ 0 7 7 0
0 0 0
_ _3cos(s) _ sin(s) (1.3.84)
0 0 7 7
_3cos(s) _ sin(s)
0 7 75 0
0 0 0
- _ 3cos(s) , sin(s)
0 0 % T v
3cos(s) , sin(s)
0 % T v 0
0 0 0
- _ 3cos(—s) _ sin(=s)
0 0 e 7
3cos(=s) _ sin(=s) 0
w6 W
=—Z(y(-s))
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and

_ (37 1 [3m
R () roone (5]
[ _ 11 3cos(s) , sin(s) _
0 1 0 0 0 % TV 0 1 0
=|1-1 0 O 0 0 0 -1 0 O
0 0 -1f|E o 0 0 0 -1
[ _ 11 _3cos(s) _ sin(s)
0 1 0110 0 7 7
=|1-1 0 0]]0 0 0
0 o —=1llo _ 3cos(s) _ sin(s) 0
: I ACHEE (1.3.85)
0 0 0
= 3cos(s) |, sin(s)
0 0 % T v
3cos(s) , sin(s)
_0 % T v 0
0 0 0
— 3cos(=s) _ sin(=s)
0 0 e i
3cos(=s) _ sin(=s) 0
V6 V2
=Z(y(-s)),

which are (1.3.70), (1.3.71), (1.3.72), (1.3.73), (1.3.74), (1.3.75), (1.3.76), (1.3.77), respec-
tively. This completes our proof of (1).

Next, we will prove (2). In order to prove either (1.3.60) or (1.3.61) for all P €
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Ws0(3), - it suffices to establish

REO)Z(y(s)(RD™(0) = Z(y(5)).

RZOZ(()(R)™(0) = ~Z(y(s)).
R (3) 2R ™ (5) = -39,
B2 (3) 20r(sn®)7 (5) = =P (=90,

REMZy ()R (1) = ~Z( ().

RZ(m)Z(y(s))(RD) () = Z(y(s)),

3

R} (—) Z(y(s))(RH™! (

2

3n
2

) — P (5(-s)).

R; (37”) Z(y(s)(R))™! (37”) =YV (9(=)),

according to (1.3.38). To achieve this, we have

RY(0)Z(y(5))(RD)™'(0)

1 0 0ff0 0
=10 1 0]]0 0
3cos(s) _ sin(s)
_O 0 1d _O 7 v
1 0 0](0 0
=10 1 0]]0 0
3cos(s) _ sin(s)
00 1_ _O 7 -
0 0 0
— 3cos(s)
0 0 7
3cos(s) _ sin(s) 0
% v
=Z(y(s))
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1 00

010

0 01

(1.3.86)
(1.3.87)

(1.3.88)
(1.3.89)

(1.3.90)

(1.3.91)

(1.3.92)

(1.3.93)

(1.3.94)



and

RZ(0)Z(y())(R)™(0)

-1
=10
0

0
1
0

0
0

-1

o O
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0 0 0
0 0 3C(\)/SE(S)
3cos(s) _ sin(s)
Y % v 0
0 0
O O _3C(\)/SE(S)
0 3cos(s)  sin(s)
| V6 V2
0
_3cos(s) " sin(s)
6 TV
sin(s)
v 0
0
3cos(s) _ sin(s)
Y
sin(s)
v 0

+

sin(s)

V2

-1 0 0
0 1 0

0 0 -1

(1.3.95)



and

R (3) 200 @& (5)
-O -1 ()- -0
=11 0 0]]0
-O 0 1/(0

=- 0 0

3 cos(—s)
V6

=-Y(y(=9)

sin(—s)
+ =5 0

e)

0 0 3 cos(—s) " sin(—s)

V6 V2
0

0
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0 10
-1 0 0

0 01

(1.3.96)



and

RZ (3) 200D ()

01 01]]0 0 0
— 3 cos(s)
1 0 01]]0 0 7
_ 3cos(s) _ sin(s)
-O 0 1d 0 7 7 0
01 O 0 0 0
— _ 3cos(s)
10 0 0 V5
_ 3cos(s) _ sin(s)
00 1_ 7 7 0 0
_3cos(s) , sin(s)
0 0 % TV
= 0 0 0
_ 3cos(s) , sin(s)
% T v 0 0
3cos(s)  sin(s)
0 0 7 -
== 0 0 0
3cos(s) _ sin(s)
7 7 0 0
3cos(—s) , sin(—s)
0 0 5 T v
=- 0 0 0
3cos(—s) , sin(—s)
6 T v 0 0
==Y (y(-s))
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0 1
1 0
00

0
0
-1

(1.3.97)



and

RI(m)Z(y())(RH) ™ (n)

-1 0 0]]0 0
=10 -1 0|0 0 3°‘jg<3>
0 0 1l 1o 3cos(s) sir\l/(zx)
-1 0 0]1]0 0
=10 -1 oflo 0 3“\);3(5)
_3cos(s) sin(s)
_ 0O 0 1 _O 7 + -
0 0 0
— _ 3cos(s) , sin(s)
0 0 7 + 7
_ 3cos(s) sin(s)
_0 v 75 0
0 0 0
— 3cos(s) _ sin(s)
0 0 V6 V2
3cos(s)  sin(s)
0 7 7 0
=-Z(y(s))

63

-1

0

0 0
-1 0

(1.3.98)



and

RZ(m)Z(y(5))(RD) ™ (m)

I 0 0|0 0 0 1 0 O
— _ 3cos(s) _ sin(s) _
0O -1 0 0 7 - 0 -1 0
_ 3cos(s) _ sin(s) _
0 O 1‘ 0 7 7 0 0 O 1
1 0 0f{]|0 0 0
— _ _3cos(s) , sin(s) 1.3.99
0 -1 01(]0 0 % TV ( )
. _3cos(s) , sin(s)
0 O 1110 7 + - 0
0 0 0
— 3cos(s) _ sin(s)
0 0 7 7
3cos(s) _ sin(s)
0 7 75 0
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and

3r 1 (3m
RS 2 (R (7)
0 1 0](0 0
=|_ 3 cos(s)
1 0 0]]0 0 7
3cos(s) _ sin(s)
_ 0 O 1_ _0 7 7
0O 10 0 0
= |_ 3 cos(s)
1 00 0 0 7
3cos(s)  sin(s)
0 O 1_ 7 7 0
3cos(s) _ sin(s)
0 0 7 7
= 0 0 0
3cos(s) _ sin(s)
7 v 0 0
3cos(—s) , sin(—s)
0 0 5 T v
= 0 0 0
3cos(—s) , sin(—s)
% T v 0 0
=Y(y(-s))
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0 -1 0

0 0 1

(1.3.100)



& () zoon ()

0 0
= |_ _3cos(s) | sin(s)
1 0 O 0 0 % tv
0

0

sin(s) (1.3.101)

+
S

3cos(—s) , sin(—s)
0 0 o T v

= 0 0 0

3cos(—s) , sin(—s)
7C + 7 0 0

=Y (y(-9)),

which are (1.3.86), (1.3.87), (1.3.88), (1.3.89), (1.3.90), (1.3.91), (1.3.92), (1.3.93), respec-

tively. This completes our proof of (2). O

Now we will show that any metric g that is smooth on (SO(3) x D?)/ SO(3)y(o) also
extends uniquely to an SO(3),(o)-invariant metric on D?. In particular, the Killing fields

X,Y, Z do not depend on our choice of g.
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Proposition 1.3.6. Let K be a group that acts transitively on D?. If gly is smooth and

Ws0(3),o -invariant, then gly extends uniquely to an SO(3),(0)-invariant metric on D2

Proof. Since K acts transitively on the unit sphere in D?, for all p € D? and for all V, W €

T,((SO(3) x DZ)/SO(?))Y(O)), there exists k € K that satisfies
kp =1vy(s) (1.3.102)
for some s € [—1, 1]. Now, we set
g(V,W) :=gl,(dk(V),dk(W))), (1.3.103)

which means this g is SO(3),(q)-invariant, provided that g is well-defined. To prove that g

is well-defined, let k € K satisfy
kp =y(5). (1.3.104)

Since K also acts on D? by isometries and every k € K fixes y(0), the group action must

preserve distances, and so we conclude § = +s. For the case § = s, we obtain

y(s) =kp
=k(k'k)p
(1.3.105)
= kk™' (kp)

= kk™y(s),

which implies kk~! e (Wso(3)y(0), according to (1.3.27). Likewise, for the case § = —s, we
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obtain

y(s) =kp
=k(kk)p
(1.3.106)
= kk™'(kp)
= kk'y(-s),
which implies kk~! e (W50(3)y(0), according to (1.3.27). So we conclude
gV, W) = gly(dk(V), dk(W))), (1.3.107)

and so g, as defined by (1.3.103), does not depend on any choice of k € K. Therefore, g is

well-defined, and so (1.3.103) implies that g is SO(3),(o)-invariant and also unique. O
Finally, we will write a proof of Theorem 1.3.2.

Proof of Theorem 1.3.2. According to Theorem 1.3.1, it suffices to show that g|p> defined
by (1.3.5) is smooth. Furthermore, by Proposition 1.3.6, it suffices to show that the restric-
tion of g|p2 to the geodesic y is smooth, and we let g|, denote such a restriction. Since
(Wsoo)y © leaves y invariant, the metric g|,, must be (Wso(g)y(o) -invariant. Also, as we have
demonstrated in Proposition 1.3.5, elements of Wso(3),,, that send y(s) to y(—s) must

also send Y (y(s)) to +Z(y(—s)) and Z(y(s)) to =Y (y(-s)). So we have

Y (s) =Y (y(s))l
=1Z(y(=9))l (1.3.108)

=&(=9)
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and

£(s) = 1Z(y(9))|
=Y (y(=9))l (1.3.109)

= (=)

So we conclude that g|, is smooth if and only if the functions ¢, ¢ satisfy (5.1.20) and

(5.1.21). -
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Chapter 2

Applications of covariant derivatives

In this chapter, we will obtain expressions of covariant derivatives in terms of the three
functions ¢, ¥, & associated with the SO(3)-invariant Riemannian metric g on S* as defined
by (1.0.8). To do this, we will invoke the Fundamental Theorem of Riemannian Geometry,
which states that the affine connection of nearby tangent spaces is metric and torsion-free;
in other words, for any vector fields X, Y, Z that are tangent to any four-dimensional Rie-

mannian manifold M, the affine connection V satisfies

Dx(g(Y,Z)) =g(VxY,Z) +g(Y,Vx, Z), (2.0.1)

[X,Y] = VY — VyX. (2.0.2)

We will also apply the Koszul formula

28(VxY,Z) = Dx(g(Y,Z)) + Dy(g(X, Z)) = Dz(g(X.Y))
(2.0.3)

+g([X’Y]’Z) _g([X’Z]’Y) _g([Y’Z],X)’

which is used to prove the Fundamental Theorem of Riemannian Geometry.

Using the covariant derivative, we are also able to introduce the second fundamental
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form.

Definition 2.0.1. Let X,Y are vector fields tangent to SO(3)/SO(3),(5). We define the
second fundamental form of SO(3)/SO(3),(s) € M forall s € [0, L] by

(X, Y) = (VxY)] g, (2.0.4)

where (VxY)| 2 denotes the restriction of VxY to the radial field %.

We consider the radial vector field %, which is orthogonal to SO(3)/SO(3),(s) < s4
for all s € (0, 3), and the Killing fields X, Y, Z, which are tangent to SO(3)/SO(3),(s)-
According to (1.2.57), (1.2.58), (1.2.59), we denote by ¢, i, ¢ the respective lengths of
X,Y,Z.

For further details on this exposition, the interested reader can consult, for instance,
Chapters 2 and 3 of [17]. The remainder of this chapter will focus on our results that make

use of the covariant derivative. Wherever possible, we will also apply our condition

y=p+¢& (2.0.5)

into our expressions in order to simplify them as much as we can.
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2.1 Covariant derivatives along the radial vector field

We will obtain expressions of covariant derivatives along the radial vector field % in terms

of the functions ¢, ¢, & and the vector fields X, Y, Z.

Lemma 2.1.1. The covariant derivatives associated with a family of SO(3)-invariant Rie-

mannian metric g are

VoX=2X,
ads SD
v.r=Ly,
ads w
v.z=27
ds é‘:

2.1.1)

(2.1.2)

(2.1.3)

Proof. The proofs of (2.1.1), (2.1.2), (2.1.3) are all analogous to each other. Without loss

of generality, we choose to only prove (2.1.1). We apply (2.0.1) and (2.0.2) in order to
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obtain

and

(‘9 ‘9) 2.14)

1
g(V%X, X) = E(g(V%X, X) +g(X,V%X))

1
= ED%g(X,X)

2 % 2.1.5)
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We apply (2.0.3) in order to obtain

d d 0
wel[Gex] 7] s [75or] ) e (e
=0+Dx(0) = Dy(0) +g(0,Y) —g(0,X) — g (—z, %) (2.1.6)
0
“+(z.5)

=0

and, similarly,

§(74X.2) =Dy (e(X.2)) + Dx (¢ £:.7) | - D2 (e 5.

ds’
9 x|.z 9 71.x X,z 2
e[ o] 2) e | 2] x) e [z 7
:0+DX(0)—DZ(0)+g(o,Z)—g(o,X)—g(—Y,%) (2.1.7)
0
e[ 5)

=0.

Now, (2.1.4), (2.1.5), (2.1.6), (2.1.7) all imply that that VagX is orthogonal to %, Y,Z and

therefore parallel to X. So V 2 X must be the same as its projection vector field along %.
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In other words, we have

which is (2.1.1).

V%X = pron(VaiX)

X\ Xx
N
g(VaX,X)
";2 (2.1.8)
i
X
902
_¥x
®
O
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2.2 Covariant derivatives along tangential vector fields

We will obtain expressions of covariant derivatives along the tangential vector fields X, Y, Z

in terms of the functions ¢, ¥, & and the vector fields %, X, Y,Z.

Lemma 2.2.1. The covariant derivatives associated with a family of SO(3)-invariant Rie-

mannian metrics g are

0

VxX = —gogo'a, (2.2.1)
, 0

VoY =y o 2.2.2)
, 0

V7= (2.2.3)

In particular, when we restrict VxX,VyY,VzZ to SO(3)/SO(3),(s), we obtain their cor-

responding intrinsic covariant derivatives

(VxX)lso3)/s03),) = 0 (2.2.4)
(VyY)lsoG)/s003),) =0, (2.2.5)
(VzZ)l|so3)/50(3),) = 0 (2.2.6)

Proof. The proofs of (2.2.1), (2.2.2), (2.2.3) are all analogous to each other. Without loss

of generality, we choose to only prove (2.2.1). Using the symmetry, metric, and torsion-free
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properties of the covariant derivative, as well as the first assertion, we obtain

) een(2)
=Dx(0)-¢g (X, Vx (;))
S

o (2)

0 (2.2.7)
e[ 2] vy x)
= —g(X,O+V6@X)
=-8(Va X, X)
=—py'.
which imply that Vx X is orthogonal to X, Y, Z and therefore parallel to %. So Vx X must

be the same as its projection vector field along %. In other words, the covariant derivative

is

VxX = proj 5 (VxX)

:g(VxX,ai);

5] 08 (2.2.8)
0

=¥ 5

_ o, 0

- ‘)ngasa

which is (2.2.1).
The proofs of (2.2.4), (2.2.5), (2.2.6) are all analogous to each other. Without loss of

generality, we choose to only prove (2.2.4). Since the metric g is left invariant on M, we
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have

o)
o)

D s (8(Y.X)) = 0.
Also, by the definition of the Lie bracket, we have

[X,X] = XX - XX

=0.

(2.2.9)

(2.2.10)

(2.2.11)

(2.2.12)

Finally, we note the fact that the Lie bracket of two vector fields in the same tangent plane

is also a vector field in that tangent plane. This implies in particular that, since X,Y, Z are

perpendicular to %, it follows that the Lie brackets [X, Y], [X, Z], [Y, Z] are also perpen-

dicular to %; in other words, we have
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So we apply (2.0.3) in order to obtain

|

VxY, —

0

Js

1 0 0

= Eg (Dyg (X,a) +Dxg (a,Y) —D%g(Y,X)

)l )

= Y|.Xx
ds ] )) (2.2.16)

- % (Dx(O) +Dx(0) - D%(O) —8 (O’ %) ~8(0.0)+5 (0, X))

1
=5(0-0-0-0-0+0)

=0.

Using the metric and torsion-free properties of the covariant derivative, we also obtain

g(VxY, X) = g([X,Y] + VyX, X)
=g(-Z+VyX,X)
=—g(Z,X) +g(VyX, X)
=-0+g(VyX,X)
=g(VyX, X)

= g(VyX, X)

| (2.2.17)
= 5 (8(VrX, X) +g(X, VrX))

1
= EDYg(X7X)

1 2
= —Dy(|X
SDr(XP)

- 1py?
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and

QXY ¥) = S (3(VaY. ) + (¥, V1))
= 2Dxg(Y,Y)

Dx () (2.2.18)

- _.0

1
2
1
2
0

Furthermore, by (2.2.17) we have

0=2g(VxY,X)
=Dxg(Y,X) - g(Y,VxX)
(2.2.19)
=0-g(Y,VxX)

=—-g(Y,VxX)
and

1
0= Eng(X, X)

- l(g(vxx, X) +g(X,VxX))

% (2.2.20)
= 5(8(VxX, X) + g(VxX, X)

= g(VxX, X).
Since X is nonzero, we conclude (2.2.4). O

Up to this point, we have not required the assumption given by (2.0.5). We will now
apply this assumption for the first time to our next lemma in order to further simplify our

expressions.
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Lemma 2.2.2. If ¢, ¢, € satisfy (2.0.5), then the covariant derivatives associated with the

SO(3)-invariant Riemannian metric g are

VY = —gz, (2.2.21)
VyZ = gx, (2.2.22)
VX = —gy, (2.2.23)
VyX = —gz, (2.2.24)
VY = %X, (2.2.25)
VxZ = gx (2.2.26)
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Proof. Using the Koszul formula again,

1
g(VxY,Z) = E(Dyg(X, Z)+Dxg(Z,Y) - Dzg(Y,X)

_g([Y’X]’Z) _g([X’Z]9Y)+g([Z’Y]’X))

= %(O+O_O_g([Y9X]’Z) _g([X’Z]9Y)+g([Z’Y]’X))

= %(_g(z, Z)-g(Y,Y) +g(X, X))

- %(—|Z|2— Y1>+1X1%)

=S (-E v

_ ¢ - w; -& (2.2.27)

_ (e’
2
_ PP +2p6+8%) - &
2

_ 2pf - 287
B 2
__2(p+8)
2
_ Xy
2
= —yé
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and

§(VYZ.X) = 3(D7g(Y. X) + Dyg(X,2) - Dxg(Z.)
_g([Z’Y]’X) —g([Y,X],Z) +g([X’Z]aY))
= %(0+0_O_g([Z’Y]’X) _g([YaX]’Z) +g([X’Z]’Y))

= (g%, %) - 4(Z.2) + g(¥. V)

2
1
= 5(—|X|2 —ZI*+1Y?)
1#2 _ gz _ (pz (2.2.28)
=
_ (p+&)? - &2 — ¢?
2
_ (P24 - - ¢
2
_ 298
2
= @&
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and

1
g(VzX,Y) = E(ng(Z, Y)+Dzg(Y,X) - Dyg(X,Z)

—g([X,Z],Y) _g([ZaY]’X)-i'g([Y’X]’Z))

= %(0+0_0_g([X’Z]’Y) _g([Z’Y]’X)-l_g([Y’X]’Z))

- ey —g(x. %) +5(2.2)

2
1
= 5(—|Y|2 — 1XI*+1Z]?)
é:Z _ "02 _ l//2
R R
_ &+ 90)(§2— @) —y? (2.2.29)
_Y(E—@) —y?
- 2
_Y((E-9)-¥)
2
_Y((E-9) - (p+8)
2
_Y(E-—p—p—=9§)
- 2
20y
2
= —(’01//

So we conclude that the covariant derivatives are

VxY = proj,(VxY)

Z\ Z
= VxY,—| —
g(" f)f

Z (2.2.30)
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and

VyZ = projyx(VyZ)

= —=X (2.2.31)

and

VzX = projy(VzX)

Y\Y
= VzX,—|—
g(z w)w

Y (2.2.32)

which are (2.2.21), (2.2.22), (2.2.23), respectively.
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We also obtain the remaining covariant derivatives

VyX = VxY+ [Y,X]

:—%Z+Z
&

= (—£ + 1) Z
&
_ (_g N éf) z (2.2.33)
Yy +¢&
&
_—erd)+¢,
&

Z

i

and

V.Y =VyZ+[Z,Y]

:§X+X

¥
= (i + 1) X
(2.2.34)
{69y
@
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and

VxZ =V;X + [X, Z]

= Zy+y
v

:(—f+1)y
Y
¢ ¥
=|-=+-|Y
(¢+w) (2.2.35)
_ ety
Y
_Tetletd),
Y

Y

Y,

¢
v

which are (2.2.24), (2.2.25), (2.2.26), respectively. O
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2.3 Second fundamental form on a hypersurface

In this section, will list one result that makes use of the second fundamental form of the

orbits SO(3)/SO(3)y(5) € M for all s € [0, L].

Corollary 2.3.1. The SO(3)-invariant Riemannian metrics g satisfies the second funda-

mental forms

(X, X) = ¢¢/, (2.3.1)
(Y, Y) = yy/, (2.3.2)
(Z,Z) = &€, (2.3.3)
I(X,Y) =0, (2.3.4)
(X,Z) =0, (2.3.5)
(Y, Z) = 0. (2.3.6)

Proof. The proofs of (2.3.1), (2.3.2), (2.3.3) are all analogous to each other. Without loss

of generality, we choose to only prove (2.3.1). We note

o o
v (a) - [X’ as

0
- |2 x
[&v’

+Vas X
ds

+ VﬁX
o (2.3.7)

=-0+Vs X
ds

=V X.

ads
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So we have
0
(X, X) = ¢ (vX (_) ,x)
ds
=8(Va X, X)
[0
@

’

=% (X, X) (2.3.8)

which is (2.3.1).
The proofs of (2.3.4), (2.3.5), (2.3.6) are all analogous to each other. Without loss of

generality, we choose to only prove (2.3.4). We have

I(X,Y) = g(V 4 X,Y)

[
@
_¥
= —g(X.,Y) (2.3.9)
®
-% .0
®
=0,
which is (2.3.4). O
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Chapter 3

Applications of Riemann and Ricci

curvatures

Let M be any four-dimensional Riemannian manifold equipped with the Riemannian metric
g, and let V be the Riemannian connection. We review the usual tensors from the literature
of Riemannian geometry that makes use of this connection. Throughout this chapter, we

let W, X, Y, Z be vector fields that are tangent to M.

Definition 3.0.1. The Riemannian curvature tensor is the (1, 3)-tensor defined by
R(X, Y)Z = vayz - Vyvxz - V[X7y]Z, (301)

where we recall that [X,Y] is the Lie bracket of X and Y and is defined by (1.2.2). The

metric g allows us to change the (1, 3)-tensor R into the (0, 4)-tensor given by
R(X,Y,Z, W) = g(R(X,Y)Z,W). (3.0.2)
According to Proposition 3.1.1 of [17], the Riemannian curvature tensor R(X,Y, Z, W)
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satisfies the following properties:

(1) R is skew-symmetric in the first two and last two entries:

R(X,Y,Z,W)=-R(Y,X,Z, W)

(3.0.3)
=R(Y,X,W,2Z).
(2) R is symmetric between the first two and last two entries:
R(X,Y,Z,W)=R(Z,W,X,Y). (3.0.4)
(3) R satisfies a cyclic permutation property called the first Bianchi identity:
R(X,Y,Z,W)+R(Z, X, Y, W)+ R(Y,Z,X,W) =0. (3.0.5)

Furthermore, if X, Y, Z are Killing fields on M, and if % denotes the radial field on M,

then we have the Jacobi equation

ViViX'f‘R(X,i)(a):O. (306)

Js ads as as

We can use the Jacobi equation here because any Killing field on a Riemannian manifold
restricted to a geodesic is also Jacobi field.
The following biquadratic forms are immediate consequences of the Riemannian cur-

vature tensor.

Definition 3.0.2. The unnormalized sectional curvature of the tangent plane span(X,Y) is
curv(X,Y) := R(X,Y,Y,X). (3.0.7)
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The normalized sectional curvature, or sectional curvature, of span(X,Y) is

curv(X,Y)
IXP2IY]? - g(X,Y)?
_ RX,Y.Y.,X)
XY -g(X, Y)Y

sec(X,Y) =

(3.0.8)

where | X| denotes the length of the Killing field and is defined by (1.2.1).

The last tensor we will need here will be central to the topic of Ricci flow, which we

will discuss in the context of our dissertation problem in Chapter 4.

Definition 3.0.3. For any point p € M, let T,M be the tangent space to M, and let
{e1,e2,e3,e4} € T,M be an orthonormal basis. Then the Ricci curvature is a contrac-

tion of R defined by

4
Ric(X,Y) = Z R(e;, XY, e)
i=1
4

= D 8(R(e, X)Y ;).
i=1

(3.0.9)

We remark that, for the metric g on S* that takes the form given by (1.0.8), our choice
. (9 XY Z
of an orthonormal basis of 7,$* for any p € §*is {£, S U g € T,S*.

Finally, we will also need to make use of the Normal Curvature Equation

R(X.,Y,Z,N) = —(Vx II)(Y, Z) + (Vy I)(X, Z), (3.0.10)

which is also printed in, for instance, Theorem 3.2.5 of [17].
For further details on this exposition, the interested reader can consult, for instance,
Chapter 3 of [17]. The remainder of this chapter will focus on our results that make use of

the Riemannian curvature tensor. Wherever possible, we will continue to apply (2.0.5) into
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our expressions in order to simplify them as much as we can. As we will see later on in this
chapter, (2.0.5) also ensures that the normal Riemannian curvatures of S* with the metric
we will construct are zero.

Finally, throughout Chapter 3, we assume that any metric g on S* is SO(3)-invariant.
In particular, as we have previously stated in Chapter 1, any metric g takes the form given
by (1.0.8), which allows us to express any curvature term as either zero or some expression

using the functions ¢, ¥, &.
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3.1 Riemannian curvatures of tangent planes generated

by basis vector fields

This section consists of a series of propositions that assert all the tangential, radial, and

mixed curvature terms for (S%, g).

Here, we will work with unnormalized radial and tangential sectional curvature terms,

as opposed to normalized ones, and refer them to just “radial sectional curvatures” and

“tangential sectional curvatures” for brevity.

Proposition 3.1.1. The radial sectional curvatures of (S*, g) are

ds
R (ﬁ

R(i

s’

0
RIZ
(as’

9X’X’

9
ds
0
Y,Y, —
77 0s

0

Z,7,—
ds

= —py”, (3.1.1)
——a (3.12)
3 (3.1.3)

Proof. The proofs of (3.1.1), (3.1.2), (3.1.3) are all analogous to each other. Without loss

of generality, we choose to only prove (3.1.1). Using the first covariant derivative (2.1.1),
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we obtain

_ (90”90 —2(50’)2 . (2’2)2) X

_ (90”90 —(¢)*+ (90’)2) X

S02
_ (,D”QO

X

95
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By (3.0.6) with i = 1 and (3.1.4), we obtain

R aXXi—RXiiX
os’ 7 B T ds’ s’

)

:g(—V%V%X,X)

S
I (3.1.5)
14
=-—¢(X, X)
Y
=-Exp
Y
_
¥
— _(pgo//,
which is (3.1.1). O
Proposition 3.1.2. The mixed radial sectional curvatures of (S*, g) are
0 0
R|—,X,Y,—| =0, 3.1.6
as os ( )
0 0
R|—.,X,Z, —|=0, 3.1.7
Js as ( )
0 0
R|=—,Y,X,—|=0, 3.1.8
os os ( )
0 0
R|=—,Y,Z,—| =0, 3.1.9
os os ( )
0 0
R|{—,Z,X,— | =0, 3.1.10
(65 Os ( )
0 0
R|—.,Z,Y,—|=0. 3.1.11
(8s Os ( )

Proof. The proofs of (3.1.6), (3.1.7), (3.1.8), (3.1.9), (3.1.10), (3.1.11) are all analogous to
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each other. Without loss of generality, we choose to only prove (3.1.6). We have

0 0
R{—.X,Y,—]=0 3.1.12
(6s 6s) ( )

for all distinct indices i, j = 1,2, 3. We can use (3.0.6) with i = 1 to obtain

8 ) a 0
R(&,X,Y,%)_R(X,a,aj)

efrfe ) (7))

14
2o

(3.1.13)

which is (3.1.6). O

Proposition 3.1.3. The tangential sectional curvatures of (S, g) that satisfies (2.0.5) are

R(X,Y,Y,X) = oy (2 — o'y), (3.1.14)
R(X,Z,Z,X) = &2+ g€, (3.1.15)
R(Y,Z,Z,Y) =y&(2 - y'&) (3.1.16)

for all distinct indices i, j, k = 1,2, 3.
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Proof. First, we will prove (3.1.14). We obtain

R(X,Y,Y,X) = g(R(X,Y)Y,X)
=g(VxVyY — VyVxY — Vix vV, X) (3.1.17)

=—g(VyVxY,X) —g(Vixx1Y, X) + g(VxVyY, X).

We will work with each of the terms in the final expression of (3.1.17) separately. We have

the intrinsic curvature terms

—-g(VyVxY,X) = —(Dy(Vxg(Y,X) — g(VyX, VxY))

= —(0-g(VyX,VxY))

=g(VyX,VxY)
@ v

—o(-27z Y7

g( R ) -

e "
3 &

- Sizp

_ Y

-5

=y
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and

-g(VixyY.X) = —-g(V_zY,X)
=-g(-VzY,X)
=g(VzY, X)

fon
(3.1.19)

as well as the Gaussian curvature term

g(VxVyY,X) = Dxg(VyY,X) — g(VyY,VxX)
=0-g(VyY,VxX)

=—g(VyY,VxX)

N P
=-g wwéh, 22ry

(8 8 (3.1.20)
=—¢ww$g(5;5ﬂ
2

— _ / Ii
= -y s

= —pp'yy’ - 12

= 'Yy,
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So our final expression is

R(X,Y,Y,X)=-g(VyVxY,X) - g(VixyY,X) +g(VxVyY, X)

= oy + oY — 'Yy’

(3.1.21)
=20y — @'Yy’
= SOlﬁ(z - SO/W),
which is (3.1.14).
Next, we will prove (3.1.15). We obtain
R(X,Z,Z,X) =g(R(X,Z2)Z,X)
=g(VxV2Z - V;VxZ - Vix 11 Z, X) (3.1.22)

=-g(VzVxZ,X) - g(Vix.21Z, X) +8(VxV2zZ, X).

We will work with each of the terms in the final expression of (3.1.22) separately. We have

the intrinsic curvature terms

-8(VzVxZ,X) = -(Dz(Vxg(Z,X) - g(VzX,VxZ))
=—(0-g(VzX,VxZ))

=g(VzX,VxZ)

0., &
=g (_EY’ JY) (3.1.23)

_ t%) [5)srm

= Flpz

= —¢p&
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and

-8(Vix,z21Z,X) = —g(VyZ, X)

=-g(VyZ, X)
e
2

—gg(X, X) (3.1.24)

¢
—2|X|?
@

&
= ——(p2
Y

= —¢¢,

as well as the Gaussian curvature term

g8(VxVzZ,X)=Dxg(VzZ,X) - g(VzZ,VxX)
=0-g(VzZ,VxX)

=-g(VzZ,VxX)
0 0
=-g (—§€ a5 PY as)

(o o (3.1.25)
=—ppéEg (%, g)
2

= —pp'sd’

ds
= —pp'¢ed 17

= —pp'ée’.
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So our final expression is

R(X,Z,Z,X) =-g(VyVxY,X) - g(Vixy¥, X) +g(VxVyY, X)

= —pé — pé — pP'EE’

(3.1.26)
= —2¢¢ — @p'¢E
=—pE(2+¢'E),
which is (3.1.15).
Next, we will prove (3.1.16). We obtain
RY,Z,Z,Y)=g(R(Y,Z2)Z,Y)
= g(VYsz — V2VyZ — V[y’z]Z,Y) (3127)

=—8(VZzWZ,Y) —g(Viy21Z,Y) + g(VyV2Z,Y).

We will work with each of the terms in the final expression of (3.1.27) separately. We have

the intrinsic curvature terms

-8(VzVyZ,Y) = —=(Dz(Vyg(Z,Y) — g(VzY,VyZ))
=—(0-g(VzY,VyZ))
=g(VzY,VyZ)

e
v @

(3.1.28)
= ﬂég(X, X)
o

ye
= —2|X|2

_ Y€ 5
=5
=y¢&
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and

-8(Viy212,Y) = —g(VyZ,Y)
=-g(V_xZ,Y)
=-g(-VxZ,Y)

=g(VxZ,Y)

_ (£
=8 (JY’ Y) (3.129)

£
=2o(Y,Y
lpg( )

=Sy
v

R
_wl//

=ye,

as well as the Gaussian curvature term

g(VyVzZ,Y) = Dyg(VzZ,Y) - g(VzZ,VyY)
=0-g(VzZ,VyY)
=—-g(VzZ,VyY)

0
=-g (‘ff’a—’ —yy’
S
(3.1.30)

9
os
o [0 0

=—yy'éEg (a, a)
512

Os
= —yy'ée - 1P
= —Yy'EE

= —yy'ee
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So our final expression is

R(Y,Z,Z,Y) = —g(VzVyZ,Y) — g(Viy 1 Z.Y) + g(VyV2Z,Y)
=yE+yE —yYyY'ed
=2p¢ —yy'eE
=yéQ2-yY'E),

(3.1.31)

which is (3.1.16). O

Proposition 3.1.4. If g satisfies (2.0.5), then the mixed tangential sectional curvatures of

(S4,g) are

R(X,Y,Z,W) =0, (3.1.32)
R(Y,Z,X,W) =0, (3.1.33)
R(Z,X,Y,W) =0, (3.1.34)
R(X,Z,Y,W) =0, (3.1.35)
R(Y,X,Z,W) =0, (3.1.36)
R(Z,Y,X,W) =0. (3.1.37)

Proof. The proofs of (3.1.32), (3.1.33), (3.1.34) are all analogous to each other. Without
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loss of generality, we choose to only prove (3.1.32). We have the (1, 3)-tensor

R(X,Y)Z = VxVyZ - VyVxZ - Vixy|Z

_ vy (éx) _vy (éy) v,z
@ v

= éVx)( - EVYY+ \Y4
® ¥
_E(_ 9N & 0\ .0
)£ o)t
L L R
= Sﬂfas lﬁ‘fas ffas
/ ’ a /8
= (Y - A (3.1.38)
= (o + (o)) e L
=(-¢ +(p+¢& fas ffas
/ / ’ a /a
= (—¢ + (¢ +§))§£—§§%
,. 0 , 0
:ffa—ffa

’ / a
= (5 -85

So we conclude

R(X,Y,Z, W) =g(R(X,Y)Z,W)
= (0, W) (3.1.39)

=0,

which is (3.1.32).
The proofs of (3.1.35), (3.1.36), (3.1.37) are all analogous to each other. Without loss

of generality, we choose to only prove (3.1.35). We can invoke the first Bianchi identity,
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which we have written as (3.0.5), in order to write a shorter proof using only (3.1.32) and

(3.1.33). Indeed, by applying (3.0.5), we obtain

R(Z,X,Y,W) = (R(X,Y,Z,W) +R(Y,Z,X,W) + R(Z, X,Y,W))

~R(X,Y,Z,W)-R(Y,Z,X,W)

=(0)-0-0

=0,

which is (3.1.35).

(3.1.40)

O

We will also see that (2.0.5) is not only good for simplifying many expressions but also

it leads to zero normal sectional curvature.

Proposition 3.1.5. If g satisfies (2.0.5), then the mixed radial and tangential sectional

curvatures of (S*, g) are

0
R\Y,Z X, —
s

RZXY(9
,9’6S

(3.1.41)

(3.1.42)

(3.1.43)

(3.1.44)

(3.1.45)

(3.1.46)

Proof. The proofs of (3.1.41), (3.1.42), (3.1.43) are all analogous to each other. Without

loss of generality, we choose to only prove (3.1.41). Since we assume (2.0.5), the expres-
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sions given by (2.2.21) for VxY and by (2.2.24) for Vy X apply here. We have

—(VxID(Y, X) = —(Vx(Il(Y, X)) - (VxY, X) - TI(Y, V¥ X))

= —Vx(0) + II(VyY, X) + II(Y, Vx X)

=1 (—gz, X) +11I (Y, —W'i)

os (3.1.47)
__g B 90(,0/ i L.
- fH(Z,X) % II(Y, ar)
_ Voo
3 g2
=0

and

(Vy ID(X, X) = Vy(II(X, X)) — II(Vy X, X) — II(X, Vy X)
= Vy(p¢') - 21(Vy X, X)

=021 (—gz, X)
5 (3.1.48)
- ?9"11(2, X)

2
_2%

3
=0.

We substitute (3.1.47) and (3.1.48) into (3.0.10) in order to conclude

s
=0+0 (3.1.49)

R (X Y, X, ﬁ) = —(VxID) (Y, X) + (Vy ID(X, X)

=0,

which is (3.1.41).
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Next, we will prove (3.1.44). By applying (3.0.10) to the radial vector field % and the

Killing fields X, Y, Z, we have
0
RI|X,Y,Z, P =—(VxID)(Y,Z) + (VyI)(X, Z).
S

So we obtain

—(Vx (Y, Z) = —(Vx(IL(Y, Z)) - I[(VxY, Z) - II(Y, VxZ))

= —Vx(0) + 11 (VyY, Z) + 1I(Y, Vx Z)

=-0+1I (—%Z,Z) +1I (Y, éY)
& 1

" ¢

- Ymz,zy+ S,y
FU(Z.2)+ S 0.Y)

_ Ve £

=Ty

Sy

wy'

and

(VyI)(X, Z) = Vy(I(X, Z)) - I(Vy X, Z) - II(X, VyZ)
= Vy(0) —1I (—éz, z) ~1I (X, éX)

0
—0- (—f) (Z.Z) - S 1(x. X)
& ¢

_ 1z - L x. x)
& "2
_ B E

= §§§ - EW

=@’ - ¢
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(3.1.52)



So our final expression is

R (X, Y,Z, %) = —(VxID)(Y, Z) + (Vy ) (X, Z)

= (Y& +y'8) + (&' — ¢'€)

=W -¢)E+ (e -¥)¢

= (g +&) =@+ (9= (p+E)E (:1.33)
= (¢ +& - ¢)s - &8

=&é-¢&¢

=0,

which is (3.1.44).
Next, we will prove (3.1.45). By applying (3.0.10) to the radial vector field % and the

Killing fields X, Y, Z, we have
0
R (Y, Z, X, 0_) =—(VyID)(Z,X) + (V1) (Y, X). (3.1.54)
Ky

So we obtain

—(VyI)(Z, X) = —(Vy(II(Z, X)) = I(VyZ, X) - 1I(Z, Vy X))
= —Vy(O) +1I (VyZ, X) + H(Z, VYX)
= 0+1I (ix, X) +10 (z, —fz)
¢ '3
_ S x) - 2(z.2)
@ &

RV
—‘psw fff

= @'t — ¢’

(3.1.55)
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and

(V2 I)(Y, X) = V,(IL(Y, X)) — [I(V,Y, X) — [I(Y, V,X)
= V,(0) -1l (%x, X) 1 (Y, —fy)
¢ v

—o-Yux.x) - (—f) (Y, Y)
¢ v

- _%H(X, x)+ Z11(y,v)
7 v

Yo, e,
= ¢9090+ww

=Y+ oy’

(3.1.56)

So our final expression is

R (Y, Z. X, %) = —(VyII)(Z,X) + (V2 I)(Y, X)

= (& — &) + (¢ + o¥)

= (- +8¢ + ey - &)

= (~(e+& +O¢ +o((p+8) = &) 3.1.57)
= (- -+ +o(¢'+& - ¢)

= —p¢ + ¢y’

=0,

which is (3.1.45).
Finally, we will prove (3.1.46). While we can certainly prove (3.1.46) in a similar way
that we did for (3.1.44) and (3.1.45), we do not need to do so. Instead, we can invoke the

first Bianchi identity, which we have written as (3.0.5), in order to write a shorter proof

using only (3.1.44) and (3.1.45). Indeed, by applying (3.0.5) to the radial vector field %

110



and the Killing fields X, Y, Z, we have

0. (3.1.58)

0 0 0
RIX,Y,Z, —|+R|Z,X,Y, —|+R\Y.Z,X, —
(”’as)+(”,as)+(,”as)

So we obtain
RZXYi—RXYZi+RYZX£+RZXYi
’7’as_ ’a5as 577as ,”0,5‘

0 0
-R X,Y,Z,a— -R\|\Y,Z, X, —

s ds (3.1.59)

=(0)-0-0

b

which is (3.1.46). O
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3.2 Riemannian curvatures of all tangent planes

In this section, we will apply our expressions of Riemannian curvatures from the previous
section in order to obtain a convenient formula for the Riemannian curvature of any tangent
plane of S*, provided that we assume sufficient conditions.

We begin this section with a lemma.

Lemma 3.2.1 (Span Lemma). For any plane o that is tangent to S*, there exist g(t)-
perpendicular vector fields V,W that are tangent to the orbit of SO(3)/SO(3),s) for all
s € [0, V3] and satisfy o = span(% +V,W).

Proof. Since the interior orbits SO(3)/SO(3),(,) € M for all r € (0, L) have codimension

1, every tangent plane of SO(3)/SO(3),s) must take the form

0 0 0 0 0
span ($+V,AE+W) = span (E+V, (A£+W) —A($+V))

5 (3.2.1)
= span (— +V,W- /lV)
as
for all scalars A € R \ {0}. Furthermore, it will be convenient for us to define
Wi=Ww-2av, (3.2.2)
which allows us to write (3.2.3) as
0 0 0
span (6_ + V,/la— + W) = span (6_ +V,W-—- /lV)
s r s
(3.2.3)

0 -
= span (— +V, W)
s

for all 4 € R\ {0}. Notice that, since V, W are tangent to SO(3)/SO(3),s), it follows

that W is also tangent to SO(3)/ SO(3),(5)» which implies in particular that W and % are
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g(t)-perpendicular to each other. Also notice that the first equality of (3.2.3),

0 0 0 0 0
span (a + V,/la + W) = span (a +V, (/la + W) -A (a + V)) , (3.2.4)

exemplifies a general rule from linear algebra: for any nonzero scalar 2 € R\ {0} and for

any vectors u1, u; that span an entire vector space, we have

span(uy, uz) = span(uy, uy — duz). (3.2.5)

Indeed, (3.2.5) holds because we can write the elements of the two sets span(u, uy) and
span(uy,u; — Auy) as
2 2
My + pouy = (,Ul + ﬂ—) ujp — %(ul — Aup),

A (3.2.6)

piuy + po(uy — Aug) = (p1 + po)uy — Apour

for all scalars u, u> € R.
We will now decompose the vector field W into its components that are tangent to and

perpendicular to V, writing
W= WY W, (3.2.7)

where WV is the tangential component of W in the direction of V and W+ is the component
of W that is perpendicular to WY In particular for the tangential component of W, we can

write

I = 14

Following the Gram—Schmidt process of constructing an orthonormal basis, as well as
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invoking our above result and the same general rule from linear algebra, we have

0 0 0 -
span | —+V, A—+W]|=span| —+V,W

ds or 0s
3 0 g(V.W) . -
= span s +V - WP w, W) (3.2.9)

0 ~ -
= span —+V,W),
s
where we define

N W) .
V;:V—gj“;;P ). (3.2.10)

Finally, we have

0 ~ - 0 . .
gl=—+V,Wl=g|—,W|+g(V,W)
ads Jds

= (V. W) - g(l“;;";’)g(w, W) (2.11)

:g(V’W) _g(V’W)

-0,

meaning that % +V and W are g(¢)-perpendicular to each other, finishing the proof. O

The next proposition will provide us a convenient formula of the Riemannian curvature
of any tangent plane of S*, provided that we assume that the normal Riemannian curvatures

are zZero.

Proposition 3.2.2 (Multilinearity of the Riemannian curvature tensor). Let {%, X,Y,Z}
be basis of the vector field V for (S*,g), where g takes the form given by (1.0.8). Also

assume the zero normal sectional curvature condition (2.0.5). Denote by A; = |X;| to be

114



the lengths of the Killing fields X; fori = 1,2,3, where X1 := X, X, :=Y,X3 := Z. Then

the unnormalized sectional curvature of o = span(% +V, W) on (8% g) is

9 (W’)2 9
R|— Xi, Xis —
ot VWL W, o ) Z ( as)

Z (V) (Wj) — " R(X. X, Xj, W).

l¢j

Proof. According to Proposition 3.1.1 in [17], the (0, 4)-tensor is skew-symmetric in the
first two and last two entries and symmetric between the first two and last two entries.

Applying said properties, we obtain

0 0
RIVW.W. =—|=RIW.=—.V.W
( ’ s s 9S) ( s 9S’ s )

0
=—R (_, W,V, W) (3.2.13)
os

=R iWWV
- as7 ’ ’ .
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Consequently, we can use the multilinearity of the (0, 4)-tensor to obtain

R£+VWW£+V =R i+VWWi +R£+VWWV
os U Os T\ os U Os 0s Y

0 0 0
—R(&,W,W,a)'l‘R(V,W,W,a)

+R (;W W, V) +R(V,W,W,V)
s

) ) 8
- 9 9 (3.2.14)
R(aS,W,W, as)+R(V,W,W, as)

9
+R (v, W, W, a_) +R(V,W,W,V)
S

=R iWWi +2R VWWi
- 0S, s ’as ’ ’ ’65
+R(V,W,W,V).

Consider the indices i, j, k,l = 1,2,3, which are not necessarily distinct. For all scalars
v vZ v3, Wl W2 W3 e R such that at least one of V' and at least one of W' are nonzero

for somei =1, 2,3, we can write

3
X,
Viy(r) =) VT, (3.2.15)
i=1 !
3
X,
Wiy(r.n) =y Wo (3.2.16)
i=1 !
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We apply Proposition 3.1.2 to obtain

(3.2.17)
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We apply Proposition 3.1.4 to obtain

R(V,W,W,V) =R 2:‘” }: J 25

3 v”wuvvkv’

= ——— 5 R(Xi, X, Xk, X1)

i.j.k1=1 AidjAx Ay

_ i (V)2 (W9)?

R(X;, X;, X;, W)
242 H ] J°
/ll./lj

3 . .
(V)>(W/)?
= E " L R(X:, X, X, W)
292 1y ] J?
/li/lj

23: Vi(Wj)ZWk'O
ij k=1 /L'/l?/lk
i#j#k#i
_ i (V)2(Wi)>

A
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R(X:, X, Xj, W).

(3.2.18)



We apply Proposition 3.1.5 to obtain

0 Xk O
RV, W, W, = Vl W] _—,
v )= v dw i Y 4
2 k
VIWIW 0
- WR(Xf’Xf’Xk’a—)
ijk=1 Ik S
3 N ;
VH-w/ 0
=> %R (Xl-,X,-,Xi, a_)
ij=1 ;4 §
i#j
3 V(W2 d
+ Z WR (XI,X],X], a)
i,j=1 J
it
3 W wk
VIWIW 0
T R (Xi, X;, X, —)
i jE=1 /li/lj/lk s
i%)j ki
VRWS 5 VIW)?
_Z( 2 Z ( 2) 0
22, L
7J_ ]
z;tj i#j
. 3 viwiwk
g i
i#j ki
=0.
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So we conclude

0 0 0 0 0
R_+VWW0s +V|=R WW(9 +2R (V. W, W, —

as os’ a5
+R(V,W,W,V)
3 .
(W (8 )
= R|—=. X, Xi, 2(0
; /ll.z s’ s +2(0)
(V)2 (w/)?
" Z g R X X5 W) (3.2.20)
ij=1 ity
i#]

3 .
(W2 (8 0
_Z /112 R aS’Xl’Xl, aS

3 i i
Ui U

R(X;, X, X;, W)
292 B ] ] >
20

which is (3.2.12). O

We will eventually apply Lemma 3.2.1 and Proposition 3.2.2 to our proof of Proposition

5.2.3 in Chapter 5.
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3.3 Ricci curvatures of tangent planes generated by basis

vector fields

We will use the formulas associated with the Riemannian curvature tensor in the previous

sections of this chapter in order to obtain formulas associated with the Ricci tensor.

Proposition 3.3.1. The Ricci curvatures of S* with any SO(3)-invariant metric g are

Y R N (A A 44
Ric (&,&) = ((,0 + v + f ), (3.3.1)
Ric(X, X) = —¢ (90" + 2"”++;W) . (3.3.2)

Proof. First, we will prove (3.3.1) and (3.3.9). We have

.(a a) (a o 0 6) (a X X a)
Ric =R +R|—,—, —, —
Os ¢ ¢

ds’ ds ds’ s’ ds’ ds s ds
0 YY o 0 Z Z 0
R YRR R YRR
(Gs /38 8s)+ (8s &€ (')s)
0 0 0 0 1 0 0
‘R(%E’%E)J’ER(%’X’XE)
1 0 0 1 0 0
—R|=—.Y,Y, —|+=R|—.2,Z, — 3.33
+¢/2 (6s’ T ds +§2 (6s’ ' ’Gs) 633
O_ ¢‘p// B ww’/ B ff//
>yt £
_ v
¢ ¥ ¢
:_(¢_+¢/f_+f_),
¢ ¥ ¢

which is (3.3.1).
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Next, we will prove (3.3.2). We have

R Xiix =R QXXE
"0s s’ T \asT T Bs

(3.34)

’”

=Tpe .

By the antisymmetry of the Riemannian curvature tensor, we obtain
X X R(X,X,X,X)
R(X,— — X]|=——7F5—
vy ¥
= — (3.3.5)

and

( Y Y ) R(X,Y,Y,X)
R(X, = = x|=—"—2
' Y2
_ e (2-¢'Y)
=
_ 92 -y
v

(3.3.6)

and

R(X,Z,Z,X)
5:2
—pEQ2+¢'E)
__p@+¢'E)

7 .

[ 25
R(X.Z.=.X|=
£ ¢
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So the Ricci curvature is

. 0 X X
Ric(X,X)=R|X,—, — X|+R (X, 2,2, X
s 0s @

d ¢
( Y Y ) ( Z Z )
+R(X, =, = X|+R(X, 2,2, X
Yoy 3

(3.3.8)

o+ 20 -8  SWe+ wg'))
wé S

"0//+ 2((904'6) _‘f) + QD’(lﬂf)/)
wé S

2, w’(wf)’)

123 wé

, o 20+ w’(wf)’)

¢+ ],

wE

=—pl¢"+

which is (3.3.2). O

It is possible to obtain the expressions of the Ricci curvatures Ric(Y,Y) and Ric(Z, Z)
as well, but it turns out that they are not necessary for this dissertation. So we did not

include them in the statement of Proposition 3.3.1.
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Proposition 3.3.2. The mixed Ricci curvatures of S* with any SO(3)-invariant metric g are

0
Ric (—, X]=0, (3.3.9)
os
[0
Ric (—, Y|=0, (3.3.10)
os
(0
Ric (—, Z| =0, (3.3.11)
ds
Ric(X,Y) =0, (3.3.12)
Ric(X,Z) =0, (3.3.13)
Ric(Y,Z) = 0. (3.3.14)

Proof. The proofs of (3.3.9), (3.3.10), (3.3.11) are all analogous to each other. Without

loss of generality, we choose to only prove (3.3.9). We have

Rie[ 2L x| =r(ZL. 2 9 x)+r(2L X X x
as’" ) T \as as’ ds’ s’ ¢ ¢’
+R i9Z,Z9XI. +R Q’E’E’X
os Yy ¥ os & &
1
:R(E,E,E,X ——ZR(X,X, 2)
aS as as QD as (3.3.15)
1 0 1 0
- —R|Y,X,Y,—|-=R|Z,X,Z, —
ot rer. ) - e[ )
0 0 O
:0+_2+W+?
¥

which is (3.3.9).

The proofs of (3.3.12), (3.3.13), (3.3.14) are all analogous to each other. Without loss
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of generality, we choose to only prove (3.3.12). We have

) 0 0 X X
Ric(X,Y)=R|X,—, —,Y|+R[X, =, 2Y
ds ds @
Z Z
+R(X,—,—,Y)+R(X,—,—,Y)
& ¢
R(X,X,X,Y
:R(Q,X,Y,£)+—( ’ 2’ .Y)
ds ds ¢ (3.3.16)
R(X,Y,Y,Y) R(X,Z,Z)Y)
+ lﬂz + gz
0 0 0
:0+—2+—2+—2
¥ '3
=0,
which is (3.3.12). O

We acknowledge that there are nonzero expressions for Ric(Y,Y) and Ric(Z, Z) as
well, but we do not need to print them in this dissertation because we do not need to use
them anywhere in our entire argument for Theorem 1.0.3. Nonetheless, we remark that
the expressions of ;, ¢, ¥, & together form a nonlinear system of four partial differential

equations. Furthermore, due to the symmetry of the Ricci tensor, (3.3.12), (3.3.13), (3.3.14)

imply

Ric(Y, X) =0, (3.3.17)
Ric(Z, X) = 0, (3.3.18)
Ric(Z,Y) =0, (3.3.19)

respectively. In any case, we have enough information from Proposition 3.3.1 and Propo-

sition 3.3.2 and our remark to conclude that the Ricci tensor is g(#)-orthogonal.
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Chapter 4

Applications of Ricci flow

We will discuss Ricci flow in this chapter. As usual, let M be a Riemannian manifold, and

recall that Ric is the (0, 2)-Ricci tensor.

Definition 4.0.1. Let I C R be a time interval. For any one-parameter family of metrics

g(t) on M, the Ricci flow equation is
0 .
—g(t) = -2 Ric(-, 1) (4.0.1)
ot
forallt € 1. Furthermore, g(t) is called the Ricci flow if it satisfies the Ricci flow equation,
or (4.0.1).
We state a proposition concerning Ricci flow and isometries.

Proposition 4.0.2. The Ricci flow g(t) preserves isometries.

Proof. Let My, M; be two Riemannian manifolds with their respective families of metrics
g1(t), g2(1) that evolve by Ricci flow on M, M, respectively. Let ¢ : My — M, is an

isometry for the initial metric, and let ¢* be the pullback of ¢. As a consequence of (4.0.1),
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we have

N

5,0 82()=0¢ (agz(l))
= ¢*(—2Ricy,(s)) (4.0.2)

= —2¢" Ricg, (1)

= —2Ricyg, (1)

which signifies that ¢*g>(7) also evolves by Ricci flow on M. But the uniqueness of Ricci

flow implies

g1(t) = ¢*ga(1). (4.0.3)

So we conclude that ¢ is an isometry for g;(¢). O

For further information about the Ricci flow equation and Ricci flow in general, the
interested reader can consult, for instance, Chapter 2 of [6]. In this chapter, we will fo-
cus particularly on the Ricci flow whose initial metric is the usual SO(3)-invariant metric
g(0) =¢g.

Karsten Grove and Wolfgang Ziller established in [9] that there exist nonnegatively
curved SO (3)-invariant metrics on S* and CP?. Furthermore, Renato Bettiol and Anusha
Krishnan showed in [2] that these metrics are diagonal; that is, along the geodesic vy, we

can write

g(0) = £(r,0)%dr* + ¢(r,0)%dx* + y(r,0)*dy* + £(r, 0)%dz?, (4.0.4)
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where £, p, ¢, & 1 [0, L] X [0, 00) — R are defined by

)= | )| @05
o(r.0) = X (), @056)
b1 =V, @0)
£1) = |2Gy(r, )] @08)

9 XY Z
ar,(p’d”f

Proposition 4.0.2 that Ricci flow preserves isometries, it follows by the above lemma of

As g(0) is diagonal, the frame { } is g(0)-orthonormal. Since we established in

Bettiol and Krishnan that the frame {%, %, 5 %} is also g(z)-orthonormal for all ¢ > 0. In

other words, the metric takes the form
g(t) =¢(r, t)za’r2 + p(r, t)zdx2 +y(r, t)zdy2 + &(r, t)2dz2 (4.0.9)

along the geodesic y. This diagonal form allows us to obtain further results in this chapter.
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4.1 Relationship between distance functions and general
functions

Consider any family of SO(3)-invariant metrics g(¢) on S* that satisfies (4.0.1). The partial

differential equations

(%) = —2Ric (% %) : 4.1.1)
(¢?)r = —2Ric(X, X), (4.1.2)
(¥?); = —2Ric(Y,Y), (4.1.3)
(&), = -2Ric(Z,2) (4.1.4)

are a direct consequence of (4.0.9).

We recall that s denotes the distance from the singular orbits SO(3)/SO(3),9) and
SO3)/ SO(S)V( v3)- Although Ricci flow preserves symmetries, it does not preserve dis-
tance functions unless their gradients are directions of zero Ricci curvature. Following [2],
we will set r = s for the distance to the singular orbits for the initial metric g. As a result,

we have

0
s =1, (4.1.5)
Slg(0)
0
'a— = g(r,t), (416)
Mg ()
the latter of which we typically reserve for
0
o # 1. 4.1.7)
Mg
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Lemma 4.1.1. Let { : R X (0,00) — R be a smooth function, and we define the radial

vector field

0 0
E = g(l’,l)a. (418)

Let ¢ : M — R be a smooth function, and we define its derivatives

¢r(r.1) := D 2 ¢(r,1), (4.1.9)
¢rr(r,1) =D 2 D 2 ¢(r,1), (4.1.10)
¢'(s) =D 2(s), (4.1.11)
¢"(s) =D oD 4 (s). (4.1.12)

Then the first and second derivatives of ¢ with respect to s are

ooy Pr(rs)
¢'(s) = 20 (4.1.13)
” _ g(r’t)¢rr(r,t)_gr(r’t)(ﬁr(rat)
¢"(s) = ) : (4.1.14)
Proof. First, we have, for all (r,7) € R X [0, ) and s € R,
0 0
=]
0
= 1¢ (1) ‘a—‘
$ (4.1.15)
=(r,t)-1
= g(r’ l)’
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thereby establishing (4.1.6). We also obtain, for all (r,7) € R X [0, ) and s € R,

#(s5) =D 3 6(5)

=D 1 s¢(r,t)

Z(r,t) Or
Dai(]ﬁ(r, l‘)
G
_4,(n1)
{(r,0)°

which is (4.1.13), and

¢'(s) =D aDsg(s)

=D_1 o¢'(s)

Z(r.0) or

1 ,
GO A

O o (1 1)
S lE ( Z(r1) )

1 g(”’t)D%‘lSr(’”’t)_¢r(r,t)D%é/(’”’t)

() £(r 1)
_ {(I‘, t)¢rr(r’ t) B {r(r’ t)¢r(r’ t)
- £(r,1)3

)

which is (4.1.14).

(4.1.16)

(4.1.17)

O

By applying Lemma 4.1.1 to our expressions of the Ricci tensor for any SO(3)-invariant

cohomogeneity one metric g from Section 3.3, we can obtain expressions of the Ricci tensor

for any family of SO(3)-invariant metrics g(#) that is a Ricci flow.

Proposition 4.1.2. The Ricci curvatures of S* with any family of SO(3)-invariant metrics
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g(1) on S* that satisfies (4.0.1) are

(9 9N _ (e W &) (e W &
Re(grgp) - (B 5 ) £ (S0 ) e
{Prr — Lrr 2§Z‘P + @, (Yé),
Ric(X,X) = —¢ ( I + 20E ) . (4.1.19)

Proof. We apply (3.3.1) and (4.1.8) in order to obtain

. [0 O . o 0
Ric (E, E) = Ric ({a,{a)
0 0

= ’Ric|[—, =

=< IC(GS as)

) v, £
_é(so v f)

— _52 (§90rr - gr‘pr _ gwrr _grwr _ gfrr _grfr)
e Sy 3¢
_ ((‘Prr _gr‘pr _ ‘:l//rr - {rwr _ gé:rr - {rgr)
4 1Y 43

I ]
v ¥ & \e ¥ &

(4.1.20)

which is (4.1.18). Likewise, we apply (3.3.2) and (4.1.8) in order to obtain

RiC(X, X) =—@ ((’0/ + M)

23
rr — bri¥r 2"0+ (wf)
_ _gp(“" {34 ¢ wf (4.1.21)

(§¢rr —{rer + 2§2QD + ‘Pr('ﬁf)r)
g3 Pyé ,

=-¢

which is (4.1.19). O

Proposition 4.1.3. The mixed Ricci curvatures of S* with any family of SO(3)-invariant
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metrics g(t) on S* that satisfies (4.0.1) are

Ric (i, X]=0, 4.1.22)
or
(0

Ric (—, Y] =0, (4.1.23)
or
)

Ric (—, Z|=0. (4.1.24)
or

Proof. The proofs of (4.1.22), (4.1.23), (4.1.24) are all analogous to each other. Without

loss of generality, we choose to only prove (4.1.22). We have

. [0 . 0
Ric (E,X) = Ric ((a,X)

= [(Ric (2, X)
ds (4.1.25)
=70
=0,
which is (4.1.22). O

Proposition 4.1.4. The tangential sectional curvatures of S* with any family of SO(3)-

invariant metrics g(t) on S* that satisfies (4.0.1) are

R(X,Y.Y,X) = o (2 - "02‘5”) : (4.1.26)
R(X,Z,Z,X) = —¢& (2 + ‘ng’) , 4.1.27)
R(Y,Z,Z,Y) = yé (2 - ‘[’;) . (4.1.28)
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Proof. We apply (3.1.14), in order to obtain

R(X’ Y’ Y’ X) = ‘10'1[’(2 - SO’IV)

er
= 2———
W( z 4)
“e )
and
R(X’ Z’ Z’ X) = _¢§(2+ Qo,é:,)
or&r
= — 2 _—
"”5( i 4)
-+ )
and

R(Y’ Z, Za Y) = t//é:(2 - Wf,)

l//ré‘r
gl - e
‘”5( i 4)
wré:r)

{2

:wg(z_

which are (4.1.26), (4.1.27), (4.1.28), respectively.
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4.2 Evolution of sectional curvature through a Ricci flow

By applying our results for the Ricci tensor in the previous section to (4.0.1), we obtain a
nonlinear system of four partial differential equations, which are (4.2.1), (4.2.2), (4.2.5),

(4.2.6) below.

Proposition 4.2.1. For any family of SO(3)-invariant metrics g(t) on S* that satisfies

(4.0.1), the lengths of the Killing fields X,Y, Z satisfy

(prr wrr frr é/r l/’r fr
= - = —+ =], 4.2.1
2 4(90 v 6) 52( +¢+§) @20
2
0 = Lorr — Crr +2§ Q0+Q0r('ﬁ§)r_ 4.2.2)

IS Pyé
Proof. First, we will prove (4.2.1). Using Ricci flow equation (4.0.1) and (3.3.1), we obtain

_ 284
& = 2

_ (&)

(4.2.3)

:_l(_(‘prr lprr é‘i)+é(ﬂ+ﬂ+é))
¢ v ¥ & \e ¥ &
) g (e,
o ¥ &) 2\e y €&

which is (4.2.1).

135



Next, we will prove (4.2.2). Using Ricci flow equation (4.0.1) and (3.3.2), we obtain

_ 2¢
®r = Z
(‘:02)t
2¢
_ —2Ric(X, X)
| 2¢ 4.2.4)
= ——Ric(X, X)
"
1 (_ ({%r —Lror 2070+ wr(wf)r))
= 4 3 + 2
¢ g {yé
_ Lo — $rpr + 24290 + @ (Yé),
£ F2yé ’
which is (4.2.2). O

We remark that, by cyclically permuting the functions ¢, ¢, ¢ in (4.2.2), we also obtain

_ SYrr — Gy + 2§2¢ =¥ (@),

t s 425
v IS g€ (#:22)
(& — GEr 20%6 = & (),
;= . 42.6
¢ 2T Coy (4:2:0)

Nonetheless, we will only need to use (4.2.2) in the argument of our dissertation, which
is why we did not also list (4.2.5) and (4.2.6) as assertions in the statement of Proposition

4.2.1.

We will print the following corollary of the preceding proposition.

Corollary 4.2.2. If we also assume { = 1, then (4.2.1) and (4.2.2) reduce to

{t—&_kh_kél

= , 4.2.7)
¢ ¥ &
2 r r
$r = @rr + A ALV ! f;;wg) . 4.2.8)

136



In particular, if ¢, ¥, & have zero second deriavtives (that is, ¢, = 0,¥,, = 0,&,. = 0), then

(4.2.7) and (4.2.8) further reduce to

5 =0, (4.2.9)

_ 20+ o (Y8), 4.2.10)

Proof. We substitute ¢ = 1 into (4.2.1) to obtain

{ — (Qorr $rr @)_ {r
T\ T w €

— (QOVV l/’rr éi)__r (10}" ﬁ_l_éi)

A2 B T 4.2.11)
_ W, &_2(&+ﬂ+é)

® v E 1P\ y €

:&4_&4_@’
v ¥ &

which is (4.2.7). Furthermore, if we assume ¢,, = 0,¢,, = 0, &, = 0, then we have

(prr l/’rr é:rr
= P arr 42.12
4 ¢-F¢ +§ ( )
0 Y 4.2.13)
¢ ¥ ¢
_ Y (4.2.14)
/<

which is (4.2.9).
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Likewise, we substitute £ = 1 into (4.2.2) to obtain

— §¢rr - {rﬁor + 2§2Q0 + Qor(wé:)r
;3 {2ypé

_ el =0pr 2 1g+4,(yé), (4.2.15)
13 12y ¢

L2t el
72

2

- rr

which is (4.2.8). Furthermore, if we assume ¢, = 0, then we have

%:&Jr@pﬁ

¢ ¥ &
0 '/’rr frr
= — — 4.2.16
¥ ¥ 1/ ¥ & ( )
— l//rr + &’
v '3
which is (4.2.10). O

This corollary is particularly useful for some neighborhood of $* with the linearized

metric g given by

g =ds’+ @ dx* +y? dy* + &2 d7P, (4.2.17)

where we define @, ¢, & : [0,5] — R by

@(s) = 2s, (4.2.18)
U(s) = V3+s, 4.2.19)
£(s) == V3-s. (4.2.20)

Indeed, @, ¢, € all have zero second derivatives, and £ = 1 satisfies = 1. So, according to

the corollary, we may use (4.2.9) and (4.2.10) for the metrics go, go, °§, gz on S4.
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4.3 Sectional curvatures for Ricci flow and one of their
temporal derivatives

Here, we note that the expressions of Riemannian curvature now depend explicitly on r and

t, but we do not write the independent variables in order to keep our notation simple.

Proposition 4.3.1. The radial sectional curvatures associated with any family of SO(3)-

invariant Riemannian metrics g(t) that satisfies (4.0.1) are

0 0 _ o(Lror —Lorr)
R(E’X’X’E = 7 , 4.3.1)
0 0 _ W(gr‘/’r_gl/’rr)
R (E, Y,Y, ar ] 7 , (4.3.2)
0 0 _ f(grfr_évfrr)
R (E,Z, Z,E = —§ . (4.3.3)
Also, the first temporal partial derivative of (4.3.1) is
9 9 9 \\ _ ¢(&ror — Lorr)
g (R[5 57 = 242
+ QD(QVrt‘Pr + évr‘;orlg_ {t‘Prr - éVSOrrt) (434)
_ el (&rpr = Lorr)

{2
where ¢, @rrs are respectively the first and second spatial partial derivatives of ¢;, whose

expression is given by (4.2.2).

Proof. The proofs of (4.3.1), (4.3.2), (4.3.3) are all analogous to each other. Without loss
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of generality, we choose to only prove (4.3.1). Indeed, we have

RiXXi—R QXXE
or’ 7 or) 5as’ ’ ’gas

0 0
_ 2
=7 R(@s’X’X’ 8s)

= (~¢¢") (4.3.5)
=2 (_SO{‘Prré;{r‘Pr)
_ o(&ror — Lorr)

7 )

which is (4.3.1).

‘We have

9 9 0 _2 (&ror = Lorr)
an (*[xe g = ()

@i (&ror = Lorr) + é (grSDr - {QOrr)
2 —_—

4 ot e
_ ©1(&ror = Lorr)
4
+ (&ror = Lo )il = (Lror — L) &y
@ 4,2
— Sol(é/rgoré/_ g(Prr) (436)
+ (&rer)e = (Lorr)i _ (&ror = Lorr) s
@
¢ £?
— ‘pl(grQOr - §¢rr)
4
+ QD(QVrt‘Pr + (:r‘;orl - évt‘;orr - éVQDrrt)
4
_ 0l (Lror — L)
&2 ’
which is (4.3.4). O

We remark that we will, for the most part, assume ¢ = 1, which implies £, = 0. With
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this in mind, if we regard 7 to be a fixed variable, then the reader can verify as a quick
exercise that (4.3.1), (4.3.2), (4.3.3) reduce to (3.1.1), (3.1.2), (3.1.3), respectively.
The next corollary will be useful for the linearized metric at initial time. In particular,

we will apply Corollary 4.3.2 below to our proof of Lemma 5.3.1 in Chapter 5.

Corollary 4.3.2. If we assume { = 1, then, at t = 0, (4.3.4) simplifies to

0 0 0
5 [*50% 3)

= 90|t:0(§rt|t:0‘pr|t:0 - {llleQOrrlt:O - 90rrl|t:0)
=0 4.3.7)
— @tli=0@rrli=0-

Furthermore, at t = 0, the temporal derivative of the normalized sectional curvature of the

tangent plane span(%, X) is

i ()

Proof. We notice that {|,-o = 1 implies {;|;=0 = 0. So the first temporal derivative at ¢ = 0

_ grt|t=090r|t=0 - §t|t=090rr|t=0 - Sorrtlt:O + Sorr|t=0
1=0 @li=0

(4.3.8)
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is

9 (r[L x.x. 2
ot ar’" 77 ar) )|

_ @ili=0(Lrli=0¢rli=0 — {li=0@rr1i=0)

{li=0
+ ()D|t=0(§rt|t=0‘pr|t:0 + §r|t=0()0rt|t:0 - §t|t=0¢rr|t=0 - §|t=0§0rrl|t:0)
{li=0
_ @l=08ti=0(Lrli=09r =0 — {li=0@rrli=0)
(§|z=0)2
_ 90t|t=0(090r|t=0 - 1(;Drr|t=0) (439)
1
+ @li=0(Lreli=0@r =0 + 0@rli=0 = Lili=0@rrli=0 — 1rrtli=0)
1
_ Q0|t=0 -0 (090r|t=0 - 1‘;0rr|t=0)
12

= —@ili=0@rrl=0 + @li=0({reli=0@rl1=0 = Lili=0@rrli=0 — @rreli=0)

= 90|z:0(§rz|z:090r|t:0 - §t|t:090rr|t:0 - 90rrt|t:0) - ‘PtltZO‘Prrlt:O’

which is (4.3.7).

The definition of the normalized sectional curvature of the tangent plane span(%, X) is

d R(E X, X, &)
e[ B) = L
or |5 121X 1% = g (55, X)
CR(E XX L)
- 12¢2_02
CR(E XX L)
¢? '

(4.3.10)

Because we have assumed ¢ = 1, we can invoke (3.1.1) to find that the temporal derivative
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of this radial sectional curvature is

(9 6 (9 R(%,X,X, (91‘)
s ) - (5

Z(R(. X, X, £))¢* = R(%. X, X, £) (97
(¢?)?
Z(R(E, X, X, )¢ = (—0¢r) (2001)

4
4 (4.3.11)

¥ a,(R(araX X, ar))+2()0 PrPrr
S04
2(L(R(Z, X, X 2
Y (6t( (()r’ ) ’ar))+ 1Prr)
¢4
%(R(%,X9Xa (9r))+2()0t()0rr
QDZ

Att =0, we can apply (4.3.7) into (4.3.11) in order to obtain

i =<l

~ E(R(%,X,X, ar))|t 0+ 2¢tl1=0@rrli=0

(¢li=0)?
_ (@lr=0(Zrtli=0@rli=0 = {ili=0@rrli=0 = @rrili=0) = @ili=0@rr|i=0)
(¢li=0)?
20¢l=0@rrli=0 (4.3.12)
(¢li=0)?
_ ®li=0(Lrli=09rli=0 = Lili=09rrli=0 = @rreli=0) + @ili=0@rrli=0
(¢li=0)?
— 90|t=0({rt|t=0(;0r|t:0 - {tlt:O‘yorr't:O - (Prrtllzo + (Prrlt:0)
(¢li=0)?

_ ‘:rtlt:OQDr't:O - §t|t=0‘10rr|t=0 - (prrtlt=0 + (prrlt=0

- ®lr=0 ,
which is (4.3.8). O
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Chapter 5

The round and linearized metrics and

their deviations

To begin the construction of our desired metric, we will investigate the round metric on s4
ats =0:

80 = ds* + ¢5 di* + 4yt dy* + £ d2?, (5.0.1)

where we define ¢, ¥, & : [0, 51 = Rby

$o(s) = 2sin(s), (5.0.2)
do(s) := \/gcos(s) + sin(s), (5.0.3)
g'o(s) = \/§cos(s) — sin(s). (5.0.4)
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We also introduce the linearized metric on a neighborhood of S* at s = 0:

8o = lim &g. (5.0.5)
a—0
This is equivalent to writing
go = ds* + @3 d¥* + gt dy* + & d7, (5.0.6)
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where we define @y, ¥, & : [0, %] — R by

Po(s) = 2s, (5.0.7)
Do(s) = V3 +s, (5.0.8)
Eo(s) = V3 —s. (5.0.9)

4/\

Analogously, we also mention the round metric on S* at s = 3

gz =ds*+ 95’% dx® + ;Z% dy* + 52% ds?, (5.0.10)

wlN
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where we define 95%, 1/°/§,§°§ :[0,%] — R by

B3(s) = (s - g) (5.0.11)
ds(s)=do(s-3). (5.0.12)
£x(s) == —¢o (s - g) : (5.0.13)

4,

gl

<o
WX

R YO)

t Pa
W[y

o
wi:q 1

.

We also introduce linearized metric on a neighborhood of S* at s =

S|

gz =ds’+ @3 A+ dy + £ AT, (5.0.14)
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where we define gx,z,&x 1 [0,5] — Rby

B3 (s) = (s = 3). (5.0.15)
J5(9) =& (s-3). (5.0.16)
£x(5) = —¢@o (s - g) : (5.0.17)

Ay
P KRN
!
7 (\cl

t o
W[y
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With (5.0.2), (5.0.3), (5.0.4) in mind, we can rewrite (5.0.11), (5.0.12), (5.0.13) explicitly

as

gﬁg(s) = V3 cos (s—g) + sin (s—g), (5.0.18)
Jz(s) = V3cos (s - g) _sin (s - %) , (5.0.19)
£x(s) = ~2sin (s - g) : (5.0.20)

respectively. Likewise, with (5.0.7), (5.0.8), (5.0.9) in mind, we can rewrite (5.0.15),
(5.0.16), (5.0.17) explicitly as

p1(9) = V3+(s-3), (5.021)
Ja(s)= V3- (s - %) , (5.0.22)
Ex(s) =-2(s- %) (5.0.23)

respectively. In the next section, we will show that the metrics gy and gy are homotopic

and that the metrics §§ and gz are homotopic.
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5.1 Homotopies between the round metrics and the lin-

earized metrics

We will consider for any o € R \ {0} the metric on §* at s = 0:
8 = ds% + (897 + (J)? P + (£3)2 d22,
where we define ¢%,§2,£7 : [0,Z] — Rby

3

@5 (s) = 2 sin(as),
a
z/;g(s) = V3cos(as) + é sin(as),

fog(s) = V3cos(as) — é sin(as),
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(5.1.1)

(5.1.2)
(5.1.3)

(5.1.4)



o a=0.2
%o
o1 =03
20 [
sa=
%o
Sa=0.6
[2
N=0.7
%0
Sh=0.8
0
o0\

sa=0%
%o
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Likewise, we will also consider for any @ > 0 the metric on S* at s = 3

85 = a5+ (§5)2 7 + (F4)2 a5 + ()7 a2,
3

(5.1.5)
where we define (,5%, 33‘,,5% : [0,5] — Rby
o . fa _ E
¢z (s) =4 (s 3), (5.1.6)
ja -
U (s) =& (s 3), (5.1.7)
ca o _ z
£7(s) = ¢ (s 3) : (5.1.8)
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o a=0.2
%o
o1 =03
20 [
sa=
%o
Sa=0.6
[2
N=0.7
%0
Sh=0.8
0
o0\

sa=0%
%o
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Y

gﬁ‘%(s): V3 cos (a (s—g))+§sin(a (s—g)), (5.1.9)

J%(s): V3 cos (a (s—% )—ésm a(s—%)), (5.1.10)

£5(s) = ~2 in (oz (s—z)), (5.1.11)
3 a 3

respectively.
We will state a lemma concerning the smoothness of g7 on a neighborhood of the

singular orbit (SO(3) x D?)/ SO(3)y(0)- This lemma will be useful towards the end of

Chapter 6 when we construct our final one-parameter family of metrics that will facilitate
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the proof of Theorem 1.0.3.

Lemma 5.1.1. For all « € R\ {0}, the SO(3)-invariant metric g§ satisfies the following:
(1) It is smooth on a neighborhood of the singular orbit (SO(3) X Dz)/SO(S)y(O).
(2) It is smooth on a neighborhood of the singular orbit (SO(3) X ]DZ)/SO(3)Y(§).

Proof. To prove (1), we need to show that
g0lp2 = ds” + (85)* dx*, (5.1.12)

the restriction of §8‘ to D2, is smooth and that the extended functions (Jg)ext, (ég)ext :

[-%, 5] — R defined by

. g2(s) fors >0,
W ext(s) =1 (5.1.13)
fog(—s) fors <0

; £5(s)  fors >0,
(€0 )ext(8) = (5.1.14)
tﬂg(—s) fors <0

are smooth on [-%, Z]. The metric ;|2 given by (5.1.12) is
g6 10> 1= ds® + (¢7)” ax’, (5.1.15)
a rescaling of
Solp = ds* + g dx?, (5.1.16)

the restriction of the round metric g, to D?, which is smooth. This implies that &5 |p2 given
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by (5.1.12) is also smooth. Also, for all s € [—%, %], we have

. (/;g(s) for s > 0,
(W5 )ext(s) =
£2(—s) fors <0

V3 cos(as) + é sin(as) fors > 0,

V3 cos(a(-s)) - é sin(a(-s)) fors <0

V3 cos(as) + % sin(as) for s > 0,
V3 cos(—as) — é sin(—as) fors <0 (5.1.17)
V3 cos(as) + é sin(as) for s > 0,

V3 cos(as) — é(— sin(as)) fors <0

V3 cos(as) + é sin(as) fors >0,

V3 cos(as) + é sin(as) fors <0

1
V3 cos(as) + — sin(as),
a

which means (&g)ext is a smooth sinusoidal function on [-%, %] for all @ € R\ {0}.
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Similarly, for all s € [—%, %], we have

. fog(s) for s > 0,
(fg)ext(s) =
Y2 (-s) fors <0

V3 cos(as) — é sin(as) fors > 0,

V3 cos(a(-s)) + é sin(a(-s)) fors <0

V3 cos(as) — é sin(as) for s > 0,

V3 cos(—as) + é sin(—as) fors <0 (5.1.18)
V3 cos(as) — é sin(as) for s > 0,

V3 cos(as) + é(— sin(as)) fors <0

V3 cos(as) — é sin(as) fors > 0,

V3 cos(as) — é sin(as) fors <0

V3 cos(as) — ésin(as),

which means (ggg Jext is @ smooth sinusoidal function on [-%, 5] for all @ € R\ {0}. By
Theorem 1.3.2, we conclude that §g 1s smooth.

To prove (2), we need to show that
g5 lp2 = ds* + (QB%)Z dx?, (5.1.19)

the restriction of §% to D?, is smooth and that the extended functions (zﬁ%)ext, (ég)ext :
3 3 3
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[—%, ’31] — R defined by

(FDe(s) = e (5~ )

l/;g(s - %) fors > 0, (5.1.20)

£3(—(s—-1%) fors<0

and

(EDext(5) 1= (€0 )ex (s - g)
fg(s -3) for s > 0, (5.1.21)

zﬁg(—(s -3%)) fors<0

are also smooth on [~%, 5]. The metric §% Ip2 given by (5.1.19) is
g% Ip2 = ds* + (8% )2 dx?, (5.1.22)
a rescaling of
zloe = ds” + (,52% dx?, (5.1.23)

the restriction of the round metric gz to D?, which is smooth. This implies that §% |2 given
N 3
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by (5.1.12) is also smooth. Also, for all s € [—%, %], we have

(‘z%)ext(s) =

go(s—%) for s > 0,

£(=(s=%)) fors <0

V3cos(a(s — Z)) + Lsin(a(s - L)) for s > 0,
V3cos(a(-(s - §))) - Lsin(a(~(s - ) fors <0

V3cos(a(s - £)) + Lsin(a(s - ) fors > 0,

V3cos(—a(s — %)) - Lsin(—a(s — %)) fors <0 (5.1.24)
V3cos(a(s - £)) + Lsin(a(s - 1)) for s > 0,

V3 cos(a(s — 2) - é(— sin(a(s — 3))) fors <0

V3 cos(a(s — 2)) + é sin(a(s — %)) fors >0,

V3 cos(a(s — 7))+ Lsin(a(s - 7)) fors <0

a

(o= 5)) o3

which means (/% )ex is a smooth sinusoidal function on [-5, 3] for all @ € R\ {0}.
3
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Similarly, for all s € [—%, %], we have

(E2)ew(s) =

£(s-1%) for s > 0,

Jg(~(s=13) fors<0

V3cos(a(s - £)) - Lsin(a(s - £)) for s > 0,
V3cos(a(-(s - §)) + Lsin(a(~(s = §))) fors <0

V3cos(a(s — %)) — Lsin(a(s - %)) fors >0,

V3cos(—a(s — %)) + Lsin(-a(s - %)) fors <0 (5.1.25)
V3cos(a(s - £)) - Lsin(a(s - £)) for s > 0,

V3cos(a(s — Z)) + L(=sin(a(s - Z))) fors <0

V3cos(a(s - £)) - Lsin(a(s - £)) fors >0,

V3 cos(a(s - 7)) - Lsin(a(s — 7)) fors <0

a

s )] - Lo ).

which means (f%’)ext is a smooth sinusoidal function on [-%, ] for all @ € R\ {0}. By

Theorem 1.3.2, we conclude that g% is smooth. O
3

Now, we turn our attention to showing that g7 establishes a relationship between the

round metric go and the linearized metric go. We can also use the modified round metric g%
3

to do the same between the round metric §% and the linearized metric gz. The following

definition, which we take from Chapter 9 of [16], will state this relationship precisely.

Definition 5.1.2. Let f,h : R — R be two continuous functions. We say that f is ho-

motopic fo h if, for any a € (0, 1), there exists a continuous function G* : R — R that
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satisfies

lim G(x) = (), (5.1.26)
lim G*(x) = h(x). (5.1.27)

We also call G* a homotopy between f and h.
Proposition 5.1.3. Consider the round metrics §o, § = and the linearized metrics g, gz .

(1) The functions of the round metric ¢, yro, foo : [0, 5] — R are homotopic to those of

the linearized metric ¢, Yo, & : [0, Z] = R, respectively.

(2) The functions of the round metric 4,5%, l/;%,ég : [0, 3] — R are homotopic to those

of the linearized metric ¢z, lﬁg, g% : [0, 5] — R, respectively.

Proof. To prove (1), it suffices to show that gﬁg,lﬁg,fg given by (5.1.2), (5.1.3), (5.1.4)
are homotopies between ¢, cﬁo, éo and @, Yo, &9, respectively. Similarly, to prove (2), it
suffices to show that 95‘%, o%, f% given by (5.1.2), (5.1.3), (5.1.4) are homotopies between

z, ﬁg , f z and gbg, Jg, £ é, res>pectively. Since the proofs of (1) and (2) are analogous, we
choose to only prove (1). The interested reader can prove (2) as an exercise.

First, we will show that g given by (5.1.2) is a homotopy of ¢y and @y. We have

11m 900 a(s) = hm (— sm(as))

( sm(a/s))

3 sin(as)

= 2s lim —~ (5.1.28)
=2s5-1

=2s

= @o(s)
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and

2
lim ¢gg(s) = lim (— sin(as))
a—1- a—1" \a
2
= —sin(1s)
1 (5.1.29)
= 2sin(s)
= ¢o(s).
So we conclude that @] is a homotopy of @ and ¢o.

Next, we will show that 1//(‘)’ given by (5.1.3) is a homotopy of ¢ and . We have

a—0*F

o 1
lim ¢ = E}i_)n61+ (\/gcos(as) + o sin(as))

1
lim V3cos(as) + lim (— sin(as))
a—0t a—0t \

1
V3 cos(0s) + lim (— sin(as)) :
a—0t \ @ S

i 5.1.30

= Geos(0) + 5 lim 5@ (5-130)
a—0* as

=V3-1+s-1

i+

=o(s)

and

o 1
lirrll ¥y (s) linll V3 cos(as) + — sin(as)
a—1- a—1" a

|
\/§cos(1S)+Tsm(ls) (5.1.31)
= V3 cos(s) + sin(s)

= o (s).
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So we conclude that zﬁg is a homotopy of o and .

Finally, we will show that 58‘ given by (5.1.4) is a homotopy of & and &. We have

a—0t

o 1
lim &) = ali_)n& (\/gcos(a/s) - sin(a/s))

1
lim V3cos(as) — lim (— sin(as))
a—0* a—0t \ @

\/gcos(Os) — lim (l sin(a/s)) 3
a—0t \ @ Ky
sin(as) (5.1.32)

as

= V3cos(0) —s lim

a—0*
=V3.1-5-1
N

= &o(s)
and
. . L.
lim &j(s) = lim V3 cos(as) — — sin(as)
a—1- a—1- (4
1
= V3cos(ls) — —sin(ls
(15) 1 (15) (5.1.33)
= V3 cos(s) — sin(s)
=&o(s).
So we conclude that 58‘ is a homotopy of /g and &. O

For the rest of this chapter, we will only focus on the modified round metric g;, the
round metric g9, and the linearized metric go. Our results for g, €0, go are analogous to
those for §‘§, §z,8z. As part of our efforts to streamline the exposition of this chapter, we
will not repeat our results and arguments for §‘%, §§ , g% in this dissertation. The interested

reader can prove the same results of this chapter for g%, °%, gz as exercises.
3

165



5.2 Sectional curvatures for the modified round metric

In this section, we will compute the sectional curvature of $4 with the modified round

metric. In particular, we will verify that the sectional curvature of S with the round metric

gg‘ is constant and, in fact, the unit sectional curvature. We will also verify that the normal

Riemannian curvatures of $* with g are zero.

Proposition 5.2.1. Consider S* with the modified round metric gy for any @ € R\ {0}.

Then we have the following unnormalized sectional curvatures:

g (2% %
0 asa 1) )
o a o o
RY|—,Y,7,
0 ((9s

o a o o
Ry |=—.2,Z,
0 ((9s

R§ (R, 7,7, %) = a*($3)2(55)°,
S o o o o _ 27 o0aN2 /7 LanN2

R§(Y,Z,2,Y) = &® () *(£5)* +3(1 — &) &5
Proof. First, we obtain, for all s € R and for any a > 0,

@55 = (2 sin(as))

0

s

0

s

0

s

= a* (¢,
— 220,

= (£5)°

= (2cos(as))’

= —2a sin(as)
(o)
= —a“ | — sin(as)
a

= -a*¢3(5)
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(5.2.1)

(5.2.2)

(5.2.3)

(5.2.4)
(5.2.5)

(5.2.6)

(5.2.7)



and

W) (s) = (V?cos(as) + é sin(aS))”
= (— V3assin(as) + cos(as))’
= —V3a? cos(as) — a sin(as)
= a2 (\/5 cos(as) + é sin(aS))
= -’y (s)

and

(fog)”(S) = (\/gcos(afs) - é SiIl(CZS))”
= (- V3asin(as) — cos(as))’

= —V3a? cos(as) + a sin(as)

1
= —o? (\/gcos(as) - — sin(as))
a
= —a2§°g(s).
In other words, for any @ > 0, we have
(85)" = ~a*;.
(F5)" = ~a™i.
(&) =%,
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(5.2.8)

(5.2.9)

(5.2.10)
(5.2.11)

(5.2.12)



So we conclude

oo [0 o o O
Ra/ _,X, X, —_ | =_ o ([ 2N/
0 (as (9s) %040

= 45 (—a’gf)

= a%(g3)?
and
R’cx i ? ? ﬁ __°a/(°a' ”
0\gs” > T as] Yo Wo
= -Ji (a0
= (95’
and

S 0 o 5 0 . gay gannw
Ry (%’Z’ A a) ==&, (&)
= —£§ (—a?&f)

= a*(&)%,

which are (5.2.1), (5.2.2), (5.2.3), respectively.
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(5.2.14)

(5.2.15)



Next, we obtain, for all s € R,

’

(ég)’(s)(gzg)’(s) = (2 sin(ozs)) (\/gcos(as) + é sin(as)
= (2 cos(as)) (- V3a sin(as) + cos(as))
= —2V3asin(as) cos(as) + 2 cos>(as)
= -2V3a sin(as) cos(as) +2(1 — sin®(as))

(5.2.16)
= -2 V3asin(as) cos(as) + 2 — 2 sin?(as))
=2-2V3a sin(as) cos(as) — 2 sin®(as))

=2-a° (z sin(as)) (\/gcos(afs) + 1 sin(a/s))
a a
=2 - a?@] ()4 (s)

and

(gBS‘)’(s)(fog)’(s) = (% sin(as)) (\/gcos(a/s) - ésin(as))
= (2cos(as)) (= V3sin(as) — cos(as))
=23 sin(as) cos(as) — 2 cos®(as)
= —2V3sin(as) cos(as) — 2(1 — sin®(as))
(5.2.17)
= —2 V3 sin(as) cos(as) — 2 + 2 sin*(as))
= -2 — 2 V3 sin(as) cos(as) + 2 sin*(as))

= _2_a? (z sin(aS)) (\/3608(6”) . sin(as)
a a

= -2 - &’ g (€5 (5)
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and

’

G5 ()& (5) =  Vicostas) + 1 sin(om)' (ﬁ cos(ars) ~ — sin(as)
= (= V3asin(as) + cos(as)) (- V3a sin(as) — cos(as))
= 3a? sin’(as) — cos>(as)
= 3a%(1 - cos’(as)) — (1 — sin’(as))
=3a? — 322 cos®(as) — 1 + sin®(as)

=3a% — 1 - 3a” cos?(as) + sin®(as)

. (5.2.18)
=32’ -1 - a? |3 cos®(as) — — sinz(as))
a
1 2
=3a% -1 -a?|(V3cos(as))? - (5 sin(as)) )
1
=30% - 1-a?| V3cos(as) + — sin(as))
o’
I .
. (\/gcos(as) - s1n(as))
=32’ -1- aztzg(s)fog(s).
In other words, we have
(85) (05) =2 - a3, (5.2.19)
(B0)(£5) = -2 - P @JES, (5.2.20)
W) (£5) =3a” — 1 - a5, (5.2.21)
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which imply, respectively,

R(X,Y,Y,X) = g3dd (2 - (¢8) (2

= @05 (2 - (2 - ?¢3y))

(5.2.22)
= GoU (*Beue)
= a? () ()?
and
R(X,Z,2,X) = —@3&5 (2 + (85) (£5))
= —G5é5 2+ (-2 - @’ G3ED))
020 020 (5.2.23)
= —eES (—aPBRéD)
= &?(§2)(£D)>
and
R(Y.Z,2,Y) =& (2 - (b5) (£))
=§5E8(2— (3a? — 1 - ayo L))
= JOEL(2 - 3% + 1 + a*YIED)
= J2£0(3 - 3a% + APIED) (5.2.24)
= (3-3a)YgEs + (Y (E)?
= a?(Y§)H(EY* + (3 - 3aD§ES
= a* (YA (EN? +3(1 — aH)PaEs,
which are (5.2.4), (5.2.5), (5.2.6), respectively. |
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Proposition 5.2.2. The normal sectional curvature tensors satisfy

0

Ry )°(,1°/,z",a =0, (5.2.25)

RS 7.2,% 2 o, (5.2.26)
os

RS 230, 2) o, (5.2.27)
as

RS x.2.9.2) 0 (5.2.28)
Js

RS 29.%.2) =0, (5.2.29)
os

RS 7.%.2,9) o, (5.2.30)
Js

Proof. First, we obtain

:ﬁg(s) = V3cos(as) + é sin(as)

= %sin(as) + [ V3cos(as) - é sin(as) (5.2.31)
= ¢ () +§°6’(s),

which is (2.0.5) for the functions associated with g;. Now we apply Proposition 3.1.5 to
obtain (5.2.25), (5.2.26), (5.2.27). Furthermore, by applying the antisymmetry property
of the Riemannian curvature tensor in the first two entries, we see that (5.2.25), (5.2.26),

(5.2.27) are equivalent to (5.2.28), (5.2.29), (5.2.30). O
Now, we will provide estimates of the sectional curvature of S4 with the modified round
metric .

Proposition 5.2.3. Let V, W be & -perpendicular vector fields that are tangent to the orbits
SO(3)/SO(3),(s) € M forall s € [0, 5] along the geodesic y. Then we have the following

results about the normalized sectional curvature:
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(1) Forany a € Rwith |a| < 1 and a # 0, the normalized sectional curvature of S* with

&, satisfies

N 3(1 —az).

— (5.2.32)
Voso

0 o o

2 o @ 2
< —+V,W| <a
04 seco( e )

In particular, the normalized sectional curvature of S* with &( is positive.

(2) Forany a € Rwith|a| > 1, the normalized sectional curvature of S* with &, satisfies

2
-1
a2_3(05 )

—— < sécfy (i +V, W) <o’ (5.2.33)
yaes Js

In particular, the normalized sectional curvature of S* with &g is positive if a satisfies

3
l<a? < ———. (5.2.34)
-
Proof. We can write the vector fields V, W as their linear combinations
V=VX+VY+V3Z, (5.2.35)
W=W'X+W7Y+W2zZ (5.2.36)

for some scalars \0/1, \O/Z, V3 , Wl, Wz, W3 e R. By applying (3.2.13) to the modified round
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metric g, we conclude

0 0
Rl=— _
(6s+VWW6s+V)

W2 a9 5 g 0) Pk, (0 55 0
(¢3)? 019s’ " Os W2)> 0\as” " s

<W>2°a( ; ) DR ;
~— L RY|=,7,7, ~ - " R(X,Y,V.X
* (€2 0\as T As) (g2 (g2 RX )
MR(X,Z,Z, X) + M R(Y,Z,2,Y)
(0)2(£5)? ( g>2<§g>2
= (Wl) a (WZ) 2 a ( )
( oz)z ( 0) (lﬁo) (‘/’0) (-fo)z (é:())
L2, 2, VPO 5 ooz
( a)2(w(¢)¥)2 ) (l’//()) (08)2(58)20 (‘100) (f())
2 3\2
—((Za))z((v; ))2 (@ ()" (£5)” +3(1 = @) &) (5237)
0 0

= 22 ((W12+ (W2 + (7))
+a(VDPOP2)? + (V20072 + (V22(W2)?)
3(1 - a?
N (l;gég )
=a Z<W’> +a Z(V’) (W/)? +

i,j=1 OO
i#]

(V22 (W?)?

M(‘ﬂ) (W3)

3(1 - a?)

= WP+ 2|V WP + (V32(W?)?

O 0
3(1 ) (VZ) (W3)2
0 0

=’ (1+|VP) WP +
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We can further rewrite our final expression of (5.2.37) as

R i+VWW i+V
os os
o o 1
=21 IR + 20T 2y
0 O
2,12 12\ W2 4 3(1-a?) ., 3.2
= P(12 4040+ VWP + T2 (V22 (W7)
0 O
a |7 d . . 0 R
_ 2[99 o[ O o g 2 2
o (as +g(as,v)+g(v,as)+|w W
3(1 —a?) . .
+ #(\/Z)Z(Wﬁ2 (5.2.38)
839
B o 0 I N P B R N
o ( (5 5) g(as,v)+g(v,as)+g(v,v>)|W|
31 a o .
( — )(VZ)Z(W3)2
'vbofo
. A . 1
= a2 (Lo, L) i+ 30 gy (W3)?
os os lpga
0°0
2
. 331
= o2 o] e 20D g,
§ 0 0

We claim that W (y) must be a nonzero vector field and either %(y) or V() must also be
a nonzero vector field. If, instead, W (y) were zero or both %(y) and V(y) were zero, then

we would have

span{ £+ V) (0 w0 | = 0
(5.2.39)

+M,

which contradicts Lemma 3.2.1. As (% +V)(y) and W (y) are nonzero vector fields along y

that are go-perpendicular to each other, the normalized sectional curvature is well-defined,
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and its expression is

R(Z+V,W, 2 +V)
(L +V, L+ V)g(W, W) - §(L +V,W)?

3(1-a
Q|+ VRIWP + 2t (V)2 (0032

L+ VRIW[ - 02
o 5 o 3U=0?) (1722 (1i/3)2
2|+ V2 WP | ik (VA)2(W?)
|%+‘°/|2|W|2 |2+ VW2
L 3a —a?) (VA)A(W?)?
geéy |+ VW

O(I a o o
S€C £+V,W =

(5.2.40)

We will use (5.2.40) to help us prove (1) and (2).

First, we will prove (1). For all @ € R with || < 1, we have 1 — a@?® > 0, and so we

obtain
0 . . 3(1 = a?) (V3)2(W3)?2
Sécg(_+v’w): 2 ( a) ( )( )
s Y&y |+ VW2
LAk (5.241
YoES 5= + VIR W]
= af2
and

3(1 - o) (VH2(W3)?
JrEr 1L 4 VW2

2, 3= VPP
Grés 1L+ VIR

c g2, 30 a?) |1& + VAW
GrEy 1L+ VW2

2, 300

1

a o o
SéCg (6_ +V, W) = 2
S

(5.2.42)

=
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We combine (5.2.41) and (5.2.42) to conclude (5.2.32), completing our proof of (1).

Next, we will prove (2). For all @ € R with |a| > 1, we have @® -1 > 0, and so we

obtain
9 . . 3(1—a?) (V3)2(W3)2
sécy (—+V,W) =+ (o oa ) (a )o( o)
Js YoES g+ VIHIWI?
_ 2 3@ =) (VAW
Oa Oa 0 [e] o
Uodo g +VIPIWPE (5.2.43)
- 02 _ 3.0 (V2)2(W3)2
YIEY | L + V2 W)?
and

), 30 -e?) (VP2
goée | L+ VW2

2 3@ =) (P2
YoEr | X+ VW2

g2 3@ =) VR
YoEr | X+ VW2

3@ -1 |2+ VAW
gage 1L+ VRIWPR

o — 3(652 _ 1).

yoés

6 o o
sécy ($+V,W) =«

\%

(5.2.44)

\%

We combine (5.2.43) and (5.2.44) to conclude (5.2.33).

We are not yet finished with our proof of (2). We need to also establish (5.2.34). Our
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assumption || > 1 implies

a” = |af
> 12 (5.2.45)
> 1,
which is one inequality of (5.2.34). Now we need to prove
3
2 (5.2.46)

" < ———m,
-0
which is the other inequality of (5.2.34). The normalized sectional curvature is guaranteed

to be positive if its lower bound in (5.2.34) is also positive. To achieve this, we set

3(a? -1
az—M>0.

> (5.2.47)
Yoo
We can rewrite the left-hand side of (5.2.47) as
» 3(@?-1)  , 3a?-3
@ - = -
Yoo Yoo
,  3a? 3
@ - °a/§°a + l;a/é:"a/
¥
03 o0 . (5.2.48)
=(1— — )az+ —
voo Yoo
= (M) I
Yoo Yoo
so that (5.2.47) becomes
fafa _ 3
(—%foo )a2 L) (5.2.49)
¥580 v580
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Since 1,//8‘ and fg are both positive on [0, ], we can multiply both sides by x/rgfg to obtain
g€y —3)a* +3 >0, (5.2.50)

from which we can algebraically rearrange to obtain
(3 - y3éa® < 3. (5.2.51)

We claim that the quantity 3 — ;l/gfg is nonnegative. Finally, by using the facts —1 <

sin(x) < 1 and —1 < cos(x) < 1 for all x € R and the triangle inequality, we have

U (5)E5 (5) = 0§ ()€5 ()]
= ‘( \/gcos(as) + é sin(as)) (\/gcos(as) — é sin(as))‘

1
3 cos?(as) — ) sin?(as)

1
< |3 cosz(as)| +|— sin®(as) (5.2.52)
a
2 1.5
=3cos“(as) + —5 sin (as)
a
1
<3. 12 + - 12
a
1
=3+ ;
Since (5.2.52) holds true for all @ with || > 1, we can send @ — oo to conclude
2 ()E8 <3+ lim —
Yo ($)Eg <3+ L Pl
=340 (5.2.53)

=3,
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which implies
3-ygés >0, (5.2.54)

and so 3 — wgfg is nonnegative, as we claimed. Consequently, dividing both sides of
(5.2.51) by 3 - (//gfg does not change the inequality sign in (5.2.51). So we conclude that

(5.2.51) is equivalent to

3
CL’2 < ———» (5255)
3-yoéy
which is (5.2.46). This completes our proof of (2). O

Now, we will verify that the sectional curvature of $* with the round metric ¢ is 1. We

will also investigate the sectional curvature of the linearized metric go.

Corollary 5.2.4. The four-dimensional sphere S* with the round metric $o has unit sec-
tional curvature. Namely, for any tangent vector fields V,W on §*, the normalized sectional

curvature is constant with

a o o
séco (— +V, W) =1. (5.2.56)
as

Proof. We substitute @ = 1 into (5.2.32) in order to obtain
séc 8+\°/W = s&c?”! a+‘°/ch/
Mas ™77 7770 Ngs ™

2 @lomi (5.2.57)
=12

=1
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and

séc £+\°/W = séc?”! £+\°/W
0\ s ’ T s ’
1= 2

< (a2+M)
voéo

3(1-(1)?)
yoés

a=1

< (1)?*+

3.0
Ve

=1+

=1.

In other words, we have

a o o
1SSéc0(6—+V,W) <1,
N

from which we conclude

which is (5.2.56).

Corollary 5.2.5. The four-dimensional sphere S* with the linearized metric

8 ) )
séco (— +V, W) =1,
Jds

We remark that we can prove Corollary 5.2.4 using either (5.2.32) or (5.2.33).

8o = lim gg
a—0

(5.2.58)

(5.2.59)

(5.2.60)

(5.2.61)

has bounded and nonnegative sectional curvature on |0, %]. Namely, the normalized sec-
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tional curvature of S* with g satisfies

Proof. As we approach @ — 0 in (5.2.32), then we obtain

o ° 1_ 2
< [0 202
S

a—0 a—0 a—0

3
We evaluate the limits in the expressions of (5.2.63) to obtain

3(1-0%
Yoo

9

0 o o
Oszéco(—+V,W) < 0%+
as

which we can further simplify to conclude (5.2.62).
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5.3 A metric that yields a negative temporal derivative of
sectional curvature

In this section, we construct a metric that has positive sectional curvature and a negative

temporal derivative of sectional curvature at initial time for some tangent plane generated
el

by the vector fields {%’ X, Y, Z}.

For any m, ¢ € R, we consider the linearized middle metric

Gme = ds® + () dX* + (Yme)? dy* + (Epc)? d22, (5.3.1)

T

where we define @, Um.cr Eme @ [0, g] — R by

Ome(8) :=c+ms (5.3.2)
Yme(s) = ? +2c, (5.3.3)
Ene(s) = % +c—ms. (5.3.4)
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w’”:%’c: 10
2 j=

S

3
||\]
|
)

\ 4

By definition, we have

‘ﬁm,c(s) +é?m,c(5) = (C + mS) + (% +c— ms)

_ M5 (5.3.5)

forall s € [0, 3].
The next lemma will show that we can apply Lemma 1.0.4 for the middle metric g, .

and the tangent plane o := span(%, X).
Lemma 5.3.1. Let g, (t) be a family of SO(3)-invariant metrics that satisfies (4.0.1) and
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passes through the linearized middle metric g, . at initial time. In other words, suppose

the Ricci flow g, () satisfies

8m,ec(0) = gmec. (5.3.6)

Then there exist m € (— \/E, \/5), c € R, and a sufficiently small a« > 0 such that, for all

§ — @ < s < ¢ +a, the middle metric gy given by (5.3.1) has zero mixed curvatures and

satisfies

0
$€Cz,, . (a,X) =0, (5.3.7)

9 d
a1 (Secgm,cm (&,X))

Proof. First, we will prove (5.3.7). We have

<0. (5.3.8)
1=0

o 0
( R, (6_ XX, 6_)) (5) = ~@m e ()F o (5)

= —(c +ms)(c +ms)”

= _(c+ms)m’ (5.3.9)
=—(c+ms)0
=0
for all s € [0, %]. In other words,
0 0
R; —, X, X,—|=0. 5.3.10
(e o
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So we conclude

9 f)
Secs (i ) _ Rg, . (55, X, X, 5
ng b -
g | Z121X 2 - g, X)?
- (5.3.11)
1- 902 _ 02

=0,

which is (5.3.7).
Next, we will prove (5.3.8). We apply (4.2.10) to (5.3.2), (5.3.3), (5.3.4) in order to

obtain

(‘pm,c)t|t:0(s) = (‘Pm,cltzO)”(S)
" 2‘;0m,c|t=0(s) + (Som,c|t=0),(s)(wm,c|t=0(s)§m,c|t=0(s))/
(v//m,c|t=0(s)§m,c|t=0(s)
2@m.c(8) + (Pme) () Wm.c(5)émc(s))
‘pm,C(S)gm,c(s)

= (c+ms)” (5.3.12)
2(c+ms) + (c+ms) (5 +2c)(F +c —ms))

= (‘pm,c)”(s) +

F+20)(F + ¢ —ms)
2(c +ms) + m(-m(*5* +2c))

= +20)(F +c —ms)

~ 2¢ +2ms — mz(% +2c¢)

=+ 20) (5 + ¢ —ms)
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for all s € [0, ¥]. Then the first spatial partial derivative is given by the expression

(()Dm,c)sl |t:0(s) =

2¢ +2ms — mz(% +2c¢) '
(5 +20) (5 + ¢ —ms)

1 (2c+2ms—m2(%+2c))’

= +2c (5" +c—ms)
1 (2¢ +2ms — m? T +20)) (5 +c —ms)
= +2c (%5 + ¢ —ms)?

(2¢ +2ms — mz(% +2¢)) (5 +c - ms)’)

(%+c—ms)2

1 ((2m)(%+c—ms)

mn mn 4 . _ 2
7+ 2c 5+ ¢ —ms)

(2¢ +2ms — mz(% +2¢))(—m)
(% +c —ms)? (5.3.13)

2
1 2’”T”+2mc—2m2s+2mc+2m2s—m3(%+2c)

2T+ 2c (%5 + ¢ —ms)?

2
1 —2”§)’T+4mc—m3 = +20)

2T+ 2c (5% +c —ms)?

1 2m(%+20)—m3 5 +20)

2T+ 2c 2L+ c —ms)?
1 (@m- m3)(% +2c¢)

mn mmu _ 2
5 +2c ¥+ c —ms)

2m —m?

(55 +c —ms)?

2m —m?3

Eme(5)?
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for all s € [0, ¥]. The second spatial partial derivative is given by the expression

2m—m?\’
(Som,c)sstlt:O(s) = (m)

20m=m)é, ()

gm,c(s)3 4
=2 om) (5.3.14)
gm,c(S)B)

B 4m? - 2m*

gm,c (S)3

for all s € [0, %]. In other words, we obtain

4m? — 2m*
(m.c)sstli=0 = ——=—- (5.3.15)
fm,c

At t = 0, we also have, according to (4.2.7),

{tltzO — ()Dss|l:O + wssltzo + fss'le
@li=0 ¥li=o Eli=0

= =17

T
(pm,c lr//m,c m,c
= +—+

C Pme Ume Em.c (5.3.16)
0 0 0
= — + = + =
Cme  Yme gm,c
=0.
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According to (4.3.8), we conclude

el

_ é’stlt:O‘Psh:O - {tlt:O(pssltzo - ‘Psst|t=0 + (pssltzo

[:O ()Dltzo
_ Os()a;n,c - 0‘151/4,10 - (()Dm,c)ssl|t:0 + 95;1,1,c
95m,c

_ _(‘,Dm,c)sstltzo + ()5;;1,6

Pm.c
ot g (5.3.17)
e
e
3 2m?(m?* - 2)
@m,c‘f_l%z,c
<0,

which is (5.3.8), provided that we assume m € (- \/§ \/5) In fact, because of the conti-
nuity of 2 (sec(Z, X))o in s, for any 0 < k < ‘/75 and for all m € (- V2 +k, V2 — k),

there exists a constant C,fw < 0 that satisfies

7 (e ()| <
—|secqn | 5= X < Che (5.3.18)
ot 8 ds o
Therefore, we have
7 (s (7)) | <
. Secgm,c(t) a0 X < Cm,c
ot s ) Jli=o (5.3.19)
<0,
which is (5.3.8). O

We will also deform the metric g, ., so that the new metric has positive sectional cur-
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vature. For any m, ¢ € R, we consider the metric
B = ds” + (@) dF + (05, )7 dy? + (&5, )7 d2, (5.3.20)

where we define ¢¢, ., U, .. &5 ¢ [0, Z] > Rby

B o (5) i= c+ms — €57, (5.3.21)
Wi o () 1= % +2c — 2es7, (5.3.22)
é?;m(s) = mTﬂ +c—ms — es’. (5.3.23)

For any sufficiently small € > 0, the graphs of ¢, , U e .f_,;’c are almost identical to those
of @.cr Wm.cr Em.c» TESPectively. So we will not print the graphs of P 1/_/;1’0 (;?,f“ here.

In particular, we have

P (8) + .f,f”(s) = (c+ms — €5°) + (% +c—ms— esz)

= % +2¢ - 2es? (5.3.24)

= 5.0 (5)

for all s € [0, g—r]. That means, according to Proposition 3.1.5, all normal sectional curva-

tures associated with g5, . are zero.
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Chapter 6

Construction of a family of smooth

metrics

The goal of this final chapter is to construct a one-parameter familly of metrics that will
allow us to complete our proof of Theorem 1.0.3. We will also need to prove Lemma 1.0.5,
which will fulfill Step 1 of our procedure that we outlined in Chapter 1 between Lemma
1.0.4 and Lemma 1.0.5. This will show in particular that the temporal derivative of a radial
sectional curvature of some tangent plane associated with our proposed metric is negative.

To remind the reader, we will show again the graphs of the functions that we will

construct in this chapter.

191



A 7 Q)€
m,c

Y

1.5

The next theorem is an elaboration of Lemma 1.0.5. In other words, Lemma 1.0.5

follows from Theorem 6.0.1.

Theorem 6.0.1. There exists g on S* of the form given by (1.0.8) with the following prop-

erties:
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(1) The functions ¢, ¥, & are piecewise linear and concave down.

(2) The boundary values and their first derivatives at those values are equal to those of

the round metric g¢ defined by (5.0.1). In other words, for k = 0,1, the functions
@, ¢, & satisfy

0™ (0) = (§)1(0), 6.0.1)
y(0) = (5 (0), (6.0.2)
£0(0) = (£ (0), (6.0.3)
oV (3)= @™ (3)- (6.0.4)
g (g) = (g™ (g) : (6.0.5)
g® (%) = (&)™ (g) . 6.0.6)

(3) There exists tg € (0, %) such that, for any point p € SO(3)/SO(3), ), the func-
tions @, , € are smooth on a sufficiently small neighborhood of tg, and there exists a

tangent plane o € TpS4 that satisfies

secq(0)(0) =0, (6.0.7)

(secg(r)(0))ili=0 < O, (6.0.8)

where g(t) solves Ricci flow near (ty, p) whose initial metric is g(0) = g.
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6.1 Set of admissible Riemannian metrics

We introduce for §* the deformed continuous Riemannian metric
gwe = ds” + (§55)7 dx + (Y)? dy? + (£6)? d? 6.1.1)
for any m, ¢ € R and a sufficiently small € > 0, where we define §5;%, &S : [0, 2] — R by

>3

B (5) 1= min{g3 (), 85 (9), 85 (), (6.12)

£ (s) = min{&5 (5), &, (), €5 ()}, (6.1.3)

where we have previously defined ¢2, y/¢, £, ¢%, %, £2 by (5.1.2), (5.1.3), (5.1.4), (5.1.6),
3 3 3

(5.1.7), (5.1.8), respectively, and where we define /., : [0,%] — R by

e (s) = gre(s) + E5 (). (6.1.4)

Let (s)mes (52)mes (83)mes (54)m be values that solve the equations

E8((s)ms) = &5 (s, (6.1.5)
G5 ((s2)e) = @ (525 (6.1.6)
e ((53)00) = 50%((83),71’2 : 6.1.7)
P ((5a)mc) = Pz ((s4)c (6.1.8)

respectively. Note that it is possible, but not necessary for this dissertation, to numeri-
cally compute the decimal approximations of (s1)p e, (52)mes (83)me, (S4)m'e from (6.1.5),

(6.1.6), (6.1.7), (6.1.8), respectively.
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Now, we consider the admissible set

ATE = {Aaf 0 < (51)%€ < (52)2€ < (53)2€ < (54)2 < g} (6.1.9)

Observe that, if we assume g,,5 € A%, where we have defined A, by (6.1.9), then we

can express @5, £ms more explicitly as

¢p(s)  forall0<s < (52)mcs

Pc(8) =185 (5) forall (1) < s < (sa), (6.1.10)
¢5(s)  forall (sa)ylc <s <3,
g (s) forall 0 < s < (s1)%5,
Go(s) + &5 (s)  forall (si)ye <5< (52)mes

e (8) = 155, (s) for all (52)%6 < 5 < (s3)%, 6.1.11)
P (5) +§°‘§(s) for all (s3)c <5 < (s4)mles
J’%(s) for all (s4);c < s <%
£2(s) forall0 <s < (s)me,

Eme(s) =& (s) forall (sSS < s < (s3)%5, (6.1.12)
f% (s)  forall (s3),c <s<3.

It would be impractical for us to print the graphs of ¢y, %, @me, Pme, as they appear to be
very similar to those of @y, c, @m.c» Pm.c, respectively. We remind the reader that the graphs

of @, Pmees Pme are very close to those of G, Gm.c» Pm.c, €Xcept at the cusps.
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6.2 Mollifiers and gluing functions

We will dedicate this section to constructing a smooth Riemannian metric on S*. To
achieve this, we will need to smooth the two cusps that occur in the graph of ¢,;% at
s = (525, (54)% and in the graph of &35 at s = (s1)i%, (s3)i%. Thanks to (2.0.5) for
P, Eme., these processes will also take care of smoothing the four cusps that occur in
the graph of Y S at s = (s1)pme, (52)me, (53)me, (s4)me. One method of smoothing all
the cusps is introducing mollifiers, which are smooth, compactly supported, and integrable
functions that can be convolved with any non-smooth function to introduce its smooth ap-

proximation.

We define the standard mollifier p : R — R by

Ceﬁ forall -1 < x < 1,
n(x) = (6.2.1)
0 forallx > 1orx < -1,

where C € R is some constant that satisfies

/°° n(x)dx=1. (6.2.2)

(o)

Consider for any § > 0 the standard mollifier 7° : R — R given by

n’(x) = én (g) . (6.2.3)

Now, we define for any 6 > 0 the mollification f° : R — R by the convolution of 7° and
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f; namely, we define

o(x) = = £)(x)
= /_ n°(y) f(x - 2) dz (6.2.4)

o

=/_Oon‘5(x—z)f(z) dz.

(o)

According to (6.2.1), we notice that  has compact support on R since we have n(x) = 0 for
allx € R\ (=1, 1). In turn, according to (6.2.2), we notice that n° also has compact support
on R since we have n°(x) = 0 for all x € R\ (=6, 6). As the author of this dissertation, I

have borrowed 7 and these properties from Section C.5 in Appendix C of [8].

Proposition 6.2.1. Let f : R — R be a continuous and Lebesgue integrable function.
Then the mollification f° = n° = f is smooth on R; that is, for all integers k > 0, its k"

derivative () %) exists and is given by the expression

(P ) = ((°) P * f)(x) (6.2.5)

for all x € R. Furthermore, if fX) is continuous on an open interval (a,b) C R, then

(YK converges uniformly to f© on the closed subinterval [d, b] C (a, b) for § — 0*.

Proof. We will use a proof by induction. First, we will prove the statement for k = 1; that

is, we will prove

(f%) () = (%) * £)(x). (6.2.6)
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For any sufficiently small 2z > 0, we obtain the difference quotient

5 — f9 * )
f(x+h})l f(x)zl([ ,75(x+h—z)f(2)dz_/

n°(x - 2) f(2) dZ)

h\J oo
A o

_[:%,7 (x_z)f(z)dz) 6.2.7)
e (E e () sl
R

Since 1 is smooth and compactly supported, it follows in particular that r is also Lipschitz

continuous. So there exists a Lipschitz constant L, that satisfies

In(x) —=n(y)| < Lylx - y| (6.2.8)

for all x, y € R. So, for all z € R, we obtain

‘i(n(x—JrZ_Z)—n(x;Z))f(z)
1 x+h-z xX—2z
:5’7( 5 )_"( 5 )

1 x+h—z_

< =L,
0

oh
If(z)l

(6.2.9)

1
6h ”5

= glf(z)l,

meaning that the integrand appearing in the final expression of (6.2.7) is bounded by a

number that does not depend on /4. So we can invoke the Dominated Convergence Theorem
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to conclude

* 1 xX+h-z xX—z
fim —(n( )—77 )f(z)dz
h—0 J_o 5(5)1 1 o x+h_( ) )x_ 62.10)
= [ ma (T (5o e
So we have
(fé) (X) — 1 fd(x h) f(s(x)
h—
—}lLr% (n(xJr Z) n xé ))f(Z)dZ
h— _
-/ %:w(n(“a Jon(5) e
_ 1 ml'ml x—z+ﬁ _ (x < (2)d
T )"\ )T TS J2) dz
L[ xez
2 /_wn( 5 /@) (6.2.11)
1 1 ,(x-z2
_5[00577( 5 )f(z)dz
| X —2z\\/
:5[00 ("( 5 )) F(2) dz
(1 x—-z\\
:/_w (5’7( 5 )) F(2)dz
=/_ (n°) (x —2)f(2) dz
= ((7°) = )H(x),
which is (6.2.6).
Now we will assume (6.2.5) and prove
(f)E @) = ()"« f)(x). (6.2.12)

The proof of (6.2.12) is analogous to the proof of (6.2.6). More specifically, the reader can
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repeat the argument of the previous paragraph with k = 1 replaced by an arbitrary integer
k> 1.

Next, we will show that (£¢)¥) converges uniformly to f*) on a closed interval [a, b] €
R as 6 approaches 0. Let € > 0 be given. Since we assume that f*) is continuous on (a, b),
it follows that £(¥) is uniformly continuous on [d, b] C (a, b). So there exists a § > 0 such
that, for all x, y € [4, b] with |x — z| < &, we have | f(x) — f(z)| < €. So we conclude that,

for all x € [d, 15] and for any integer k > 0, we have
(f)P ) = fP ) = ()P x) - f D) - 1

:/mfu—@ﬂmwﬂ—ﬂmm/mﬁu—@& 62.13)
:[mfu—@uwwrfwu»ﬂ.

(o)

We also recall from (6.2.2) that n° has compact support on R since we have n°(x) = 0 for

all x € R\ (-4, 6), which implies in particular
n’(x-2)=0 (6.2.14)

forall z € R\ (x — d,x + 6). By applying the triangle inequality and using (6.2.13) and
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(6.2.14), we obtain

B () - £ 0 ()] = ' / = (PO - F0 ) dz
< / T G- Dl PG) - 19 ()] dz

(o)

x—0
_ / (= O () - £0 ()] dz

[0

x+0
+ / = DR — fO )] dz

-0

* / T = DR () = £ ()] de
xX+0
x=0

_ / 0-1f®(y) - £O (x)| dz

(o)

x+0
+ / P - DO ) - FO @) dz

-0

s / T0- 179 0) - £O ()] dz

+0

x+0
- / 7’ (x = )| f P (x) - fP ()| dz

-0

x40
< / n°(x — z)edz

-0

x+0
=€/ n’(x —z)dz
X

-0

=€-1

= €.

In other words, we have

()P ) = P @) - o0,

(6.2.15)

(6.2.16)

for all x € [d,b], given 6 — 0%, and so we conclude that (£°)%) converges uniformly to

£ for 6 — 0.
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Next, we introduce an increasing smooth function that goes from O to 1 over a finite
interval and a decreasing smooth function that goes from 1 to 0 over a finite interval. As
the author of this dissertation, I have borrowed this function and its properties from Lemma

7.1 of [5].

Proposition 6.2.2. For any closed interval [a,b] C R, define H, : R — R by

F(x—-a)
H = , 6.2.17
) = T T F (=) 6217
where F : R — R is the flat function given by
0 forx <0,
F(x) := (6.2.18)
1
e 2 forx>0.
Then H, p, is smooth and increasing on R and satisfies
Hypl(-coa)(x) =0, (6.2.19)
Hgypl[p,00)(x) = 1. (6.2.20)
Similarly, the function 1 — H, 5 : R — R defined by
(1= Hap)(x) :=1- Hap(x)
F(x—a)
F(x—a)+ F(b—x) (6.2.21)
F(b-x)

" Fx-a)+F(b—x)
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is smooth and decreasing on R and satisfies

Hypl(~c0,a)(x) = 1, (6.2.22)

Hep|[p,c0) (x) = 0. (6.2.23)

Proof. In order to establish the desired properties of H, 5, it will be convenient for us to

write
F(x—a)
H =
w0 = T F( =)
0
WT)‘Z forx < a,
=< e—(x—a)_z

T e p—— fora < x < b,

o (x-a)72

-G 240

forx > b (6.2.24)

0 forx < a,

= 6_(X_a)_2

PR pp—T— fora <x < b,

1 forx > b.

The final expression of (6.2.24) tells us that H, 5 is nonnegative on R. The final expression
also tells us H, (x) =0 forallx < a and H,,(x) = 1 for all x > b, which are (6.2.19) and
(6.2.20), respectively.

Next, we will establish that H,j; is smooth. Let k£ be a nonnegative integer. We can
see from the final expression of (6.2.24) that H, ; consists of algebraic or transcendental

smooth functions on R \ {a, b}. In other words, the k™" derivative Héklz consists of continu-
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ous functions on R \ {a, b}. Additionally, Hc(lkg satisfies

(K)o

lim H(x) =0, (6.2.25)
. 1 fork=1,

lim H*) (x) = (6.2.26)

x—>a; @b

0 fork=1,2,3,....

So we conclude that Hikg is continuous on all of R and for any integer £k > 0, which implies
that H, 5 is smooth on R.
Finally, we will show that H, ; is increasing. To simplify the presentation of our below

computations, define G, : [a,b] — R by

G (1) F'(x—a)
b X) ==
. F(x—a)+F(b-x)
0/
S S— <
om0 forx < a,
—(x—a)_z ’
= < (e )
P - fora <x < b,
-2 ,
% forx > b
-G 24
% forx < a,
Ote~(b=) (6.2.27)

— 2(x—a)” e"("_a)_2

P e ST fora < x < b,

2()c—a)’3e’(x"‘)72

r—— forx > b.
pares

0 forx < a,

=4 2e~(x-a)?
(x—a)3(e~(x-a) "2 o= (b-1)"2)

fora <x < b,

2

m fOI‘XZ b.

The final expression of (6.2.27) tells us that G, is nonnegative on R, much like H, ;. So
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we can write the first derivative (H, ;)" as

, F(x—a) ’

Hao) O =\ g — v F b =)
 Fx-a)F(b-x)+F(x-a)F'(b-x)
- (F(x —a)+F(b - x))?
_ F'(x—a)F(b—x) N F(x—a)F' (b -x)
(Fx—a)+F(b-x))? (F(x—a)+F(b-x))?

B F'(x —a) F(b—x)
CFx—a)+F(b-x)F(b-x)+F(x—a)
F'(b—x) F(x—a)
TFb-x)+F-a) Fx—a)+ F(b—x) (6.2.28)
F'(x —a)

T FGa-a)+F(b-x)
F((a+b-x)-a)
"F((a+b-x)—a)+F(b-(a+b—-x))
F'((a+b-x)—a)
T F(@+b-x)-a)+Flb—(a+b-x)
F(x-a)
.F(x—a)+F(b—x)

=Gup(X)Hap(a+b —x)+Gap(a+b—x)H,p(x).

Since we have previously stated that both G, 5 and H, ; are nonnegative on R, we conclude
from our final expression of (6.2.28) that (H, )’ is also nonnegative on R, and so H, , is
increasing on R, as we claimed.

In order to establish the desired properties of 1 — H,, 5, it will be convenient for us to
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write

F(x—a)
1-H =1-=
a,b(x) F(x — a) n F(b — x)
0
- o forx < a,
= ~(x-a)~2
1- e_(x_z)_2+e_(b_x)_2 fora <x < b,
—(x—a)~2
1- % forx > b. (6.2.29)
e~ (x-a)7740
1 for x < a,
= e—(h—x)_2 f b
e*(x*a>_2+e*(b7x)‘2 ora<x<»o,
0 forx > b.

The arguments to show that 1-H,, ; is smooth and decreasing on R and satisfies (6.2.22) and
(6.2.23) are analogous to those for H, ;. We will not repeat our entire argument again here.
One would use the final expression of (6.2.29) in place of (6.2.24) in order to obtain the
desired properties of 1 — H, ;. The interested reader can fill in the details of this argument

as an exercise. O

We also remark for the record that, if we send a — b~ or b — a*, then H,j; converges

to the Heaviside step function H%= : R — R, defined by

0 forx<a=hb,

H™(x):=1L forx=a=b, (6.2.30)

1 forx>a=h.

In other words, H, 5 is a smooth approximation of the Heaviside step function at a = b.
Next, we consider two more smooth functions f, s : R — R and numbers a, b € R with

a < b, and we introduce the glue functions that smoothly connect f and & over any open
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interval (a, b) via our binary operation ,o,. We define the glue function f,0p h : R —» R

by

(faob h) (x)

= (1= Hap)(x) f(x) + Hap (x) h(x)

1£(x) +0h(x) forx < a,

- o) e g fi b
e~ ()72 o= (b-x)72 f(X) * e ()= (b-x) 72 (X) rasEE? (6 2 31)
0f(x) + 1h(x) forx > b.
£(x) forx < a,

— e_(x—a)_2 e_(b_x)_z

_ f@)+ h(x) fora<x<b,

e—(x—a) 24— (b-x)72 e—(x—a) 24— (b-x)72

h(x) forx > b.

Lemma 6.2.3. Let f,h : R — R be smooth functions. Then, for any integer k > 0, the k™

derivative of the glue function f,op h : R — Ris
5 (k
/ - _
(faor )P =" ( Z)Hfz,l(h(k D fEDy 4 p 0, (6.2.32)

=0

which is continuous on [0, 3. As a result, f,op h is a smooth function as well.

Proof. We are essentially going to prove a version of the binomial theorem, and we will

accomplish this with a proof by induction. For the base case, we have, for k = 0,

(faoph) = (1 —=Hup)f +Hyph

=f—Hupf+Hyph (6.2.33)

=Hup(h—f)+f.
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For the inductive step, assume that (6.2.32) holds true for k = n; that is, assume

C h - n— n
(faop )™ =" (Z)Hflg(h(” D f Dy« p . (6.2.34)
=0

Then we have

(faor W™D = ((faor ™Y

= (Zn: (7)]_]‘(12(;[("—1) _ f(n—/)) + f(n))

=0
n

Jo 0 = gy gy
l

s |l

(n
; l
_ M\ (41 (n=1) _ p(n=1) (n+1)
_lzo(l)Ha,b W= 1 (6.2.35)

n

(D) (g (n+1=1) (n+1-1) (n+1)
+ZZ(;(Z)Ha7b(h n+ _fn+ )+fn+

n+l
_ n n () 1-1 1-1 1
S5 s

=0 !
gy
1 - —
— (l . I)H((I,Z(h(n-‘—l l) _ f(n+1 l)) + f(n+1),
=0

which means (6.2.32) holds true for k = n + 1. This completes our proof by induction.
Next, we will establish that the k™ derivatives are all continuous. Presumably, we know
that any finite sum and product of continuous functions is again a continuous function. And
(faop h)® is the finite sum and product of higher-order derivatives of Hyp, f,h, all of
which are continuous because we have already established that H, , f, h are all smooth.
So we conclude that ( f,o5 h)¥) is also continuous for any integer k > 0, which means

fa©p h is smooth. O

For the next proposition, we will introduce the following definition of two functions

that are sufficiently close to each other and whose derivatives are sufficiently close to each
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other as well on any given interval [a, b] C R.

Definition 6.2.4. Let f,h : R — R be k-times differentiable functions, where k > 0 is an

integer. Define the CX-norm of f on some interval [a,b] C R by

= @ (x)]. 6.2.36
I/ llcx(1a,m1) x| max |/ (0] ( )

The definition implies, in particular,

O] < max |9 (x)
x€la,b]

IA

(@) (6.2.37)
oqax | max | /()]

= £ llexrany

for all x € [a, b].

The next proposition will make use of Definition 6.2.4 with k = 1.

Proposition 6.2.5. Consider any closed interval [a,b] C R, and let f,h : R — R be twice

differentiable functions that are strictly concave on [a, b]. Then:

(1) The sum function f + h is strictly concave on R.

(2) If 6 > 0 is sufficiently small, then the mollification f° := n’ = f is strictly concave on

[a,b].

(3) For any B > O, there exists € > 0 such that, if f, h satisfy

max(max f”(x), max h”(x)) < -8, (6.2.38)
xeR xeR
ILf = hllcr((ap)) <€ (6.2.39)

then the glue function f,op h is strictly concave on R.
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Proof. First, for all x,y € R, we have

(f+h)(Ax+ (1 -y) = f(Ax+ (1 -Dy) +h(Ax+ (1 -2)y)
> Af(x) + (1 =) f(y) +Ah(x) + (1 = Dh(y)
=A(f(x) + h(x)) + (1 =) (f(y) + h(y))
=A(f+h)(x) + (1= (f + h)(y),

(6.2.40)

which means that f + & is also strictly concave on R.
Next, we will show that the mollification f° := 7 % f is strictly concave on R. Since f

is strictly concave on R, by definition we have, for all x,y € R and 1 € [0, 1],

fx+ (1 =y) > af(x)+ (1= f(y). (6.2.41)
Consequently, we obtain, for all x,y € Rand 4 € [0, 1],

Fo(x+(1-2)y)

- / T W (@) fax + (1= )y - 2) dz

- /mmé)“‘)(z)fux (1= Dy - Az - (1-)2) dz

- / )R (@) FAG—2) + (1= D)y - 2)) dz

—oo (6.2.42)

> / YO @ AF (5= 2) + (1= D) (5 —2)) dz
= /_ 2P (fx-2)+ (1 =DE) P (2)f(y - 2) dz
- / TP @) fx -2 dz+ (1= Q) / TP @y - 2) dz

=220+ (1= (),

which means that f is strictly concave on R. And this proof is analogous for 4.
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Finally, we will show that the glue function f ¢, & is strictly concave on R. Since f, h

are strictly concave, (6.2.38) implies

f’(x) < -B, (6.2.43)

h'(x) < -B (6.2.44)

for some B > 0. Also, since H is smooth on [a, b], it follows in particular that its first
derivative H’ and its second derivative H” are bounded. In other words, there exist con-

stants C; > 0 and C, > O that satisfy

|H'(x)| < Cy, (6.2.45)

|H” (x)| < C (6.2.46)

for all x € [a, b]. Therefore, according to (6.2.32) with k = 2, we conclude that our second
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derivative of f,op h is

2

=
- (é)H;’,m r (T)H;,,,w -7

o) an =g 5
= H (h = ) + 2H,, (0 = £

+ oy (8 = f) % "
= H(h = )+ 2H,, (K = f')

+ (1 =Hup)f" + Hyph”

(6.2.47)

< H(h = )+ 2H, (= )

+ (1= Hap)(=p) + Hap (=)
= H(h— )+ 2H, (0 ~ )~ B
< |H = £1+ 21HG 1 = £ - B
< 10 = Fller iy + 21H = Fllet qosn — B
= (1B |+ 21, DA = Flerasy - B
< (H )+ 21H] e - B

< (Cr+2C)e-p
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Now, if we choose, for instance, € := then we would have

B
2(Ch+2C1)°

(faor )" < (C2+2C1)e - B

B

— (G +20)—P
(C+20)56 720)

_B_
=5-p

B

)
< 0.

So we conclude that f,¢; A is strictly concave on [a, b].

213

(6.2.48)



6.3 One-parameter family of smooth metrics

We are now ready to construct a smooth Riemannian metric for S4. Fix m,c € R, and let
a > 0,0 > 0, € > 0 all be sufficiently small. Following the definition of the mollification

in (6.2.4), we introduce the mollifications $%%¢, £2:%< - [0, ] = Rby

PLOE(s) 1= (° * PTE) (s), 6.3.1)
Foe(s) = (n° = ge)(s), (6.3.2)
Er0.€(s5) 1= (% E26) (s), (6.3.3)

where we have defined @<, ¥mS, £ms by (6.1.2), (6.1.4), (6.1.3), respectively. According

to Proposition 6.2.1, ¢5%¢, £%%¢ are smooth functions. Now, we choose numbers p; €

(0,%) fori =1,2,3,4,5,6,7, 8 that satisfy the inequality relations

0<p1<p2<(s1)s mc, (6.3.4)

(s1)ie < p3 < pa < (s2)ie < 2. (6.3.5)

% < (83)ple < p5 < pe < (S4)es (6.3.6)
(sa)iv < p1 < ps < 3. 6.3.7)

where we have defined (s1),,5, (s2)me, (53)mies (S4)me by (6.1.5), (6.1.6), (6.1.7), (6.1.8),

respectively. Finally, we define cpfﬁ,i; Paprpse f,‘f,if)l papspe - 10,51 = Rby

AQ,0, o AQ,0,€
‘)031 clsm 04,07 pg( ) = (908/93 ,04(10?7/10 P7 Ps‘p )(S) (638)

g'(’yi(zleol 502,05 /Js( ) (fo P1 Pzggl(zepi Pésco)(s) (6'3'9)
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where we have defined gﬁg,fg,é%,fi by (5.1.2), (5.1.4), (5.1.6), (5.1.8), respectively.
3 3

ra.o, .
Also, we define ¥,0%, 0 030405060705 * [05 51 = Rby
7a,0,e . AQ,0,€ £a,d,e
m,c,01,02,03,04,05,06,07,P8 (s) ° me ,C,03,04,07,08 (S) + é:m ,C,P1,02:05,06 (S) (6.310)

which are all smooth, according to Proposition 6.2.1 and Lemma 6.2.3, and strictly con-

cave, according to Proposition 6.2.5. Also, while this is not necessary for our dissertation,

AQ,0,€ a,0,e £a,0,€e s
We Can WIite @105 o, oo pss Ym'eprps.p3.paps.pepr-pss mepr.prps.pe MOTE explicitly as

958(5) for0 < s < p3,

(‘Popa m(ﬁ%ie)(s) for p3 < s < pa,

9631(5’;3’,04797’,08( ) = 9531(26(5) for ps < s < p7, (6.3.11)

(P2 pyo ops$%)(s)  for p7 <5 < ps,

95(% (s) forpg <'s

IA
wIN

215



and

ra,0,€ ( )
m,c,p1,02,P3,P4,P5,0£6-P7-P8

J/S(s) for0 < s < py,

(S props (82 +EXTN(s)  forpy <5 < pa,

Ga(s) +Em2e(s) for p2 <5 < p3,
(B +Eme)psopthime)(s)  for p3 < s < pa,
(6.3.12)
= lﬁr(rl{,i’e(s) for ps < s < ps,
(I puope (Ei +E0)() for ps < s < po
G (s) + £5(5) for ps < s < p7,
(e +EDpropd§)(s)  forpr <s < ps,
J‘%(s) forpg <s <%
and
fng(s) for0 < s < py,
(€5 p10paEmc)(s)  forpi <5 < pa,
@zl(z‘,ep],pz,pj,pﬁ( ) = Q5€(s) for p, < 5 < ps, (6.3.13)

(Emoc pso pﬁf")(S) for ps < s < pe,

IA
wIN

f%(s) for pg < s

A,0,€ 2,0, fa,0,€

Om.C.p3.pap1.08> Wi cop1.p2.p3.pa-p5 607083 SMCp1.p2.ps.pe ATE

In particular, the glue functions

equal to the functions &g, wg ,fog , respectively, on [0, p1]. Similarly, the glue functions

A,0,€ ,0,€ £fa,0,e S .
Om,c\p3.04.7.98° '/’m LCoP1:02:03:P4:05:06,07-P8° SM,C.P1,p2,05.p6 ALC equal to ¢% x> 73r Sx respectively,
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on [pg, 3]. Also, upon introducing a new parameter, which we will do after Lemma 6.3.1,
these functions will allow us to discover a one-parameter family of smooth metrics that will
facilitate the proof of Lemma 1.0.4 and, in turn, that of Theorem 1.0.3.

Now we will address the important consequences of the functions ¢, ¢, & associated

with the metric g being concave or strictly concave.

Lemma 6.3.1. Let (S*, g) be SO(3)-invariant. Suppose g takes the form in (1.0.8).
(1) If o, ¢, € are concave, then (S*, g) has a nonnegative radial sectional curvature.
(2) If o, & are strictly concave, then (S*, g) has positive radial sectional curvature.

Proof. First, we will prove (1). We have assumed that ¢, i, ¢ are concave, their second

derivatives are nonpositive; that is, we have

¢" <0, (6.3.14)

y" <0, (6.3.15)

§" <0, (6.3.16)
which are equivalent to, respectively,

—¢" 20, (6.3.17)

—¢" 20, (6.3.18)

—£" 2 0. (6.3.19)

Also, by the fact that Riemannian metrics are nonnegative, it follows from (1.0.8) that
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©, ¥, & are nonnegative, which means that we have

So we conclude that, invoking Proposition 3.1.1, we obtain

0 0
R|—. X, X,— | =—-¢¢”
((?s E)s) ve
>0-0
=0
and
0 0
R Y,Y, — -y
(2032w
>0-0
=0
and
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(6.3.20)
(6.3.21)

(6.3.22)

(6.3.23)

(6.3.24)

(6.3.25)



So, by also applying Proposition 3.1.2, we have, for any vector field V on %,

3
: 0 0
_ \2 - . L
= i;(V) R(@s’X”Xl’ﬁs)

+ iv"va 9 xx, 2
iJ_:l as7 15 ] as

i£]

3 P P 3
_ i2pl? v v 9 i .
Z(V) R(as’X”X"as)JrZ ViV .0
i=1 i,j=1
/-

(6.3.26)

3
- 0 0
= Vl 2R _’X'7X'7_
> (as , las)

> i(vf)z-o

i=1

0.

Finally, we obtain the sectional curvature

9 R(Z,v,v, 2
sec (—,V) = — 2(652 66s -
ds |5 12IVI? - g(5;, V)
~ R(Z, V.V, L)
- 12|V|2 —02
CR(ZV.V. L) (6.3.27)
- V|2

0

V|?

\%

0.
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So we conclude that according to Definition 1.0.2, the radial sectional curvatures are non-
negative.

The argument for (2) is identical to that of (1), with “positive” and “negative” replacing
all instances of “nonnegative” and “nonpositive”, respectively, “strictly concave” replacing
all instances of “concave”, and the inequality signs > and < replacing all instances of >

and <, respectively. O

For the reader’s sake, we recapitulate our results of this chapter here. First, we re-

call the continuous, piecewise smooth, and strictly concave functions ¢, %, &, that we

defined on the interval [0,%] by (6.1.10) and (6.1.12), respectively, and ;< that we

defined on [0, 3] by (6.1.11) for all € € (0,&). We convolved them with the stan-

dard mollifier ° defined by (6.2.3) for all § € (0,dp) in order to create their corre-

sponding mollifications ¢%%, y&%¢, £%%€, which are smooth functions on [0, 51. Fi-

nally, by using the gluing binary operation that we introduced in (6.2.31), we were able
to create the glue functions G5, 1. o o Yoo ba-0.€ defined

m,c,01,02,P3,P4,05,06,P7,08° 5M,C,01,02,05,06

by (6.3.11), (6.3.12), (6.3.13), respectively, which are also smooth and strictly concave on

[0,%]. Also, Lemma 5.1.1 asserts that gg"s’f is smooth on the singular orbits (SO(3) X
DZ)/SO(3)Y(0) and (SO(3) x Dz)/SO(S)y(g), and so Lemma 6.3.1 asserts that the radial
sectional curvature of % with gg € g strictly positive.

Finally, we now consider our desired one-parameter family of metrics {gf . }r>0 taking

the form

ggnal = dS2 + SZ)fTinal dx2 + wgnal dyz + é:‘;i-nal dzz’ (6328)
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where we define ¢ ¢ . &p R — Rby

T — HX0.TE 6.3.29

$final - "Dm=§,c=13—0,p3,p4,p7,ps’ (6.3.29)

T — ra,0,T€ 6.3.30

Vina wm%,c‘:%,m,Pz,Ps,P4,ps,P6,P7,P8’ (6.3:30)
._ fa,0,T€

Efinal =& (6.3.31)

7.3 :
m=3,C=135:L1:P2:P5,L6

for all 6 € (0,dp) and € € (0, €p). In order to keep our notation simple, we assume that
the reader understands from this point on that g¢ . depends on the parameters a, 9, €, 7, p;
fori=1,2,3,4,5,6,7,8, even if ggnal does not explicitly list any of these parameters apart
from 7 in its superscripts or subscripts. Also, we remark that our choice of m = % and ¢ = 13—0
represents one example of a family of metrics out of infinitely many such examples. For
instance, there exists a neighborhood of infinitely many points (m, ¢) € R? containing the
point (%, %) on which their corresponding metrics equally facilitate the proof of Theorem
1.0.3.

We need just one more lemma here before we prove Theorem 1.0.3.

Lemma 6.3.2. Fix any number 19 > 0. There exist 6 > 0 and € > 0 such that the following

properties hold:

(1) The manifold (S*, g;nal) has positive radial sectional curvature for all T € (0, 7).

(2) The family of manifolds {(S*, g]gnal) Yo<r<r, satisfies the hypotheses of Lemma 1.0.4.

Proof. First, we will prove (1). As we mentioned in three paragraphs before the statement
of this lemma, the functions ¢ ¢ &L are smooth and strictly concave on [0, 5] for
all T € (0,79). By Lemma 6.3.1, we conclude that (S*, 8fina) has positive radial sectional
curvature for all T € (0, 79).

Next, we will prove (2). Notice that, by construction (that is, according to (6.3.11),

(6.3.12), (6.3.13) with 7€ replacing all instances of €), the metric ggnal coincides with the

221



metric g, on the interval [p4, ps]. Furthermore, we claim § € [p4, ps]. Indeed, the

reader can numerically solve for

R a,Te
(52)final == (s2), 71

) (6.3.32)

3
10

TE . a,TE
(S3)ﬁnal T (SS)m:% c=

(6.3.33)

3
10

from (6.1.6) and (6.1.7), respectively, as adapted to g¢ .. Then one would observe the strict

inequality relation

(528, < = < (s3)5%,, (6.3.34)

from the numerical values of (s2){°  and (s3){° . So we can choose p4, ps5 such that they
satisfy

T
(52)fina < P4 < ¢ <P5 < (53)fgu (6.3.35)

completing the proof our claim § € [p4, ps]. So we conclude that ggnal coincides with

the metric g, . from Lemma 5.3.1 on a neighborhood of s = %, and so there exists a

B

sufficiently small @ > 0 such that the sectional curvature of the tangent plane span(%, X)
satisfies (1.0.5) on (Z — @, & + @) C [p4, ps], and so we have satisfied the hypotheses of

Lemma 1.0.4. O
Finally, we will write a proof of Theorem 1.0.3.

Proof of Theorem 1.0.3. Consider the one-parameter family of metrics {gf . }->0 with each
metric ggnal defined by (6.3.28), which takes the form given by (1.0.8). For all 7 € (0, 79),
Lemma 6.3.2 asserts that the manifold (S*, ) has positive radial sectional curvature

and that the family {(S%, gfna1) Yo<r<r, satisfies the hypotheses of Lemma 1.0.4 for the tan-
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gent plane span(%, X). Furthermore, Lemma 1.0.4 asserts (1.0.6). Finally, since (1.0.6) is

precisely the assertion of Theorem 1.0.3, our proof is complete. O

223



Bibliography

[1] Andrey Alekseevsky and Dmitry Alekseevsky. Riemannian G-Manifold with One-
Dimensional Orbit Space. Annals of Global Analysis and Geometry, Volume 11
(1993), Pages 197-211.

[2] Renato Bettiol and Anusha Krishnan. Four-Dimensional Cohomogeneity One Ricci
Flow and Nonnegative Sectional Curvature. Communications in Analysis and Geom-
etry, Volume 27 (2019), Pages 511-527.

[3] Renato Bettiol and Anusha Krishnan. Ricci Flow Does Not Preserve Positive Sec-
tional Curvature in Dimension Four. Preprint (2021).

[4] Christoph Bohm and Burkhard Wilking. Nonnegatively Curved Manifolds with Finite
Fundamental Groups Admit Metrics with Positive Ricci Curvature. Geometric and
Functional Analysis, Volume 17, Number 3 (2007), Pages 665—-681.

[5] Theodor Brocker and Klaus Janich. Introduction to Differential Topology. Cambridge
University Press (1982).

[6] Bennett Chow, Peng Lu, and Lei Ni. Hamilton’s Ricci Flow. American Math Society,
Science Press, Volume 77 (2006).

[7] Semyon Dyatlov. The Sectional Curvature Remains Positive When Taking Quotients
by Certain Nonfree Actions. Siberian Advances in Mathematics, Volume 18, Number
1 (2008), Pages 1-20.

[8] Lawrence Evans. Partial Differential Equations. American Math Society, Volume 19,
Second Edition (2010).

[9] Karsten Grove and Wolfgang Ziller. Curvature and Symmetry of Milnor Spheres. An-
nals of Mathematics, Volume 152, Number 1 (2000), Pages 331-367.

[10] Luis Guijarro and Frederick Wilhelm. Focal Radius, Rigidity, and Lower Curvature
Bounds. Proceedings of the London Mathematical Society, Volume 116, Number 6
(2018), Pages 1329-1628.

224



[11] Luis Guijarro and Frederick Wilhelm. Restrictions on Submanifolds via Focal Radius
Bounds. Mathematical Research Letters, Volume 27, Number 1 (2020), Pages 115—
139.

[12] Chenxu He, Peter Petersen, and William Wylie. Warped Product Einstein Metrics
over Spaces with Constant Scalar Curvature. Asian Journal of Mathematics, Volume
18, Number 1 (2014), Pages 159-190.

[13] John Lee. Introduction to Smooth Manifolds. Springer Science and Business Media,
New York, Second Edition (2013).

[14] Valery Marenich. Manifolds with Minimial Radial Curvature Bounded from Below
and Big Volume. Transactions of the American Mathematical Society, Volume 352,
Number 10 (2000), Pages 4451-4468.

[15] Valery Marenich and Sergio Mendonga. Manifolds with Minimal Radial Curvature
Bounded from Below and Big Radius. Indiana University Mathematics Journal, Vol-
ume 48, Number 1 (1999), Pages 249-274.

[16] James Munkres. Topology. Prentice Hall, Upper Saddle River, Second Edition (2000).

[17] Peter Petersen. Riemannian Geometry, Volume 171 of Graduate Texts in Mathemat-
ics. Springer International Publishing, Third Edition (2016).

[18] Luigi Verdiani and Wolfgang Ziller. Smoothness Conditions in Cohomogeneity Man-
ifolds. Transformation Groups (2020).

225



	Introduction and background
	Objectives of the dissertation
	Group action by special orthogonal matrices on a four-dimensional sphere
	Smoothness conditions at the singular orbits of a four-dimensional sphere

	Applications of covariant derivatives
	Covariant derivatives along the radial vector field
	Covariant derivatives along tangential vector fields
	Second fundamental form on a hypersurface

	Applications of Riemann and Ricci curvatures
	Riemannian curvatures of tangent planes generated by basis vector fields
	Riemannian curvatures of all tangent planes
	Ricci curvatures of tangent planes generated by basis vector fields

	Applications of Ricci flow
	Relationship between distance functions and general functions
	Evolution of sectional curvature through a Ricci flow
	Sectional curvatures for Ricci flow and one of their temporal derivatives

	The round and linearized metrics and their deviations
	Homotopies between the round metrics and the linearized metrics
	Sectional curvatures for the modified round metric
	A metric that yields a negative temporal derivative of sectional curvature

	Construction of a family of smooth metrics
	Set of admissible Riemannian metrics
	Mollifiers and gluing functions
	One-parameter family of smooth metrics

	Bibliography

